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THE ASYMPTOTIC ARCUS VARIATION OF SOLUTIONS OF REAL 
LINEAR DIFFERENTIAL EQUATIONS OF SECOND ORDER.* 


By Puitie HARTMAN and AUREL WINTNER. 


1. Let ¢ be a real independent variable which tends to + ©, and let 
primes denote differentiations with respect to ¢. Consider the differential 
equation 
(1) + = 0, 


where » = (ft) is a positive, continuous function defined for large ¢. Under 
suitable conditions on the behavior of »—o(t) as t— ©, certain explicit 
asymptotic formulae are known for x(t) and 2’(t), where x—2(t) is an 
arbitrary solution of (1); ef. [1], [6], [7]. These asymptotic formulae 
imply, among other things, asymptotic formulae for the number of zeros of 
a(t) on a large ¢-interval. In what follows, an asymptotic formula of this 
latter kind will be obtained under less restrictive conditions on w(t) ; conditions 
which turn out to be the best possible of their kind. 


(1) Letwo—o(t), where0St < ©, bea positive, continuous function ; 
a=a2(t) any real-valued non-trivial (#0) solution of (1); finally, N(t) 
the number of zeros of x(r) on the interval OS rt. Then the asymptotic 


rule 
t 


(2) N(t)~ ff w(r)dr 


0 
holds whenever w(t) has a (continuous) derivative satisfying 
(3) w =0(0"7) ast > o. 

Condition (3) is the best possible of its kind: 


(Ibis) In (1), the relation (2) can fail to hold if the o in (8) ts 
relaxed to O; in fact, 


(3 bis) w = 
and 
(3*) o->oast—> oo 


* Received May 20, 1947. 
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together are compatible with the failure of (2), and not even the additional 
restriction that » be monotone is of avail. 


As an illustration. choose 


w(t) (1St< 0), 


where 2 is a (real) constant. Then (1) becomes a normal form of Bessel’s 
equation (cf. [3]), condition (3) its satisfied if « > —1 (but the restriction 
(3*), which is superfluous, is fulfilled only if « > 0), and (2) gives 


N(t) ~ where B* = 1) (a >—1), 
in agreement with the asvmptotic formula of Bessel’s functions. 


2. Needless to say, if N,(¢) and N2(¢) are the functions V(t) belonging 
to two different solutions, then, in view of Sturm’s separation theorem, the 
absolute value of the difference V,(¢) — N2(t) cannot exceed unity and is, 
therefore, O(1). On the other hand, in (2), 


(4) f (w>0), 


0 


if (3), or for that matter just (3 bis), is assumed. In fact, (3 bis) means 
that the absolute value of the derivative of 1/w(t) is O(1). Hence, 1/w(t)} 
= 0/(t), and so w(t) >const./t holds for a positive constant as t—> o. 
This implies (4). 

What will be used in the proof of (2) is somewhat less than the existence 
of the derivative w’(¢) and (3); namely, just 


(5) «(t)= Lub. | logo(v)/o(u)| /(1+ w(r)dr) >0 as ©. 
© e 


Since, if (3) is assumed, 


4 


holds uniformly for u<vu< ©, as u—> , it is clear that (3) is sufficient 
for (5). 


by (5), choose a positive, monotone function X(t) satisfying 


(6) X(t) © ast> 


With reference to the non-increasing, non-negative function e(t) defined 


| 
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and 
(7) X(t)e(t) ~0 as tow, 
finally 
t 
(8) w(r)dr>0 o. 


In view of (4), and since «(¢) +0, such functions X(t) exist. Define a 


monotone sequence fo, by placing t) and 
tk 


According to (4) and (6), this defines ¢ in terms of t,-; in such a way that 

Since (5) implies that 

| log /o(u) | e(tea) (1+ f w(r)dr) if 

it follows from (9) that 
| log /o(u)| 
and so, from (5) and (7), that 
log w(v)/o(u) as where SucvSik. 


This means that 


(11) 
where 
(12) Mi = max w(t) and m, = mino(t) for StS tk. 


In addition, 


(13) b—o( f w(t)dt) o. 


This is clear from (6) and (9). 


3. The truth of (2) will now be deduced by applying Sturm’s com- 
parison theorem to (1) on the successive intervals hy, t 
By (12), the number of zeros of a solution of (1) on the interval #1 StS th 
is not more than the number of zeros of a real-valued, non-trivial solution of 


| 
| 
1S 
\ 
| tk 
| 0 
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y’ + Mi?y=0. But this latter equation admits of the solution y = cos Mit. 
Consequently, the number of zeros of a solution e—2(t) of (1) on 
tks» St St is not greater than — + 1. Hence, if N(t) denotes 
the number of zeros defined before (2), 


(14) N(t) + 1. 
t 


tr-ySt tras 


But it is clear from (13) that 


(15) lao f w(r)dr). 


On the other hand, from (12) and (9), 
Mi. (te — tr_1 ) (Mi./mx) mx (te — (Mi./mx) X (te-1) 


so that (8) and (10) imply 


(16) Mx. (te — te-1) f w(r)dr). 
Thus, from (14), (15) and (16), ; 
(17) aN (t) te — ter) of w(r)dr). 


Since; by the definition, (12), of mx, 
t 


f w(r)dr = mu (te — tes), 
0 
it follows from (17) that 
t 
o(r)drS Ma(tr—tes)/ mo(te— tea) + 0(1), 
0 


as k—> 0. Hence, by (11) and (10), © 


t 
lim sup “N(t)/f o(r)drSl. 
t-00 


0 


It is clear that, if the “Sturmian majorant,” y” + Mi?y=0, of (1) 
is replaced by the corresponding minorant, y” + m°y=0, the preceding 


deduction leads to 


t 
0 
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t 
lim inf aN (t)/f wo(r)dr= 1, 
0 
and therefore to (2). 


4, This completes the proof of the sufficiency of (3) for (2). What 
remains to be proved is the insufficiency of (3 bis) and (3*) together (even 
if w(t) is to be monotone). The possible failure of (2) under the latter 
conditions will now be proved by an example. It results from the following 
construction : 

Define a decreasing sequence of positive numbers ¢,«,° - * which tend 
to 0, and a sequence of positive integers no, by placing = 1, m 
and, if €,° and have been defined, by choosing éms1 sO as 
to satisfy the equalities 0 < €msi < €m and 


(18) m/e + m —eEn log Em+1) 
k=1 


and then mms: so as to satisfy the inequality 


In terms of these two sequences, define the coefficient function of (1) by 
placing 
f 1/(% if Ty —& St < Tr—ean, 
where 
k 
(21) Ti, = Nj (k= 0,1,-- 


j=0 


This function »(¢), consisting of hyperbolic ares and segments of constancy, 
is continuous; it has only right and left hand derivatives at a sequence of 
isolated points but, as far as the following considerations go, the curve 
» = w(t) could be rounded off so as to have a continuous derivative throughout. 
For the sake of simplicity, this will be omitted; so that, at the corners, the 
derivative occurring in (3 bis) will be meant only as either of the unilateral 
derivatives. 

In this sense, it is clear from (20) that o’(¢) is either w*(¢) or 0; 
hence, (3 bis) is satisfied. Since w’(¢) is nowhere negative, o(¢) is mono- 
tone; hence, (3*) is satisfied, o(t) = O(1) being prevented by the second line 
of (20), where «..; > 0. Accordingly, what must be verified is that (2) fails 
to hold in the present case. 


| 
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First, it is seen from (20) that, if ¢ is on the interval 
(22) Ti: S t < — 


then (1) reduces to 


and admits, therefore, of the solution 
u(t) = cos 


Since the number of zeros of this function on the interval (22) cannot differ 
by more than one from the product of 1/7e.,, and the length of the interval 
(22), and since this length is 


(Tics — €&41) (Tx. — = Tir, — Ty = Nk+15 
by (21), the contribution of the interval (22) to N(t) is 
(23) Nw /T + O(1) as 


(in fact, | O(1)| 1). 


In order to evaluate the contribution to V(t) of the intervals compli- 
mentary to (22), that is, of the intervals 


(24) St < eens, 
it is convenient to replace the independent variable ¢ by the new independent 
variable 
t 


0 


(Liouville). Since w(t) is positive, ¢ and s are increasing functions of each 
other. Clearly, (25) transforms (1) into 


(26) D(oDz) + or = 0, 
where 
(27) D=d/ds (while ’=d/dt). 


Since (25) and (27) imply that 


(28) D(oDr) = oD*z + (Do) (Dz) = + (o’Dz) /o, 


THE ASYMPTOTIC ARCUS VARIATION. v4 
(26) can be written as 
(29) + (0’/w?) Dx +4 = 0. 
In view of the first line of (20), this becomes 
+ 


on that : nterval which, by virtue of (25), corresponds to the ¢-interval (24). 
The last differential equation admits of the solution 


a(t(s)) = cos (34s/2). 


Hence, in virtue of (25) and the first line of (20), the equation (1) admits 


of the solution 
a(t) = (Tx —t)4 cos { (34/2) log (T; — t)} 


on the interval (24). 
Consequently, the number of zeros on the interval (24) cannot differ by 
more than one from the product of 33/27 and 


Hence, the contribution of the interval (24) to N(¢) is 
(‘30) (32/22) log (&/ers1) + O(1) 


(in fact, | O(1)| <1). 


For a fixed m, let / run from 0 to m in both (22) and (24). Then, 
since the contribution to V(t) of the respective intervals is given by (23) 
and (30), 


(31) aN (Tm — €ms1) = — (82/2) log + nx/ex + O(m) 
k=1 
and 
m+1 
(32) aN (T mai — €ma1) (32/2) log Em+1 + > Nie / O(m), 
k=1 


as m—> oo. Clearly, (31) and (18) imply that 

(33) (Tm — = — (32/2) log — O (em) log emar, 
while (32) and (19) imply that 

(34) WN (Tar + = Nmsi/emar + O (emer) 


On the other hand, the first and second lines of (20) show that the con- 
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tributions of the k-th of the intervals (22) and (24) to the integral which 
multiplies 7* in (2) amount to 


New and log (ex/exs1), 
respectively. Hence, 


Tm-€m44 


dr = — log Em+1 + Nk / €k 


0 
and 


m+1 
w(r) dr = — log ems: + 
k=1 


It follows, therefore, from (18) and (19), respectively, that 


Tm-€m4 
(35) w(r)dr log O (em) log E€m4+1 
0 
and 
T m41-€m43 


0 


If (35) is compared with (33), and (36) with (34), it is seen that 


(t)/ f w(r)dr 


tends to 34/2 or 1 according as ¢t tends to « through the values t = T'm — ems 
or t= T mis — msi. Hence, (2) cannot hold. 


5. If (1) is written as a system of differential equations of first order 

for —2(t) and y=a’(t) and if 
$(t) = arg z(t), where z(t) =2(t) + 1y(#), 
then N(¢), the number of zeros of 2, is identical with the variation of the 
arcus ¢ (that is, with the number of completed circuits of the z-curve about 
the point z= 0), since 
= arc tan (2’/z). 

According to this interpretation (cf. [4]), the relation (2) refers to the 
asymptotic behavior of 2’(t)/z(t). Hence, the following theorem can be 


interpreted as a dual of (I): 


is 


it 
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(II) The assertion of (1) remains true if 


(36) — = 0 
and 
(37) /x(t) ~ + o(t) (t— 


are read instead of (1) and (2), respectively. 
Again, (3) is the best condition of its kind: 


(II bis) Jn (II), the relation (37) can fail to hold if the assumption 
(3) of (II) ts relaxed to (3 bis) ; in fact, not even the additional assumption 
(3*) and the monotony of w(t) are of avail. 


In order to prove (II), define a new independent variable, s, by (25). 
Since w(¢) is positive, ¢ and s are strictly increasing functions of each other, 
and 
(38) as [> 0, 


by (4). Clearly, (25) transforms (1) into 
D(oDzx) — ox = 0, 


where D = d/ds; cf. (27). In view of (28), the last equation can be written 
in the form 
+ (w/w?) Dr = 0. 


This is a homogeneous linear differential equation 
+ a(s)Dzx + b(s)x = 0, 


in which a(s) and b(s) are (continuous) functions having finite limits 
a(o) =0, b(«) ——1, the first of these relations being precisely the 
assumption (3). Since the limiting characteristic polynomial, 


M+ a(w)A+ b(0) 


has the zeros A = + 1, it follows that the logarithmic derivative of every non- 
trivial solution satisfies one of the limit relations 


(Dzr)/t > + 


(Poincaré; Perron [5]). In view of (38) and (25), where D = d/ds, this 
is equivalent to (37), where ’ = d/dt. 

This proves (II). In order to prove (II bis), it is sufficient to choose 
w(t) in (36) to be the function (20), which was used in the proof of (I bis). 


| 

| 
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Actually, the verification of the failure of the alternative (27) in the 
case (20) can be avoided. In fact, it could be concluded from the results 
of [2] that if w(t) ts a positive continuous function defined for large t, then 
(5) is necessary and sufficient in order that the alternative (37) hold for 
every non-trivial solution of (36). Hence, (II bis) can be concluded from the 
fact that the function (t), defined by (20), is monotone, satisfies (3 bis) 


and (3*), but fails to satisfy (5). 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE CRITICAL POINTS OF FUNCTIONS POSSESSING 
CENTRAL SYMMETRY ON THE SPHERE.* 


By J. L. WALsH. 


The object of this note is briefly to consider rational and harmonic 
functions defined on a sphere (the Neumann sphere) and which in each 
pair of diametrically opposite points take the same value. We establish 
results concerning the location of the critical points, namely the zeros of the 
derivative of a rational function and the points where both first partial 


derivatives vanish for a harmonic function. 


1. The symmetry required here is precisely the symmetry required in 
Klein’s classical model of elliptic geometry. Theorem 1 is the analog of 
results already established for euclidean and hyperbolic geometries: 


THEOREM 1. Let f(z) be a rational function of z whose zeros and 
whose poles occur in pairs in diametrically opposite points of the sphere. Let 
P be an arbitrary point of the sphere, and let S denote the (open) hemisphere 
containing P whose pole is P. Suppose the great circle C through P separates 
all zeros of f(z) in S but not on C from all poles of f(z) in S not on C, 
where we assume f(z) to have at least one zero or pole interior to S not on C. 
Then P is not a finite zero of f(z) unless it is a multiple zero of f(z). 


Corresponding to an arbitrary rational function f(z), either on the 
sphere or in the extended plane, we consider a fixed particle at each zero, 
repelling with a force equal to the inverse distance, and a fixed particle at 
each pole, attracting with a force equal to the inverse distance; multiple zeros 
and poles are represented by multiple particles. It then follows* that the 
finite critical points of f(z) are precisely the positions of equilibrium in the 
field of force and the multiple zeros of f(z). 

We choose, as we may do with no loss of generality, the point P as the 
origin: z= 0 in the Gauss plane, and the image of S as 8S’: |z| <1. The 
image of C is a line C’ through P. 

If z, is a zero of f(z), so is the point —1/2,, and the forces at P due 


* Received May 21, 1947. 
1 Béocher, Proceedings of the American Academy of Arts and Sciences, vol. 40 (1904), 
pp. 469-484; Walsh, Transactions of the American Mathematical Society, vol. 19 (1918) ; 


pp. 291-298. 
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to the corresponding particles are respectively —1/2Z, and 21; the sum of 
these forces is 

. 1 — 22 
(1) — (1/44) =— 2% (+=**), 


so that, if z, lies interior to S’, this force is directed from z, to P. If 2, lies 
on the unit circle, this force is zero. Under the conditions of Theorem 1, 
each pair of zeros of f(z) not on the unit circle has but one member 2, interior 
to S’; the total corresponding force exerted at P due to the pair of particles 
is directed from z, toward P, hence if z; does not lie on C’ this force has a 
non-vanishing component orthogonal to C’; each pair of poles of f(z) not on 
the unit circle has but one member 2, interior to S’, and the total corresponding 
force exerted at P is directed from P toward z2, hence if z2 does not lie on C’ 
this force has a non-vanishing component orthogonal to C’ in the same sense 
as the component of the force due to each pair of zeros of f(z) not on C”. 
Since f(z) has at least one zero or pole interior to S’ but not on C’, the point 
P cannot be a position of equilibrium, hence cannot be a zero of f’(z) unless 
it is a multiple zero of f(z). Theorem 1 is established. 

Theorem 1 is analogous to a result on rational functions in the euclidean 
plane [Bécher and Walsh, loc. cit.], and to a result on rational functions in 
the hyperbolic plane.’ 

We note incidentally that if we modify the hypothesis of Theorem 1 so 
as to allow all zeros and poles of f(z) to lie on the great circle one of whose 
poles is P, and if the zeros and poles of f(z) are chosen on this great circle, 
then P is a position of equilibrium and critical point of f(z). Likewise if 
the hypothesis of Theorem 1 is modified so as to permit all zeros and poles 
of f(z) to lie on C’, and if all zeros and poles of f(z) do lie on C’, then P 
may be a critical point of f(z) even if not a multiple zero of f(z) ; indeed P 
may be a point of symmetry for the zeros and poles of f(z). 

We proceed to a simple application of Theorem 1. By a circular region 
we mean a closed region of the plane or sphere bounded by a circle. Where 
confusion will not result, we use the same notation for a circular region as 
for its boundary. Let the function f(z) possess the symmetry required in 
Theorem 1, let the zeros of f(z) lie in two diametrically opposite circular 
regions C; and C3 of the sphere, and the poles of f(z) lie in two diametrically 
opposite circular regions C2 and C, disjoint from C, and C3. Construct the 
circular region S; (k = 1, 2, 3,4) which is the locus of points (assumed not 
empty) P such that every point of the region C; is at a spherical distance 
from P not greater than 7/2. Thus the circular regions C; and S; have the 


2 Walsh, Bulletin of the American Mathematical Society, vol. 45 (1939), pp. 462-470. 
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same poles, and the measures of their spherical radii are complementary. 
Denote by T the open region (assumed not empty) common to S; and Sz. 
If P is a point of 7’, the open hemisphere whose pole is P and which contains 
P contains the regions C, and C2, and contains no point of Cz or Cy. Taken 
together with suitably chosen arcs of C; and C», the great circles T, and T.2 
tangent to C; and C, and separating those circles separate T into three regions 
R,, R,, R, of which Rk; and R. may be empty. The region RF consists of all 
points P in 7 which lie on great circles which separate C; and C2, and R 
is open. The region FR, closed with respect to 7 is disjoint from FR, and 
consists of all points of 7 not in R which lie on great circles cutting both C, 
and C2, but on the maximal ares of those circles bounded by points of C, and 
of the boundary of 7’, arcs in 7 containing no points of C:; the region Rz 
is similarly defined by permuting subscripts. The regions R,; and R. may 
contain the whole or parts of the regions C; and C2 respectively. Both R, 
and f, are convex with respect to great circles. It is an immediate conse- 
quence of Theorem 1 that all finite critical points of f(z) in T le in R, and 
R.; no finite critical point of f(z) lies in R. We have constructed the 
geometric configurations C,, C2, R,, R., R, T for the purpose of simplicity 
of exposition; under suitable conditions corresponding regions R,, R., R, T 
may be used without the introduction of circular regions C,. 
Another result is also not difficult to establish: 


THEOREM 2. Let f(z) “be a rational function of z whose zeros and 
whose poles occur in pairs in diametrically opposite points of the sphere. 
Let P be an arbitrary point of the sphere, and let S (considered closed)’ 
denote the hemisphere containing P whose pole is P. Let all zeros [or poles | 
of f(z) in S lie exterior to the circular region C, containing P and bounded 
by a small circle in S of the sphere whose pole is P. Let all poles [or zeros] 
of f(z) in S lie in the circular region Cz interior to C, but not containing P. 
Then P is not a finite critical point of f(z). 


We prove Theorem 2 by interpreting the configuration in the plane 
instead of on the sphere with the image of P (also denoted by P) in z=—0, 
the image of S as S’:|z| 1, the image of C, as C’1:|2| Spi, and the 
image of C, as O’,. For definiteness suppose the zeros of f(z) in S to lie 
exterior to C4. 

Let 2n denote the degree of f(z). For each zero 2, of f(z) interior to S’ 
it follows from (1) that the force at P for the corresponding pair of zeros 
of f(z) is in magnitude less than 

1 


P1 
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so that the total force at P due to particles at all the zeros of f(z) is less 
than n(1 — 

Construct an auxiliary circle Cy containing in its interior the interior 
of C’s, so that Cy passes through P and lies interior to C’;; we assume for 
definiteness the center of Co to be the point p/2, on the positive half of the 
axis of reals. Ifa pole (7,6) of f(z) lies in or on Cy (r+ 0), the force 
exerted at P by the corresponding pair of particles is in magnitude (1/r) —r, 
and the component of this force in the positive horizontal direction is (1 — 1°) 
(cos 0)/r. But since the pole lies in or on Co we have 


2\ ? —P; 
r 


1=cos6= 


this inequality merely expresses the fact that for each pair of poles, of which 
one representative lies in or on Cy (but not at P), the corresponding force 
exerted at P has a horizontal component in the positive sense not less than 
it would be if the representative coincided with the point (p,0). Thus under 
the conditions of Theorem 2 the total force at P due to the particles at the 2n 
poles has a horizontal component in the positive sense which is greater than 
the total force at P due to the particles situated at the 2n zeros of f(z). 
Thus P cannot be a position of equilibrium nor a multiple zero of f(z), so 
that P is not a critical point of f(z). 

We mention an immediate application of Theorem 2. Let f(z) have the 
symmetry required in Theorem 2, and let all zeros [or poles] of f(z) lie in 
diametrically opposite circular regions C, and C; of the sphere. Let no pole 
[or zero] of f(z) lie in the circular region C. which has the same poles as C,; 
and which contains C,. Denote by p: and p2 (< 2/2) the spherical radii of 
C, and C2, and suppose p2 > 3p:. Then the (open) zone bounded by C, and 
the circle C in C2 having the same poles as C; and spherical radius (p2— p1) /2 
contains no finite critical points of f(z). If P is an arbitrary point of this zone, 
whose spherical distance from the pole of the region C; is denoted by p, the 
circular region containing P whose pole is P and spherical radius p+ p: 
contains C’, but contains no point of the circle C2; the hemisphere containing 
P whose pole is P contains no point of C;; the conclusion follows from 
Theorem 2. 

In the proof of Theorem 2 we notice that if I is the great circle through 
P orthogonal to the great circle through P orthogonal to C2, then the zeros of 
f(z) in S which are on I or separated from C, by I need not lie exterior to 
C,; the proof already given is valid if we notice that pairs of zeros represented 
by points in S separated from C. by I yield a non-negative component at P 
in the direction and sense from P toward the center of C2. Thus we have the 


| 
| 
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Corottary. Let f(z) have the symmetry required in Theorem 2, let P 
be an arbitrary point of the sphere, and let S be the closed hemisphere con- 
taining P whose pole is P. Let each zero [or pole| of f(z) in S lhe either 
exterior to the circular region C, containing P and bounded by a small circle 
of the sphere in S whose pole is P, or lie not at P but on a great circle T 
through P, or be separated by T from a circular region C in S not containing 
P whose boundary is orthogonal to the great circle through P orthogonal to TY. 
Let all poles [or zeros| of f(z) in S lie in Cz. Then P is not a finite critical 


point of f(z). 
As a simple application of Theorems 1 and 2 we establish 


THEOREM 3. Let f(z) bea rational function of z whose zeros and whose 
poles occur in pairs in diametrically opposite points of the sphere. Let all 
the zeros lie in diametrically opposite circular regions C, and C; and all the 
poles lie in diametrically opposite circular regions Cz and C4, where all the 
regions Cy are mutually disjoint. Denote by Z, and Zz the (closed) zones of 
the sphere which are the loci of the great circles whose poles lie in C; and C3 
and in C2 and C, respectively. Suppose that for the circles C, and C. (and 
likewise C2 and Cz), the (spherical) length of the common tangent T (chosen 
as the shorter arc of a great circle separating the regions C, and C2) ts not 
less than the sum of the (spherical) diameters of those circles.* Then all 
finite zeros of f’(z) lie in the regions Cy and in Z, and Z3. 


Let a point P of the sphere not in a region Cx or a zone Z; be a finite zero 
of f’(z) : we shall reach a contradiction. The hemisphere S whose pole is P and 
which contains P must contain in its interior the whole of one of the regions 
C, and C3, and no point of the other of those regions, for P does not lie in 
Z,; similarly for the regions C2 and Cy. Let us suppose S to contain C, 
and 

No great circle through P can separate C, and C:, by Theorem 1. For 
definiteness suppose the pole of C; in S to be nearer P than that of C2 in 8. 
There exists a great circle C through P which cuts C; and C, at supplementary 
angles, those circles being oriented in the same sense on the sphere; thus C 
may be defined as the great circle through P and through the intersection of 
the common tangents 7 to C, and C2. Then C cuts C; and C2 in such a way 
that the points P, A:, B,, As, Bz lie in that order on an arc of C in S, where 
A; and By lie on C;.; the points Ax and B, do not coincide unless C’ is tangent 


* This condition is merely a convenient one for use in the proof; it may be replaced 
by other conditions less restrictive. 
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to Cy at Ax. The spherical distance A,B, is not less than the length of T, 
which by hypothesis is not less than the sum of the diameters of C; and C2. 
The circle T whose pole is P and whose radius is PB: less the spherical measure 
of the diameter of C. cannot cut C2. Also, T cuts C between A, and Bz ata 
point whose distance from A, is not less than the diameter of C,, so that T 
cannot cut C,, and C, is separated by T from C.. It follows from Theorem 2 
that P is not a critical point of f(z); this contradiction completes the proof 
of Theorem 3. 


2. Theorems 1 and 2 are both results which, referring to the zeros and 
poles of f(z) located in a hemisphere S which contains its pole P, assert 
that if the zeros of f(z) lie in a suitable circular region C, and if the poles 
of f(z) lie in a circular region C. which has no point in common with C, 
and satisfies auxiliary conditions, then P is not a critical point of f(z). The 
question suggests itself whether some auxiliary conditions are here necessary, 
a question which we answer in the affirmative: 


THEOREM 4. There exists a rational function f(z) of degree four whose 
zeros and whose poles occur in pairs in diametrically opposite points of the 
sphere ; there exists a point P which is a finite critical point of f(z); there exist 
two diametrically opposite circular regions C, and Cz each of which contains 
precisely two zeros of f(z) and which do not contain P nor intersect the great 
circle T one of whose poles is P; the poles of f(z) are double and lie exterior 
to C, and 


Theorem 4 is trivial if we omit the requirement that C, and C, shall 
not intersect T', for if P is arbitrary and all zeros and poles of f(z) lie on T, 
then P is a position of equilibrium and hence a critical point of f(z). 

Let P be given, together with the arbitrary diametrically opposite circular 
regions C, and C, which neither contain P nor intersect T. We fasten our 
attention on the representatives in C, of the pairs of zeros of f(z). Given 
two zeros 2; and 22 of f(z) in C,, the corresponding two pairs of zeros of f(z) 
can be replaced by a single pair of double zeros (possessing the required 
symmetry) without altering the corresponding force exerted at P. If P is the 
point z = 0 and TL is the unit circle, the equation to be solved for one of these 


double zeros 2 is 
(2) (2: — 1/21) + (22 —1/%2) = 2(% — 1/20). 


It will be noticed that equation (2) with the first member not zero defines 
z in | z | <1 uniquely; we merely write 


ec 
al 


in 
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Zo CS) = arg % arg A, 


Zo%o 


( - AA; 

this last equation defines | 2) | uniquely, subject to the condition | 2 | <1. 

If for suitable choice of C,, z:, and z2, the point z cannot be chosen in the 

region C;, we need merely choose the double poles of f(z) in 2 and in — 1/2 

in order to establish Theorem 4. 

The entire question, now reduced to the location of the point 2, can be 
further transformed. To every point z, of the circular region C,; we make 
correspond the point w,; =z, — (1/2,); if the locus of the points w; is convex, 
then to every pair of points z; and z. in C, corresponds by (2) a point 2 
also in C, equivalent to z, and 22 in the sense that a double particle at 2 
(together with its mate at —1/Z,) exerts the same force at P as do the pairs 
corresponding to z, and z2. On the other hand, if the locus of the points wi 
is not convex, then for suitably chosen 2; and 22 in C, the pair z and — 1/2 
defined by (2) has no representative in C,, and the double poles of f(z) in 
Theorem 4 may be chosen in the points 2) and —1/2) exterior to Ci, and 
Theorem 4 is established. We proceed, then, to study the convexity of the 
locus of w;. Here it is a slight convenience algebraically to choose C; as 
exterior to | z | = 1; this is a choice merely of studying one of the two members 
of a symmetric pair rather than the other. 

If the point z is exterior to | z | = 1, the point w defined by the equation 
w = 2 — (1/2) = 2(22 — 1)/22 lies on the half line from the origin through z, 
and (it is sufficient here to investigate real z) | w | increases as | z | increases. 
Let C, be the-circle | z—a| =r with a >1-+7, since C, is exterior to the 
unit circle. It is no loss of generality to choose a real, which we do, setting 
z=a+re”,w=u+iv. Straightforward algebraic computation of du/d¢ 
and dv/d@ then yields 


dv —(a*+7°) cos —2ar + cos + 1° + 2ar cos 
du — sin ¢[ (a? —r’) + (a? + + 2ar cos ¢)*] 


This denominator vanishes only when sin ¢ = 0, for we havea >r. Further 
computation shows that the algebraic sign of d(dv/du)/d¢ is the same as the 
algebraic sign of the function 
= (a? + 7°? + 2ar cos — 2r(r + acos $) + r? + 2ar cos 
+ 8a?r sin? + acos — 


In writing this equation we have suppressed a factor a’ + 1? + 2arcos qd, 
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which is equal to 22 and positive. It may be verified that (0) and F(z) are 
both positive, and that when ¢ is small in comparison with a the function F(¢) 


is positive for all values of ¢.* 


We now choose specifically r= 1, cos¢=——2/a, and set a=2+ 6, 
e>0. Then we have F(¢) = 16e+-:- where only powers of higher 


than the first are omitted. Consequently for suitably chosen « we have 
F(¢) < 0, the locus of w is not convex, and Theorem 4 is established. 


3. Theorems 1, 2. and 3 have application to the study of harmonic 
functions defined on the surface of the sphere and possessing there suitable 
symmetry. The analog of Theorems 1 and 2 is 


THEOREM 5. Let R bea region of the sphere bounded by a finite number 
of mutually disjoint Jordan curves, and let R possess central symmetry. Let 
the function U(x,y) be harmonic in R, continuous in the corresponding 
closed region, equal to zero on a symmetric set Jy and to unity on the remaining 
set J; of the curves bounding R. Let P be an arbitrary point of the sphere, 
and let S denote the closed hemisphere containing P whose pole is P. 


Suppose that the great circle C through P separates all points of Jo in S 
from all points of J, in S. Then P is not a critical point of U(2x,y). 


Suppose that all points of Jo [or of Ji] in S lie exterior to the circular 
region C, containing P and bounded by a small circle in S of the sphere whose 
pole is P. Suppose that all points of J; [or of Jo] nm 8 lie in the circular 
region C2 interior to C, but not containing P. Then P is not a critical point 
of U(x.y). 


The function U(2,y) is the harmonic measure of J, in the point (2, y) 
with respect to the region R, and the function 1— U(2,y). which has the 


‘Indeed, F(¢) is positive whenever ++ acos¢ is positive. Thus for suitably 
restricted circles C, and also for suitably chosen other regions R whose boundaries may 
contain ares of circles C,, the locus of w is convex. Under such conditions let us say that 
R has Property a; this property here depends on a particular point P. If the rational 
function f(z) has the requisite symmetry, if P is an arbitrary point, if S denotes the 
closed hemisphere containing P whose pole is P, and if disjoint closed regions R, and R, 
interior to S not containing P and having property @ contain respectively all zeros and 
all poles of f(z) in S, then P is not a critical point of f(z); compare Theorem 3. -By 
way of proof it is sufficient to note that in the field of force, without altering the total 
force exerted at P, all positive particles in S may be concentrated at a single point which 
lies in R, and all negative particles in S may be concentrated at a single point which 
lies in R., without altering the symmetry. Thus the total force at P cannot vanish, and 


P cannot be a critical point of f(z). 
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same critical points as U(z,y), is the harmonic measure of Jo in the point 
(x,y) with respect to R. 

We represent U(x, y) by integrals taken over the sets of curves Jo and J, 
if these curves are analytic, and otherwise taken over neighboring sets of 
analytic level curves of U(x, y), curves J’) and J’; in R found from J» and J, 
by slight deformations: ° 


U (x,y) —« = — (1/2n) f, log r(@U/av) ds — (1/2n) log r(@U /av) ds, 
(x,y) in R; 


here v indicates exterior normal, and « is a suitable constant. If we introduce 
the new variable o by setting 


he (60 on J, dom (00 on f, 
"0 Jy 
we may write 
1 1 
U (x,y) —x = log rdo —= | logrde 
Qa 
log + log rng + + log 
n 
n—>00 n 
where = | 2— |. =| Bnx |, and and Bnx are suitably chosen 


on J’, and J’, respectively. Convergence is uniform on any closed preassigned 
set interior to R. 

By virtue of the symmetry of R and U(z, y), the sets of curves J’, and J’; 
may also be chosen to be symmetric in the center of the sphere, and likewise 
the sets of points %,; and Bnx, where n is taken as even. In the neighborhood 
of an arbitrary point of R, a constant multiple of the function U(x, y) —« 
is thus the uniform limit of the logarithm of a sequence of rational functions 
R,(z) whose zeros and poles lie outside of that neighborhood; indeed the 
functions R,(z) possess the symmetry demanded of U(z,y), and their zeros 
and poles can be chosen to lie respectively in the regions required in Theorem 5 
for Jo and J,. Theorems 1 and 2 apply to the functions R,»(z). Ifa point P 
satisfies the conditions of Theorem 5, so do all points in a suitable neighbor- 
hood of P; no point of such a neighborhood is a critical point of an Rn(z). 
Each critical point of U(z,y) in R is a limit of critical points of the Rn»(z), 
so that Theorem 5 follows. 


5 Walsh, Interpolation and Approximation (New York, 1935), § 8.7. 
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The reader will have no difficulty in formulating and proving the analog 


of Theorem 3. 


4. The relation between Theorem 1 and its analog in hyperbolic geometry 
is closer than mere analogy. Theorem 1 deals with the point P:z—0 as a 
possible critical point of the rational function f(z), whose zeros are the points 
a and —1/a, (k=1,2,--+,n), and whose poles are the points ® and 
—1/8, (k=1,2,--+,n); we choose this notation so that we have 
| ox | <1, | Be | 1. So far as concerns the force exerted at P, the field of 
force corresponding to f(z) is equivalent to the field of force corresponding 
to the rational function F'(z) whose zeros are the points «, and 1/Bx, and 
whose poles are the points x and 1/a (k =1,2,- --,n); we omit from this 
enumeration points a, Bx, 1/%, and 1/8, of modulus unity. The zeros and 
poles of /'(z) interior to the unit circle C are precisely those of f(z) interior 
to C; the zeros and poles of F(z) exterior to C are precisely the negatives of 
the poles and zeros respectively of f(z) exterior to C. It will be noted that 
the zeros of F(z) are the inverses of the poles of F(z) with respect to C; 
the function F(z) is of constant modulus on C. The point P is a critical 
point of f(z), whether a multiple zero or a position of equilibrium in the 
field of force, when and only when P is a critical point of F(z). It is thus 
a consequence of Theorem 1 that if a line L separates the zeros of F(z) 
interior to C: |z|—=1 not on L from the poles of F(z) interior to C not 
on L, and if C contains at least one zero or pole not on L, then P is not a 
critical point of F(z) unless P is a multiple zero of F(z). The property 
possessed by F(z), that its zeros are inverse with respect to its poles in a 
circle, is characteristic of all rational functions having constant modulus on a 
circle, and is invariant under linear transformation. We thus have from 
Theorem 1 by proceeding from a given F(z) to the function f(z), a result 
on a rational function F(z) of constant modulus on an arbitrary circle, a 
result involving the images of lines LZ through P and the analog (loc. cit.) 


of Theorem 1 for hyperbolic geometry: 


If the rational function F(z) has its poles inverse to its zeros in a circle 
C, if P is an arbitrary point interior to C, and if a non-euchdean line L 
through P separates all the zeros of F(z) interior to C not on L from all the 
poles of F(z) interior to C not on L, where we suppose at least one such zero 
or pole to exist, then P is not a critical point of F(z) unless P ts a multiple 
zero of F(z). 

At first sight it might appear as if this last result were established only 
for a rational function F(z) of special type, having the same number of zeros 
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as poles interior to C. However, in proceeding from a given F(z) to the 
corresponding f(z), we may provide the latter artificially with any number 
of zeros or poles situated on C itself and possessing the required symmetry. 
With this interpretation, these two analogous theorems of the elliptic and 
hyperbolic geometries respectively can be considered equivalent, in the sense 
that either can be trivially proved from the other. 

The result on hyperbolic geometry is of some interest in the theory of 
functions, for by a suitable conformal map it applies to the study of a function 
meromorphic in an arbitrary simply connected region, of constant modulus 
on the boundary. 

Results of the present note other than Theorem 1 can also be applied by 
the reader in the study of hyperbolic geometry. We state merely the analog 
(the equivalent) of Theorem 2: Let R be a simply connected region provided 
with a non-euclidean hyperbolic geometry by means of a conformal map onto 
a circle. Let P be u point of R, let Ry be the closed subregion of R containing 
P bounded by a (non-euclidean) circle whose (non-euclidean) center is P, 
and let R, be a closed subregion of Ry not containing P bounded by a (non- 
euclidean) circle. If f(z) is meromorphic in R and of constant modulus on 
the boundary of R, if the zeros [or poles| of f(z) in R are n in number and 
lie exterior to Ry, and if the poles [or zeros| of f(z) in RB are not fewer than 
n in number and lie interior to R,, then P is not a finite critical point of f(z). 
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ON THE LOCATION OF CONTINUOUS SPECTRA.* 


By AUREL WINTNER. 


The following considerations collect a few rules which in various cases 
lead to the possible position of the essential portion of the spectrum of a 
differential equation 


(1) (A+ f(z) )y = 0, », 


in a direct manner, namely, in terms which do not postulate the delicate 


knowledge needed for the determination of spectral forms (densities). The 


latter, which concern “ normalizations ” (Hellinger), depend on sharp esti- 
mates of asymptotic behavior; estimates which are not at all, or not easily, 
available in many cases in which the location of the set formed by the con- 
tinuous spectrum and the cluster points of the point spectrum (that is, 
by the set representing the “essential” portion of the spectrum) can be 
determined a priori. The method will consist of appropriate adaptations of 
that indicated in [5] for the particular case in which the f(x) in (1) is a 
lattice potential (a case in which the range, 02% < 0, of (1) becomes 

The possibility of such a direct approach is due to the fact that the 
spectrum itself can be defined without an involvement of the Hilbert-Hellinger 
theory of spectral forms (the points of increase of the latter define the 
spectrum itself). Needless to say, what has a spectrum, or a spectral form, 
is not (1) itself, where f(z) is any given real-valued continuous function, 
but is represented by (1) and the boundary condition together. On the 
other hand, the boundary condition is two-fold: for «= 0, it is assigned 
by the (*)-requirement of Hilbert’s space, whereas for x0 it is any 


homogeneous, linear assignment, 
(2) y(0) cos9+ y’/(0) sind =0; 


for instance, y(0) = 0 or y’(0) =0, where and 6 = respectively. 
Accordingly, the set of A-values representing the spectrum depends on the 6 
occurring in (2). However, as pointed out by Weyl ([3], p. 251), what 


* Received May 1, 1947. 
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was above called the essential portion of the spectrum is independent of 0. 
Consequently, it is possible to speak of the essential portion of the spectrum 
of (1) itself. 

The direct definition of the spectrum of (1) (belonging to a fixed 6), 
that is, the definition not involving Green functions and spectral forms, 
is based on the totality of the inhomogeneous equations belonging to ((1), 


(3) + (A+f(z))y= g(a), 


where f(x) is a fixed, and g(a) an unspecified, continuous function on the 
half-line 0 = 2 < o. In fact, with reference to a fixed @ in (2), the spectrum 
of (1) can be defined to be the set of those real A-values corresponding to 
which there exists some function g(x) of class (Z*) having the property that 
no solution y(z) = y)(x) of (8) satisfying (2) is a function of class (L?) 
(since f,g,y are continuous throughout, an (L*)-condition affects, of course, 
the behavior at «=o only). This definition of the spectrum (cf. [3], 
p. 251) agrees with that based on spectral forms (Hilbert, Hellinger; Toe- 
plitz). Correspondingly, the point spectrum of (1) (and of (2), where @ is 
fixed) must be defined as the set of those real A-values corresponding to which 
the homogeneous differential equation (1) has a solution y(x) #0 of class 
(Z*). It should be noted that f(a) is not required to be of class (L?) in 
either of these definitions. 

It is known that, for every fixed 6, the spectrum is a closed set; that 
the point spectrum is contained in the corresponding spectrum; finally, 
that the set of the cluster points of the spectrum, being identical with what 
above was called the essential portion of the spectrum, is independent of 0. 

Actually, the above definitions of “point spectrum” and “spectrum ” 
are meaningful only if f(z) is not-of the Grenzkrets type, that is, only if not 
every solution of (2) is of class L? (for some A, but then, by necessity, for 
every A; ef. [3], p. 238). It will, however, be part of the first of the assertions 
to be proved, that the assumption to be imposed on f(a) prevents the occur- 
rence of this degenerate case. 

The first of the criteria in question is one based on stability (in phase 


space), since it can be formulated as follows: 
(1) f(x), where OS < is a continuous function satisfying 


—o Slimsupf(zr) < 


and if there exists a parameter value Ao corresponding to which both 


(4) = O(1) and = O(1) 2) 
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hold for every solution (that is, for a pair of linearly independent solutions) 
of the case X=Xpo of (1), then (1) is of the Grenzpunkt type, and XA is a 
cluster point (hence, a point) of the spectrum of (1). 


In other words, A» is either in the continuous spectrum or in the deriva- 
tive of the point spectrum (perhaps in both). 
Here and in the sequel. all data and solutions are understood to be 


real-valued. 
It should be noted that the stability assumption of (1) concerns the 


phase space, (y,y’), rather than just the configuration space, (y). of 
(5) + (Ao + f(x) )y = 09. 
The purpose opposite to that of (I) is served by the following criterion: 
(11) Let f(x) be continuous on the half-line 0S a < 0 and let there 
exist a parameter value A» corresponding to which the differential equation 
(5) possesses two linearly independent solutions, y=yi(x) and y=y.(2), 
having the following property: For every function g(a) of class (L?) on the 
half-line, 


is a function of class (L*) on the half-line (which implies, of course, that 
y2(x) is of class (L*) there). Then, if (1) ts of the Grenzpunkt type, Ao 
cannot be a cluster point of the spectrum of (1). 

In other words, Ao is either not in the spectrum of (1) (for any choice 
of 6 in (2)) or, if it is (for some 6), then it is in the point spectrum (for 
the same @); in which case Ao is an isolated point of the spectrum (for the 


same @). 
Clearly, (6) can be written in the form 


(6 bis) g*(e) 


where 
K (2, t) = K(t,2), 


and what (II) requires is that this symmetric kernel be bounded (in the 
sense of Hilbert’s theory of bounded linear transformations). 
As an illustration (which covers various cases investigated in the 
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literature, as well as more elaborate cases, not available to the usual treat- 
ments, which are based on explicit or asymptotic formulae), suppose that 
(1) has the following property: For some Ao, the differential equation (5) 
has two linearly independent solutions corresponding to which there exist 
five positive constants satisfying 


< < and Ce < < 


as ~—> 0. Then(1) is of the Grenzpunkt type, and Ao cannot be a cluster 
point of the spectrum of (1). 

In order to conclude this from (IT), it is sufficient to observe that, by 
virtue of the last formula line, the expression on the right of (6) becomes 
majorized by an integral (6 bis) in which K(z,¢) is represented by a constant 
multiple of exp (—c | «—t|) (and g by|g]|). In fact, it then follows that 
it is sufficient to ascertain the boundedness of the “ Laurent kernel ” K (2, t) 
=k(|r—t]|) in the case k(s) =exp (—c|s|), where c>0. But the 
boundedness of this particular kernel (Weyl-Picard) is the simplest instance 


of the integral variant of the general “ Laurent” (or, rather, “ Fourier”) 
criterion of Toeplitz; cf. [1], pp. 354-356. 


Proof of (1). Suppose that the first assertion of (I) is false. Then 
(1) belongs to the Grenzkreis type. This means that (1) has two linearly 
independent solutions of class (L*) for some and/or every A; hence, for the 
particular A = A» occurring in (5). It follows, therefore, from the second of 
the two assumptions (4), that (5) has two linearly independent solutions, say 
y = yi(x) and y = y2(x), having a Wronskian which is the sum of two terms 
each of which is of the form O(1)y:(x), where both functions y;(x) are of 
class (Z*).- Consequently, the Wronskian itself is of class (L*). This 
contains, however, a contradiction. For, on the one hand, the Wronskian of 
any two linearly independent solutions of (5) is a non-vanishing constant 
and, on the other hand, a non-vanishing constant is not a function of class 
(L?), the domain of integration being the half-line 0S < o. 

This contradiction proves the first of the assertions of (I). It may be 
noted that neither the second of the two assumptions of (4) nor the limsup- 
assumption of (I) was used thus far. 

In order to prove the second assertion of (1), suppose that this assertion 
is false. Then Ao is not a cluster point of the spectrum of (1). Hence, A» 
is either not in the spectrum for any choice of @ in (2) or else A» is in the 
point spectrum for some choice of @ in (2) (and Ao represents, in the second 
case, an isolated point of the spectrum belonging to the @ in question). These 
two possibilities will have to be ruled out separately. 
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The second of these possibilities can be disposed of as follows: Its 
assumption implies that (5) has a solution y = yo(x) #0 of class (Z?). It 
follows, therefore, from the limsup-assumption of (I) and from Theorem (i) 
in [4], that the derivative y/o(x) is of class (Z?). On the other hand, since 
y) (x) #0, it is possible to choose a solution y=y°(x) of (5) which is 
linearly independent of y= yo(x). Then the Wronskian of yo(z) and y°(x) 
is a non-vanishing constant. Hence, if the O-assumptions (4) are applied 
to y°(z) and its derivative, then, since yo(x) and its derivative are of class 
(L*), there results the same contradiction as above. 

What remains to be ruled out is the first possibility, that in which Apo is 
not in the spectrum for any choice of 6 in (2). In view of that definition 
of the spectrum (belonging to a fixed @) which is based on (3), this possibility 
can be characterized as follows: For every continuous g(x) of class (L?) 
and for every choice of @ in (2), the case AA, of (3) has a solution of 
class (ZL?) satisfying (2). Since every solution satisfies (2) ‘for some 6, this 
means simply that 


(7) + (Ao + f(r) )y= g(a) 


has a solution of class (ZL?) whenever g(x) is of class (L?). This leads, 
however, to a contradiction. 

In fact, Theorem (iv) in [4] implies that, if f(z) is a continuous 
function satisfying the limsup-assumption of (I) and having the property 
that (4) holds for every solution of (5), then (7) cannot have a solution 
of class (LZ?) for every choice of a continuous g(x) of class (L*) unless the 
following condition is fulfilled: Every solution y= y(ax) of (5) and every 
continuous g=g(x) of class (L*) determine a constant a—a(y,g) for 


which the function 


a— y(t)g(tyat 


becomes of class (L?). But it will now be shown that such an a=—a(y, 9) 
cannot always exist in the present case. This will complete the proof of (1). 
Suppose that a= a(y,g) always exists. Keep the (arbitrary) solution 


y=y(x) of (5) fixed and, starting with an unspecified continuous g(x) of 
class (L?), replace g(a) by the function | g(x)| sgny(). Since the latter 
function is again continuous and of class (L*), the function defined by the 
last formula line must become of class (L*) after the replacement, if the 
value of the constant a is altered in a suitable way. Accordingly, there belongs 
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to every continuous g(x) of class (L°) (and to the fixed solution y(x) of (5)) 
a constant b for which the function 


b— f y(t)g(t)| at 


becomes of class (Z*). But the latter function is monotone and cannot, 
therefore, be of class (ZL?) unless it tends to 0 asx—> «©. Consequently, 


b= f | y(t)g(t)| ae. 


Accordingly, 
0 


must exist, as a Lebesgue integral, for every continuous g(x) of class (L?). 
It must therefore exist for every g(x) of class (ZL?) (in fact, the continuous 
functions of class (Z°) are dense on the space of all functions of class (L”)). 
In view of the well-known “converse of Schwarz’s inequality,” this is possible 
only if the fixed “kernel,” y(x), occurring in the last formula line, is of 
class (Z?). But y(x) was chosen as an arbitrary solution of (5). Hence, 
every solution of (5) is of class (Z?). This means that (1) is of the Grenz- 
kreis type and contradicts, therefore, the first assertion of (I). 
The proof of (I) is now complete. 


Proof of (11). Suppose that (3) satisfies the assumptions of (II). 
Since the solutions y,(z), y2(x) occurring in these assumptions have a non- 
vanishing Wronskian, the latter can be chosen to be any non-vanishing 
constant, and it is clear that, without violating the assumptions of (II), 
it can be supposed that 


(8) — y’2(0)y:(0) = 1. 
Then, since the Wronskian does not depend on 2, 
(9) y's (x) y2(2) = 1. 


Since y:(x) and y2(x) are solutions of (5), two differentiations show 
that, (9) being assumed, the function , 


(10) Sf 
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is a solution, y(z), of (7) (for every continuous g(x) ), and that both 
and ¥’(0) vanish for this y(z). Consequently, the general solution of (7) 
results if (10) is added to the general solution, ciy:(%) + coy2(x), of (5), 
and the initial values (e—0) of the resulting solutions and their first 
derivatives will be the same for (7) as for (5) ; namely, 


C1Y1(0) + coy2(0) and c1y/s(0) + c2y’2(0) 
for both (5) and (7). 


Since (II) assumes that y.(2) and g(x) are of class (Z*), and since 
the product of two functions of class (L”) is of class (L*), 


=—aand c —0, 
where 


(1) a= 


is a possible choice of c, and cs. Clearly, this choice reduces the preceding 
initial values to — #y,(0) and — ay’,(0). It is also seen from the last two 
formula lines that c:y:(x) + c2y2(x) plus the function (10) can be contracted 
into — g*(x), if g*(x) is defined by (6). Accordingly, 

(12) y* (x) =—g*(z) 

is a solution of (7) and belongs to the initial values 

(13) y* (0) =— ay, (0), y*’ (0) =— ay’, (0), 

if g*(x) denotes the function (6), and a the constant (11). 


This fact will now be combined with the following remark: If c is an 


arbitrary constant, and if 
(14) y:(2), y2(2) 


is a pair of solutions of (5) which satisfy the assumptions of (II), then 
(15) yi(X) + cy2(z), Yy2(x) 


is another pair of such solutions of (5). In fact, if (14) is replaced by 
(15) in (6), the resulting modification of the function (6) is seen to consist 


of the additional term 


\ 
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Hence, it is sufficient to ascertain that this additional term is a function of 
class (L*) whenever g(x) is. But (II) assumes that y2(%) is of class (Z?). 
Consequently, it is sufficient to ascertain that the integral multiplying y.(2) 
in the last formula line (exists and) is a bounded function of x This, how- 
ever, is obvious, since both y2(z) and g(x) are of class (L*), and so their 
product is of class (L*). 

Accordingly, (14) in (II) can be replaced by (15), where c¢ is arbitrary. 
On the other hand, since the replacement of (14) by (15) is equivalent to 
the substitution 


yi (0) > + cy2(0), > y/1(0) + cy2(0) 5 
y2(0) > y2(0), y’2(0) > y'2(0), 


and since this substitution clearly is such as to leave the determinant ‘/8) 
unaltered, (9) remains true (for every zx, the Wronskian of two solutious of 
(5) being independent of x). Finally, it is seen that the substitution defined 
by the last formula line transforms (13) into 


(16) y*(0) =—ay,(0) —acy.(0), (0) = — ay’ (0) — acy’. (0). 


It follows that, if g(a) is any continuous function of class (L?), and 
if (5) satisfies the assumptions of (II), then (7) has a solution y = y*(z) 
of class (LZ?) satisfying (16). In fact, the assumptions of (II) require that 
(6) be a function of class (Z*), and so the assertion follows from (12) and 
from the fact that (14) in (6) can be replaced by (15). 

It should be emphasized that the constant « occurring in (6) is inde- 
pendent of the arbitrary constant c. This follows from the circumstance 
that the replacement of (14) by (15) alters y,(x) only, whereas the definition, 
(11), of contains y2(z) only. 

It is seen from (16) that the solution y*(x) =y*(x;c) of (7), a 
solution which is of class (LZ?) for every c, satisfies the boundary condition 
(2) (belonging to a fixed @) if and only if c satisfies (with reference to that @) 
the condition 
(17)  af{y,(0) cos 6+ sin 0} + ac{y2(0) cos y’2(0) sin 0} = 0, 


where the four constants yi(0), y’i(0) are those belonging to the pair, (14), 
of solutions of (5) which have been chosen originally (in other words, the 
four values yi(0), y’/:(0) occurring in (17) are independent of both @ and c). 

Clearly, there exist values of 6 for which the linear equation (17) can 
be satisfied by a certain c—c(@). Hence, there exist values of @ corre- 
sponding to which the inhomogeneous differential equation (7) has, for 
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every continuous g(x) of class (L*), a solution of class (L*) satisfying the 
boundary condition (2). This means that there exist values of 9 corresponding 
to which the spectrum belonging to (1) and (2) does not contain the 
particular parameter value, A Ao, occurring in (5) and (7). Since the 
set of A-values consisting of the continuous spectrum and of the cluster points 
of the point spectrum is independent of the choice of @ in (2), it follows that 
A» cannot be cluster point of the spectrum. This completes the proof of (II). 


THE JOHNS HOPKINS UNIVERSITY. 
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MEMOIR ON ELLIPTIC DIVISIBILITY SEQUENCES.* 


By Morcan Warp. 


I. Introduction. 
1. By an elliptic divisibility sequence we mean a seq'cence of integers,' 
which is a particular solution of 


and such that hn divides hm whenever n divides m. Simple instances of such 


sequences are: 
(1. 2) hn=n; 


(1. 3) hn = (n/3) 


where (n/p) is Legendre’s symbol; 

(1. 4) hn = (— 8/n) 
where (d/n) is Kronecker’s symbol.’ 

(1.5) hn = QO/?)-@/2) TU, 
where P =u-+ Q=—ab and 

(1.6) Un = (a"— b")/(a—b) 


is a polynomial in P and Q satisfying a linear recurrence of order two. This 
polynomial is one of the two* fundamental numerical functions studied by 
Edouard Lucas in the first volume of this Journal (Lucas [1], [2]. See also 
Lucas [3]). Lucas continually emphasized the connections between his 


* Received February 12, 1947. 

1'The case when the h are rational is not essentially more general. 

2 See Landau, Vorlesungen, I, p. 51. In the present case, (—8/n) = 0 if n is even 
and (—8/n) = (—1)In/4] if n is odd, where [n/4] denotes the greatest integer in n/4. 

*The other function V, =an + bn does not lead to a solution of (1.1) despite 
Lucas’ assertion to this effect (Lucas [1], p. 203). See Bell [1]. We assume that 
P and Q are chosen so that (1.6) is an integer; for example, P an integer and Q plus 
or minus one. 
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numerical functions and the trigonometric functions, and claimed to have 
made a remarkable generalization connecting numerical functions defined by 
a linear recurrence of order three or four with the elliptic functions. (See Bell 
[1] for a review and evaluation of Lucas’ claims. Lucas apparently published 
nothing on the subject save scattered hints.) 

Since (1.1) is the fundamental relation on which the real multiplication 
theory of elliptic functions rests,* a systematic study of (h)-sequences should 
throw some light on Lucas’ conjecture. In addition (h)-sequences are of 
arithmetical interest on their own account; they appear to be the simplest 
type of non-linear ® divisibility sequence, and yet most of the properties of 
Lucas’ linear (U)-sequence carry over to them. The investigations which 
follow show conclusively that if any such generalization as Lucas conjectured 
exists, it must be looked for in the direction of the complex multiplication 
theory of elliptic functions. The arithmetical properties of elliptic divisi- 
bility sequences turn out to be quite different from those of numerical func- 
tions defined by linear recurrences or order greater than two.°® 


2. The main results of the memoir are as follows. We may confine 
ourselves to sequences in which hy = 0, h; = 1 and not both hz and hg vanish.’ 

A solution of (1.1) satisfying these conditions is an elliptic divisibility 
sequence if and only if he, hs, hy are integers and he divides hy. Every such 
solution is uniquely determined by the initial values of hz, hs and h4 and may 
be parameterized by elliptic functions provided that hz and hy are not zero.® 
The invariants g2 and gs of the associated g function are rational functions 
of he, hs and hy. 

Every divisibility sequence with h.—0 is essentially equivalent to the 
solution (1.4) of the previous section and every rational solution of (1.1) 
with ho = 0, h; =1 and not both hz and hz zero is essentially equivalent to 
an integral elliptic divisibility sequence. 


(h) reduces essentially to the solution (1.2) of Section 1 if and only if 


*w, = a(nu) /o(u)n® satisfies (1.1) where o(z) is the Weierstrass sigma function. 

5A divisibility sequence is said to be linear if it satisfies a linear recurrence 
relation. See Hall [1]. 

° The theory of such functions was initiated by Carmichael. 


See also Ward [1] and the references given there. 
7If both h, and h, vanish, there exist integral solutions of (1.1) which are not 


divisibility sequences and which are not determined by any fixed number of initial 
values. These and other special sequences are discussed in Chapter VII. 

SIf h. or h; is zero, h, is trivially a product of powers of th; or +h, and hy. 
(This case is discussed in Chapter VII). 


(Carmichael [1]). 
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gz and gs both vanish, and (h) reduces essentially to Lucas’ solutions (1.5) 
if and only if neither g2 nor gs vanishes, but the elliptic discriminant 
— vanishes. 

An integer m is said to be a divisor of (h) if it divides some term hx 
with k >0. If m divides hy; but does not divide h: when 1 divides k, then 
k is called a rank of apparition of m in (h).° Every prime p which does not 
divide both hs and hy has precisely one rank of apparition p, and (h) is 
periodic modulo p with period pz where + is a certain arithmetical function 
of p and (hk) which can be exactly determined.*® Similar results hold for a 
composite modulus m. 

If the least positive residues modulo m of the successive values Uo, Ui, 
U.,: - - of any Lucas function are calculated, the pattern of residues exhibits 
interesting symmetries.’t These symmetries extend to elliptic sequences, and 
find their ultimate explanation in the periodicity of the second kind of the 


Weierstrass sigma function. 


3. The plan of the paper is sufficiently indicated by the chapter titles. 
We develop first those arithmetrical properties of the sequences which can 
be proved without the use of elliptic functions; the important modular 
periodicity, however, depends on the elliptic function representation. Our 
conclusions regarding Lucas’ conjectures are given in the final chapter. 

The terminology describing the arithmetical properties of the elliptic 
sequences is chosen to agree with that used for linear sequences (Hall [1], 
Ward [2]). We use the standardized arithmetical notations of Landau’s 


Vorlesungen; in particular, if a,b,- - + are integers or ideals, a|b for “a 
divides b ” and (a,b,- - -) for the greatest common divisor of a,b,---. We 
denote the least common multiple of a,b,- - by [a,0,° 


The results of elliptic function theory which are used in Chapter IV 
may be found in any standard text; the account of (1.1) in Halphen’s 
Treatise is particularly complete, and many of his results may be restated as 


theorems about elliptic sequences. 


® This definition is due to M. Hall. See Hall [1]. 
In the terminology of the theory of linear recurrences, p is the “ restricted 


period ” of (hk) modulo p. See Carmichael [1]. 

11 Typical examples are given by the residues of the Fibonacci sequence 0, 1, 1, 2, 
3,- - - for small integral moduli. See also the table of elliptic sequences modulo three 
in Section 7 of Chapter ITI. 
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II. Elementary Properties of Sequences. 


4. We shall confine ourselves in the next five chapters to sequences whose 
first two initial values are zero and one. If in addition neither the third 
general.” Sequences 


nor the fourth value vanishes, we call the sequence “ 
which violate one or more of these restrictions are called “ special,” and are 
discussed in detail in Chapter VII. It turns out that the only sequences (/) 
which have any arithmetical interest satisfy the following conditions : 


(4. 1) ho =0, hy =1: not both hs. and hs zero. 


We call such sequences “ proper.” Proper sequences include as well as the 
general sequence, two special sequences in which either ho—0, h; #0 or 
he 0, hs; =0. We shall begin by proving the following basic theorem. 


THEOREM 4.1. Let (h) be a proper solution of (1.1) so that (4.1) 
holds and also 


(4. 11) => h ms m = n = 
Then (h) is an elliptic divisibility sequence if and only if 


(4. 2) ho, hz and hg are integers; 


(4. 3) h. divides hs. 


Furthermore, the sequence (h) is uniquely determined by the three initial 


values he, hs and hy. 


Proof. Assume first that 
(4. 31) h. = 0. 


Since the necessity of the conditions (4.2) and (4.3) is evident, assume 
conversely that (h) is a solution of (1.1) for which (4.1), (4.2), (4.3) and 
(4.31) all hold. We shall first prove by induction that all terms of (h) are 
integers and that h. divides hon. We then make a second induction to prove 


that (h) is a divisibility sequence; that is 


(4. 4) hy divides h, if r divides s. 


A third and final induction shows that if n is greater than four, h» is 
uniquely determined if ho, hi,* hn-1 are uniquely determined. 
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We obtain the following important formulas from (4.11) on taking 
first m=n-+1, and then and n=n-+1:” 


(4. = — n = 1. 
(4. 6) Ronhe liz h nN 2 


We begin the first induction by assuming that 

(%) ho > +, are integers; 

(B) he divides ho, 5. 

If n is odd, say n= 2k-++ 1, we conclude from (a) and (4.5) with 
n=k that hy is an integer. If n is even, say n = 2k, then k = 3 and (4. 6) 
gives 


(4. 7) = hy — 


Since + 2 < 2k and the suffices +2, 1 are of opposite parity, 
hisoh?x-1 —hy-oh?x.. is an integer divisible by ho. Hence hn is an integer. 
But if & is even, hy is divisible by fo and if k is odd, h?x-1 and hx. are 
divisible by h*.. Hence in either case hn is divisible by h2. The first part 
of the theorem follows then by induction on n. 

We prove (4.4) by a second induction. Assume that 


(y) hr|hs provided that r|s for rSs<n. 


We observe that (y) is true if n= 5. Hence we may assume that n > 5. 
Now consider hn», and suppose that n= uv. We wish to show that hu | huv 
and it is evidently allowable to assume that u = 2 and v= 2. 

Suppose first that hy 40. Then if v is even, (4.6) gives 


hurls == h urv/2 (h (uv (uv/2)-1 —h (uv /2)-2h?, 


The parenthesis is divisible by h.. But by (y), hu | luv/2. Hence hu | he. 
If v is odd, w and uv are of the same parity. Hence on taking 
m+n=uv and m—n=—vu in (1.1) we obtain the relation 


h url h mail —h nail n- 


Since m == u(v + 1) /2 and n = u(v —1)/2, we conclude from (y) that 
the right side of this expression is divisible by h?,. Hence since hu ~0, 
hy | Rees 


12 As will be evident, if we define a sequence (h) recursively by (4.5) and (4. 6) 
(taking h, = 0, h, = 1, hp #0 and h;, hy arbitrary) then conversely we obtain a solution 
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Now assume that hy 0. We shall need the following lemma which will 
be important in other connections. We shall postpone its proof until we have 
completed the proof of the theorem. 


LemMA 4.1. Let (h) be any solution whatever of (1.1) with initial 
values ho = 0, hi = 1 and not both hz and hz zero. Then if two consecutive 
terms of (h) vanish, all terms of (h) vanish beyond the third. 

Since hu = 0, hucv-1) is zero by (y). Then on taking m = uv and n=u 
in (4.11), we obtain 


== h ur-1h?y — 2 uv 


Hence either huv =0 or hushu+—=0 so that two consecutive terms of (h) 
vanish. Then by the lemma, hj =hy=hs- Hence in all 
cases, hy divides hur». (4.4) now follows by induction on n in (y). 

Finally, the unicity of (1) follows directly from the formulas (4.5) and 
(4.6) by a brief induction. 

It remains to discuss the case when h. vanishes. Then h; 0 and we 
shall prove in Theorem 23.1 of Chapter VII that the general term of (h) 
is as follows: ** 

0, m even; 
(38.4) (— 1) n odd, hs ~ 0. 


Hence Theorem 4.1 holds in this special case, too, completing the proof. 


The lemma is proved as follows. If two consecutive terms of (h) vanish, 
then two consecutive terms of smallest suffix vanish; let them be hy and Ars. 
Then + = 3, and in the interval 0<n<_r, not both An and hans are zero. 
I say that hn 0 in this interval. For if r—3, h, and hz are not zero. 
Assume then that r> 3, and h,=0. Then 2k Sr—2 and by the 
minimal property of 1, 

(4. 8) 0. 


Now if k < r/2, choose 1 so that 1+ 4 —vr and take m=/ and n=k 
in (4.11). Since hy=—hr=0, we obtain Hence by 
(4.8), hi=0. Now replace by 7+ 1. Since we obtain 


18Tt is shown in Chapter VII that this lemma is not necessarily true if both h, 
and h; are zero. If, however, (h) is assumed to be a divisibility sequence, the vanishing 
of h, and h, entails the vanishing of all subsequent terms. 

“Tf = 0, h; = 1 we obtain the particular periodic solution h, = (—8/n) men- 
tioned in the Introduction. 
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— Ny = 0. Hence = 0. But hi = his, = 0 contradicts the mini- 
mal property of r. Next, if k = 7/2, we take 1 =k + 1 and find that hii. = 0, 
contrary to (4.8). If k >7/2, we take k +1—~r and take m =k andn=l 
in (4.11), obtaining as before hi 0. Then replacing / by 1+ 1, we find 
his. = hi = 0 contradicting again the minimal property of r. Hence we may 
assume 

(4. 9) he==0, hea =0, Omcn<r. 


I say that r=3. For if r>3, hs 0 by (4.9). Hence on taking 
m+n = 2r—3 and m—n=3 in (4.11), we obtain the relation 
where all the suffices are 20. Hence by (4.9), hor-s=0. But by (4.5) 
with n = r— 2, 


Hence either hy, or hy-3 is zero, contradicting (4.9). 


But if r= 3, then but hs and we find by a brief 
induction from (4.5) and (4.6) that h,—0 for n= 3. This completes the 
proof of the lemma. 


5. An integer m is said to be a divisor of the sequence (i) if it divides 
some term with positive suffix. If m divides hp but does not divide hy if r 
divides p, then p is called a rank of apparition of m in (h). 


~ 


THEOREM 5.1. An elliptic divisibility sequence admits every prime p 
as a divisor, Furthermore, p has at least one rank of apparition smaller than 
2p + 2. 

Proof. If none of hy, +. is divisible by p, each of the p 


numbers 

(r = 2,3,---,p+1) 
is congruent modulo p to one of the numbers 1,2,---,p—1. Hence at 


least two are congruent to one another; say 


h»* hm? P) 


when 2=n< m=p-+1 and ¢ is an integer. But then (4.11) gives the 
congruence 


= 0 (mod p) 


38 MORGAN WARD. 


Since m—n < p+ 2 and p is prime, msn is divisible by p. Hence the 
smallest rank of apparition of p is at most m + n and hence less than or equal 
to 2p+1. 2p+1 is the best upper bound possible. For if p=2 and 
ho=0, hi =h, = h, = 1, then p= 5. 


THEOREM 5.2. Let p be a prime divisor of an elliptic sequence (h), and 
let p be its smallest rank of apparition. Then if 
(5.1) hpi: #9 (mod p), 
(5. 2) hn = 0 (mod p) tf and only if n= 0 (mod p). 

Proof. By the definition of p, 
(5.3) hp =0 (mod p), h, #0 (mod p), O< r 
Since (h) is a divisibility sequence hp divides hy» if p divides n. Hence 


hn =0 (mod p) if n=0 (mod p). We prove the converse by mathematical 


induction. Assume that (5.2) holds for n << k. We can clearly assume that 
k=p+2. Consider hy. If hy 40 (mod p), we cannot have k =0 (mod p). 
Hence (5.2) will then hold forn << k-+1. If hy==0 (mod p), divide k by p 
and let the quotient be q and the remainder r: 


(5. 4) k=qp +r, 


We shall show that the assumption that r > 0 in (5. 4) leads to a contradiction. 
(5.2) then immediately follows by mathematical induction on k. 

Assume then that r >0 in (5.4). Then taking m =—qp and nr in 
(4.11) hinsn =hm =O. Hence we obtain the congruence 


= 0 (mod p). 


Now gep—1<k and qep—1 is not divisible by p. Hence hgp-1 40 
(mod p) by the hypothesis of the induction. 
Also hy 40 (moi p) by (5.3). Hence since p is a prime, 


haps: = 0 (mod p). 
If g=1, (5.1) is contradicted. If g—2, then on taking m —~p in 


(4.5), we find that hepsi: = hps2h*®p — Hence 


hpssh?p-1 = 0 (mod p). 


Since p is a prime, either hp,, =0 (mod p)or hp: =0 (mod p), con- 
tradicting (5.1) or (5.3). Hence g >2. Now take m= (q—1)p and 
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n=p+1 in (1.2). Then m—n>0 and since hinsn =hm =0 (mod p), 
we obtain the congruence 
hi = 0 (mod p). 


But since 0 < (¢q—1)p—1< (q—1)p+1<qp+1Sk, and 
hiq-1y)p+1 are incongruent to zero modulo p. Hence since p is a prime, 
hp: = 0 (mod p), contradicting (5.1). Hence r must be zero in (5.4), and 


the proof is complete. 
6. The following theorem is a companion to Theorem 5. 1. 


THEOREM 6.1. Let p be a prime divisor of an elliptic sequence (h), 
and let p be its smallest rank of apparition. If 


(6. 1) = 0 (mod p) 
then p= 3 and 
(6. 2) hn = 0 (mod p), n=p. 


Proof. By definition of p, 

(6. 3) hp =0 (mod p), h, #0 (mod p), 
We shall show first that the assumption 

(6. 4) p>3 


leads to a contradiction with (6.1) and (6.3). If (6.4) holds, hs; +0 
(mod p). Taking m+n=2p—2 and m—n=3 in (4.11), we obtain 
the relation 

hop-shs = — hp. shp-2h?p 


where all the suffixes are = 0 by (6.4). Thus since p is a prime, 
hop-; = 0 (mod p). 


Now taking n = p — 2 in the relation (4.5), we find that hop-3 = hph?p-2 
—Np-sh*p-1. Hence == 0 (mod p). Since p is a prime, either hp-1 
or hp-z is divisible by p contrary to (6.3). Hence p= 3. If p= 2, hon =0 
(mod p) since hs divides ho». Since hs =0 by (6.1), hs =0 by (4.5) with 
n=2. It is now easy to prove by induction from (4.5) that hen.=0 
(mod p). Hence if p= 2, hn =0 (mod p), for n= p. 

If p= 3, h2 +0 (mod p) and we easily prove from (4.5), (4.6) and 
h; =h,=0 (mod p) that hn=0 (mod p) for n= 3. This completes the 


proof of the theorem. 


| 
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The following two theorems follow directly from Theorems 5.1 and 6.1. 


THEOREM 6.2. A necessary and sufficient condition that a prime p have 
exactly one rank of apparition in an elliptic sequence (h) is that p is not ua 


common divisor of hz and 


THEOREM 6.3. A necessary and sufficient condition that every prime have 
precisely one rank of apparition in an elliptic sequence (h) is that hs and hy 


have no common factor. 
The following theorem now follows from a known result: (Ward [3]) 


TuHeoREM 6.4. If (h) is an elliptic sequence in which the initial values 


h; and hs are co-prime, then (hn, hm) = hcmn)- 


III. The Numerical Periodicity and Symmetry Modulo p of Sequences. 


7. A sequence (s) of rational integers is said to be numerically periodic 


modulo m if there exists a positive integer z such that 
= Sn (mod m) 


for all sufficiently large n. If (7.1) holds for all n, then (s) is said to be 
purely periodic modulo m. The smallest such integer 7 for which (7.1) is 
true is called the period of (hk) modulo m. All other periods are multiples 
of it. 

We shall show in this chapter that any elliptic sequence is numerically 
periodic for any prime modulus and purely periodic for all primes which 
do not divide both hz; and hy. The culminating result is the following theorem 
which shows precisely how the period and rank are connected. 


THEOREM 11.1. Let (h) be an elliptic divisibility sequence and p an 
odd prime whose rank of apparition p is greater than three. Let e be an 
integral solution of the congruence 
(11.1) =he/hp-2 (mod p), 
and let « and x be the exponents to which e and Np-1 respectively belong 
modulo p. Then (h) is purely periodic modulo p, and its period x is given 
by the formula 7 =p where 


(7.11) 7 = 


15 Since h, divides h,, a common divisor of h, and hs is a common divisor of h; 
and hy. 


( 
| 
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Here [e;«] is the least common multiple of « and x and the exponent « 
is determined as follows: 


a—=-+ 1 if and only if «, « are both odd, 


a= —1 if and only if «, x are both even and both divisible by precisely 
the same power of 2; 


%=0 in all other cases. 


I have been unable to establish the numerical periodicity of (h) sequences 
by elementary means; that is, without the use of their elliptic function repre- 
sentation. It turns out that the two invariants g, and gs of the elliptic 
function associated with this representation are each expressible as a poly- 
nomial in h., hz and hs with integral coefficients divided by a product of 
powers of ho, hz, two and three.*® The arithmetical consequences of the 
elliptic function representation do not therefore apply to the primes two and 
three, or more generally to any prime dividing h. or hs. We shall begin by 
discussing these exceptional primes. 

There are eight a priort possible types of elliptic sequences modulo two 
distinguished by the possible residues of hz, hs and hy modulo two. But 


since divides hy, sequences with h,==0(mod2) and (mod 2) 


cannot occur. The six possibilities which are left are listed in the following 


table. 
ELLIPTIC SEQUENCES MODULO TWO 


Residues of h, modulo two 


Type Number h; hy h; Rank p Period + 
] 0 1 0 0 0 0 2 1 
2 0 1 1 0 0 0 3 1 
3 0 1 0 1 0 ] 2 2 
4 0 1 1 0 1 1 3 3 
5 0 1 1 1 0 1 4 4 
6 0 1 1 1 1 0 5 5 


Theorem 11.1 however is not true for the two types five and six for which p 
is greater than three. In both cases «—« —1 so that the formula (7. 11) 
gives 7 = 2p instead of =p. Thus the restriction to odd primes is necessary. 
The twenty-one possible types of sequences modulo three are listed below. 
In each case when the rank p is greater than three, « and « are listed and 
also the multiplier += 2*[e,«]. The ranks and periods were obtained by 
direct computation for each type from the formulas (4.5) and (4.6) taken 
modulo three. The table thus shows that Theorem 11.1 is true if p= 3. 


16 See Chapter IV, Section 18, formulas (13.6) and (13.7). 
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ELLIPTIC SEQUENCES MODULO THREE 


Type Rank Period Exponents 

010 0 0 2 1 

2 0110 0 3 1 

3 0120 0 3 1 

4 0 10 10:2 0 2 2 8 

5 10 2 2 4 

6 0 2 2 3 12 

7 01102 2 3 6 

8 oi 1 2 3 3 

9 2 1 8 1 2 3 12 

10 o149240 2 2 2 4 8 iu 2 
1] 2 2 5 10 
12 Oia 2 2 6 12 2 2 2 
13 i 120 122 8 
14 220 1 2 7 7 2 
15 2 2 ti i 2 7 14 1 1 2 
16 5 5 2 2 1 
17 Oo 12 i0 2 4 8 2 
18 ii 6 12 2 1 2 
19 012342 0 5 5 2 2 1 
20 01220141 4 8 2 


This table affords simple illustrations of the modulat symmetry of 
sequences which was alluded to in the introduction. For example, consider 
type 14 and 15. For type 14, we have hp-n==—hn (mod 3). For type 15, 
hp-n =hn (mod 3) ; Rpsn =hp-n (mod 3). We shall see that for primes other 
than two and three, the origin of this symmetry is the periodicity of the second 
kind of the elliptic sigma functions. 

Now consider primes which divide the initial values h. and h;. We have 
shown in Section 6 that primes which divide both hs; and hg divide every 
subsequent term of (h). We call such primes “null divisors” of (h).™ 
If p is a null divisor, then (h) is numerically periodic modulo p with the 
period one.** Since h, divides hs, primes which divide both hz. and hs are 


17 The terminology is borrowed from the theory of linear divisibility sequences. 
See Ward [2]. 

18 The first types listed in the tables of elliptic sequences modulo two and modulo 
three afford simple illustrations. If (#) is a null sequence modulo p, it appears to be 
very difficult to specify the exact power of p dividing h, given only the initial values 
of (h). 
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also null divisors. On excluding null divisors, we have as well as the “ general 


case ” 

(7. 2) 0 (mod p), 

two special cases: 

(7.3) = 0 (mod p), h; #0 (mod p) ; 
(7. 4) h; =0 (mod p), h, 0 (mod p). 


These cases are disposed of by the following theorem which is a simple 
consequence of the theorems on special sequences given in Chapter VII. 


THEOREM 7.1. Jf condition (7.3) holds, then 


hon = 0 (mod p), = (— 1) (mod p). 


If condition (7.4) holds, then 


hsn = 0 (mod 


h (— 1 ) n(n+1)/2h n(n+1) (n-1) /2 (mod p) 


We see that in either case (h) is purely periodic modulo p. Its period 
depends in a simple way on the exponents to which its initial values belong 


modulo p. 


8. The general case depends upon the following theorem which is proved 
in Chapter V, by the use of elliptic functions. All further developments in 
this chapter are obtained from this theorem by elementary means. 


THEOREM 8.1. Let p be a prime greater than three’? which divides 
neither h. nor hz. Then if p is its rank of apparition their exist two integers 


aand b such that 
(8.1) hp-n =a"bhy (mod p), (n =0,1,2,° -,p). 


If we calculate successively the least positive residues modulo p of the 
first p terms of (h), the theorem states that there is a certain symmetry in 
the distribution of these residues. The theorems which follow not only lead 
to the proof of the periodicity of (h) modulo p, but also state symmetries in 
the pattern of least positive residues of successive blocks of p terms of (h). 
The final result of these symmetries is to determine the residues modulo p of 


19 The table of sequences modulo three shows that this theorem is also true if p = 3. 
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all terms of (h) in terms of the integers a and 6b of the theorem and the 
residues of the first [p/2] terms. The next theorem shows how a and b may 


be determined modulo p. 


THEOREM 8.2. Jf aand b are the integers specified in Theorem 8.1 and 
if c is determined by the congruence 


(8. 2) ac = 1 (mod p) 


then the following congruences hold modulo p: 


(8. 3) b =Np-re. 
(8. 4) =1; c? 
(8. 5) a? = — = — Npsrhp-r. 


Proof. Let n successively equal 1 and rn (8.1). We obtain: 
(8. 6) hp-1 = ab (mod p) 


and =wb*. (8.4) now follows and (8.6) and (8. 2) 
imply that 6 =hp-_.c which is the last part of (8.3). 


Next, put n equal to two in (8.1). Then 


hp-2 = @bh. = ahp_shz (mod p), 
the last step following from (8.6). This result is equivalent to the first part 


of (8.3). The second part follows now by (8.6). It remains to prove (8. 5). 
Consider hp,;. Assume first that p is odd: | 


(8. 7) p=20+125. 
Then on putting n equal to +1 and o in (4.6), we obtain 
(8. 8) hos = hosshorsh?o — hossho-sh* 
(8. 9) hp-1 = hehos2h?o-1 — hoho-2h? x1. 
But by (8.1) and (8.7), the following congruences hold modulo p: 
hos = bho; hog =A bho»; ho=a™ bho; 


ho-1 = 3 how. bhe-s. 


20 The modulus p will be omitted here and elsewhere when no confusion can arise. | 
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On substituting these expressions into (8.8) and simplifying, (8.9) gives 
the congruence 
(8. 10) = — (mod p). 


When p is even, this congruence may be shown to hold in essentially the 


same way. 
Now by (8.2) and (8.4) Theorem 8.2, a?*°b*==1(mod p). Hence 
(8.10) implies that hp, ==—a“*hp-, (mod p), and this congruence is equi- 


valent to the first part of (8.5). The second part of (8.5) now follows by 
(8.6), completing the proof. 


9. The theorems of this section give the fundamental symmetries of (h) 
modulo p. 


LemMaA 9.1. With the notation of Theorems (8.1) and (8.2), the 
following congruence is valid for all positive integers n: 


(9.1) hosn =— be"hy (mod p). 


Proof. Assume first that OSnSp. Since 


2 


hosnhp-n — h 


and p divides hp, we obtain from (8.5) the congruence hpsnhp-n =— b*hr? 
(mod p) or by (8.1), hpsna"bhn =— b*h,” (mod p). If 0 <n < p, we may 


cancel bh». We then obtain (9.1) on multiplying by c". Since the cases 
and are trivially satisfied, (9.1) is true for OS nS kp if k 
equals one. 


We now proceed by induction on &. Suppose that (9.1) is true for 
kp and assume that kp nS (k+1)p. Then since 


hnsphn-p = — 
and p divides hp, we obtain from (8.5) the congruence 
(9. 2) hnsphn-p = bh»? (mod p). 
Now 0=n—pXkp. Hence by the hypothesis of the induction, 
(9.3) hn-p = —(a"™?/b)hn (mod p). 


Hence if kp<n<(k+1)p, (9.2) and (9.3) give the congruence 
bh» =a""hpin (mod p). Since a’b?=1 by (8.4) and a"c"=1 by (8.1), 
this last congruence gives (9.1) on multiplication by a’c". Since (9.1) holds 


— 
| 
— 

| 


46 MORGAN WARD. 


trivially for n = kp or n = (k + 1)p, and has been proven true for 0 Sn Sp, 


the induction is completed. 
THEOREM 9.2. Under the hypothesis of Lemma (9.1), 
(9. 5) hipin = (— (mod p), (k,n 0, 1,2,- - -). 


Proof. (9.5) is true when / 1 by Lemma 9.1. Its general validity 


follows directly by a brief induction on k. 
10. We can now establish the numerical periodicity of (h) modulo p.*? 
THEOREM 10.1. Let (h) be an elliptic divisibility sequence, and let p 


be any prime which divides neither hz nor h;. Let p be the rank of apparition 
of pin (h), and let r be the least positive integer such that 


(10. 1) (—b)*=1, = 1 (mod p) 


when b and c are the integers specified in Theorems 8.1 and 8.2. Then (h) 
is purely periodic modulo p with period rtp. 
Proof. The proof of this theorem depends on the following lemma whose 


proof is left to the reader. 


Lemma 10.1. If 7 is defined as in Theorem 10.1 and if k is an integer 
such that 
(10. 2) (— b)*=1, ck =1 (mod p) 
then + divides k. 


We see from (10.1) and the congruence (9.5) of Theorem 9.1 that zp 
is a period of (h) and (h) is purely periodic modulo p. Hence by Theorem 
5. 2, any other period z of (2) modulo p is a multiple of p; say r=kp. But 


if kp is a period, then on taking n equal to 1 and 2 in (9.5), we obtain the 


congruences 
=1, (— c)*cb =1 (mod p). 


Since k and k? have the same parity, (10.2) follows. Hence, 7 divides k, 
so that tp divides x. This completes the proof of the theorem. 


11. This section is devoted to the proof of the Theorem 11.1 quoted in 
Section 7 in which the integer 7 was explicitly determined. We shall need 
the following arithmetical lemma whose proof we leave to the reader. 


1 Periodicity for an arbitrary modulus m is an easy consequence. See Chapter VIII. 
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LeMMA 11.1. Let p be an odd prime,”? d an integer prime to it, and 
belonging to the exponent 8 modulo p. Then if 8 is odd, there exists no integer 
x such that the congruence 


(11. 2) d* =— 1 (mod p) 


is satisfied. But if 8 is even, (11.2) is satisfied if and only if x is an odd 
multiple of 8. 


We observe first that the congruences (11.1) and (8.3) allow us to 
identify the integers c of Theorems 11.1 and 8.2. Since p is a prime, the 
congruence (8.4) implies that 6 is congruent to either plus or minus one. 


Assume that 
(11. 3) b7 =-+ 1 (mod p). 


Then by (10.1), (—0)” = (—1)7=1 (mod p). Hence + must be even. 
Now by (8.3), 67 =h7p-:c7. Since c7 =1 by (10.1), (11.3) gives 


(11. 4) =1 (mod p). 


Then by (11.1), (10.1), 
(11.5) eT =1 (mod p). 


Let o = [e,«] be the least common multiple of the exponents to which e 
and hp-; belong modulo p. Then (11.4) and (11.5) imply that «| 7, €| 7. 
Hence 
(11. 6) | 7. 


On the other hand, h%p-1==1 and e’=1(mod p). Hence by (11.1) 


and (8.3), 
(11. 7) =1, b? =1 (mod p). 


Now if o is even, (11.7) implies that c7=1, (—b)*=1 (mod p). Hence 
by Lemma 10.1, 7 | o, so that by (11.6), r= o. 

o is odd if and only if both « and « are odd. In this case (11.7) implies 
that c??==1, (—b)*"=1 (mod p). Hence by Lemma 10.1, 7/20. But 
7 is even and by (11.6), o divides 7, Hence r= 20. This disposes of the 
first case of the theorem. 

Assume now that 
(11. 8) b™ =— 1 (mod p). 

Then by (8. 3), 


*2'The lemma is false if p = 2. 
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(11.9) (mod p), 
and by (8.3) and (11.1) 
(11. 10) == — 1 (mod p). 


Now by Lemma 11.1, (11.9) and (11.10) imply that both « and « are 
even, and that r is both an odd multiple of «/2 and an odd multiple of «/2. 
But if o now denotes [¢/2, «/2], 

(11. 11) |r. 


Hence o must be an odd multiple of both ¢/2 and «/2. It follows that 
if (11.8) holds, both « and « must be even and both divisible by precisely 
the same power of two. 

Assume, conversely, that the last mentioned conditions are satisfied. 
Then o is an odd multiple of both €/2 and «/2, so that by Lemma 11. 1 


h%p1=—1, =— 1 (mod p). 
But then by (11.1), (8.3) and (8.8) 
a= 1, =— 1 (mod p). 


Hence (—b)* = (—1)%7+1. Therefore by Lemma 10.1, +|o. Hence 
by (11.11) ro. This completes the proof. 


IV. The Representation of Elliptic Sequences by Elliptic Functions. 


12. If (h) is a proper elliptic divisibilty sequence, we have seen that 
if either hz or hs vanishes, the general term of the sequence becomes a simple 
product of powers, and the arithmetical properties of the sequence are patent. 
Consider now a general elliptic divisibility sequence so that the first five 


values of (i) are integers and 
(12. 0) hyo = 0, h, == i, hh; +0; he | hy. 

We shall devote this chapter to the proof of the following fundamental 
result. 


THEOREM 12.1. Jf (h) is a general elliptic divisibility sequence, there 
exist two rational numbers gz and g; and a complex constant u such that if 
Q (w; 92,93) is the Weierstrass function with invariants gz and gs, then 


(12.1) hn = =o(nu)/o(u)™. 


Here o(w) is the Weierstrass sigma function. 
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Proof. Let (h) be a general elliptic divisibility sequence. Since yn(w) 
is always a solution of (1.1) and yo(w) —0, ¥1(w) —1, it suffices to show 
that we can determine gs, gz and u so that: 


(12.2) (a@) Yo(u) = he; (B): = hes; (y): Ya(u) = 

We quote for reference eight familiar formulas of elliptic function theory: 
(12.3)  yo(w) =— 9’(w). 
(12.4) Ys(w) 39 *(w) — — (w) — 


p”(w) \? 
(12.5) @(2w)—@(w)=% (a ) — 39 (w) 
(12.6) (3w)— (w) = 0” (w) (@*(w) —Ys(w) P”(w)) = 
__ 


(12.8) @(8w) —@(w) —— 


(12.7) @(2w)—@(w) = 


(12.9) p2(w) 49°(w) — ga (w) — gs. 
(12.10) —69°(w) —g./2. 
From (12. 10) : 
(12.11) —29"(w). 
From (12.9) and (12.10): 
(12.12) gs—= 29 (w) (9”(w) —49°(w) — 


13. Proof (Continued). Now assume that the conditions (12.2) (@), 
(8), (y) can be satisfied. Then since ¥i(u) =1, (12.1), (12.3), (12.7) and 
(12.8) give: 


(13.1) 9’(u) =— ha, 

(13.2) (2u) — (wu) =—ha/hs*, 

(13.3) @(3u) — @ (w) =— hohs/hs?. 
Now by (12.6), (13.3) and (13.1): 


— = (hot —h3P”(u) ). 


; 
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Hence solving for @”(u): 
(13.4) @7(u) = (ho? + hy) /Nohs. 
Next, using (13.2), (12.5) and (13.1), (13.4): 
= + hy) / — — 3@ (ua). 


Hence solving for (uw): 
(13.5) @ (uw) = (ha? + + + 
Next, using (12.11), (13.5) and (13.4): 
(13.6) ge = + — + — 
+ 4hoPh + 16heths® + + hat) 
Finally, using (12.12), (13.5), (13.4) and (13.6): 
(13.7) gs = — + 6h. hy — + — hs 
+ 20h. hg + — + 15h2°h4* 
— + + 64hobhs® + hs? 
(13.5), (13.6) and (13.7) are necessary conditions that the equations 
(12.2) hold. Now since by (12.1) neither hs nor h; is zero; we can start by 


defining go, g; and u (13.6), (13.7) and (13.5). Then wu is determined save 
for sign up to a period of @ (w). 


On combining (13.5) and (13.6), we find that 
g2 — 1207(u) = — + ha) 


Hence (13.4) follows from formula (12.11). 
Now combining (13.7) with (13.5), (13.4) and (13.6), we obtain the 
formula 


gs —2@ (u) [@”(u) —40?(u)] =—A,?. 


Hence by formula (12.12), @’*(w) =h.*. We now choose the sign of wu so 
that (13.1) is satisfied. w is now fixed up to a period of the 9 function. 
But then (12.2) follows immediately from formula (12.3). 
Next, using (12.5) and substituting in it for @’(u), @”(u) and @ (uw) 
from (13.1), (13.4) and (13.5), we find that @ (2u) — @ (u) =— h3/h,. 
Hence (12.2) follows from (12.7), (12.2) and the fact that y.(u) =1. 
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Finally on substituting on the right of (12.6) for p’(w), p”’(w) and 
W3(u), we find that @ (3u) — @ (w) = — hehs/h;?. 
Hence (12. 2)y follows from (12.8 and (12.2)a and £. 


V. The Relationship Between the Numerical Periodicity of a Sequence 
and the Periodicity of the Corresponding Elliptic Functions. 


14. We shall now prove Theorem 8.1 of Chapter III. Throughout this 
part of the paper, (i) denotes a fixed general elliptic sequence, and p a fixed 
prime greater than three dividing neither hz: nor h3. For convenience of 
printing, the rank of apparition of p in () will be denoted by r, rather than 


by p as heretofore. 
It follows from the results of Part IV that 


(14. 1) 


Furthermore gs, g; and @ (wu) are integers modulo p. 
We commence by stating the results of elliptic function theory which 


we shall need.**> If we regard w in wn(w) as a complex variable, yn(w) may 
be expressed in terms of the Weierstrass signma function as follows: 


(14. 2) Yn(w) =o(nw)/o(w)”. 
If 2w is a period of the function, then with the usual notations of 
the theory of elliptic functions, 
(14. 3) a(w + 2w) — g(w), 
On the other hand, if z = @ (w), wn(w) may be expressed as a polynomial 
in z, say F(z), of the form 
q 
(14. 4) Wn (w) — Fy (z) — €q Ag-r2" 
r=0 
where the degree g of F(z) in z is (n?—1)/2 or (n?—4)/2, and eq is 1 


or h,/2 according as n is odd or even. The coefficients A of Fn(z) are poly- 


nomials in g2/4 and gs with rational integral coefficients: 
(14. 5) Ax = Ax (92/4, k = 0, 


Hence each A; is an integer modulo p. Furthermore A; is homogeneous of 
degree k if g2 is given the weight two and g; the weight three. In particular, 


23 See Fricke, Die Elliptischen Funktionen .. . II, Berlin, 1922, pp. 184-205. 
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(14. 6) Ayo =n, 
(14. 7) A, =0, A, = bg2/4, As = A, = dg2*/16 


where b, c, d are integers depending of course on n. 

It is also well known that if we consider the roots £ of F(z) =0 (where 
it will be recalled that r is the rank of apparition of p in (h)) then each € 
may be expressed in the form 


(14. 8) (2w/r) 
where 2 is some period of the p function. 


15. Let @ denote the field obtained by adjoining all the roots of 
F,(z) =0 to the field of rationals, and let p denote any prime ideal divisor 
of pin ®&. By Theorem 5.1, the rank of apparition r of p is less than 
2p +2. Hence either r is prime to p, or r= p, or r= 2p. 

We shall assume that r is prime to p in this section. It follows from 
the results on F',(z) stated in the previous section, that all the roots € of 
F,(z) =0 are algebraic integers modulo p and that we have the congruence 


hy Cr Il (@ (w) (mod p) 


where cy is an integer prime to p. But by the definition of r, A, is divisible 
by p. Hence we have the congruence in &: I1(@(u) —&) =0 (mod p). 
Since p is a prime ideal, there must exist by (14.8) a period 2w of the @ 
function such that 


(15.1) (uw) = (2/r) (mod p). 
We deduce from (14.4) and (14.1) that 
(15. 2) hn = Yn(2w/r) (mod p) 


for n= 0,1,2,:--. 
Consider now yr-n(2o/r) where OS nSr. By formulas (14.2) and 
(14. 3) ; 


Wr-n(20/r) = o(— 2nw/r + 2) 
= a" Bo (2nw/r) + o (20/r)" = a" (20/7). 


Here a = e*%/"g(2w/r)?", and B =e” —o(2w/r)™, and we have used the 
fact that o(—w) =—o(w). (15.2) now gives the congruences 


(15. 3) hr-n = a" Bh» (mod p). 
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Letting n equal one and two in (15.3), we see that «8 and @8 are 
congruent to rational integers modulo p. Hence a and £ are congruent 
modulo p to two rational integers; say a and b. Thus (15.3) becomes 


hr-n = a"bhn (mod p). 
Since all the Roman letters denote rational integers, we deduce that 
hrn = a"bhn (mod p). 


On replacing r by p, we obtain Theorem 8.1 for the case when the rank 
of apparition of the prime p is not p or 2p. 


16. It remains to discuss the more difficult case, when the rank of 
appartition r of p equals p or 2p. It follows from the form of the coefficients 
Ax of F(z), that if p divides both gs and gs, it divides every coefficient of 
F,(z). The converse is also true. 


LEMMA 16.1. A necessary and sufficient condition that p divide every 
coefficient of F(z) or Fop(z) ts that p divide both go and gz. The rank of 
apparition of every such prime is p. 


Proof. We need only prove the necessity of the condition. Assume that 


r= p and 
A; = 0 (mod p), k=0,1,---,q = (p?—1)/2. 


Let & denote the Galois field obtained by adjoining to the field of rationals 
the three roots e, @2, es of 4v°*— g.7—g;=0. Then with the usual 
notation, = @ (w:), (i = 1, 2, 3) where 2w; is a period and + w2 + = 0. 
The numbers e; are integers modulo p since p is odd. Now let p be any prime 
ideal divisor of p in ¥. Then by (14.2), (14.4) and our hypothesis on 
the An, 


(16.1) (po) /o(oi)” = Yp(oi) = = 0 (mod p). 


On the other hand on writing p= (2p—1)/2+1 and using the 
periodicity of the sigma function, 
a (po; ) = (—— 1) (p-1) /2g2n(p-1) /2(we+l (p-1)/2104) 


But 
(e; — e;)4(e; — ex) 40(wi). 


Hence 


o( pwr) = — ej) — ex) 


| 
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so that 
Wp(wi) == (ei e;) (p?-1) /4 (ei ex) (p?-1) /4, 


Hence by (16.1), 
(eg — Y)/4=0 (mod p), i,j,k =1,2,3,14 7, 


Since p is a prime ideal, we deduce that e; =e, e; (modp). But then 
for every integer é of 9, 4& — goé g3 = 4(E— €:)* (mod p). Hence 


=e, =e; (mod p) so that go = =0 (mod p). 


Since g2 and gs are rational integers modulo p, it follows that g.=g; =0 
(mod p). This completes the proof of the lemma for the case when r= p. 
The proof for the case when all the coefficients of Y2»(w) are divisible by p 


is similar and will be omitted here. 
17. In view of Lemma 16.1, we need consider only the case 
(17.1) h,= 0 (mod p), r=p or r=2p; 


(17.2) gs and gs; not both divisible by p. 


We first develop some simple arithmetical concepts which are needed in 
the proofs that follow. Let p be a prime ideal of an algebraic number field, 
and @ any field element. Then the principal ideal [«] has a unique repre- 
sentation of the form [«] = p“be* where b and ¢ are integral ideals which 
are co-prime and also prime to p, and the exponent a is a rational integer. 
We call a “the index of « (modulo p).” «& is said to be integral modulo p if 
and only if its index is negative or zero, and fractional modulo p if and only 
if its index is positive. 

The following lemmas follow readily, and their proofs are left to the 
reader. 

LemMaA 17.1. If «isa fraction modulo p and B is an integer modulo }, 


a+ B is a fraction with the same index as «, and the index of aB ts not 


greater than that of a. 


LemMA 17.2. If are fractions modulo p, the index of | 


their product is the sum of the indices of the separate factors. 


LemMA 17.3. If are fractions modulo p, the index of | 
%) (P— is the same for all which are integers | 
modulo p, and equals the sum of the indices of %,° 
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18. We may now complete the proof of Theorem 8.1 as follows. With 
the notation of Section 16, let the roots of F(z) =0 be £1, f,: - -,&q. The 
leading coefficient of F'-(z) is divisible by p but not by p? by formulas (14. 4) 
and (14.6). Furthermore, there exists at least one coefficient A; which is 
not divisible by p. Consequently, if p as before denotes a prime ideal divisor 
of p in the field @, not all the roots £ are integers modulo p. We shall now 
prove 


LemMa 18.1. Not all the roots € of F(z) =0 are fractions modulo p. 


Proof. Let ¢@ denote a variable whose range is the set of all field 
elements of 0 which are integers modulo p. Then if all the € are fractions, 
the index of &:),° (@— &_) by Lemma 17.3 is a positive 
number independent of the choice of ¢. But by formula (13.5), z= @ (u) 
is an admissible value of ¢, since p is prime to 6h2h;. But by formulas (14. 1) 
and (14. 4), 


(18. 1) hy = = pl(z— (2— £2) (2 — ba) 


where / is an integer depending on r but prime to p. 


Now suppose that the highest power of p dividing p is the k-th. Then 
by (17.1), the index of the left side of (18.1) is at most —k. But by 
Lemma 17. 2, the index of the right side of (18.1) is greater than —k. This 
contradiction establishes the lemma. 

Now let be the roots of F(z) =0 which are integers 
modulo p, and. £541. %q be the roots which are fractions modulo p. 
In view of what we have just proved, both these sets of roots are non-empty. 
Now re-write (18.1) as 


hy = pl[ °° (z— Le) ] [ (2 — + (z—&) ]. 


The index of the right side is at most equal to the index —k of p. But the 
index of [(z—£e.1) (2—&q)] is positive. Consequently the index of 
(z—£s)] must be negative. But this implies that (z— 

-(z—£,) =0 (mod p). Since p is a prime ideal and each term z— hi, 

-z—, is an integer modulo p, there exists a € such that @(u) =z 
={(modp). Hence we obtain again from (14.8) the congruence (15.1) 
for a suitably chosen period 2 of the @-function. The remainder of the 
proof now follows exactly as in Section 15 for the case 7 prime to p. 
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VI. Equivalent Sequences. Singular Sequences and Their 
Representations by Circular Functions. 


19. Two sequences (uw) and (v) (which need neither be integral, nor 
solutions of (1.1)) are said to be “equivalent ” if and only if there exists a 


constant c+ 0 such that 


Un = (n 0, 2, ). 


We write (w) ~ (v) or (wu) =c(v) if it is desired to bring the constant 
c explicitly in evidence. — is evidently an equivalence relation in the technical 
sense. We shall show in Chapter VII that there are only four types of non- 
equivalent solutions of (1.1), of which the elliptic function and circular 
function solutions are the two most important. We shall continue the further 
development of the properties of equivalence in section twenty-one of this 


chapter. 
Let (hk) be a general elliptic sequence. We have seen in Chapter IV 
that there then exists an elliptic function @(w) = @(w: 92,93) whose 
invariants g» and g; are certain rational functions of the initial values of (h), 
such that for a properly chosen value u of the complex variable w, 


(19. 1) hn = o(nu)/o(u)™. 


By the “discriminant ” of the sequence (h) we mean the discriminant 


of the corresponding @ -function: 
(19. 2) A = — 


We write A=A(h), or A=A(ho, hz, hs) if we wish to emphasize the 
dependence of A on the initial values of (/). 

If we substitute for g2 and gs in (19.2) their expressions in terms of 
hs, hs and hy given by formulas (13.6) and (13.7), we find that 


(19.3) A(he, hs, hs) = {hat + + + Bhs?) hs? 
+ ho? — 20h3*) hs + hoths? (163° — }. 
The sequence (i) is said to be “ singular ” if and only if its discriminant 


A(h) vanishes. We shall show that a sequence is singular if and only if it 
is essentially a Lucas function. The main step in the proof of this result 


is the following theorem: 


THEOREM 19.1. Necessary and sufficient conditions that a general elliptu 


— 
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sequence (h) be singular are that there exist integers r and s such that 
rs(r? — s?) ~0 and 
(19. 4) h; = s(r?— s°), = 1s°(r? — 28°). 

20. This section is devoted to the proof of Theorem 19.1. We first 
prove that the conditions (19.4) are ncessary for (h) to be singular. Assume 
then that (h) is a general elliptic sequence for which A(h) vanishes. 


Since hy and hs are not zero and he divides hi, it follows from (19.3) 
that if we let 


(20. 1) u=h,*, v w= h4/ho, 
then A vanishes if and only if the diophantine equation 
(20. 2) 16v* — (u? + 20uw — 8w*)v + w(u+ w)? =0 


has solutions of the form (20.1); that is, uw a perfect fourth power and v a 
perfect cube. 
If we solve (20.2) for v by the quadratic formula, we find that 


(20. 3) 32u =u? + 20uw — + Vu(u— 8w)*. 


Hence it is necessary that u(w—8w) be a square. But wu is a square 
by (20.1). Hence we may write 


(20. 4) u= |? =h,*, 
(20. 5) u— 8w = = — 8hs/he, 
where 7 and m are integers. Then 
(20. 6) w= (I? — m*)/8. 

We find from (20.4) and (20.6) that 

+ 2uw — 8w? = 4(271* — — m*), 
Vu(u— = Im’. 

On substituting these expressions into (20.3) and multiplying by eight, 

we find that 256v = — 18]1?m? + 81lm* — 


The right hand side of this expression factors into (J + m) (3l = m)'. 
Hence on multiplying by two and substituting A;* for v, we obtain the formula 


(20. 7) (8h3)* == (21 + 2m) (31 = m)*. 
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Hence 21+ 2m is the cube of an even integer, and we may write 
21 + 2m = (2s)* where s is an integer. Now 31 = m+4s*=4l. Hence 
31 = m in (20.7) is divisible by four. We thus have for integral s and q 


(20. 8) [+ m = 48°, 3l = m = 4q, 
and (20.7) becomes (8h;)* = (8sq)*. Hence 
(20. 9) hs = sq 
and on solving (20.8) for J and m, we find that 
(20. 10) m= + (3s°—q). 
On substituting these expressions for / and m into (20.6), we find that 
(20. 11) hs/h, = w = 8*(q — 8°). 
Finally, (20.4) and (26.10) give 
(20. 12) h.2=s? + q. 


Now let hz =r. Then by (20.12), g=7?—s*. Then on substituting 
this expression for g into (20.9) and (20.11), we obtain the formulas (19. 4). 
The accessory condition rs(r?>—s*) #0 is needed to insure that (/) is 
general, The necessity of the conditions (19.4) is thus established. 

The sufficiency of the conditions (19.4) is evident oh retracing the 
steps of the proof of their necessity in reverse order. The sufficiency also 
follows directly by substituting into the formula (19.3) for A(h2, hs, hs) the 
expressions for hs, hz; and hy in terms of 7 and s. The result vanishes iden- 
tically in r and s. 

The following theorem may be proved by elementary algebra on substi- 
tuting into the formulas (13.6) and (13.7) giving g2 and gs the expressions 


for hs, hs and hy given in (19.4). 


THEOREM 20.1. Jf (h) is a singular elliptic sequence, then with the 


notation of Theorei: 19.1, 
(20.13) 3{(r? — 4s*) Js = — { (7? — 4s*) 
Now if e, e2 and e; denote as usual the roots of 


(20. 14) 423 — goz — === (), 


then A = 0 if and only if two or more of the roots e; are equal. Suppose that 


| 
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(20. 15) A= 0, = Co. 
Then 
(20. 16) e€; = — 2¢, 
and 
(20. 17) = 3e3”, 


Hence we obtain the following corollary to Theorem 20.1: 


THEOREM 20.2. Jf (h) is a singular sequence, then the roots of (20.14) 


are 
— (r? — 4s?) /6s?, — 4588) /128?, (r? — 48°) /12s?, 

Furthermore 

(20. 18) Jz = 93 = 0 if and only if r? = 4s°. 


In this case, e; = e2 = e; = 0. 


21. We shall now resume our discussion of the notion of equivalence of 
sequences introduced at the beginning of this chapter. 

A sequence («) of algebraic numbers is said to be “ essentially integral ” 
if it is equivalent to an integral sequence; that is, if there exists an algebraic 
number f other than zero such that B”-1a, is a rational integer for every n. 


THEOREM 21.1. Jf a sequence (u) is a particular solution of (1.1), so 
are all sequences equivalent to it. Furthermore, if (uw) is general, so are all 


its equivalent sequences. 


THEOREM 21.2. Jf an elliptic sequence (h) admits an elliptic function 
representation by means of @(w) = @(w:g2,gs) and (k) =c(h) is any 
equivalent sequence, then (k) admits an elliptic function representation by 
means of (w’) =@(w’; 9’2, 9's) where w’ =w/c, g's = 


Equivalence is thus the analogue of the @-function homogeneity relation: 
(w/c; = CP (W3 ge, gs). 
The proofs of these two theorems are almost immediate and are left to 


the reader. 


THEOREM 21.3. Every proper solution of (1.1) in rational numbers is 
essentially integral, and equivalent to an integral divisibility-sequence. 


Proof. Let (a) be a proper rational solution of (1.1) so that a) =0, 
a, = 1 not both as, a; vanish and ad» is rational. If az is zero, the theorem is 


| 
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obvious from Lemma 4.1 of Chapter II, formula (4.13); for we may take 
c® equal to the denominator of a3. If a2 is not zero, (a) is clearly uniquely 
determined by the initial values of a2, a3 and az. Now we may write a2 = ¢2/a, 
= C3/A, = Where Co, C3, Ce and are integers and Then 
by Theorem 4.1, (0) is an equivalent integral divisibility sequence if 
bn = 

We may now prove a converse to Theorem 12.1 of Chapter IV. 


THEOREM 21.4. If the invariants gz and gs of the function @(w’) are 
rational numbers and tf u is such that @ (uw) is rational, then an =wWn(u) ts 
equivalent to an integral elliptic divisibility sequence. 


Proof. By (14.4), all the a» are rational. But wn(w) satisfies (1.1). 
Hence the result follows from the previous theorem. 


22. We shall resume the development of the properties of singular 
solutions by establishing the following theorem: 


THEOREM 22.1. Every singular elliptic sequence is equivalent either to 


the sequence 
(22. 1) 


of the positive integers or to a Lucas sequence 
(22. 2) * ** 


where Un = (a®— b")/(a—b), Q=ab = 1, and P=a-+b is in general, 
a quadratic irrationality. 


Evidently such a Lucas sequence may be written in the form 
U, =sin n6/sin @ for a suitably chosen complex number @, and is hence 
parameterized by circular functions. 


Proof. Let (h) be a singular elliptic divisibility sequence so that 
A(h) =0. Suppose first that g2—=g;—0. Then it follows from Theorem 
20. 2 that 
(22. 3) 7? == 45° 


where r and s are the integers introduced in Theorem 19.1. But the dio- 
phantine relation (22.3) implies that there exists an integer c such that 
r= Then by (19.4), he = hs = c°3, hy = c*4, 

Hence by Theorem 4.1, (h) is equivalent to the solution (22.1). 
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Now assume that not both g2 and g; are zero. We first develop some 
lemmas. 


LeMMA 22.1. Let « and B be two distinct numbers neither of which ts 
zero, and let p=a-+-B, g=aB, Un = (a"— B")/(a—B). Then 


(22. 4) gq /2y,, 
is a solution of (1.1). 


This lemma, as was mentioned in the introduction, is due to Lucas. 
We call (22.4) a “Lucas solution” of (1.1), or a “ Lucas sequence.” 

In Lucas’ arithmetical theory, p and q are rational integers so that a 
Lucas solution is not generally an integral sequence, although it is evidently 
equivalent to an integral sequence. 

We may however restate the lemma of Lucas in a way which overcomes 
this defect and is more convenient for our purposes. Since neither « nor B 
is zero, we may let a= Va/B and b= V B/a. Then P=a+b)=p/ Vq 
and Q = ab = 1 while U, = (a"— b")/(a— b) =q%™ un. Hence we may 
state the following modification of Lemma 22. 1. 


LEMMA 22.2. Every Lucas solution of (1.1) is of the form 
(22. 5) Un = (a" — b”)/(a—b) 
where P=a+b and Q=ab—=1. 


We shall assume that ** P+ 0, as otherwise (U) is not general. 
The initial values of the Lucas solution (22.5) with @ =1 are 


0,1, P, P? —1, P? — 2P. 
On comparing these values with (19.4), we obtain the following result: 


LEMMA 22.3. A necessary and sufficient condition that a general * 
elliptic sequence be a Lucas solution of (1.1) is that it be a singular solution 
with r= P and s—1. 


Now consider any singular sequence (h) with g2 and g; not both zero. 
By Theorem 19. 1, 


(19. 4) hz =s(r?— hs = — 28°) 


where r and s are integers and rs(r? — s*) ~ 0. 


*4 Lucas solutions of (1.1) with P= 0 are discussed in Chapter VII. 
25 Solutions with h, = 0, h; ~ 0 are equivalent to a Lucas solution. Solutions with 
h, #0, hs = 0 are not generally Lucas solutions. See Chapter VII. 


= 
— 
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Now let r= c*®P, s=c*. Then is in general a quadratic irrationality. 
Hence P is in general a quadratic irrationality ; namely 
(22.6) P= rV s/s’. 

Then (19.4) becomes 


ho =c*P, hs = c°(P?—1), hs =c?(P?— 2). 


Hence (h) is equivalent to a Lucas solution with P given by (22.6) and 
Q=1. This completes the proof of Theorem 22. 1. 


VII. Special Sequences. 


23. We have seen that any sequence (i) whose initial values satisfy 


the conditions 
(23. 1) hy) = 0, h, =1, h. x0, h, 


may be parameterized by elliptic or circular functions. We discuss now the 
special sequences which arise when one or more of the conditions (23.1) are 
violated. Until further notice, (4) denotes a sequence of complex numbers 
satisfying (1.1), so that 


(4. 11) m-n = h matt mil —h m = n 


Sequences in which h,?=+41 are uninteresting. For on first letting 
m = 2 and n = 2 in (4.11) and then letting m =n, n =1; n =n, we obtain 


the relations 
(23. 2) hoh. = 0, (hi? — 1) = 0, 


(23. 3) 0. 


Now if 1, then Hence since n is arbitrary, 
hinsnRm-n =90 for m=n=1. Since the integers m + n and m—n are of 
the same parity, there can be at most two non-vanishing terms in (h) and 
their suffices must be of opposite parity. 

It is evident conversely that if * and / are any integers = 0, then 
hn =0, nAk, nAR+2+1; hi, arbitrary, defines a solution 
of (1.1). 

We shall assume henceforth that hi:7 1. There is no loss of generality 
in assuming then that h; = 1; for if An is a solution of (1.1), so is (—1)"hn. 

We consider next solutions with ho 0. We see from (23.2) that a 
sufficient condition that h2 = 0 is that hyo #0. The simplest example of such 
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a solution is the Lucas sequence hyn —=sinnr/2, n >0. This solution is 
periodic with period four and purely periodic if and only if hy =0. The 
Kronecker symbol solution (—8/n), mentioned in the introduction, equals 
(— 1) sin nx/2, and is hence essentially a Lucas solution, but of period 
eight instead of four. Evidently the fourth term of this solution is not zero. 
We shall now show that there is essentially no other such solution. 


THEOREM 23.1. Every solution (h) of (1.1) with hy=1, h2=0 and 
h; ~ 0 is equivalent to the Kronecker symbol solution, and is hence a Lucas 
solution; that is for n > 0, 
0 n even 


9 ] 
(23. 4) hn (—1) odd. 


Proof. It is easily verified that [(2n + 1)/4]=n+1+n(n+1)/72 
(mod 2). Hence an equivalent way of stating (23.4) is: 


Now since (/) satisfies (4.11), we obtain on taking first m= 2n and 


n= 2 and then m = 2n —2 and n —3 the two relations 
23. 6) hyhshon, n 1. 
(23. 7) honsshon-5 = n 3. 


Since h» vanishes, the first part of (23.5) follows by a brief: induction 
from (23.6). Since = 1, we can calculate hon, for n = 2 and n = 3 from 
(4.5): == — ns. 

We thus find that h; = h;*, h; = — h;°, so that (23.5) is true for n S 3. 
Its general validity now follows readily by an induction based on (23.7). 

24. We next discuss solutions with vanishing fourth term. We see from 
(23.3) that if ho ~ 0, all terms of positive even suffix vanish. But since we 
are assuming that h, = 1, it follows by a brief induction based on (4.5) that 
all terms of odd suffix vanish save h,. Conversely 
(24. 1) hn 0. n 
is evidently a solution of (1.1) regardless of the values of ho and hy. We 
shall therefore assume henceforth that 
(24, 2) hyo = 0, h, =1, = 0. 

There exist an infinite number of essentially distinct solutions of (1.1) 


mecting these conditions. For let J denote a fixed odd number greater than 
one and define a numerical function of n and 1, An =An(l) as follows: 
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0 if ns=+1(modl); 
(24. 3) An= 1 if n=+1(modl); 
—1 if n=—1(modl). 


THEOREM 24.1. If c is a constant and not zero then 
is a solution of (1.1) whose initial values satisfy the conditions of (24.2). 


In particular, on taking c=1, we see that An itself satisfies (1.1). 
If 1] = 3, An reduces to the Legendre symbol solution (n/3) mentioned in the 
introduction. We see incidentally that (1.1) has integral periodic solutions 
with any preassigned odd period 7; but such a solution is a divisibility 
sequence only if 1 = 3. 


Proof. The initial values given by formula (24.4) are evidently J, —0, 
1=1 and /; —0, so that (24.2) is satisfied. If we substitute J, into the 
basic recurrence (4.11), the left hand side vanishes unless m+ n=+1 
(mod 71) and m—n==+1(modl). Hence, since / is odd, there are only 


four cases when the left side of (4.11) is not zero; namely ** (i) m=1, 
n= 0; (ii) m=0, n=1; (iii) m=0, n=—1; (iv) m=—1,n=0. 


Now of the two terms on the right hand side of (4.11), Imsilm-aln’ 


vanishes unless m = 0 and n= + 1, and In.:ln-1lm? vanishes unless n = 0 and 
m==+1. Hence (4.11) is satisfied except, perhaps, in the four cases just 
listed. The following table lists the values of Am,--- for each of the 
four cases and the computed values of the terms of (4.11) which result. A 


glance at these completes the proof. ) 


TABLE OF VALUES OF (1) 


Case Am An Am+1 Am-1 An-1 Aman Am-n 


(i) 1 0 0 0 1—1 1 1 c2-2m 0 c2-2m 
(ii) 11i—1 0 0 1—1—ch* 0 
(iii) 0 0—1 0 


7°, satisfies (1.1) if 1 = 4, but Theorem 24.1 is untrue in this case for c’s chosen 


arbitrarily. 
27'We suppress the modulus / when no confusion can arise. 


a 

| 
( 
| 
fe 
| 
H 
| 
| 
th 
h, 
is 
(3 

an 


MEMOIR ON ELLIPTIC DIVISIBILITY SEQUENCES. 65 


25. We shall next show that the solutions (/) just investigated are 
essentially the only type of solution of (1.1) with fourth term zero. 


THEOREM 25.1. Every solution (h) of (1.1) with ho=0, hi =1 and 
hs = 0 either has all its other terms zero with at most one exception, or tt ts 
equivalent to a solution (1) of the type described in Theorem 24. 1. 


Proof. Let (h) be a solution of (1.1) satisfying the conditions hy) = 0, 
h,=1 and hz; =0. Then (4.5) holds: 


If all terms of () with even suffices vanish, we find by a brief induction 
based on (4.5) that all terms of (h) of odd suffix vanish save hi, and we have 
the trivial solution (24.1) again. 

If not all terms of even suffix vanish, there is a first term which does 
not vanish. Consequently, there exists an odd integer J not less than three 
such that 


(25.1) ho = ho =: + =0; 
(25. 2) his 0. 
I say that 
(25.3) hi=0 
and 
(25. 4) hn=0 for l<n<l—l1 if 


For (25.3) is true by hypothesis if ] = 3. If 1 > 4, then (25.4) is true 
for even n by (25.1). Hence if (25.4) were false, there would exist an 
integer >1 such that hn»—O for l<n<2k+1<1 but ha, 
However, by (4.5) = 0, since 1 This con- 
tradiction establishes (25.4). (25.3) now follows from (25.4) on taking n 
equal to (1 —1)/2 in (4.5). 

It may happen that his: 0. If so, it may be readily proved by induction 
that h,» = 0 for n >1+ 1.78 It is evident that conversely, ho = 0, —1, 
hn = 0, n ~A1—1 gives a solution of (1.1). The first part of the theorem 
is thus established, and we may assume for the remainder of the proof that 


(25. 5) hin ~ 0. 


*8 For odd n, we use (4.5) as a basis for the induction. For even n, we use the 
formula h. h.2—h,_h. obtained by letting m=k+ (l1—1)/2 


and n = k— (l—1)/2 in (4.11). 


~ 


| 
| | 
‘| 

= 


66 MORGAN WARD. 


I say that 
(25. 6) h,=0 for l4+1<n<2l—1 if I>83; 
(25. 7) Reoi-1 h hei 0; hiss 


For if n is even, then by (4. 11) 


Now if n =1 38, hn-tasy/3 = hg = 0 and = ho = 0. If n > 1+ 3, 
then 1 < (n—1—1)/2 < (n—I1+41)/2 1/2 <1—1. Hence hen-tery/2 =0 
by (25.4). Hence hn =0 by (25.5). If n is odd, say n= 2k + 1, hn=0 
directly by (4.5) and (25.4). The first and third equations of (23.7) 
follow directly from (4.5), and the second equation follows from (25.8) on 
putting n equal to 2I. 
We can now prove that 
(25. 9) hy = a™—),c1-™ 


where 
(25. 10) an (— (— hi-1) (241)/2Pf 


Since A,c'-"" is a special (1) solution, this step will complete the proof 
of the theorem. 

If n is less than 27 + 2 and not congruent to + 1 modulo /, (25.9) gives 
hn = 0 in agreement with (25.4) and (25.6). It is readily seen that (25. 9) 
also gives the values for hi.1 and hoi. already found. 

We now proceed by induction. Suppose that we have proved that the 
formula (25.9) gives the solution (h) for 0 =n < m, where we are entitled 
by what proceeds to assume that m= 21-+- 2. Since (h) satisfies (4.11), 
we obtain on taking n equal to / the relation 


(25. 11) =—h 1-1h?m. 


Now if +1 (mod J), then = 0 by the hypothesis of the induc- 
tion. Hence hm =0 unless m== + 1(mod/). Hence by the definition of An, 


(25.9) is true if n= m and ms + 1 (mod). 
Now assume that m== +1 (mod/). Then on replacing m by in 


(25.11) we obtain the formula 


(25. 12) hin 


For since m = 21 + 2, we have m— 21 > 0 and hm-21 ~0 by the hypothesis 
of the induction. We may now evaluate hm by substituting in (25.12) for 
hm-t and hm-ot from (25.9). But we obtain in this manner (25.9) with ” | 
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replaced by m. Thus we have shown that if (25.9) holds for 0S n < m, 
then it holds for 0O=n<m-+1. Hence it is generally true by induction. 
That conversely (25.9) is a solution of (1.1) is a trivial consequence 
of Theorem 24. 1. 
If we exclude from consideration the trivial solutions of (1.1) already 
discussed in which all except a finite number of terms are zero, we may 
summarize the results of Chapters IV, VI and the present sections as follows. 


THEOREM 25.2. Any non-trivial solution of 
(1. 1) Om+n@m-n = — 
is equivalent to one of the following four solutions: 


26. We have already remarked that the only non-trivial solutions of 
(1.1) with fourth term zero which can be divisibility sequences are those 
for which 1 = 3 so that hs is zero, but h. and h4 are not zero. The formulas 
of Theorem 25.1 then give the general term of the sequence (h). 

The question arises whether or not such a solution can be parameterized 
by elliptic functions, so that with a proper choice of invariants, hn = Wn(u). 
But (Halphen, Traité des fonctions elliptiques, Part I (1886), p. 96) we 
have in the notation of Chapter IV, 


hs = Yo(u) =— @’(u); hs = yYs(u); 
hy = = @’(u) (P*(u) — (u) (u)). 
Consequently, if h; = 0, it is necessary that hy——h,.° for such a para- 
meterization to be possible. But if this condition is satisfied, hn reduces to 
(—h)"-Y/3(n/3), so that (h) is equivalent to the Legendre symbol solution 
(n/3). Now the Legendre symbol solution is equivalent to (n/3)(— 1)*-""/9)"; 
for (-—1)™* = (— == (—1) = + 1 if n is not divisible 
by three. But is the special An solution for = 3 and 
¢=—1; and this is evidently expressible as the Lucas solution 


U, = (sin 2n7/3) /(sin 27/3) 
satisfying the recurrence Ung = Unsi — Un. We may thus state the following 
theorem. 
THEOREM 26.1. Jf (h) is an elliptic divisibility sequence with the 
initial values 0,1, ho, 0, hs where 40, then (h) cannot be parameterized 


in terms of elliptic functions unless hy =—hz°. If this condition is satisfied, 
(h) is equivalent to the Lucas solution sin (2n7/3)/sin (27/3). 


} 
| 
| 


68 MORGAN WARD. 


VIII. Periodic Sequences. 


27. We shall determine in this chapter all periodic elliptic sequences 
other than the special periodic sequences (A) already discussed in Section 24 
of the preceeding chapter. We shall be concerned here then with sequences 
(h) with ho =0, h, =1 and not both h. and hz zero. By Lemma 4.1 of 
Chapter IV, if two consecutive terms of such a sequence vanish, then all 
terms vanish beyond the third, and we have the trivial solution 0, 1, h2, 0, 0, 0, 

- + of period one. It is easy to see conversely that this solution is the only 
one of period one. We shall now show that every other periodic sequence 
is purely periodic. 

THEOREM 27.1. Let (h): 0,1,h2,h3,- ++ be a solution of (1.1) in 
which no two consecutive terms vanish. Then if (h) is periodic, (h) 1s purely 
periodic. 

Proof. Since if hz is zero, hs is not zero, and the conditions for periodicity 
in this case are trivial, it suffices to show that if no two consecutive terms of 
(h) vanish, then the assumptions 


(27.1) 
(27. 2) har; 
(27. 3) he ~0; 


lead to a contradiction. (These conditions simply state that (h) becomes 
periodic with period « > 1 after a non-periodic terms.) 

We shall begin by showing that 
(27. 4) he =0. 

For, taking m =a + «—1 and n =a-+ 1 in the basic recursion (4. 11), 
we obtain from (27.1), = 0. Hence either he, or hea2=—0. But if 
heave = 0, then on taking m= 2a+2-+« and in (4.11), we obtain 

= Since neither hear, nor can vanish, hx = 0. 

We next show that 


(27. 5) Either hg = 0 or has: = 0. 
For taking m =a+x« and na in (4.11) we find that 
hoahk = ha-1). 


Hence (27.5) follows from (27.4) and (27.2). Since h2 0, it follows 
from (27.5) and (4.6) that either hoa = 0 or hoa2=0. Hence 


(27. 6) ~ 0. 
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We can now show that 
(27. 7) Reus i, 


For taking m =a-+«-+1 and n~a in (4.11) and reducing by (27.1) 
and (4.5), we find that heashess = hea. Hence by (27.6), hea =1. Next, 
taking m=a+1-+2« and n=a in (4.11), we obtain the formula 


= hear. Hence =1. But by (4.5), hens = — 
completing the proof of (27.7). 

Next, 
(27. 8) 0. 


For taking m =a—1-+x« and n=x« in (4.11), we obtain by (27. 4) 
and (27.7), Since by (27.1) and (27.2), 
= Fhar, (27.8) follows. 

Finally, 

(27. 9) han =0; 0; 


For by (27.5), either has or ha equals zero. But ha =0 implies has = 0 
contrary to (27.8). Hence ha—0. Consequently 0 and 
har 0 by (27.2) and (27.8). 

We may obtain a contradiction of (27.9) as follows. Take m =a-+1-+k 
and n=a—1-+kx« in (4.11). Then hm =hn=0 so that hminhm-n = heahe 
=0(0. Hence by (27.3), hoa=—0. But by (4.6), 


0 = = ha(hasoh — Aah “a+1) or hahaszh*o1 = 0, 
contradicting (27.9) and completing the proof of the theorem. 


28. We have already shown the existence of periodic solutions of (1.1) 
with hz or hs zero of periods one, three, four, six and eight. The three 
theorems which follows are useful for deciding whether or not a given sequence 
is a periodic solution of (1.1). They may be proved either by mathematical 
induction of more briefly, by using the elliptic function representation theorem 


of Chapter IV. 


THEOREM 28.1. Let (h):0,1,h2,hs,- be a general solution of (1.1), 
so that neither h. nor hs is zero. Then any one of the following three sets 
of conditions is necessary and sufficient for (h) to be periodic with period x: 


(1) =hn (n = 0, 1,° 
(28. 1) (ii) =— In (n= 0, + 


(ili) = — (x even; n=0,1,- -,«/2). 


| 
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THEOREM 28.2. Let ho, hi,- + -,hx be a set of x +1 numbers satisfying 
the conditions (28.1) (ii) or (28.1) (iii), and also satisfying the basic 
recursion (4.11) form+nSk. Then if xn denotes the least positive residue 
of n modulo x, and if hn is defined to be he, forn = 0, then (h) is a periodic 
solution of (1.1) with period x. 


THEOREM 28.3. If (h) is any integral general elliptic sequence and if 
m is an integral modulus prime to both hz and hz, then the previous two 
theorems hold if the periodicity is understood to mean numerical periodicity 
modulo m and if the equalities in the conditions (26.1) are replaced by 


congruences modulo m. 


To illustrate the theorems, suppose that we start with the initial values 
ho = 0, hy = 1, hz = b ~0, hg = 1 and hs —0 and compute from (4.5) and 
(4.6) hs =—1, he =—b, hz; =—1 and hs =0. Then the nine numbers 
0, 1, b,1,0,— 1, — 6, —1, 0, satisfy (28.1) (ii) for «x =8. They therefore 
define a periodic solution of (1.1) of period eight which is an elliptic divisi- 
bility sequence if b is an integer. It is easy to prove that any elliptic divisibility 
sequence with h2hz ~0 and h4=0 is equivalent to this periodic solution. 

Again, let us start with the initial values ho =0, hi—1, h2—1, 


hs =—1, hy =—1. We find that h; =0. Hence (28.1) (ii) is satisfied 
with « = 5. If we start with the initial values 0, 1, 0, b, 1 we find that h; = 0, 
he =—1, hz =— bd, hg = — hg =—1, hig = 0. Hence (28.1) (ii) is 


satisfied with x = 10, and we have two periodic solutions of (1.1) of periods 


five and ten, respectively. 
We shall show in the next section that there are essentially no other 


periodic elliptic sequences. 


29. A sequence (h) will be called a “normal solution” of (1.1) if 
(29.1) = — m=n=1; 
(29. 2) ho =0, hi = 13 he, hz, hg and hs/he integers; 

(29.3) (hs hg) = 1. 

By Theorem 6.1 of Chapter III, if (4) is normal 

(29. 4) (hn, hn) = 1, (n = 1, 2, 3,- - -) 


and by Theorem 6. 4, 
(29. 5) (An, hm) — hin,my- 


Every purely periodic elliptic divisibility sequence is normal, for if (h) 


} 
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is purely periodic with period «= 2, then —=h,=1. Consequently 
(hs, hs) =1 by Theorem 6.1. 


Let (2) be any normal solution. Then if 


(29. 5) ho=0 but h,~0, 0<n<p, 


then (h) is said to be of rank p. 


THEOREM 29.1. If (h) is a normal solution of (1.1) of rank p, then(h) 
is purely periodic and its period is either p or 2p. 


Proof. Let OSnSp, and take m=n-+p in (29.1). Then 
= But by (29.4), he is prime to Hence 
hy? divides hn”. Similarly, An? divides hn?. Hence = + hn, (0S Sp), 
and it is easily shown that either the plus sign or the minus sign must be 
taken with every n according as or ——1. Hence by 
Theorem 28.1, () is purely periodic with period p or 2p. 


THEOREM 29.2. Jf (h) is purely periodic, its rank is less than siz. 


In other words, integral periodic elliptic sequences can have only the 
periods 1, 2,3, 4,5, 6,8 or 10. That each of these periods may actually occur 
has already been demonstrated. The proof of Theorem 29.2 rests on a series 
of lemmas which we establish in the next section. The proof of the theorem 


concludes the section and chapter. 


30. Lemma 30.1. If (h) ts any solution of (1.1) andmZ=n=Zp>0, 


then 
(30. 1) == mph m-pht hnsph n-plhm?. 


This result easily follows on substituting for Rmsphm-p and Rnsphn-p on the 
right of (30.1) their expressions obtained from (29.1). 


LemMMA 30.2. Let (h) be an elliptic divisibility sequence and hr any 
non-vanishing term of (h). Then tf kn=Rar/hr, (n=0,1,2,°° (&) ts 
an elliptic divisibility sequence. Furthermore if (h) is normal, so is (k). 


For taking p=r, m= mr and n—nr in (30.1) and dividing by 
we find that (%) satisfies (1.1). is evidently integral and = 0, ki =1 
while k,/k. is an integer. Hence (k) is an elliptic divisibility sequence. Now 
if (h) is normal, (hsr, =hr by (29.5). Hence (ks, ks) =1 and (k) 
is normal. 


} 
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LemMA 30.3. Jf p is a prime greater than five and (h) is normal, 
then hy is never zero. 


Proof. Since p is a prime, if hp = 0, (h) is of rank p and hence (/h) is 
purely periodic with period p or 2p by Theorem 29.1. Since (hs, hs) =1, 
(h) is purely periodic modulo three and hence p must be divisible by the rank 
of apparition of three in (4). But it was shown in Chapter III that pS 7%. 
Hence p equals seven. But if h; = 0, then he = + 1 and hs = + 1 by (29.5). 
Hence ho=+1, and hz —=+1. Since hs = h;* £0, 
h;s=2+2. But then h; =h;h,? +2410. This contradiction 


completes the proof of the lemma. 


LemMA 30.4. Jf p is the rank of (h), then p can contain no prime 
factor other than two, three or five. 


For if p is any prime factor of p, write p= pg. Then hqa+0 by the 
definition of rank. Hence if kn = Ing/hq, (#) is a normal sequence of rank p 
by Lemma 30.2. Hence by Lemma 30.3, p equals two, three or five. 


Lemma 30.5. Let (h) be a normal sequence of rank p. Then p is not 
equal to any one of the following numbers: 


(30. 2) 6, 8, 9, 10, 15, 25. 


The proof proceeds by examination of cases; it suffices to give two 
examples. Suppose that p=6. Then h; = +1, hn¥~0, O<n<6 and 
hehs = hs(hsho? =0. Hence h;s = +1, But hs = 
—h;°. Hence one or the other of the diophantine equations 
X*-+ 1—Y* must have non-zero integral solutions. But it is easily seen 
that neither has non-zero integral solutions. Hence p+ 6. 

Now suppose that Then hg=+1, so hs =+1, and since 
hso=0, hag = +1 so hy=+1. Now 0 = — hghe’). 
Hence hy? —he?, hs +1, Next, hehe —h,?). 
Hence hy | ho, hy = he. But then + = hgh2?(hs —1). Hence 
h; —1— +1, and since ~0, hj; =2. But hy = hehs? —h3h;*. Hence 
+1=+ hs =8 or hat =7 or 9 which is impossible. Hence p10. The 
other cases may be disposed of similarly. 


Lemma 30.6. Let (h) be a normal sequence of rank p. Then p is not 
divisible by any one of the numbers (30.2). 


For let m be any one of the numbers (30.2) and assume that p =Im, 
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121. Then hi ~0 and kp = hin/hi defines a normal sequence (&) of rank m 
contrary to Lemma 30. 5. 


Proof of Theorem 29.2. Let (h) be normal of rank p. By Lemma 30. 4, 
the only prime factors of p are two, three and five and by Lemma 30.6, 
p is not divisible by 2°, 3°, 5° or 2 X 3, 2 X 5, 3 X 5. Hence p must equal 
two, three, four or five. 


IX. Conclusion: Lucas’ Conjecture. 


31. The results obtained in Chapters VI and VII make it clear that 
the only solutions of (1.1) that can be related to solutions of linear 
recurrences of order three or four are the general elliptic function solutions. 
Now the arithmetical behavior of a sequence of integers (W): Wo, Wi, Wo,: : - 
defined recursively by 


= + OWnar + 
or 
PWass Q Wass + + TW, 


P,Q, R, T fixed integers, is well known. (Carmichael [1], Ward [1].) First 
of all, such a sequence is only exceptionally a divisibility sequence (Hall [1], 
Ward [2]), and if it is a divisibility sequence, the rank of any prime p in it 
divides p(p*?— 1) or p(p*—1) according as the recursion is of order three 
or four. Since there exist elliptic sequences in which the rank of every 
prime is five and since there are an infinite number of primes p such that 
ps = 1 is not divisible by five, no direct connection with recurrences of order 
three seems possible. In particular, there cannot exist a formula hy = K*W,, 
analogous to Lucas’ hn» = pn. 

If (4) is singular and hence essentially a Lucas function, the rank of 
apparition of any prime in (h) may be shown to divide p(p*—1). But this 
is not true if (2) is non-singular. For consider the sequence with the initial 
values 0,1,1,1,5. We find that hs = 4, he = — 21, and h; =—121. Hence 
the rank of apparition of the prime 11 is 7. But 11-(11*—1) = 2*-3-5 
‘11-61 is not divisible by 7. 

If (W) is not a divisibility sequence, the prospects are even worse, for two 
consecutive terms of such a sequence may be divisible by a prime p without 
having almost all terms of (W) divisible by p, contrary to Theorem 6. 1. 

Although the analogy between an elliptic sequence () and a Lucas 
sequence (U) is a close one, I should like to point out in concluding one 
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very significant difference. For a Lucas sequence, (and more generally for 
any linear divisibility sequence) it is possible to name in advance terms 
which will certainly be divisible by a given prime p; for example U>.; for 
the Lucas function proper. Consequently, the rank of apparition of p is 
arithmetically restricted since it must divide either p—1 or p+ 1. But for 
the general elliptic sequence (), computational experiments disclose no such 
simple arithmetical connections between a prime and its rank of apparition; 
it appears to be impossible to name in advance a particular hy; which will be 


divisible by a given prime p. 
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METHODS OF SUMMABILITY WHICH EVALUATE SEQUENCES 
OF ZEROS AND ONES SUMMABLE C,.* 


By PALMER AGNEW. 


1. Introduction. It is the object of this paper to show if A is a method 
of summability belonging to a general class, and if each divergent sequence 
of zeros and ones which is evaluable by the Cesdro arithmetic mean method 
C; is evaluable A to the same value, then A must be regular. 

Let ai(t),a@2(t),- - - be a sequence of complex-valued functions defined 
over a set 7, in a metric or Hausdorff space, having a limit point t). These 
functions determine a sequence-to-function transformation 


(A) o(t) 


by means of which a sequence s;,52,- * - of complex numbers is evaluated 
to o if the series in (A) converges, when 7 is in 7’, to a function o(t) such 
that o(t) >o as t—>t). We shall use the symbol As, =o to abbreviate the 
statement that A evaluates the sequence sn to the value o. The transforma- 
tion A is regular if As, lim s, whenever lims, exists. The standard 


necessary and sufficient conditions for regularity of A are 


(1) | ax(t)| < teT 
=1 
(2) lim sup > | ax(t)| =U < © 
t-to k=1 
(3) lim = 0 
(4) lim — 1. 
tty) k=1 


A familiar subfamily of transformations of the form A is that for 
which T' is the set of positive integers and tj) =-+ «©. Such transformations 
have the form 


oo 
(A’) AnkSk, 
k=1 


* Received September 5, 1946; Presented to the American Mathematical Society, 
August 19, 1946. 
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a sequence s, being evaluable A’ to o if the series converge to numbers 


01,02,° such that limon 
A sequence Sy is evaluable to o by C, (the Cesaro method of order 1) if 
(5) lim (s; + 82 --+ Sn)/n=o. 
n->0O 


THEOREM 1. If Asp =C Sn whenever sn is a divergent sequence of 0’s 
and 1’s for which C,sn exists, then A must be regular. 


Actually, we shall prove the following stronger theorem with weaker 


hypotheses. 


THEOREM 2. If As, 4 whenever sy is a sequence of zeros and ones 
ending with 0,1,0,1,0,1,---, and if Asn =O whenever sn is a divergent 
sequence of zeros and ones for which Cysn =0, then A must be regular. 


That Theorem 2 is in fact stronger than Theorem 1 is a consequence 
of the following trivial example. The transformation 


(6) On = (83 + 86+ 89 + S3n)/n 
satisfies the hypothesis of Theorem 2, but not that of Theorem 1. 


2. Remarks. Borel [4] discovered the fact that almost all sequences 
of zeros and ones are evaluable C, to 1/2. Hence the hypothesis of Theorem | 
implies that almost all sequences of zeros and ones are evaluable A to 1/2. 
But the hypothesis that almost all sequences of zeros and ones are evaluable 
A to 1/2 does not imply that A is regular. In fact, the transformation 


(7) on (1/n) -+ (—1)*(1/h) se 

with matrix 

(a4 =-4:4 4 
4 


is nonregular since, for each n, the series whose terms are the absolute values 
of the elements in the n-th row is divergent. The Borel theorem cited above 
says that, for almost all sequences of zeros and ones, the first term in the 
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right member of (7) converges to $ as n—> «©. Denote the second term in 
the right member of (7) by o’n and write it in the form 
co 

where ¢ is the number in the interval 0 = ¢=1 equal to the dyadic number 
18S283° °° and 1n(t) = 2s,—1 is the n-th Rademacher function. We now 
use Rademacher’s elegant theorem (See Rademacher [6] or Kacmarz and 
Steinhaus [5]) that if a,|*< 00, then Saxrz(t) converges for almost 
all t. This implies that, for almost all ¢, the first term in the right member 
of (9) converges to 0 as n—> 0. The second term converges to 0. Hence, 
for almost all t, o’n — 0, on > 4, and the transformation (7) has the property 


in question. 
3. A lemma on sums of complex numbers. Before passing to the proof 
of Theorem 2, we state and prove a simple lemma which we shall use. 


Lemma 1. If 2:,22,° ts a finite set of complex numbers, then 
there is a set 0:,02,- - +,0n of numbers, of which each element is 0 or 1, 


such that 


n n 
(10) | «| S6| |. 
k=1 


If Q is a suitably selected one of the four quadrants into which the real 
and imaginary axes cut the complex plane, and if 6,1 when 2, lies in the 
closure of QY and # — 0 otherwise, then 


| k=1 


Since the members of (10) remain unchanged when the z’s are all multiplied 
by the same power of i, we may suppose @ is the first quadrant. Then, 


when == + iby, 
(12) S| | SS + 
k=1 k=1 
2% | + | = 2% | | 
k=1 
Since 4(2)% = 32% < 6, the conclusion of Lemma 1 follows. 


4. Proof ofthe theorems. Let A satisfy the hypothesis of Theorem 2. 
To prove regularity of A, we show that (1), (2), (3), and (4) must hold. 


| 
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To prove (4) let s’, and s”% be respectively the sequences 0,1,0,1,- - - and 
1,0,1,0,---. Then Cis’, = 4 and = 4; hence 
(13) lim lim 
tt, j=l j=l 


and this implies (4). 

To prove (3), let g be a positive integer. Let s’, and s”; be the sequence 
0,1,0,1,0,1,- - - except that s’g =1 and Then = = 4. 
Hence 


as t—> ft, and (3) is proved. 


To prove (1) suppose, intending to establish a contradiction of our 
hypothesis, that (1) fails. Then, for some fixed ¢ in T, 


(15) >| te(t)| 0. 


Then, as the author [1] has proved, there is a (necessarily divergent) sequence 
$1, $2," * of zeros and ones such that Cis; = 0 and ax(t)s: is not convergent. 
This contradicts our hypothesis and proves that (1) must hold. The referee 
pointed out to the author that existence of the sequence Si, 82," * * can also 
be inferred from a theorem of Auerbach [3] on subseries of divergent series 
of positive terms. 

To prove (2) suppose, intending to establish a contradiction, that (2) 
fails. Then 
(16) lim sup >| ax(t)| = 0. 


toto 
Let t,, t2,- - - be a sequence of points of ¢ such that ta—>t) and 
co 
(17) lim > | ax(tn)| = 0. 
k=1 
To simplify typography, let 
(18) a(n, k) =ax(tn) n, le = 1, 2, 


so that (17) becomes 
(19) lim > | a(n, k)| = 


k=1 


Th 


| 
( 
| T 
| 
Ww 
(2 
F¢ 
(2 
he 
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We have also the conditions 
oo 
(20) lim a(n, k) =0, > | a(n, < 
k=1 
for each & and n, respectively. These conditions enable us to choose, in the 
order listed, integers 
(21) G1, 1, B1, M2, Bo, &3, 3, Bs,* 


satisfying the conditions below. Let #,—1. Choose mi and then f; such 
that 


Bi-1 
(22) | a(n, > 6 


and then choose « such that 


(23) > 1 + Bi, la(n, k)| 


When np-1, Bp-1, and & have been defined, choose np such that np > np-, and 


ap-1 
Then choose Bp such that 
Bp-1 
(25) Bp = % + Pyp; = | a(Np, k) | > 6p, 


where yp is a positive integer; and then choose @),; such that 


: fo 
(26) > Bo, = |a(mp, k)| 
For each p = 1, 2, 3,- - - 


p-1 ‘Yp-1 


Bp-1 
(27) | a(np, % + & + jp)| | a(np, k)| > 6p?; 


k=0 j=0 


hence there must be an index kp such that 0 = kp < p and 


(28) + kp + jp) | > 6p. 


Let sn = 0 when % Sn < except that sn for those values of in 


the set 
N= + kp + jp 


= 
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so selected that 


(30) + + ip)s( + ke + > 


this selection of the s’s being possible because of (28) and Lemma 1. Then 


(31) | Sa(np, k)sx| > p. 
k=ap 
If k,,k2,- - + denote in increasing order the values of & for which s,=1, 


the construction of the sequence sx implies that kgq1—kg—> © as q>o; 
this, with the fact that s; is always zero or one, implies (5) with o = 0; hence 
= 0. But, for each p= 2, 3,---, 


(32) | Sau | | | 
= a (mp, se + |S a (mp, | —S | a(mp, se 
k=1 k=ap k=ap 


=—p'+p—p. 


Thus 3 ax(t)s; fails to have a limit as t-—>t, Asx fails to exist, and (2) 
must hold. This completes the proof of Theorem 2 and hence also that of 
Theorem 1. 


5. <A variant of Theorem 2. 


THEOREM 3, Jf As, —=4 whenever sn is a sequence of zeros and ones 
for which Cisn = 4, then A must be regular. 


We prove this theorem by showing that its hypotheses imply those of 
Theorem 2. Since each sequence ending with 0,1,0,1,0,1,- - - is evaluable 
C, to 4, the first part of the hypothesis of Theorem 1 is implied. Now let 5's 
be any sequence of zeros and ones evaluable C, to 0. Let sn be the sequence 
0,1,0,1,0,1,- - except that for each n for which s’n Then 
= 4 and + 8’n} =4. Therefore, since both and 
are sequences of zeros and ones, As”, = 4 and A{s’n + s’n} =4. Since Ais 
linear, A{s’n} = A{s"n + = + 8’n} — Asn = $ — 4 =); 
thus the second part of the hypothesis of Theorem 2 is implied. 


6. Conclusion. While the hypothesis of Theorem 1 implies that A is 
regular, it does not imply that A includes C,, that is, that Asn = C1sn for 


h 


fu 


| 
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every sequence Ss» for which Cig, exists. In fact, if 0<r< 1, then the 
Cesiro transformation C, has the form A. But (see Andersen [2]) 
C18» = Ci8n Whenever sn is a bounded sequence for which Cis, exists, and 
( fails to include C;. 


CORNELL UNIVERSITY, 
IrHaca, NEw York. 
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THE EXCEPTIONAL SIMPLE JORDAN ALGEBRAS.* 


By R. D. ScHAFER. 


A Jordan algebra is a non-associative algebra %& of finite order over a 
field % which is commutative and in which 


(1) a?(ab) = a(a*b) 


holds for all a, b in &. The examples which come most easily to mind are 
the so-called Jordan algebras of linear transformations. Let Mtn be the algebra 
of all linear transformations on a vector space & of dimension n over %, and I 
be a linear subset of Mtn which is closed with respect to “ quasi-multiplication ” 


(2) ab =4(a-b4+5-a), 


where a: b denotes the ordinary (associative) multiplication of transformations 
a,b in Mn. In this case 2 with multiplication defined by (2) is a Jordan 
algebra over % and is called a Jordan algebra of linear transformations ([3]). 

A. A. Albert has recently developed a structure theory for Jordan 
algebras over nonmodular fields. In [4] he shows that the radical 9 of 2 
is the unique maximal solvable ideal of %, and is even ‘strongly nilpotent. 
The difference algebra 91 — 9 is the direct sum of simple Jordan algebras, 
while the theory of simple Jordan algebras corresponds to the original work 
in 1934 of Jordan, von Neumann, and Wigner ([6]) and Albert ([1]): all 
simple Jordan algebras are Jordan algebras of linear transformations with 
the exception of a class of algebras which have degree 3 and order 27 over 
their centers. These algebras we call the exceptional simple Jordan algebras. 

Simple Jordan algebras are central simple (i.e., simple for all scalar 
extensions) over their centers. It is shown in [4] that the exceptional central 
simple Jordan algebras % over a nonmodular field % have Mt;° as split algebra. 
That is, there exists a scalar extension & of finite degree over § such that %, 
is the Jordan algebra Mt;° of 3-rowed Hermitian matrices with elements in 
the unique Cayley-Dickson algebra D over & having norm form é,? + 
+---+&,%, multiplication in t,° being given by (2) where a-b denotes 
the ordinary matrix product. 


* Received April 20, 1947; Presented to the American Mathematical Society, April 
26, 1947. 
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In this paper we show that these exceptional central simple algebras % 
are reduced algebras (i. e., their primitive idempotents remain primitive under 
scalar extension), and that they consist of the J-symmetric elements of 
M; X €, where © is any Cayley-Dickson algebra over %, and J is the involution 


(3) a>aJ = 


of Ms X ©, p a non-singular diagonal matrix in M;. Multiplication in W 
is that given by (2) where a-b denotes the (non-associative) multiplication 
in MW; X ©. If F is formally real, then there exist inequivalent Jordan 
algebras over % with WYi;° as split algebra. 


1, The non-associative algebras Nt, < ©. The Cayley-Dickson algebras 
© over % (of arbitrary characteristic) are central simple alternative algebras 
of degree 2 and order 8 over & defined as follows: let O be a (generalized) 
quaternion algebra over with involution for q in 9; 
thn © Q + vO, v? =y~0 in %, qu — vq, so that every element x of € 
may be written in the form x = qi + vq2. We have + n(xz)1—0, 
and the correspondence 


(4) 

is an involution of © satisfying 

(5) rt = Ix = n(zx)1. 
Multiplication in © has the explicit form 


(6) (G1 + (Gs + = (919s + + + 9292) 
for gi in Q. 


If the characteristic of 3 is not two, there is a convenient normalization 
of the basis in a Cayley-Dickson algebra ©. For then we may write 
with u,? =y~0 in =—ujyui— + u for 
tj. Now $¢(2zi) is a symmetric bilinear form in the coefficients of elements 
t, y in © such that the corresponding quadratic form is n(x) = $i(2z). 
Written in matrix notation, 


(7) 4t (ry) = n(z) = 
where C is the non-singular diagonal matrix 


(8) C = diag{1,— +, —y7}. 
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We denote by D the unique Cayley-Dickson algebra over § with yi; = — | 
For this algebra C==J and = xy’; we denote the 
norm form zz’ by d(x). Right and left multiplications Rz and Lz of elements 
of D have the property 
(9) R,’ = R;, La’ = Li. 


In the solution of our problem we are led to consider the direct products 
Wn < C—that is, the (non-associative) algebras of all n-rowed square matrices 
with elements in ©, a Cayley-Dickson algebra over 3. In particular, we 
require the case n = 3. 

The algebras Mt, X © are involutorial central simple algebras of order 
8n* over §. For (Mn XK ©) g—= Mn X Cg is certainly simple for any scalar 
extension & of %. Moreover, the correspondence a—>@’ in Mtn X € induced 
by m—>m’ in Mtn, x Z in ©, is an involution. We are concerned with the 
more general involution (3) induced in Mtn XK © by x > Z in © and 


(10) m—> pm’p in Mn, 


where p is any non-singular diagonal matrix in Mtn. To see that (3) is an 
involution we write any elements a, b of Din XK € as a= (aij), b = (yj) 
where 2j, yj are in © Then ab= (xij) (yin) 
= jx), (ab) J = jx) where = On 
the other hand, bJ aJ = p(¥ij)’p™ = p(sis) (tix) p* = in) p* 
where = tix = so that = rin, (aD) = ad. 
Also aJ? = pad’p = p(pa’p)’p = p(p7ap) p* =a since p = p = p’ while 
(3) has already been shown to be an anti-automorphism. 

If n is odd, any involution U of Mtn is cogredient with an involution of 
the form (10). For by [2], Theorem 10.11, we have mU = tm’t~ for some 
non-singular ¢== +?’ in Mtn. Since n is odd, ¢ would be singular in case 
it were skew. Hence ¢, being symmetric, is congruent to a non-singular 
diagonal matrix p in Mtn, and U is cogredient with (10). That is, U and 
(10) are merely different representations of the same abstract involution 
of Mtn. 

If n = 2k is even, an involution U of Mtn may be either cogredient with 
(10) or, in case t = —?’, cogredient with 


(11) m —> gm’ g7 where g = diag{f,- f= 


for in this case ¢ is congruent to g. Since any element of Mtox = Vt. X Me 
may be written as a matrix (mij), mij in M2, (4,7 =1,- - -,&), the involution 
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(11) is induced in MY, by transposition in Yt, and the involution mij —>fmijf 
in Mo. 

Corresponding to the quaternion subalgebra of = Q-+ vO there is 
an associative subalgebra Q of Mtn XC. Moreover, Mtn C 
= W + u®, where u = diag{v,- --,v}. Multiplication in Mtn X © may be 
written 
(12) + Uwe) (ws + = + yW2ids) + + 


for w; in W, w— w being the correspondence induced in YW by g—>@ in O. 
This multiplication resembles (6), but differs in that w—-w is not an 


involution of QW. 


2. Exceptional central simple Jordan algebras. It is known ([4]) 
that the set of Hermitian elements (i.e., a=’) of Ms; XK D with multiplica- 
tion defined by (2) is a central simple Jordan algebra of degree three and 
order 27 over %; we customarily write Yt,° for this algebra. Any exceptional 
central simple Jordan algebra % over a nonmodular field % has Yt;° as split 
algebra: there exists a scalar extension ® of % such that Yq =(M,*) a. 

It is clear that a necessary and sufficient condition that a central simple 
Jordan algebra & of degree & be a reduced algebra is that Y& contain k pair- 
wise orthogonal idempotents. Furthermore it is easy to see that if elements 
of any linear space are pairwise orthogonal idempotents when multiplication 
is denoted by a:b they remain so when multiplication is defined by (2). 

We require the following lemma concerning certain central simple Jordan 
algebras of linear transformations, namely, the algebras of odd prime degree 
which have split algebra of type (3) ([8], p. 554). These algebras % have 
degree & and order 2k? — k over %, and for each there exists a scalar extension 
R of % such that the split algebra %g consists of all 2k-rowed matrices 
a=<aT (with elements in ®) defined by aT = ga’g™ for g in (11). 


Lemma. Let % be a nonmodular field and let k be an odd prime. If & 
is a central simple Jordan algebra (of linear transformations) of degree k 
over & having split algebra Ug of type (3) ([3], p. 554), then U is a reduced 
algebra. 


For by [7%], Theorem 7, there exists a central simple associative algebra 
¥ over § with involution U such that Bg is the total matric algebra of degree 
2k over & and is the set of U-symmetric elements of B. Hence B has degree 
2k over and = X B. where Bn has degree m over § (m=—2,k). 
In each case m is a prime, so Bm is either Mn or a division algebra Dm. First 
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we see that — Mx, for otherwise either 8 =D, K Mt. or 
and, since 8 has involution U, it would follow in either case that Dx also 
has an involution ([2], p. 156). But this is impossible since D; has exponent 
k, while an involutorial central simple associative algebra must have exponent 
either one or two ([2], p. 161). 

Hence either 8 = Mt. X Dz or B== Me XK Ml. = Wh. In the latter case, 
if U were cogredient with (10), then & would have a split algebra of type (2) 
({3], p. 554) with degree 2k, a contradiction. Hence, if 8 = Vt, = Vi. X M,, 
the involution U is cogredient with (11) which induces transposition in Mt. 
In case B = Mi. X Do, U induces an involution in Mt. which, since & is odd, 
is cogredient with (10). In either case we have k pairwise orthogonal idem- 
potents in Yt, C B which are U-symmetric and are therefore in Mf. By the 
remark above, 2% is a reduced algebra. 


THEOREM 1. All exceptional central simple Jordan algebras X over a 
nonmodular field are reduced algebras." 


For IC C (Ms K Dg Wa + uB where wu? —1 and mu- 


tiplication is given by (12) with y=-—1. Then every element of I (being 
in % g and therefore Hermitian) may be written uniquely in the form 
uw*, for Hermitian elements wa and uw*a = — in 


Wo = (Ms KX Q)g and wWe respectively. Let S be the set of all wa and 
& the set of all ww*. fora in M. Then © and & are linear sets of dimensions 
s and ¢ respectively over § such that 1 CG+2. Hence 27Ss+t. Now 
Se is contained in the set Mg [) We of all Hermitian elements in We 
(a linear set of order 15 over ®). Hence s=15. Similarly Zg is contained 
in the set Lg [) wWe of all Hermitian elements in uWg (a linear set of 
order 12 over ®), so that £12. Then 6+ 2% has order s + ¢ = 27 over 
% and we have Y= G+, s—15,t—12. That is, the elements wa of © 
are actually elements of %, and also Gg = Mg [| Weg. Then © is a Jordan 
algebra of linear transformations since S*=—G and We is associative. 
Since Gg is the set of Hermitian elements w = w of Wa, it follows that © 
has split algebra of type (3) ([3], p. 554), the degree being three. By the 
preceding lemma, = 3, we have a reduced algebra. But then com 
taining ©, contains three pairwise orthogonal idempotents and is itself a 


reduced algebra. 


1 Thanks are due to C. Chevalley for the correction of an error in the original proof 
of this theorem. 
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3. Reduced algebras. For. any Cayley-Dickson algebra © over § of 
characteristic not two, the set & of J-symmetric elements of Mts X ©, with 
involution J as in (3), is an exceptional central simple Jordan algebra over %. 
For % has Mt;° as split algebra. If © has norm form n(z) = 2Cz’ with C 
as in (8), while p = diag{7,, 72,73}, we merely adjoin to & the square roots 
of the scalars —y; and 7; to obtain the necessary scalar extension ® over $ 
such that — For then H = diag{l, V—yz} is 
the matrix of a linear transformation on Gg such that 1H —1, HH’ —C. 
Then d(#H) = (wH)’ = = 2Cr’ = n(x) so that Dg and Cg 
have equivalent norm forms. Then Gg =Dg ([5], p. 777). Hence 
(Ms X ©C)e = Ms KX Cg = Ms K De so that Xe consists of the J-symmetric 
elements of Mi; D g. Let s = diag{ Vm, Vm, V 73}. Then &% and 
(M;°)q are equivalent under the correspondence 


(13) a— sas, 


For s? = p and s = § =s’ imply that (s“as)’ = = sptaps = sas if 
and only if a= pda’p-'. Hence s™ as is in (Mt;°)g if and only if a is in 
%@. The correspondence (13) is then obviously an equivalence between We 
and (Mts°)g@. Thus any such algebra Mf is an exceptional central simple 
Jordan algebra over %. 

The J-symmetric elements of Nts X © may be written as matrices (24;) 
with aj = in © (4,7 —1,2,3). For we have = = & 
in §. Hence any element a of %& has the form . 


12 
(14) a= mom 212 23 


for Vij in C, diag {7, m3}. 


Theorem 1 insures that, if § is nonmodular, Mf is a reduced algebra. 
However, to see in general that %& is a reduced algebra it is easiest simply 
to pick out the three pairwise orthogonal idempotents e; of % with 1 in the 
i-th row and i-th column of (14), zeros elsewhere. 


We write 
(15) €3, Li2, L235 


as a vector of dimension 27 over %. Then if b = (m1, 735 Y125 We 
have ab = ba=c = (£4, £5, £3, 212, 223, 231), Where, for cyclic permutations 


(1, of (1, 2,3), 
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and 

(17) = (Ee + Es) + (i + + (Tei in + in ©. 
In the special case we have t(ay) = 2xy’ = 2yx’ and = 1 (i = 1, 2, 3) 
so the right multiplication Ra for a in Yi;* has matrix 


2é, 0 0 0 
0 2&5 0 Los 0 
0 0 2&5 0 Log X31 
243; 0 2231" L,,8 Rz,8 (é. + J 


where FR, and Lz are right and left multiplications in D and 
(19) S = diag{1, —I1;} 
is the matrix of the involution c— 2 in ©. 


THEOREM 2. An exceptional central simple Jordan algebra X over a 
nonmodular field % is the set of J-symmetric elements of Mts X €, where © 
is a Cayley-Dickson algebra over § and J is the involution (3) of Ms X ©; 
multiplication in M is defined by (2). If & has characteristic not two, then 


a reduced Jordan algebra over &, having Wt;* as split algebra, has this form. 


The first statement in the theorem follows directly from the second and 
Theorem 1. Therefore we consider a Jordan algebra Mf over & (of charac- 
teristic not two) with three pairwise orthogonal idempotents e; such that 
1 =e, + + es, and a scalar extension & of such that = (M8) If 
we had assumed % nonmodular, we could write immediately 


(20) e305 + Mos + M31, — We, (4) ‘a Me, (4), 


since % is a reduced algebra of degree three ([4], $15). However, one may 
see from [4], §§ 10, 14, that the decomposition of % into the supplementary 
sum of the spaces Mii, Wij; (i 7) is valid over any field of characteristic 
not two. Therefore we have = + Woo + + Wie + + Msi. We 
abbreviate (Mt°)@ as Mt, and denote the equivalence between M% and 
by P. Now e;:P = jh, for pairwise orthogonal idempotents hi of M satisfying 
and AK + + Mie + Mes + Misi for 
Mig = (4) (4). But P—AR and 90 
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that ii = es. That is, (20) holds. Moreover, if we write any element a 
of 2% in the form (15) corresponding to the decomposition (20) we have the 
matrix 

(21) P = diag {Is, P12, Pos, P31} 


of the equivalence P between Mg and Wt, where J; is the 3-rowed identity 
and the Pi; are nonsingular 8-by-8 matrices with elements in &. The right 
multiplication Ra) of a in 2 then has the form 


(22) = PRopP> 


where fy is the right multiplication (18) of a in M,%. It is important to 
note that if a has coefficients in %, the elements of Ra and Ra are in § 
even though the elements of P are in &. 

We compute R,) from (18), (21), (22). The first three rows are the 
same as in (18). Below them in the first three columns we must replace 
by 
(23) 2P 


In the remaining 24-by-24 matrix the scalar submatrices are unchanged but 
we must replace Rz,,S by 


(24) jp,;SP jx 
and Le,,S by 
(25) 


for cyclic permutations (i, j, k) of (1, 2, 3). The elements of the matrices 
(23), (24), (25) are in § for all a4; with coefficients in 3. In particular, 
it follows that the non-singular symmetric matrices Pi;Pi;’ have elements 
in %.- Hence there exist changes of basis in %;; (over %) such that 


(26) Pi Pi’ = Cij 


are non-singular diagonal matrices with elements in 3}. We assume that such 
achange of basis has been made. We write e for the 1-by-8 vector (1, 0,--+, 0) 
in Mj. Then pi; = ePi; may be regarded as elements of D a? and we have 
d(pij) = (eP sj) (ePij)’ = eCije’ AO in We define, for cyclic permu- 
tations (7, j,k) of (1, 2,3). 

(27) d(pij) =m ~ 0 in &. 


It follows from (24) that the vector h = eP23Rep,,SP1.! = ( PosP21) SP327? 
has coefficients in %. Hence by (24) and (27) the matrix 
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A P31Rpp,,S P23) = 127 P 318 
has elements in %. Moreover, 
(28) eH = (posPs1) Psi} = PosP = 
By (25) the matrix 
G = P,.Lep,, SP = 237 
also has elements in %. Write = Qos = P23, Qs1 = Then 
(29) = = 


For = PogS Lpg Dery, = P238 by (28). Since = 
= 72 Psiplos we have also HPs: Reqp,, = Pos Lipps, = 

Since G and H have their elements in % we are able to effect changes of 
basis (over 3) in %,. with matrix G* and in %;, with matrix H-. The 
right multiplication Ra) has the same matrix as before except that Pi; has 
been replaced throughout by Qi;. Now we change notation, writing Pi; for 
Qij, so that Ra has its original matrix, while (29) yields 


(30) Pilg, Pu = 


This change has not affected P23 so Po3P2;’ = C23 in (26) is still a diagonal 
matrix with elements in %. From (30) we have 


(31) Psi TP = P23 = 3, Pre 


for all « in D. Since d(x) permits composition, this yields 72d(aP1:) 
= d(xP23) Moreover, 


(32) Ps1Pi2 = Pos 


also follows from (31). Hence 


(33) Tots == 
and 
(34) m3 1d (xP 23) 121d (xP31) 


for all in D. Equivalently, = PogP = 721 since 
the matrices 7;"Pi;P;;’ of the quadratic forms (34) are symmetric. Since 
the matrix P2;P2;’ = C2; is a nonsingular diagonal matrix with elements i 


SO is 
(35) C Py Pil = Cy 


for cyclic permutations (1, 7, &) of (1, 2, 3). 
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Since the matrices (25) have elements in % for all x with coordinates 
in %, we may define a (non-associative) algebra © of order 8 over & by 
writing multiplication yox = yR,) in © where 


(36) R,© — Py 2Lep,,SP 237 — P,.S8Rep,8P 237. 
Then the left multiplication Zz in € is 
(37) = P3,SLep,.8P 


Now e is the unity quantity of © since Re) = Py.Ly,SP23+ =I and 
Le) = = P3171 Rp, SP 2371 = I by (30). Moreover, © is isotopic 
(over R) to D. Hence Cg = Dg and € is a Cayley-Dickson algebra over § 
({8], Theorem 4). Then © has a norm form n(z) satisfying 


{n(x) }* = | R,| = | Py 2Lep,8P | = | P x2 | | Pas | Les, | 
= | Los | | = (aPs1) }* 


by (30). Hence n(x) = where For we have 
1=—n(e) =e, so n(x) equals the common value of (34). That is, n(x) 
= 22’ for C in (35). Also € has the involution satisfying = n(x)e 
by (5). Hence 


= (Pos ° 31) SP = 31 Lp 
so that 
(38) So = wo Pa 1271. 


Since Sy = we have also So = P12Rp,,SP 317. 


We write = 3 12 = T os == Pes, T's: = SoPs1 
= 13 Using (9), it is easy to verify that 


(39) Tif = 

for C in (35). Also 

(40) jx? = rym Re So 
and 

(41) T Lor, = So 


for cyclic permutations (i, j,&) of (1,2,3). Verification of the six equations 
(40), (41) depends only on the verification of one equation in each of the 
corresponding pairs, for the products on the left and right sides of 
corresponding pairs are equal. That is, 
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since 
d(2T ij) = aT = aC a’ = (2) 
by (39), while 
R, So) (mari So) == (x)I 


also. The proof of (41) for (1, j, &) = (3, 1, 2) follows directly from the 
definition (36) : 


and equation (40) for (1, j, k) = (1, 2, 3) similarly from (37). To prove 
equation (40) for (7, 7, k) = (2, 3, 1) we need to apply twice a lemma of 
Moufang ([8], Lemma 1). First we note that P1289 = 72"SoPsiLp,, by (38), 
so that by (30) and (32) we have 


= oP = 71S oP 12D py, ) 


Using this, we have 
= 31° 
by (31), or wom, Re (0) So = ToR21,,9T 317 as desired. 


We again change basis in %;; (over 3), this time with matrix 7378) 
in in and So in The right multiplication Ra‘ of the 
element a in % has the same matrix as before except that Pi; has been replaced 
throughout by 7;;. That is, the first three rows of Ra) are the same as in 
(18). A comparison of (23), (24), (25) with (39), (40), (41) shows that 
below the first three rows we have in the first three columns substituted 
QarjriCxi;’ for the 2274; in (18), while in the 24-by 24 matrix remaining the 
scalar submatrices are unchanged but we have ajm-1Re,, So instead of Rz,,8 
and mai Le,,( So instead of Lz,,S. But then Ra‘) has exactly the matrix 
of the right multiplication yielding (16) and (17), where © is the Cayley- 
Dickson algebra with multiplication yo yR,), involution = 
and associated symmetric bilinear form $¢(20¥Y) —2Cy’ corresponding to 


n(x) =aCz’. Our theorem is proved. 
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4, Inequivalent exceptional Jordan algebras. The only exceptional 
central simple Jordan algebra over an algebraically closed nonmodular field 
is Mts8. In order to show that the algebras defined in 3 are a valid generaliza- 
tion of Mts® we ought to exhibit fields % over which there exist inequivalent 
algebras of that type. 

Let the base field % be formally real; then there exist inequivalent 
Jordan algebras over % with Wt,° as split algebra. For then. D is a 
division algebra over % and cannot be equivalent to the (unique) Cayley- 
Dickson algebra over % which has divisors of zero; the existence of inequivalent 
central simple Jordan algebras over % then follows from the following sharper 
result. 


THEOREM 3. Let © and &* be inequivalent Cayley-Dickson algebras over 
% of characteristic not two. Then the exceptional central simple Jordan 
algebras M and M* consisting of the 3-rowed Hermitian matrices with elements 
in © and G* respectively, multiplication being defined by (2), are inequivalent 
over 


Since there is (in the sense of equivalence) only one Cayley-Dickson 
algebra over % which has divisors of zero, at least one of the algebras ©, @* 
is a division algebra over %; say it is ©. We take normalized bases in © and 
&* so that each has involution (19). The associated symmetric bilinear forms 
are 4¢(ay) and 3¢(x* WY) respectively and the corresponding norm forms are 


(42) n(x) and n*(x) = 


Writing the general element a of % and %* in the form (15), multiplication 
in % is given by (16) and (17) with m—1 (i—1,2,3), and in %* 
by *a=—c* = (£*,, 2* 10, 03, 2*31) Where we have, in 
particular, 

(43) = + t(X12* G12) t Ysi)- 


Our proof is indirect. If % and M* are equivalent, the equivalence P 
has matrix (21) for non-singular Pi; with elements in $. Then c*P 
= (a*b)P =aP- bP implies, in particular, 


(44) t(%2P 12 Yi2P 32) + 31 YsiP's1)- 


Let 212, = 0. Then by (42), (43), (44) we have é:m + 2n* 
+ 12) or 
(45) n* (a) = n(aPy2) 
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for all in ©*. Now = pi2 ~0 in © since is non-singular. Since 
@ is a division algebra, we have L»p,, non-singular, and may write H = P,.D,,7. 
Then 1H = and by (45) we have 


n* (x) = = tH) = = n(2H) 


since n(pi2) =n(1Pi2) =n*(1) =1. Hence n*(x) and n(x) are equi- 
valent norm forms, and © = @* ([5], p. 777), a contradiction. 


Remark. We have shown incidentally the existence of an exceptional 
central simple Jordan algebra over the field 9 of all real numbers which is 
different from %,°. Of course this algebra is not an “7-number system” 
({6]) ; it fails to be a “ formally real ” algebra, and actually contains elements 
whose squares are zero. 
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SOLUTION OF A PROBLEM OF R. L. WILDER.* 


By R. H. 


The following problem was proposed by R. L. Wilder in “ Concerning 
Simple Continuous Curves and Related Point Sets,” American Journal of 
Mathematics, vol. 53 (1931), pp. 39-55: Suppose that M is a connected im 
kleinen set which is the sum of two sets M, and Mz such that each ts irre- 
ducibly connected from the point A to the point B and such that the common 
part of M, and M,is A and B. Is M necessarily a simple closed curve? Wilder 
showed that M is a simple closed curve if it is a locally compact continuum. 
This note gives an example to show that M need not be a simple closed curve 
if this extra requirement is not placed on it. 

We shall prove the following for the plane: Suppose that S ts a square 
plus its interior.. There exists a collection G of point sets filling up S such 
that each element of G is irreducibly connected from a point A to a point B, 
the common part of two elements of Gis A + B, and the sum of two elements 
of G is a locally connected subset of S which 1s dense in S. 

Let A and B be opposite vertices of S and let FL and F be the other 
vertices. Denote by [X] the collection of all straight line intervals EP 
where P is a point of AF + FB—(A+B). For each element XY of [X], 
let L(X) denote the collection of all straight line intervals which have their 
end points on the boundary of 8 and which are parallel to XY. We note that 
with respect to its elements, each L(X) is an open are from A to B. Let [L] 
be the set of all such collections L(X). 

There exists a well ordered sequence W(L) such that the elements of 
W(L) are the elements of [Z] and such that if Z is an element of [LZ], then 
the set of all elements of [Z] which precede Z in W(L) has a power less than 
that of [Z]. We note that [Z] has the power of the continuum. We shall 
denote the element of WZ) whose ordinal number is « by La. 

Let W(S) be a well ordering of the points of S. 

Denote the collection of all subcontinua of S by [C]. Points as well as 
nondegenerate continua are included in [C]. Let W(C) be a well ordered 
sequence such that the elements of W(C) are the elements of [C] and such 
that if C is a subcontinuum of S, then the collection of all elements of [C1] 


* Received March 25, 1947; Presented to the American Mathematical Society, 
November 30, 1946. 
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that precede C in W(C) does not have the power of [C]. Since [C] has the 
power of the continuum, this subcollection has a power less than that of the 
continuum. We shall denote the element of W(C) whose ordinal number 
is by Cg. 

Before beginning the assigning of points of S to the elements of G, 
we shall briefly outline what we intend to do. We shall describe collections 
M,, M2,: -,Ma,- such that each of these collections is irreducibly con- 
nected from A to B. These collections will be the elements of G. To insure 
that Mg (8 = 1,2,- --,a,- - -) will be irreducible from A to B, it will be 
defined so as to intersect every element of [C] which is not a subset of an 
element of Lg and so as to intersect each element of Lg in only one point. 

Our procedure will be to sort out the points of S into the collections 
M,,M2,--+,Ma,-- +. With the exception of some skips, the points of § 
are sorted out to the elements of G in the following order. First, a point of 
C, is assigned to M,; next, a point of C2 is assigned to M, and another point 
of C. is assigned to M.;- - - ; then a point of Ca is assigned to M;, another 
point of C, is assigned to M2,- --, and another point of Ca is assigned to 
M.;°:~. Since only one point of S is assigned at each step, this assigning 
will require uncountably many steps. 

Now for the details of the description of the elements of G. The points 
A and B are assigned to each of the collections of G. No other point is 
assigned to any two elements of G. 

First, consider C,. If it intersects 4 + B, no point of it is assigned 
to an element of G at this stage. If it does not intersect A + B, the first 
point of W(S) in C; is assigned to M. 

Next, consider C,. No point of it is assigned to M, at this stage if 
either C, contains a point already assigned to M, or C2 is a subset of an 
element of Z, that contains a previously assigned point of M,. However, 
if C. is not such a set, then to M, is assigned the first point of W(S) that is 
in the common part of C2 and the sum of the elements of Z, containing no 
previously assigned point of M,. 

Now, if C. intersects neither A nor B and is not a point previously 
assigned to M,, then to M, is assigned the first point of W(S) in the subset 
of C. that has not been assigned previously to M,. Otherwise, no point of 
C, is assigned to M, at this stage. 

This process of assigning points of S to elements of G is continued as 
follows. Suppose that at some stage, U is the collection of points of S that 
have not been assigned previously to elements of G. Let V be the collection 
of all elements C, of W(C) for which there is an element Cg of W(C) such 
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that Cg is equal to Cz or precedes Ca in W(C), no point of Ca has been 
assigned to Mg, and C, is not a subset of an element of Lg that contains a 
point which has been assigned to Mg. If Ca is a point of U, it is an element 
of V since no point would be assigned to Mg, before Ca were assigned to an 
element of G. For convenience, suppose that Cq is the first element of V 
in W(C). Then a point of Ca is assigned to an element of G at this stage 
as is described below. . 

Let FR be the collection of all elements Lg of W(L) such that no point 
of Ca has been assigned to Mg and Cz, is not a subset of an element of Lg 
which contains a point which has been assigned to Mg. Suppose Lg is the 
first element of R in W(L). Then to Mg is assigned the first point of W(S) 
in the common part of Ca: U and the sum of the elements of Lg containing 
no previously assigned points of Mg. If 8 is the same ordinal number as @, 
this is the first point to be assigned to Mg. 

Suppose that at some stage, Y is the set of points of S that have been 
assigned previously to elements of G@ in this process and P is a point of 
S—Y. Then P is an element Cy, of W(C). Now Y is not of the power of 
the continuum since none of the sets M,-Y,M.:Y,---,M,-Y has the 
power of the continuum. 

Kach point of S was assigned to some element of G in this process for 
suppose that U is the collection of all points of S that were not assigned to 
G even though the process were continued. But as is seen above, a point of 
U is assigned to an element of G. 

No point of S— (4+ B) was assigned to two elements of G. Hence, 
S is the sum of the elements of G and the common part of two elements of 
Gis A+B. 

We shall now show that each element # of Za contains a point of Mg. 
Since £ contains a collection of nondegenerate subcontinua such that this 
collection is of the power of the continuum, there is a nondegenerate sub- 
continuum Cy of FL such that C, follows Ca in W(C). Each point of 
S— (A+B) was assigned to an element of G-while considering an element 
of W(C). Let Z be the set of all points of S that are assigned to elements 
of G before considering any element of W(C) that follows Cy in W(C). Since 
none of the collections M,:-7,M.-Z,---,M+,-Z has the power of the con- 
tinuum, Z does not. Then at some stage, an element of W(C) was considered 
that followed Cin W(C). But this element would not have been considered 
unless a point of the element of La containing C., had been assigned to Mg. 
Hence, each element of Lg contains a point of Mg. However, no two points 
of an element of Lg are assigned to any element of Mag. 
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Each subcontinuum C of § which is not a subset of any element of L, 
contains a point of Ma, because C contains a collection & of subcontinua no 
one of which is a subset of an element of Lg and such that the collection R 
has the power of the continuum. Hence, some element of RF follows (Cg in 
W(C) and a point of it is assigned to Mg. 

We have shown that M, contains a point of each element of La and that 
each subcontinuum of S which is not a subset of an element of La contains 
a point of Mg. Hence, Ma, is connected. If it were the sum of two mutually 
separated sets, some continuum in its complement and in S would separate 
some two points of it in S. But each subcontinuum of S that separates 8 is 
either an element of La or intersects two elements of La. Since Ma contains 
only one point of each element of Za and since with respect to its elements, 
[Iq is an open are from A to B, My is irreducibly connected from A to B. 

We shall show that if 1/7, and Mg are two elements of G, then M, + Mg 
is locally connected. Each nondegenerate subcontinuum of S intersects either 
two elements of LZ, or two elements of Lg and hence contains a point of 
M,+ Mg. If D is a domain such that D- S is connected, then D- (Ma + Msg) 
is connected, for if it were the sum of two mutually separated sets, then 
some continuum F in the complement of )- (M_z-+ Mg) would separate some 
two points of D- (M,-+ Mg) from each other in the plane. But some non- 
degenerate subcontinuum of R would be a subset of D-S and would contain 
a point of D- (M,+ Mg). Hence, Ma + Mg is locally connected. Not only 
is it locally connected but it has the additional property that if P is a point, 
then Mz + Mg + P is locally connected. Hence, the sum of two elements of 
G has property S. 

Question. It can be shown that the sum of no two elements of G is an 
inner limiting (Gs) set. It would be interesting to know whether or not it 
can be concluded that M is a simple closed curve if it is a connected im 
kleinen inner limiting set which is the sum of two sets M, and Mz such that 
each is irreducibly connected from the point A to the point B and such that 
the common part of M/, and M, is A and B. 
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A THEORY OF NORMALITY FOR QUASIGROUPS.* 


By FreD KIOKEMEISTER. 


Let the quasigroup @ be homomorphic to the quasigroup G’. If H is the 
set of antecedents in G of an element in G’ and if H is itself a quasigroup, 
then H is a normal divisor of G defined by the given homomorphism. If G 
is a loop, then H is the kernel of the homomorphism. In this case H always 
exists and is uniquely defined. For a quasigroup the situation in general 
is not as simple. A homomorphism may define no normal divisor, or a 
homomorphism may define more than one normal divisor.t. Thus there 
cannot be constructed for quasigroups a normality theory on the concept of 
normal divisor or kernel. We have chosen to employ here the equivalence 
relation which is defined by each homomorphism.” These relations are shown 
to form a modular lattice. In the event that normal divisors exist, structural 
uniqueness is obtained by the device of restricting attention to the set of 
normal divisors containing a fixed element. 


1. Normal relations. A multiplicative system is a non-vacuous set G 
of elements a, b,c,- : - such that for each pair a, b there is defined an ordered 
product ab which is a uniquely determined element of G. If, further, to 
each pair a, b there correspond unique elements x and y in G@ such that 
ac—=b, and ya=b, then G is a quasigroup. The following lemmas are 
immediate consequences of the above definitions. 


LemMA 1.1. Any homomorphic image of a quasigroup is a multipli- 
cative system in which the equations ax =b and ya=b have solutions for 
every pair a, b. 


LemMMA 1.2. A multiplicative system in which the equations az = b and 


* Received April 9, 1947. 

1If each element is idempotent, then each element constitutes a normal divisor of 
@ defined by an isomorphism of @ on itself, cf. Bruck [6], p. 34. That such quasigroups 
may be simple has been pointed out by Bruck in [5], p. 169. 

* Other treatments are obviously possible. For quasigroups see Bruck [5], pp. 166- 
169 and Garrison [9] and [10], in particular section 2 of [10]. For loops there are 
Albert [1,2], Baer [3], and Bruck [6,7,8]. The lattice-theoretic viewpoint has been 
employed by Smiley [15], and in restricted cases by Hausman and Ore [11] and 
Murdoch [12]. 
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ya = b have solutions for every pair a, b is a quasigroup if and only if ca = cb 
and ac = be each implies a= b. 


Every homomorphism of a quasigroup @ on a quasigroup G’ induces an 
equivalence relation 8 on the elements of G. If a’ and 0’ are respectively the 
images of a and b, then a Bb if and only if a’ = 6’. This equivalence relation 


satisfies the conditions: 
i) caBcb implies aB b, 
ii) acB bc implies aB b, 
ili) afb and cfd implies ac B bd. 


Condition iii) identifies 8 as a congruence relation and follows from the 
homomorphism of G on G’. Since G’ is a quasigroup, Lemma 1. 2 implies i) 
and ii). 

Conversely every congruence relation induces a homomorphism of @ on 
the multiplicative system G’ of equivalence classes under 8. Lemmas 1.1 
and 1.2 guarantee that if B satisfies i) and ii) G@’ will be a quasigroup. 

An equivalence relation 8 satisfying i), ii), and iii) will be called a 
normal relation on G. 

Let a be a second normal relation. We shall say that 8 contains « (and 
write 8 >a) if and only if a«b implies aBb. The intersection, Bf) 4, 
of 8 and @ is defined to be the logical intersection of the relations: a(B {) «)b 
if and only if aBb and a«b. The union, (8 LU «), of B and a is defined 
as follows: a(8 «)b if and only if there exist elements @;,d2,° in G 
such that aBa,%a2B8---+adnab. It is easily verified that the union and 
intersection of normal relation are normal relations, and that (8 {) «) and 
(8 \U«@) are a greatest lower bound and a least upper bound respectively 
for B and «.® 


THEOREM 1.1. The normal relations on G form a lattice L. 


We shall need the following 
Lemma 1.3. If B is a normal relation on G and @ contains the quast- 


group H, then B is a normal relation on H. 


If a, b, c, d are elements of H, conditions i), ii), and iii) are satisfied 


in G and therefore in H. . 
Let R(a,B) designate the set of elements g of G such that g Ba. 


3 Ore has made these definitions for equivalence relations in [13]. 
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LemMA 1.4. If « and B are normal relations and tf a is any element 
of G, then R(a,«) = R(a,B) if and only if and R(a,«) D R(a, B) 
if and only if « B. 

Let 6 and c be any elements of G, and let D@Bc. There exist in G 
elements x and y such that c—=aa and bay. By i) zy 82a implies y Ba. 
If R(a,«) 2 R(a, 8), then y aa, and by iii) zyaza. Thus bac, and B Ca. 
Conversely, if «> 8, g Ba implies gaa, and R(a,a%) 2 R(a,B). The first 
part of the lemma follows from the second. 

If S and T are sets of elements in G, then ST is the set of elements st 
where s lies in S and ¢ lies in 7’; and Sf) T is the set of elements common 
to S and 7. 


LemMA 1.5. Let « and B be normal relations. If gaf org Bf where f 
is an element of R(a,«)R(b,B), then g is an element of R(a,a)R(b, B). 


Let g «cd where caaandd£b, and letg—ad. Then zdacd, and rac, 
i.e., g = 2d where x lies in R(a,a) and d lies in R(b,B). We may use a 
similar proof if g 8 cd. 


THEOREM 1.2. Jf a and B are any normal relations on G, and tf a and 
b are any elements of G, then 


R(ab,«U B) = R(a, a) R(b, B),* 
and 


R(a,af) B) = R(a,a) R(a, B). 


We shall show that if g(# LU B)ab, then g is an element of R(a,«)R(0b, B). 
The relation g(« J 8)ab implies the existence of a chain g = 90% 91 B go % 
‘+ +g, Bab. Since ab is an element of R(a,«)R(b,8), Lemma 1.5 estab- 
lishes that gi is an element of the same set for i=—n,n—1,---,0. 

If, on the other hand, g where caa and db, then cd aad, and 
ad Bab by iii). This chain implies that 8)ab, and R(a,a)R(b, B) 
C R(ab,a B). 


The second part of the theorem is obvious. 

THEOREM 1.3. The lattice L of normal relations on G is modular. 

For any lattice «> y implies that «(8B Uy) 2 (2M) Uy. It is 
sufficient to prove that the inclusion is reversible.’ Let a be any element of G. 
By Theorem 1. 2 


‘Garrison has established this relation for a = b when @ is finite in Theorem 2. 4 
of [10]. In the terminology of Garrison R(a,a) is an invariant complex when a is a 
normal relation. 
*See Birkhoff [4], p. 22 and p. 34. 
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(BU y)] = R(@’, «) 1 R(a, 8)R(a, y), 
and 


(«1 B) Uy] = [R(a, 2) Ra, 7). 


Let g be an element of R(a*,a) [) R(a,8)R(a,y). Then g = be where 
b Ba, cya, and beaa*®. Since «> y, cya implies caa, so that bea baaa’® 
=aa. By ii), baa, but if b «a and b Ba, then b(« and is an element 
of R(a,a) R(a,8), or g is an element of R[a?,(« (1B) Uy]. It 
follows that 


Rla’,aM (BU y)] (211 8) Uy). 
Lemma 1.4 implies that eM (8 Uy) C (@M 8) Uy. 


2. Normal divisors. If H is a quasigroup contained in G, H is a 
normal divisor of G if and only if for some normal relation a, H = R(a, a) 
where a is any elment of H. By Lemma 1.4, « is unique. We shall say that 
a is a normal divisor relation at a. 


LeMMA 2.1. If @ is a normal relation on G and if R(a,«)R(a,) 


= R(a,a), then « is a normal divisor relation at a. 


If baa, then baaa by the closure of R(a,a). Thus, if be —c where 
b and ¢ are elements of R(a,a), then bx ac aaa ba, and by i) «4, or lies 
in R(a,a). Similarly the solution of the equation yb —c lies in R(a,2), 
and R(a,a) is a quasigroup. 


LemMA 2.2. Jf « is a normal divisor relation at a, and if B is a normal 
relation such that B > «, then B is a normal divisor relation at a. 


By Theorem 1. 2 
R(a, 8)R(a, 8) = R(a’*, B). 


Since R(a, a) is a quasigroup, a? aa, and since 8 D a, a? Ba. Then R(a’,B) 
= R(a,B), and by Lemma 2.1 R(a,f8) is a quasigroup. 

If H and K are quasigroups contained in G, H U K is the least quasi- 
group containing both H and K. Obviously if HK is a quasigroup containing 
H and K, then HK—=H K. 


Lema 2.3. If « and B are normal divisor relations at a, then 


R(a,aU B) = R(a,a)R(a, 8B) = R(a, a) U Ra, B). 


is 
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By Lemma 2.2 R(a,«U B) is a quasigroup, for « J B2«. Thus by 


Theorem 1. 2 
R(a,« U 8) = R(a’,a U B) = R(a, a) R(a, B). 


Clearly R(a,a) and R(a,f) are contained in this set since « and 
aU 


THEOREM 2.1. Jf « and B are normal divisor relations at a, then a U B 
and «{}| 8 are normal divisor relations at a, and 


R(a,« U B) = R(a, a) U R(a,B), 
R(a,a) B) = R(a,a) R(a,B). 


The theorem follows from Lemma 2.3, Theorem 1.2, and the fact that 
the intersection of two quasigroups is a quasigroup. 


CoroLtyaRy. The set of normal divisor relations at a where a is an 
element of G constitutes a modular lattice Iq. The lattice Lq is isomorphic 
with the set of normal divisors of G which contain the element a. 


If 8 is a normal relation on G, and if K is a quasigroup contained in G, 
Bis, by Lemma 1. 3, a normal relation on K. The equivalence classes Rx(g, 8) 
constitute a quasigroup which we designate by K/f8. If H is a quasigroup 
contained in K, and if H {| Rx(g,8) is not empty for every g in K, then 
H/8 = under the correspondence of H Rx(g,8) to Rr(g,8). 

Now let a be a normal divisor relation on G at a, and let B be a normal 
relation on G. Then by Lemma 2.2 « L B is a normal divisor relation at a, 
and the quasigroup R(a,a) is contained in the quasigroup R(a,aU B). By 
Theorem 1.2 R(a,a_) 8B) —R(a,a)R(a,B). Let g be an element of 
R(a,a UB). Then g where caa,dBa. Then by iii) caB cd =g, and 
if we designate R(a,« |) 8) by K, Rx(g, 8) contains the element ca which is 
an element of R(a,a). Thus Rx(g,B) {| R(a,«) is never vacuous, and, as 


in the preceding paragraph, 
R(a,«U B)/B = R(a, «)/B. 


But R(a,«)/B = R(a,«)/af{)]B since the partition of B on R(a,«) is the 
same as that of « 


THEOREM 2.2. Jf « and B are normal relations on G such that R(a, a) 
is a quasigroup for some element a of G, then R(a,« LU B) is a quasigroup, and 


R(a,aU = R(a, B.° 


*Cf. Garrison [10], Theorem 3. 2. 
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If in Theorem 2.2 £ is also a normal divisor relation at a, we have the 
familiar isomorphism theorem which yields through the Ore Theorem on 
chains in partially ordered sets‘ the Jordan-Hélder Theorem for composition 


series in G.§ 


3. Quasigroups containing idempotent elements. The element e of G 


is called idempotent if e? =e. 


LemMa 3.1. Jf e is an idempotent element of G, every normal relation 
on G is a normal divisor relation at e.° 


We may employ Theorem 1.2 and Lemma 2.1 to show that R(e, a) isa 


quasigroup when @ is a normal relation; for 
R(e,a)R(e,a) = R(e*, = R(e, a). 


THEOREM 3.1. Jf G contains an idempotent element e, the lattice I 
of normal relations on G is isomorphic with the lattice of normal divisors of 


G containing e. 


Corotuary. Jf G contains the idempotent elements e, and then 
Le, = Le. 


CoroLttary. The normal divisors of any loop form a modular lattice.” 
Further, if a loop G is homomorphic to a quasigroup G, there will exist a 
normal divisor H of G such that G/H = G. 


The direct product of quasigroups A;,A2,°--,An is a quasigroup 
G= A,X X An whose elements are the n-tuples (a1, d2,° * Gn); 
a; in Ay, t=1,2,--+,n.1' The ordered product of two elements is the 
n-tuple of ordered products of corresponding components. If A; contains the 
idempotent elements ej, then G@ contains the idempotent 
element e = (é;,€2,: * *,@n). Conversely, if e is idempotent in G@ and if 
€ = *,@n), then e; is idempotent in Ai. 

Obyiously the quasigroup A; may be identified with the quasigroup 


7 See Ore [14]. 

§ Cf. Garrison [10], Theorem 3. 3. 

®° Cf. Garrison [10], Lemma 3. 2. 

10 Smiley has established this theorem in [15]. 
11 See Bruck [6], p. 48 for this definition. 
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which is a sub-quasigroup of G, and the elements ¢:, ¢2,° - -, én may be iden- 
tified with the element e. Thus G is the direct product of sub-quasigroups 
whose intersection in pairs is the element e. Under these conditions we shali 
say that the decomposition is direct over e. It follows trivially that the A; 
are normal in G. 


THEOREM 3.2. Let G contain the idempotent element e, and let a and B 
be normal relations on G. If G= R(e, «)R(e, B) and R(e, a) 1) R(e, B) =e, 
then G == R(e,%) X R(e, B).*” 


Let a lie in R(e,z) and b in R(e,B). Define G—=R(e,a) X R(e, B) 
as above, and let 6 be the mapping defined by (ab)? = (ae,eb). This is a 
bi-unique mapping of G on G. Consider that if a,b, and a2bs are two elements 
of G, then (a,b,) (a2b2) = ab for some a and b. Since a,b; B are, B aze, 
and ab Bae, it follows that (a,e)(a2,e) Bae. All of these elements lie in 
R(e,a), so that (ae) (ase) wae, and thus (ae) (ae) B) ae. Since 
R(e,«) R(e,B) =e = B), af) B is equality by Lemma 1. 4, and 
(a,e) (ase) = ae. Similarly (eb:)(eb2) =eb. Then 


= (aye, eb; ) (dre, 
= (ae, eb) 
= (ab)® 
= [ (a:b1) (a2b2) ]’, 


and 6 is an isomorphism. 
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THE TORSIONAL RIGIDITY AND VARIATIONAL METHODS.* 


By J. B. Diaz and A. WEINSTEIN. 


The present paper consists of two independent remarks concerning the 
rigidity of beams in torsion. The first part contains a method for. the com- 
putation of the torsional rigidity in the case of multiply connected domains. 
The second part deals with an application of the Rayleigh-Ritz method to 
the torsion of beams of simply connected cross section. 


1. An extremal property of the torsional rigidity. Let (2, y) be the 
warping function, and ¥(z,y) its conjugate, in the problem of a beam, with 
simply or multiply connected cross section, in torsion. As is well known, ¢ 
is the solution of the following Neumann problem: 


(1) Ad = 0, in the cross section R, 
dp 
(2) ._” yNz —XNy, on the boundary C of R, 


where nz and ny denote the components of the external normal n. For a 

multiply connected domain, C consists of a simple closed curve Cy and a finite 

number of simple closed curves C;,- - +, Cm, lying in the interior of Co. 
The conjugate harmonic function y is the solution of the following 


Dirichlet problem : 


(3) Ay —0, in B, 
(4) (1/2) (2? + 9’), on 
(5) (1/2) (2? + y’) + ki, on Ci, 


where the constants k; are not explicitly given a priori. This introduces a 
serious complication in the torsion of multiply connected domains. 

The torsional rigidity, or stiffness, S, can be expressed in several ways, 
either in terms of ¢ or yw, in the form of an integral taken over R. This is 
one of the rare cases, in statics, where the actual numerical value of an 
integral of an unknown function is of major interest. Usually, 8 is given 
by the formula ? 


*Received March 1, 1947; Presented to the American Mathematical Society, 
December 27, 1946. 

*Some authors define uS as the torsional rigidity, « being Lamé’s constant. 
Another expression for 8, due to Prandtl, will be considered in 4. 
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(6) S— [2 +9 + 2H 


Using the Cauchy-Riemann equations 
(7) pe = Wy; gy = — Yo, 
an analogous expression for S, in terms of y, is obtained. 


However, for our purposes, it is convenient to employ another formula 
for 8; which, although closely connected with (6), has not, to our knowledge, 
been used explicitly in the theory of torsion. By Green’s theorem, using (2) 


0 
— glen fo ds =— D(}), 


where 


is the Dirichlet integral. Denoting by 


(8) P= ff +y)dady, 


the polar moment of inertia of the section R, we have, in place of (6), the 


fundamental formula 
(9) —P—D(4). 


Observing that, by (7), D(¢) = D(w), we have also 
(10) S=P—D(y). 


Since D(¢) = 0, we have from (6) the following extremal property of the 
torsional rigidity, considered as a function of the section. 
For any (simply or multiply connected) section 


(11) SSP. 


The equality sign holds only when D(¢) = 0, which implies that the warping 
function is a constant. As is well known, this can only happen if F is 4 
circular region or a circular ring, bounded by two concentric circles. 

We note the curious fact that for domains bounded by more than two 
curves there is no section for which S equals the polar moment of inertia 


of the section. 
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2. Upper and lower bounds for the Dirichlet integral in Neumann’s 
problem. Besides yielding the inequality (11), formulas (9) and (10) are 
adapted for obtaining estimates of the torsional rigidity. In particular, (9) 
is suited for multiply connected domains, a case which presented great diffi- 
culties in the past. In fact, upper and lower bounds for D(¢) yield lower 
and upper bounds, respectively, for S. 

An upper bound for D(¢) in Neumann’s problem is given by Kelvin’s 
theorem.2 Let p and q be the components of'a divergence-free vector; i. e., 


+ = 09, in R, 
satisfying the condition 
+ = on C, 


(where, in our case, vt is given by (2)). Then, 


Let us note that an estimate of this kind can always be improved by taking 
for (p,q) a vector field containing one or several parameters (Rayleigh-Ritz 
methed). 

The inequality (12), originally employed in three dimensions by Kelvin, 
can be greatly simplified in the two-dimensional case by the introduction of a 
“stream function” K (x,y) defined by 


(13) Ke=—q, Ky=p. 


The function K, which is arbitrary in the interior of the cross section, satisfies 
the following boundary condition 


2 


The left hand member of the last equation is obviously =, so that we have, 


on the boundary of PR: 


*See, for example, H. Lamb, Hydrodynamics, Sixth Edition, New York, 1945, p. 47. 
The theorem obviously holds as well for multiply connected domains. 


a 
e 
i 


110 J. B. DIAZ AND A. WEINSTEIN. 


Hence K may be any continuous function, with continuous derivatives, 


satisfying the boundary conditions 


(15) K(x,y) = (1/2) +e, on Gi, 

i= 0,- - -,m, where the constants c; are perfectly arbitrary. It is interesting 
to note that the manifold of the functions K contains the function y; which, 
by (3), (4), and (5), can be obtained by taking K to be harmonic and 
choosing the constants c; in (15) in such a way that the conjugate function ¢ 
is single valued. Of course, as remarked previously, the precise values of the 
desired constants are not known, except in trivial cases. 

Using K, (12) may be replaced by * 

(16) D(¢) D(K). 

Generally speaking, for any fixed choice of the constants ci in (15) we are 
still at liberty to choose K in the interior, and the smallest upper bound for 
D(¢#) in (16) is obviously obtained by taking for K the harmonic function 
Ky corresponding to the given boundary values. Consequently, 

(17) D($) S D(Kx) S D(K). 

This remark will be useful in applications. 

We turn now to the determination of a lower bound for D(¢) in Neu- 
mann’s problem, which will be obtained by a simple application of Schwarz’s 
inequality and a transformation involving Green’s formula. This procedure 
is equivalent to what is sometimes called Trefftz’ method,‘ but is considerably 
simpler, and also perfectly general, as will be shown elsewhere. 

Our starting point is Schwarz’s inequality 


[D(f,¢) S D(f) 


which we use in the equivalent form 


[ |" Dif) S 


D(f) 
so that 
(18) D(Af) S D(¢), 
where 


’Since D(¢?) = D(W), we have also SD(K). This last inequality could 
have been obtained by minimizing D(K), where K satisfies (15), and the e,’s are 


variable parameters. ; 
*E. Trefftz, “ Ein Gegenstuck zum Ritzchen Verfahren,” Verhandlungen, Kongress 


fiir technische Mechanik, Ziirich, 1927, p. 131. Some time ago, Professor J. L. Synge 
kindly communicated to us another computation of estimates for D(¢) in Neumann's 


problem. 
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D(f, 
D(f) 


Let us observe that the quantity A is known, as we have, by Green’s formula, 


Thus, if 


(19) 


(21) fof 
the quantity D(Af) in (18) is a positive lower bound for D(¢). en 


dn 


is given on C, there are infinitely many functions satisfying condition (21). 
Again the result can be improved by introducing arbitrary parameters into f. 
In view of the bounds (16) and (18) for D(¢), equation (9) yields finally 


(22) Dif) 


where > is given by (2), so that 


On 
f Sf. lyfe — xfy|dady. 


Therefore, we have finally 
(ff 


D(f) 


where the function K satisfies (15), and the function f satisfies (21). This 
double inequality is the source of many interesting general statements. 
Taking for f the imaginary part of (2 + ty)", we obtain 


(f + iy)tdzdy) 
ff 


where Re denotes the real part. In particular, for n = 2 it follows easily 
that 


(23) P—D(K)SSsP-—- 


SsP— 


4AB 
A+B’ 
where A and B are the moments of inertia of R with respect to the x and y 
axes, and P=A-4+ 


IIA 


*Cf. a brief note by E. Nicolai, Zeitschrift fiir angewandte Mathematik, vol. 4 
(1924), p. 181. 
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3. Application. As a simple application we derive an inequality for 
the torsional rigidity of the quadratic frame bounded by the lines x = +4, 
y=+b,0<a<b. Here the boundary C consists of the outer square (, 
and the inner square (;.° 

According to the general theory, we may take for A any function 
assuming on Cy the same boundary values as (1/2) (x? + y?) — (1/2)b? and 
on C, the same values as (1/2) (2 + y*) — (1/2)a*. Let Ki be the harmonic 
function which takes these boundary values. By (17), we have 


D(¢) =D(Ki). 


Exploiting the symmetry of the domain, we may subdivide it into four quad- 
rangles I, II, I1I, 1V. Let K* be defined as follows: 


Ir 

iz 


R* (1/2)y*, in I and III, 
(2-9) = (172)22, in IL and IV.. 


Clearly K* has the boundary values prescribed for K. The function K* is 
continuous in the cross section, but its first derivatives have jumps along the 
four diagonals indicated in the figure. By the general theory of Dirichlet’s 


problem, we have 


(24) D(Ki) D(k*), 
hence 
(25) D(¢) S D(K*). 


For the domain under consideration 
P = (8/3) (b*—a‘), 


and a glance at the figure shows that 


D(K*) y? dedy (2/3) 


®° Cf. also a brief note by C. Weber, Zeitschrift fiir angewandte Mathematik, vol. 1] 
(1931), p. 244. 
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Combining the last two equations with (11) and (23), we have finally 
(26) 2(b* — at) (8/8) (b* —a*). 


4, The torsional rigidity and the minimum of the potential energy.’ 
It is well known that the torsional rigidity is related to the minimum of the 
energy integral. Let us consider a beam in torsion whose simply connected 
cross section FR is bounded by a closed curve C. Let’ = y — (1/2) (2? + y?) 
be Prandtl’s stress function, satisfying the differential equation 


(27) Av = — 2, in R, 
and the boundary condition 


(28) = (0), on C. 


The torsional rigidity, S, is then given by the formulas 


(29) S=D(¥), S=2 f fi, 


Among all functions wu satisfying the boundary condition 
(30) u= 0, on C, 


the function W yields the minimum value for the integral 
J o 


(31) I(u) = SS, [ wo? + wy? — 4u]dxdy. 


Since, by Green’s formula 


it follows from (29) and (31) that the torsional rigidity and the minimum 
value of J are connected by the relations 


The derivation of formulas (32) depends essentially on the fact that ¥ 
satisfies not only the boundary condition (28): ¥”=0 on C, but also the 
differential equation (27) : 

AV = — 2, in R, 


‘This section is independent of the preceding considerations. 


8 


I(¥) ——ff. (AV) dedy —4 

——2 ¥dray, 
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It in no way follows that (32) will continue to hold if © is replaced by a 
function which is only required to satisfy the boundary condition (28), as is 
demanded in the application of the Rayleigh-Ritz method. The main purpose 
of this section is to show that the following equalities (analogous to (32) ) 


(33) D(¥*y) =—1(¥*y), | U*y dedy = —I(¥*y), 
e e R 


hold,’ provided that ¥*y is the best approximation to W in the sense of the 
Rayleigh-Ritz method, obtained by using N fixed functions f;(z,y) satisfying 
the boundary conditions 


fi == 0, on 
for i1=—1,---,N. 
Let 
N 
in R. Then, for a fixed choice of the f;’s the integral J is a function of the 
parameters - -,¢y, and will be denoted by J (¢:,: For all values 
Of 
(35) >> en) ETP). 


The best upper bound (obtainable from the f;’s started with) for I(¥), is 
given by the minimum value of I(¢:,- +,cw). Denote by c*:,° -,c*y the 
values of the c,’s for which the minimum value is attained. The c*;’s are 
given explicitly by the solution of the NV linear equations 


al 
(36) 


and, in accordance with our previous notation 


(37) = Dc*ifi(z,y). 
4=1 
For any values of the c;’s 
Vv N 

(38) I(¢1,° +, =D aincice + 

4,k=1 j=1 
where 

( fe 4 of: fe) 

s, dx Ox dy dy 


(dix = Ani), and 


SIn other words, we have D(¥*,) = 2//p¥* y dady, which is analogous to the 
equation D(¥) = 2//,¥dxdy for Clearly the relation D(u) = 2//pudady is not 
satisfied by every fi.n.cion w which vanishes on the boundary of R. 


| 


ot 
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But, from Euler’s theorem for. homogeneous functions, 


N 
N N | 
(41) 2d aucicr = 
i,k=1 h=1 Och 


Employing (38), (41) gives 


N N ol N 
2[I — = > cr > cabn, 
j=l h=1 Ch h=1 


or 
N af N 
(42) +, ew) =3 + 
h=1 Ch j=l 
For c*;,- c*y, in view of (36), equation (42) vields 
N 
(43) + +, c*v) =4 ~ bjc*;; 
=i 


which, together with (37) and (40), furnishes the second equation of (33). 
Recalling the definition of J, equation (31), we have 


2 f f dxdy = D(¥*y), 
JR 


and the first equation of (33) follows. 


For multiply connected domains, the torsional rigidity is given by the 
formulas (cf. (29) ) 


(44) S—D(¥), S=2 aedy +23 


the k; being the constants appearing in (5), A; being the area enclosed by 
the curve C;, and ¥Y=—y—4(a?+y’). The function Y minimizes the 
energy integral 7(w) over the class of all functions uw which satisfy the boun- 
dary conditions for W, i. e., which vanish on Cy and assume the constant values 
ki on Furthermore, we have 


D(¥) —4 =—1(¥), 
(45) i=1 


ff dedy —2 3 = —1(¥), 
R 


4=1 
which replaces (32). 

One would be tempted to obtain ¥ by minimizing J(u) over the class of 
all functions w which vanish on Cy and assume arbitrary constant values ¢ 
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on C; (the ci being variable parameters in the minimum problem). It ig 
easy to see that in this case the minimizing function U will satisfy 


AU =— 2, in R, 
(46) U on 
ds = 0, on 
=1,---+,m, where the are certain constants. It follows at once that 
for a multiply connected domain FR, U cannot coincide with W, since 
ay 
t#==1,---,m. Hence 
(48) I(U) < 1(¥). 


For this reason, the Rayleigh-Ritz method cannot be applied to the integral 
I(u), using functions uw which vanish on Cy and are constant on the (i, 
inasmuch as one would then obtain upper bounds for J(U) and not J(¥). 
This fact shows clearly the advantage of the method developed in the first 


part of this paper.® 


BROWN UNIVERSITY. 
CARNEGIE INSTITUTE OF TECHNOLOGY. 


® However it should be noted that Courant (Bulletin of the American Mathematical 
Society, vol. 49 (1943), pp. 1-23, especially pp. 6, 7 and 20, 21) obtains lower bounds 
for 8 by minimizing J(u) —4= c,A,; over the class of functions wu vanishing on Cy and 
assuming arbitrary constant values c; on C;,. 

According to a communication of Professor T. J. Higgins of May 29, 1947 the only 
place where a formula equivalent to (10) seems to have been mentioned (for simply 
connected domains) is a Thesis by M. Stone, “Electrical Analogy in the Study of 
Torsion,” Abstract of Thesis, Graduate School, University of Pittsburgh, vol. 9 (1933), 
pp. 265-274. For further literature on torsional rigidity, see T. J. Higgins, “ The 
Approximate Mathematical Methods of Applied Physics as Exemplified by Application 
to Saint-Venant’s Torsion Problem,” Journal of Applied Physics, vol. 14 (1943), PP 
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SEMIGROUPS HAVING ZEROID ELEMENTS.* 


By A. H. Ciirrorp and D. D. MILLER. 


By a semigroup we shall mean a system consisting of a set S in which 
a single-valued product ab is defined for every pair a,b of S, and for which 


the associative law holds: 
(ab)c =a(be). 


An element u of S will be called a zeroid element of S if, for each 
element a of S, there exist x and y in S such that ax = ya=vwu. According 
to Huntington’s set of group axioms,’ S is a group if and only if every 
element of S is a zeroid. If S has a zero element, e. g. if S is the multiplicative 
semigroup of a ring, then zero is the only zeroid element of 8S. 

In the present paper we show that the set U of zeroid elements of any 
semigroup S is either vacuous or else is a subgroup of S. U is a two-sided 
ideal contained in every left, right or two-sided ideal of S. It is therefore 
the “ Kerngruppe ” of S in the sense of Suschkewitsch.? The identity element 
2 of U commutes with every element of S, and the mapping a—>za (=az) 
is a homomorphism of S onto U. We define the core J of S to be the set of 
elements mapped into z. J is a subsemigroup of S containing z as zero 
element. If, on the other hand, we start with a group U and a semigroup J 
with zero, we can construct at least one semigroup S (e.g. the direct product 
of U and J) such that the group of zeroid elements of S is isomorphic with U. 

A few properties of subgroups and subsemigroups of a semigroup S 
having zeroid elements are discussed, and it is noted that any semigroup 
homomorphie with a subsemigroup of a group can be embedded in such a 


* Received February 28, 1947. 

1E. V. Huntington, “Simplified definition of a group,” Bulletin of the American 
Mathematical Society, vol. 8 (1901-02), pp. 296-300. As a matter of fact, Huntington 
proves closure as a theorem from associativity and the existence of solutions # and y 
of aw = b and ya=b. We do not really need this refinement in Lemma 2 since closure 
is immediate. 

* A. Suschkewitsch, “Uber die endlichen Gruppen ohne das Gesetz der eindeutige 
Umkehrbarkeit,” Mathematische Annalen, vol. 99 (1928), pp. 30-50. The description of S 
as the intersection of all the two-sided ideals of S is due to D. Rees, “ On semi-groups,” 
Proceedings of the Cambridge Philosophical Society, vol. 36 (1940), pp. 387-400, esp. 
p. 392. The fact that U is a group is a consequence of Suschkewitsch’s work, but he 
deals only with finite 8. His results will be extended to infinite S in a later paper. 
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semigroup S. Homomorphisms of a semigroup onto a group, or onto a semi- 
group with cancellation, have been studied by Dubreil.* 


1. Right and left zeroids; minimal right and left ideals. An element 
r of a semigroup S will be called a right zeroid element of S if, for each element 
a of S, there exists at least one element x of S such thatar—r. By a right 
ideal in S we shall mean a non-vacuous subset # of S such that RSC R. The 
set FR of all right zeroid elements of S is a right ideal, provided it is not 
vacuous. For if re R and se 8S, and we solve ax = r for z, then the equation 
ax, = rs has the solution zx; — zs. R is contained in every right ideal A of 8; 
for if re R and ae JA, and we solve ar — 7, it is immediate that re A from 
the definition of right ideal. 

We shall call a right ideal universally minimal in S if it is contained 
in every right ideal of S, and locally minimal if it contains no proper right 
subideal. As an example of a semigroup containing locally minimal right 
ideals but no universally minimal right ideal, consider the set S; of the four 
elements @11, 12, @21, G22, with multiplication defined as follows: 


= Ail. 


The set {411,412} is a locally minimal right ideal in 84, and the set {d21, d22} 
is another. Since the intersection of these two sets is vacuous, S; contains no 
universally minimal right ideal. ‘ 

Suppose now that a semigroup S contains a universally minimal right 
ideal R. Ifa is any element of S, the set aS of all ax with z in S is a right 
ideal (the “ principal right ideal generated by a”). By hypothesis on R, 
aS DR. Hence if re # there is an x such that ar =r, whence r is a right 
zeroid element of S. Consequently we see that a semigroup 9 contains a right 
zeroid element if and only if it contains a universally minimal right ideal R; 
and then F# consists of all the right zeroid elements of S. 

Similarly, we define a left zeroid element of S to be an element / of 8 
such that, for each element a of S, there exists at least one ye 8 such that 
ya=1. S contains a left zeroid element if and only if it contains a uni- 
versally minimal left ideal L; and then LZ consists of all the left zeroid 
elements of S. 

The set U of all (two-sided) zeroid elements of S is clearly the inter- 


* Paul Dubreil, “ Contribution 4 la théorie des demi-groupes,” Mémoires de l’Acad- 
émie des Sciences de l'Institut de France (2), vol. 63 (1941), pp. 1-52, especially pp- 


27-28. 
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section Rf) LZ. If R and L are non-vacuous, then U is non-vacuous, since 
it contains the set RL of all products rl (re R,leL). 

The example S; given above has no right zeroids, since it has no uni- 
versally minimal right ideal. Similarly, it has no left zeroids, since it 
contains the locally minimal left ideals {a1:,d@:2} and {d12, d22} with vacuous 
intersection. Thus S, contains no zeroid elements of either kind. A semi- 
group may contain one kind but not the other; for example, one of the 
minimal right ideals of S; is a semigroup every element of which is a right 
zeroid, but containing no left zeroid. In what follows we make the basic 
assumption that S contains at least one left and one right zeroid, and hence 
at least one (two-sided) zeroid. 


2. Proof that U is a group, and that every one-sided zeroid is two- 


sided. 
We owe to R. H. Bruck the idea of first proving that the set V = RL 


is a group, which greatly shortens our original proof. 
LemMA 1R. IfaeSandte V, the equation ar =t has a solution x in V. 


Proof. aR isa right ideal in 8. Since F is universally minimal, aR ~ R, 


and hence 
aV =~aRL RL=V. 


Lemma 1L. IfaeSandte V, the equation ya =t has a solution y in V. 
Proof. La is a'left ideal, whence La > L and RLa ~ RL. 


LEMMA 2. V is a group. 


Proof. R- LR CR, whence RL: RL C RL; i.¢., V =RL is a subsemi- 
group of S. From Lemmas 1F and 1 (true in particular for ae V) we 
conclude that the Huntington axioms? are satisfied. 


Lemma 3, Let z be the identity element of the group V=RL. Then 
R=28, L=S8z, U = 28z. 


Proof. z8 is a right ideal and hence contains R. But ze RL CR, so 
that 28 C R, whence equality follows. By left-right duality, Sz = L. Since 
2 is idempotent, what we have shown is that FP consists of all ze 8 such that 
and L of all ye such that yz=y. U L therefore consists 
of all x for which z is a two-sided identity element, or equivalently U = zSz. 
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Lemma 4. J=R=L=V. 


Proof. Let ae S. By Lemma 1R, there exists ve V such that av =z 
(z the identity element of V). If v* is the inverse of v in the group V 
we have 
az = 


Hence Sz C V, whence LCV by Lemma 3. But V=RL CL, whence 
equality follows. Dually, R—=V and hence U=R()L=V(\V=V. 

THEOREM 1. The set U of (two-sided) zeroid elements of a semigroup 8 
is either vacuous or else a subgroup of 8. 


Proof. Immediate from Lemmas 2 and 4. 


THEOREM 2. If a semigroup S contains at least one two-sided zeroid 
element, then every left zeroid is also a right zeroid and vice-versa; in other 
words, R= L=U. 


Proof. Immediate from Lemma 4. 


Expressed in a slightly different way, Theorem 2 states that if a semi- 
group has universally minimal left and right ideals, then it has a minimal 
two-sided ideal, and all three coincide. 


3. The homomorphism ¢ of S onto U; the core and frame of S. 


THEOREM 3. Let S be a semigroup containing at least one two-sided 
zeroid element, and let z be the identity element of the group U of two-sided 
zeroid elements of S (Theorem 1). Then 


(1) 2 commutes with every element of 8S; 


(2) the mapping a—za (~=az) is a homomorphism € of S onto U; 


(3) the set J of elements of S mapped into z by £ is a subsemigroup of 
S containing z; J consists of all elements of S for which z is a zero element; 


(4) the common part of U and J consists of z alone. 


Proof. (1) LetaeS. By Theorem 2, zaeU and azeU. Since zis 


the identity element of U, 


20 = 20° 2 = 2° = AZ. 
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(2) Since zaeU,£ maps S into U. U is covered by ¢; in fact, U con- 
sists of all elements of S invariant under &. £ is a homomorphism since 


az: bz =abz? =ab-z. 


(3) Ifk,eJ and ed, so that zk; =z and zk, =z, then = 
=z; therefore J is closed under multiplication, and hence is a subsemigroup 
of S. Since z2z—2z,zeJ. To say that z is a zero element for an element a 
of S means that az = za —Z, i.e. aed. 


(4) IfaeU then az=za=a. If aeJ then az=—2za=—z. Hence if 
aeU()J 

We shall call J the core of S. 

Theorem 3 gives us the following picture of the gross structure of S. 
To each element uw of the group U corresponds a “congruence class” 
J(u) CS, consisting of those elements xe 8 such that z~=az—u. Each 
element of S belongs to one and only one class J(u). The class J(u) 
contains one and only one element of U, namely u. The product of any 
element of J(u,) with any element of J(u) is an element of J(uit2) : 


J(u) (us) CI 


If, moreover, either factor is in U then the product is in U; thus if a, e J(u) 
we have 
Ay Us = and = Usty. 


In this notation, the core of S is the class J(z). The product of an 
element of J(z) with an element of J(w) in either order is an element of 
J(u). Consequently, because of the associative law, the mappings 


and 


with ee J(u) and ke J(z), afford left and right representations of the core 
J(z) by mappings of the set J(u) into itself. Each left mapping commutes 
with each right mapping. 

If we U and keJ we have uk = ku=u; i.e. every element of U is a 
zero element for the elements of J. Consequently the class sum of U and J 
is a subsemigroup of S, which we shall call the frame of S. 


4. Semigroups with a given frame. As remarked in the introduction, 
there is at least one semigroup having a preassigned group U for its group 
of zeroids, and for its core a preassigned semigroup J with zero, namely the 
direct product of U and J. In this section we shall give a simple construction 


= 
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showing that there are an infinite number of such semigroups. We do not 
attempt the formidable task of finding them all. 

The most economical construction is the following. Identify the identity 
element of U with the zero element of J, and define wk = ku = uw for every 
ueU,keJ. The frame of the resulting semigroup So is So itself. If § is 
any semigroup whose group of zeroids is isomorphic with U, and whose core 
is isomorphic with J, clearly the frame of S is isomorphic with So. This 8, 
is a special case of the following type. 

Associate with each element u of U a set J(u) in any way subject to the 


following conditions : 


(1) the sets J(w) are mutually disjoint; 
(2) J(u) contains the element u of U; 


(3) J(z) consists of the given semigroup J, with the zero element of 
J identified with the identity element z of U. 


For each we U determine a right and a left representation of J by 
single-valued mappings of the set J(u) into itself, subject to the following 


conditions: 
(a) every left mapping commutes with every right mapping: 
(b) the element z of J maps every element of J(u) into wu; 


(c) all the mappings leave fixed the element u of J(u). 


We now proceed to define multiplication in the class sum S of all the 
sets J(u). Within J(z) it is defined as originally given in J. For an element 
k of J and an element a of J(u), we define ak(ka) to be the image of a under 
the mapping corresponding to & in the right (left) representation already 
determined. For a,eJ(u,) and where Us, we define 
= where is the product of and as originally given in U. 


The associativity conditions 
and (kik.)a =k, (ka) 
are the defining conditions for a right and a left representation, respectively, 


while 
(kia) ke k, (ak2) 


is just the commutation condition (a). Hence associativity holds in all cases 
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where two of the three factors are in J. From condition (c) and the above 
definition for a product a,d2 of elements not in J we have 


= ke ) = 


(ka;)d2 = (since ka, eJ(u;)). 


Hence associativity holds if one of the three factors is in J. Finally, if none 
of the factors is in J, it follows from associativity in U. 

Since U is clearly both a two-sided ideal and a group, it must be the 
group of zeroids of S. Since J(z) consists of all elements of S for which z 
is a zero, it must be the core of S. 


5. Subgroups and subsemigroups of a semigroup having zeroid 
elements. Throughout this section, S will be a semigroup having a non- 
vacuous group U of zeroid elements. As usual, we shall denote by z the 
identity element of U, and by J(u) the congruence class of all elements 2 
of S mapped into we U by the homomorphism : ze =az=u. We shall 
denote by J alone the core J(z) of 8S. 

Let S’ be a subsemigroup of 8S. Under &, 8’ maps into the subsemigroup 
aS’ (= 8’z) of U. 2S’ may be characterized as the set of all u’ ¢ U such that 
8’) J(u’) is non-vacuous. Since 2S’ is part of a group, the cancellation law 
holds on both sides in zS’, i. e. either ab = ac or ba = ca implies b =c. Thus 
8’ is homomorphie with a semigroup in which cancellation holds, and conse- 
quently Dubreil’s Theorems 29a and 29b (l.c¢., p. 27) are applicable. (The 
reader should be warned that Dubreil uses the term “ demi-group ” for what 
we call “semigroup,” and uses “semi-group” for a demi-group in which 
“simplification ” (cancellation) holds on both sides. In the hypothesis of 
Theorem 29b, the author undoubtedly intended to assume that F is a semi- 
group, not just a demi-group as stated.) 


Lemma 5. If G@ is a subgroup of S, then 2G is a subgroup of U. 
G()J is an invariant subgroup of G, and the factor group G/G(\J is 
isomorphic with 2G. The cosets of Gmod@{)J are precisely the inter- 
sections G{| J(u) of G with the congruence classes J(u). 


Proof. This is an immediate consequence of the fundamental theorem 
of group homomorphisms applied to ¢. 


Lemma 6. Every subgroup G of S lies either in U or in the complement 
of U. 


124 A. H. CLIFFORD AND D. D. MILLER. 


Proof. If G{)U is not vacuous, let v be an element thereof, and let g 
be any element of G. Since veU there exists a we U such that gu—v», 
Since ve G and G is a group, there exists a g’¢ G such that vg’ =g. Hence 
g =v¢9 = gug’e U, whence G CU. 


THEOREM 4. Let S’ be a subsemigroup of S, and assume that S’ itself 
has a non-vacuous group U’ of zeroid elements. Then 


(1) 2S’ = 2U’, and consequently £ maps S’ onto the subgroup 2U’ of U; 


(2) U’{)\J is an invariant subgroup of U’, and U’/U’ (1) J is iso- 
morphic with 2U’; 


(3) «tf a congruence class J(u) contains an element of S’ then it 
contains at least one zeroid element of S’, and in fact U’ {| J(u) is the coset 
of U’mod U [| J mapped into u by ¢; 

(4) either S’() U is vacuous, or else U’ CU; in the latter event, if a 
congruence class J(u) contains an element of 8S’, then it contains exactly one 
zeroid element of S’, namely u itself. 


Proof. (1) Let # be the identity element of U’. Since 2’ is idempotent, 
it lies in J=J(z). Hence =z and 28’ = 22'S’ = 2U’. 


(2) This follows from Lemma 5 since U’ is a subgroup of S. 


(3) The first part is a restatement of 28’ = 2U’, and the second follows 
from Lemma 5. 


(4) If U is not vacuous, let U. Then ce 0’ (10, 
so that U’{) U is not vacuous. By Lemma 6, U’ CU. The second part is 
clear from (3) and the fact that U (] J(w) consists of u alone. 


Since S’ in Theorem 4 is homomorphic with the group 2S’ =20’, 
Dubreil’s Theorem 29c is applicable (J. c., p. 28). 


6. An embedding theorem. The following simple principle is some- 
times useful in constructing semigroups. 


Lemma 7%. If S, and Sz are disjoint semigroups, and if ad ts 4 
given homomorphism of S, into S2, then the class sum S of S, and S2 can 
be made into a semigroup containing S; and S2 as subsemigroups by defining 
products in S as follows: 


(a) within S; and 82, products are defined as originally given: 
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(b) the product a,a2 of an element a, of 8; with an element az of Se 
is defined to be the product da as given in So, and similarly aa, is defined 
to be aod. 


A proof is unnecessary since it is a special case of a construction used 
in a previous paper by one of us.* It is, of course, merely a matter of verifying 
associativity. For example, if a,¢8,, 81, and c.e S82, then 


Use is made here of associativity within S., and of the homomorphism 


property = 


~ 


THEOREM 5. Let U be a group and S’ a semigroup disjoint from U. 
Let a—>d be a homomorphism of S’ into U. Then 8’ can be embedded in a 
semigroup S having U for its group of zeroid elements, in such a way that the 
given homomorphism coincides within S’ with the homomorphism € of S 
onto U. 


Proof. Using Lemma 7, we merely take 8 to be the class sum of S’ 
and U, and define 
au=du; (ac 8’; ueT). 


Since U is a two-sided ideal in S, and at the same time a subgroup,. it must 
be the group of zeroids of S. If aeS’ and z is the identity element of U, 
then za = zi and az—dz—d. Hence the given homomorphism a— 
coincides with £: a—>za—az within 9’. 


THE JOHNS HOPKINS UNIVERSITY. 
UNIVERSITY OF TENNESSEE. 


* A. H. Clifford, “ Semigroups admitting relative inverses,” Annals of Mathematics, 
vol. 42 (1941), pp. 1037-1049, § 3. In the proof of associativity (top of p. 1044) there 
18 NO need to assume that the S, are groups rather than merely semigroups. 
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A PROBLEM IN DIMENSION THEORY.* 


By J. H. Roperts. 


1. Introduction. Suppose X is a separable metric space of dimension 
n, and Y is a (2n-+1)-dimensional euclidean cube. Let Y* denote the 
space of all single-valued continuous transformations (— mappings) of X 
into subsets of Y, with metric given by the formula 


where $ is the metric in Y. It is known? that if X is compact then the 
homeomorphisms of X into Y constitute a dense Gs set in Y*. Even if X 
is not compact, Y* contains a dense Gs set of homeomorphisms. In their 
book “ Dimension Theory,” + Hurewicz and Wallman raise the question as to 
whether the homeomorphisms constitute a Gs set, for non-compact XY. The 
present paper answers this question in the negative. In fact it is shown that 
the set of all homeomorphisms may be a highly arbitrary set. 


2. Notation. Let C be the Cantor ternary set of real numbers on 
[0,1]; i.e, ee C if and only if 0251 and z can be expressed in the 
ternary system without the use of the digit 1. Let D denote the set of two 
numbers 0 and 1. Let H=C XD and K=C XC (Cartesian product 
spaces). Then H and K are subsets of the square with vertices (0,0), 
(1,0), (1,1), and (0,1). Also dim K = 0, and H is a compact subset of KX. 


3. Lemma. Let A be a subset of C such that C-—A is dense in C. 
Then there exists a subset Xy of H, and a Cantor set of mappings F in K*, 
homeomorphic to C under a homeomorphism g, such that if feF and 
g(f) =2, then f is a homeomorphism of Xo into K if and only if xe A. 


Proof. Let Xo be the subset of H consisting of all (2, y) with re 0 —A. 
For Ze C we define a mapping fz of H into K. Write C—@=(C,3+ Ci 
+--+ where (iz consists of all eC on that one of the two intervals 
% which does not contain @; C2z consists of all 


* Received March 29, 1947; Presented to the American . Mathematical Society, 


February 22, 1947. 
1See Hurewicz and Wallman, Dimension Theory, Princeton University Press, 


Theorem V2, p. 56. See also Theorem V3 and the last footnote on p. 60. 
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on that one of the four intervals bounded by [0,%], [%, 45], [%, %], 
(8%, 1] which does not contain # and is not a subset of Ciz; ete. For re Ong 
set fz = (2, 4/3"), for (a,y)eH. For set fz (a, y) = (2,0). 
Then since y is 0 or 1 it follows that y/3"eC so that fz is a mapping of H 
into K. Now consider the mapping fz as applving only to Xo, and let F' be 
the collection of all such f; for eC. 


3.1. The correspondence g(fz) = is a homeomorphism. 


(a) gis (1—1);i.e., if 2, Ax, then fz, is not identical with f2, 
over Ay. This follows from the definition of f7 and the facts that for some n, 
Cns, Cae 0, and C — A is dense in C. 


(b) g is uniformly continuous. For suppose | 2 < ¥, 
k a positive integer, and (z,y) eH. Let yi be the y-coordinate of fe,(z,y), 
(t=1,2). Then p(fe,(x,y), fe.(t, y)) =! y2|. Now Cmz, = Cme, for 
m=1,2,---,k. Hence y; = or else < 44° ((=1,3). Thus in any 


(c) gis continuous. This follows from (a) and (b), since F 
is compact. This completes the proof of 3.1. 


V2 


3.2. If g(f) =z, fe F, then f ts a homeomorphism of Xo into K if 
and only if fe A. 


Now f=—fz. If ¢A then C — A so that (7,0) and (%1)eXo. 
But f(z, 0) = fz(z,1) = (#,0), so that fz is not 1-—1; hence it is not a 
homeomorphism. 

If fe A, then (Z,y) ¢ Xo for any y. Then Xp is the sum of the disjoint 
sets S,,S82,---, where S, is the set of all (a,y)eXo with reCnz. It is 
obvious from the definition that f7 is a homeomorphism over each Sn, and 
each S, is both open and closed in X5. Hence fz is a homeomorphism over Xo. 
This completes the proof of the lemma. 


4. THEOREM. Suppose n= 0, and A is a subset of a Cantor set C 
such that C—A is dense in C. Let Y denote an (n+ 1)-dimensional 
euclidean cube. Then there exists an n-dimensional set X with the following 
property: In the space Y* there is a set T, corresponding to C under a 
homeomorphism g, such that if te T and g(t)—2z, (ceC), then t is a 
homeomorphism of x into Y if and only if re A. 


Proof. For n=0, we use the lemma. Let h be any homeomorphism 
of the 0-dimensional set K into an interval Y. Let T be the set of all 
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mappings hf, fe #. Then hf is a homeomorphism of X into Y if and only 
if f is a homeomorphism of Xo into K. 

For n > 0 we define X to be the Cartesian product of Xo by n intervals, 
(0=2=1). Then if peX, p= (a, y, 21, 2n), Where (z,y) 
and 02,1 for i—1,2,---,mn. Consider Y as the set of all points 
(20 215° 2n), OS %S1, +—0,1,---,n. Then corresponding to an 
feF define t(X) C Y as follows: 


t (2, Y, 215 225° * * = (hf 


The collection T of all such ¢ meets the requirements of the theorem. 


Conclusion. ‘To solve the originally posed problem it is sufficient to 
take A as a non-G subset of C; e. g., any dense countable subset of C. Then 
the set of all homeomorphisms of X into Y cannot be a Gs set in Y%, since 
the intersection of a Gs set and the compact set T would be a Gs in T. The 
set Y is an (n + 1)-cube, hence is a subset of a (2n-++ 1)-cube. We can state 
the following final result: 


If n2=0,k2n+1, and Y is a k-dimensional cube, then there exists 
an n-dimensional subset X of an (n + 1)-cube such that in the space YX the 


homeomorphisms do not constitute a Go set. 
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A KINEMATIC CHARACTERIZATION OF SERIES OF LINEAL 
ELEMENTS IN THE PLANE AND OF THEIR DIFFERENTIAL 
INVARIANTS UNDER THE GROUP OF WHIRL- 
SIMILITUDES AND SOME OF ITS SUBGROUPS.* 


By J. M. FEtp. 


1. Introduction. Let 7 represent the transformation that rotates every 
oriented lineal element in the plane through the same angle @ about its point. 
Let S; represent the transformation that slides every oriented lineal element 
a distance & along its line. The product T,S;7'g is called a whirl—a term 
introduced by Kasner* [9]. The whirls constitute a three-parameter group 
of lineal element transformations G;. The product of a whirl and a euclidean 
displacement, in Kasner’s terminology, is a whirl-motion. The whirl-motions 
constitute a six-parameter group Gs. The geometry of whirl-motions in the 
plane was first studied by Kasner [9], and has since been developed in a series 
of papers by Kasner, DeCicco, and the author.?, The product of a whirl by 
direct similtude will be called a whirl-similitude. The whirl-similitudes * 
form a seven-parameter group G; [7]. 

DeCicco [4] has found a set of fundamental differential invariants of 
series of lineal elements under Gs. In this paper we determine differential 
invariants of series under G3, Ges, and G;. DeCicco, in his investigation, 
regarded a series in the plane as an analogue of a curve in space, and was 
guided by consideration of the properties of euclidean curvature and torsion 
of curves in his definitions of the “ 
However, it was shown by the author‘ that the whirl-motion group in the 


curvature” and “torsion” of series. 


*Received May 18, 1947; Presented to the American Mathematical Society, 
September 2, 1947. 

*The numbers in brackets refer to the bibliography at the end of the paper. 

*A geometry of whirl-motions on the sphere was investigated by Strubecker [13]. 
Generalizations of whirl-motions to higher spaces were made by Narasinga Rao [12] 
and by Feld [7]. 

*G@, is a continuous subgroup of a mixed group I; composed of eight continuous 
families of lineal element transformations [6]. 

*In [6,8] we showed how lineal elements in the plane can be mapped (1,1) and 
continuously upon the points of quasi-elliptic three-space Q; in such a way that the 
group of whirl-motions G@, is simply isomorphic to the group of quasi-elliptie motions 
@. in Q,. The geometry of Q; under @, has been investigated by Blaschke [1,2]; many 
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plane is isomorphic to the group of motions in quasi-elliptic three-space Q,, 
and not to the group of motions in euclidean three-space. Consequently, 
DeCicco’s procedure yields invariants having rather complicated geometric 
interpretations. A different point of view is adopted in this paper: we regard 
a series of lineal elements as a description of the 7 positions that a plane 
takes when it is subjected to a continuous displacement over another plane. 
This point of view leads to three sets of fundamental differential invariants, 
one for each of the groups G3, Gs, and G;, which can be given simple kinematic 


characterizations. 


2. Differential invariants of series under the group of whirls G,. 
Let the point of the oriented lineal element e have the Cartesian coordinates 
x,y; let the angle of inclination of e to an arbitrary given direction be 6. 
A series S is then given by the equations 


t=fi(t), y=fe(t), O—fs(t) 


where the functions f;(¢) are assumed to have continuous derivatives of the 
orders required by the conditions that arise. If f’3(t) =0, S is a series of 
parallel lineal elements (parallel series). Unless otherwise stated, the term 
sertes shall mean only non-parallel series; parallel series will be treated 
separately. If f’,(t) for ¢St., then, in this interval can be 
represented by the equations x—g.(0), y=g2(0). Letting 
Z = — iy, a series S can be represented by 


(2.1) 


We asume that f’(@) ~0 for 6; 062. We shall call z, 6 the Gaussian 


coordinates ° of e. 
The locus of the points of the elements of S will be called the point locus 


of S and the envelope of the lines of the elements of S its line locus. Parallel 
series have no line locus. The series defined by 


(2. 2) re? 


has a circle of radius |7| and center 7 for its point locus and a concentric 


of Blaschke’s results are therefore in the abstract equivalent to corresponding discoveries 
made by Kasner and DeCicco. In particular, Blaschke has determined a set of funda- 
mental differential invariants for curves under @e. 

® We introduced these coordinates in [6]. Their use materially simplifies the com 
putation. Kasner and DeCicco use Hessian and Cartesian coordinates. 
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oriented circle for its line locus.. Such a series has been named a turbine 
by Kasner. Let J, 7 be called the coordinates of the turbine. 

As was shown in [6], the group of whirls in Gaussian coordinates is 
given by the transformations 


(2. 3) z+ 6* — 9+ a, real). 


Turbines 7,7 and /*,7* such that 1 =7* can be transformed into each other 
by suitable whirls. A series S given by (2.1), when subjected to a whirl, is 
transformed into a series S* having for its equation 


== — a) + bet 2), 


Two such series, S and S*, will be called equivalent under G; (within a 
whirl). We shall find necessary and sufficient conditions for the equivalence 
of two series under G3. 

Equations (2.3) yield —d6 and z* + i(dz*/d6*) =z + 1(dz/d6) 
=1(0). In accordance with what is now well established usage, dé will be 
called the differential of G;-arc length, and the real and imaginary parts of the 
differential invariant 7(@), namely 7(6) —y’(6@) and 2’(@) + y(6), will be 
called the first and second curvatures respectively of S. The equation 


(2. 4) I= F(6) 


determines, as will presently be proved, a series within a whirl. Consequently, 
(2.4) may be regarded as the intrinsic equation of a series relative to Gs. 
Let z =f (0) be a particular solution of 


(2. 4*) Il=z+i2 =F (6). 


Then the general solution of (2.4*) is z* = f(6) + be’. Since the G,-arc 
length 6 may be measured from any initial direction, we can set 6* = 6+ a, 
and write the general solution in the form z* = f(6* — «) + be#(-®), which 
is the transform of z= /f(0) by a whirl. 

The series for which JJ (constant) are the turbines z=1- re* 
having a common center at the point z= 1. 

Series of lineal elements and their differential invariants can be inter- 
preted kinematically as follows: 

Let a plane 7 be displaced continuously over a fixed plane 7. Let @ 
be a fixed (primitive) oriented lineal element on 7. As 7m is displaced, 
¢, traces out on = a series of lineal elements. This series completely defines 
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the motion of x, on x. If the motion of 7, is a translation, the corresponding 
series is a parallel series, the point locus of which is traced out by the point 
of e:. If the motion is not a translation, the corresponding series can be 
represented by an equation: z =f (6), (z’ 0), where z, 6 are the coordinates 
of the primitive element ¢; on 7, referred to rectangular axes on 7; or, what 
is the same thing, e; may be referred to a primitive element e on 7, where 
the point of e is at the origin and the direction of e is the positive direction 
of the z-axis. A whirl can now be interpreted as the replacement of e; on 7, 
by another primitive element e*,. While e, describes the series S, e*; describes 
the series S*. Two series S and S* determine the same continuous motion 
of 7, on z if and only if they are equivalent under the group of whirls. 

Let w be the Gaussian coordinate of a point P on 7m referred to the 
primitive element e¢,; then the Gaussian coordinate of P referred to the 
primitive element e on z is 2; =2z-+ we‘ and the point locus of 2, is the 
trajectory that P traces on z in the course of the motion defined by (2.1). 
The points z,(@), such that 2’;(6) = 0, are the poles (instantaneous centers 
of rotation) on z. The locus of these poles on z is the fixed (space) centrode 
of the motion, and the locus of the poles on 7; is the mobile (body) centrode. 
The fixed centrode (referred to ¢) is given by the point locus of 


(2. 5) Z=24+ 
and the mobile centrode (referred to e,) is given by the point locus of 
(2. 6) W = 


It is well known that a continuous non-translatory motion (2.1) is equiva- 
lent to the rolling without slipping of a curve W in plane z; upon a curve Z 
in plane 7. The point locus of the complex invariant J(6) is the fixed 
centrode of the motion determined by the series (2.1). If J(6) = constant, 
the fixed centrode, and therefore also the mobile centrode, degenerates to a 
point; the corresponding motion is the rotation of the mobile plane around 
a fixed point in the fixed plane. 

A turbine is determined by two non-parallel lineal elements. A turbine 
determined by two adjacent lineal elements of the series (2.1) is said to be 
tangent to the series. The coordinates of the tangent turbine at z, 6 are given 
by l=z+ iz, r—=— ize”, Hence, we find that the fixed and mobile 
centrodes of a motion defined by a series are given by the point loci of / and 
—r, respectively, where 1, r are the coordinates of the * turbines tangent 


to the series. 
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If the mobile primitive element e; has the coordinates z,@ when referred 
to the fixed primitive element e, then e has, when referred to ¢:, the coordinates 
z*,6*, where 


Let Yt denote the notion of 7; on a defined by the series (2.1); then 
the reverse motion Yt" of 7 on 7, is given by the transform of (2.1) by the 
involutory transformation (2.7). Thus Yt" denotes the motion given by 
the series 


(2. 1*) z* == — f(— ei, 


The fixed and mobile centrodes of Yt" are respectively the mobile and fixed 
centrodes of Qt. 

If 7, is subjected to a translatory motion over 7, two lineal elements e; 
and e’; in 7, trace out two parallel series S and S’ respectively. Let © be the 
translation that carries the point of e: into the point of e;. Then & will 
transform the point locus of S into the point locus of 8’. Two parallel series 
are equivalent under G; if and only if the point locus of one is the transform 
by a translation of the other. 


3. Differential invariants under the group of whirl-similitudes. The 
seven-parameter group of whirl-similitudes G; is given [6] by the equations 


(3.1) z* az + be + ¢, 6* — 6+ a, real). 


Under G;, as under G;, d@ is invariant, and will be designated as the 
differential of G;-arc length of the series S : z=f(@). Evidently 


do” 


n=1, 


yielding, consequently, as complex differential invariant of lowest order for S 
(3. 3) J (8) = (27 + 02") / (2 + 12”). 


We assume that S has a continuous third order derivative, and since turbines 
have no invariants under G;, we assume furthermore that S is not a turbine, 
that is, that 2 + ir’ <0. 

Let the real and imaginary parts of =z+ be u(@) and v(6) 
respectively. Hence 
+ v’v”) + — v’u”) 
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Let s be the euclidean arc length of the fixed centrode 7(6) measured from 
an arbitrary point 4 on the centrode to the point @, and let » be the angle 
of inclination of the tangent to the centrode at the point 6; then the real 
and imaginary parts of J(@) are respectively equal to 


(d?s/d0?)/(ds/d0) and (dw/d6). 


These we shall call the first and second curvatures respectively of S under G,. 
If we regard 6 as a function of the time t, (ds/d@) = (ds/dt)/(d0/dt) where 
ds/dt denotes the rate of displacement of the pole on the fixed centrode and 
dé/dt denotes the angular rate of rotation of the mobile plane. Likewise, 
dw/d0(= (dw/dt)/(d0/dt)) denotes the ratio of the rate of turning of the 
tangent to the centrode to the rate of turning of the mobile plane. 

We shall prove that J(@), that is, the pair of G,-curvatures, determines 
a series within a whirl-similitude, and that consequently an equation such as 


(3. 4) J =F (6) 


can be regarded as the intrinsic equation of a series under G;. 
Equation (3.4), by virtue of (3.3), yields 


(3. 5) — (F+1)e" + =0. 


Evidently (3.5) is satisfied by z = c (constant) and by z= e*. Let z=f(6) 
be a particular solution of (3.5) linearly independent of ¢ and e#; then the 
general solution of (3.5) is 2* =af(6) + c. Since @ is measured 
from an arbitrary direction, we can set 0* =6-+ @ and express the general 
solution in the form z* = af(6* — a) + be? (-® 4 ¢, which is the transform 
of z=f(6) by a whirl-similitude. 

The series that have constant G;-curvatures have for their intrinsic 
equation 
(3. 6) J (6) =k (constant). 


If k ~0,1, the series determined by (3.6) are of type 
(A) = +. bet? + ¢, 
If k =1, the series are of type 


(B) z= (a+ 


If k =0, the series are of type 
(C) 
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Motions or Type (A): Within a whirl-similitude the series of this type 
are equivalent to z = e(:*#:) where k =k, + ik, The corresponding motion 
has for its fixed centrode 


Z = (1— + thy) 
and for its mobile centrode 
W = (— kp + th,) 18 


(A,): Let the first curvature k;—0. Since the second curvature 
ky 0,1, the fixed centrode is a circle of radius |1—4.| and the mobile 
centrode is a circle of radius | k,|. The motion is therefore that of a circle 
rolling without slipping on another circle. 


(Az): Let k2=0; then k;>40. Now the fixed centrode is evidently 
the line y= k,a. Letting s and p denote respectively the euclidean are length 
and radius of curvature of the mobile centrode, we find that its euclidean 
intrinsic equation is p= k,s, namely that of an equiangular spiral. 


(As): Let k2540,1, and let k, 0. The fixed and mobile cen- 
trodes have as their euclidean intrinsic equations, respectively, kop = kis and 
(k,—1)p=k,s. The motion is therefore that of an equiangular spiral 
rolling on another equiangular spiral. 


(Ay): Let k,—=1 and let ki; ~0. By virtue of equation (2.1*), the 
motion defined in this case is seen to be the inverse of that described in 
(Az) ; consequently, it is that of a line rolling on an equiangular spiral. 


Motion or Type (B). Here k, 0 and k2—1. Within a whirl- 
similitude the series of type (B) are equivalent to z= 6e,. The corre- 
sponding motion has for its fixed centrode Z—ie! and for its mobile 
centrode W—1—6. This motion is evidently that of a line rolling on a 
circle, 


Motion or Type (C). k,=k,=0. The motion defined by series of 
this type is inverse to that of type (B); consequently, it is that of a circle 
rolling on a line. 

A parallel series S is transformed by a whirl-similitude into a parallel 
series S*, Let S and S* be two parallel series and let C and C* be their 
respective point loci. Then, a necessary and sufficient condition that S — S* 
by means of a whirl-similitude is that C > C* by means of a direct similitude. 
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4, Whirl-motion invariants. The six-parameter group of whirl-motions 
G, is defined by equations (3.1) when |a|—1. Since Gg is transitive when 
applied to turbines, turbines have no invariants under Gz». We shall therefore 
consider only differential invariants of series z(@) such that 2’ + iz” 540. 

Once again dé is the differential of G@s-are length. Since |a|=1, 
we obtain from (3.2) the differential invariants 


(4. 1) + iz”) (7 —i2”) 
and 
(4. 2) (27 + /(2 iz’). 


With Z=z-+ iz’ —u(0) + w(6), equation (4.1) takes the form 
(4. 1*) ZL’ = (w)? + (v’)? = (ds/d6)? 


where s is the euclidean are length of the fixed centrode Z7(@). We have seen 
that (4.2) implies the two real invariants (d°s/d6*)/(ds/d0) and (dw/dé). 
Since ds/d6 is invariant, so is d*s/dé*. Therefore, (4.2) yields only one other 
fundamental invariant, namely dw/d6. We shall call «,—ds/d@ and 
k» = dw/dé the first and second curvatures respectively under Gs. Evidently 
x»/k,, Which is the euclidean curvature of the fixed centrode, is also invariant. 
The two curvatures x, and x2 determine, as will be proved presently, a series 
within a whirl-motion; we shall consequently regard 


(4. 3) = (8) 


as the intrinsic equations of a series (other than turbines) under Gz. We 
assume that (0) ~ 0, 6: = 9 S 62, and that it is a real function possessing 4 
continuous first derivative; also that y(#) is a continuous real function. 
From (4.3) we obtain 


= + ty; 


hence 

(4. 4) + =c, Bes ®, 

Furthermore, since 

(4. 5) = (¢ + id’) (¥ — = 

|c,|—-1. Thus a series determined by the intrinsic equations (4.3) must 


satisfy (4.4) and (4.5). Let z=f(@) be a particular solution of these 
equations. Then we obtain as the general solution 2* =af(@) + be? +6, 
|a|=1, or if we let 
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(4. 6) = af — a) + bet 4 ¢, |a|=1, 


which is the transform of z= f(6) by a whirl-motion. 


Let us determine the series for which the G.-curvatures x, and ko are 
constant. If «x, = 0, + iz” =0), the series determined are the turbines 
If x, 0, we get three families of series, namely: 


A: x, == k, 0, ko == 


B: «=k, <0, ko == 0; 

z= + coe! + | | 
C: «=k, <0, ko=1; 

z= + + cs, | c, | 


The series in family A are equivalent within a whirl-motion to the series 
(4.7) z= (k,/k2(1— ke) ) 


The motion defined by (4.7) has for its fixed centrode the circle 
Z = (k,/k2)e**, and for its mobile centrode the circle 


W (ke 1) Jet 
The series in family B are equivalent, within a whirl-motion, to the series 
(4. 8) 24> k,6, 


which has for its fixed centrode the line Z = k,6+ ik,, and for its mobile 
centrode the circle W = ik,e~**. 

The series in family C determine motions which are the inverses of those 
determined by the series in family B; consequently, their fixed centrodes are 
circles and their mobile centrodes lines. 

Whirl-motions convert parallel series into parallel series. Let S and S* 
be two parallel series and let C and C* be their respective point loci; then a 
necessary and sufficient condition that S — S* by means of a whirl-motion is 
that C—> C* by means of a euclidean displacement. 
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BOOLEAN ALGEBRA IN TERMS OF INCLUSION.* 


By Lee Byrne. 


Ordinary axiomatizations of Boolean algebra may be separated into two 
classes, according as their original, indefined concepts are (1) operations 
(functions) such as product, sum, complement (employed along with a relation 
of equality or identity), or (2) a relation of inclusion; while, of course, some 
combination of the two is also possible. Examples of the operational type 
have been much the more numerous. Moreover, all axiomatizations in a small 
number of postulates have been of the operational type, while for the rela- 
tional type the tendency has been for the number of postulates to be much 
larger. 

From the present paper it will become evident that a relational formu- 
lation can in fact show a comparable economy as regards number of postulates. 
There may be a further interest in seeing how the development of the system 
might proceed in purely relational terms.’ 

Four axioms will be used, which cover the ground commonly assigned 
to “transformation ” postulates, and in addition those assumptions as to 
closure, number of elements, and properties of an equality relation, which 
are often made only tacitly or informally.?, Enough theorems will be proved 
to show that the system is a Boolean algebra. This result will be obtained 
through comparison with the postulates known as Huntington’s Second Set. 

Aside from the class of elements in the system (which is not explicitly 
symbolized), the present formulation uses no undefined concept except a 
dyadic relation of inclusion, symbolized by C, the character of which is 
determined only by the axioms. 

To prevent theorems and even axioms from reaching inconvenient length, 
six concepts are introduced by initial definition, two being for properties, 
two for dyadic relations, and two for triadic relations. No concepts of 
operation (function) are introduced. 


* Received May 8, 1947. 

*In previous relational formulations it has been customary to make early defini- 
tional introduction of the usual operations, and then to proceed with the development 
very much as would be done in a version that was operational from the outset. 

*Thanks are due to referee for suggestions leading to shorter and simpler proofs 
and influencing the final choice of axioms. 
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Lower case italic letters, with or without accents, are used as variables 
for elements in the system. 

In order to form our statements about the elements and relations of the 
system, we shall also employ certain symbols which may be regarded as taken 
over from the language of mathematical logic, viz.: ~ ‘not’ as negative of a 
sentence, & ‘and’ as a conjunction between sentences, > ‘if... then’ or 
‘only if’ for (material) implication between sentences, < ‘if and only if’ 
for (material) equivalence between sentences, (x) ‘for every x’ as universal 
operator (quantifier) on sentence forms, and (32) ‘there exists an 2x such 
that’ as existential operator (quantifier) on sentence forms. No parentheses 
are required around arguments of relations or properties, but parentheses 
are used in customary ways around sentence parts, whenever necessary. 


Definitions 
AN. Nx ss (y) y). 
AU. Uys (z)(xCy). 
AC. Cyz s (2) (x C Na) &(w) (yC wkz Cw Uw). 
AP. Pyzw y C 2hy C w&(2) C 
AS. Sxzw sz C rkw C 2&(y) (2 C yew (Not used in 
paper). 
AE. yby Cz. 
After Theorem 2. 9: 
DEF 

The definitions connect the definiendum and definiens by means of the 
ordinary sign of equivalence between sentences, and are all “ definitions in use.” 
A general label ‘ A’ is used to suggest their character as abbreviations. With 
the aid of these definitions the following axioms can be expressed with relative 
brevity. 


Axioms 


(a). (32) (~ y)). 
I(b). (w) (y) (ap) (Ap’) (Ppry&Cpp’). 
II (a) 
II(b) aC y&y 
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The theorems which follow are numbered with Arabic numerals. Steps 
in proof are labelled with a, b, c etc. After a step an indication is commonly 
given of the source from which it is derived, by a small letter if another step, 
AN etc. if a definition, a Roman numeral if an axiom, an Arabic numeral 
if another theorem. 


Theorems 

Proof. a. («)(3p)(4p’) (39) I(b). 

b. > Nq. AP, II(b), AC. 

ce. (2) (Ap) C p&p Ca). a,b, AP, II(a). 
Hence theorem by II(b). 
Li, AH, 1. 
22 AE. 
23. C D Carr Caz. AH, II(b). 
24, Caz): AE, II(b). 
2.6. yO Ce 5 Ca). AE, II (b). 


2.9. (metamathematical) The relation expressed through sentences of the 
form ‘a 2 Cy’ has all the properties customarily attributed to an equality 
relation ‘x = y.’® 


8. (x) (y) (Ap) (Ppry). I(b). 
4, (x) (4c) (Czc). 
Proof. a. (x)(3pP) (3c) (Pprr&Cpc). I(b). 
b. (pC C p). AP, 1. 
pCarkseC p&Cpe— Cre. AE, AC, 2. 4, 2. 5. 


Hence theorem from b, ce. 
5. (dn) (Nn). 


Proof. a. (x) (42’)(4n) 4, 3. 
b. Caxa’&Pnxe’ > Nn. AC, AP. 


*In a fuller presentation we could successively show that the assertion holds for 
atomic, molecular, and general sentences, and hence for all sentence forms used in the 
system. The atomic sentences of the system are exclusively of the form ‘@C y’. 
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Hence theorem from a, b. 
6. Car’ &Cyy'&a Cy ay Ca’. 
Proof. a. (x) (y) (ap) (Ppzy). 
b. Cyy’&Ppry > (x Cy’ > Np). 
ce. Czra’&Ppyx > Cr). 
Hence theorem from a, b, c, AP. 
(qu) (Uu). 
Proof. a. (An) (x) (42’) C2’). 
b. Cara’&Cnn’ > (nC 
e. (3n)(3n’) (x) (A2’) (Cra’&e Cn’). 
Hence theorem from ec, AU. 
8. Cyy’& ~ (x Cy’) (3a) (~ Naka C Cy). 
Proof. a. Cy/y— 
b.  Cyy’ (~ > (Ppry> ~ Np)). 
ce. Cyy’& ~ (x Cy’) > (Ja) (Pary& ~ Na). 
Hence theorem from ce, AP. 
10, (3x) (ay) (~ 
To show that we have Boolean algebra we may n 


with the Huntington postulates previously mentioned.* 
tulates essential in Huntington’s formulation we have, 


3. 
AP, II(b), AC. 
II (a), AC. 


II (a). 
a, AC. 
b, 3. 


_ AE, 2. 9, DE. 
I(a), AE, 2. 9, DE. 
ow make comparison 


For the nine’ pos- 
among the theorems 


(or axioms) above, either exact analogues, or slightly simplified and stronger 


theorems from which exact analogues are immediately deducible. 


correspondence is as follows: 


Huntington Present Huntington 
Postulates Theorems Postulates 
1 1 ? 

2 9 8 
3 II(b) 9 
4 5 10 

5 ? 


‘Huntington [2], pp. 288-309. 
5 His number 6, here omitted, he found redundant. 


The 


Present 


Theorems 


3 
4 
8 
. 10 


| 
A 
5, 4, AN. ve 
6. 
a, b, 4. 

A 
mi 
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The converse deductions will be omitted, as it is well known that the theorems 
mentioned are valid in Boolean algebra. 


PURDUE UNIVERSITY. 


REFERENCES 


1, L. Byrne, “Two brief formulations of Boolean algebra,” Bulletin of the 
American Mathematical Society, vol. 52 (1946), pp. 269-272. Mentions other operational 
versions. 

2. E. V. Huntington, “Sets of independent postulates for the algebra of logic,” 
Transactions of the American Mathematical Society, vol. 5 (1904), pp. 288-309. 

3. » “ New sets of postulates for the algebra of logic,’ T'ransactions of the 
American Mathematical Society, vol. 35 (1933), pp. 274-309, 557-558, 971. Includes 
extensive bibliography. 

4. <A. Tarski, “ Zur Grundlegung der Boole’schen Algebra, I,” Fundamenta Mathe- 
maticae, vol. 24 (1933), pp. 177-198. 


4] 

q 


ANOTHER REDUCIBLE EDGE CONFIGURATION.* 


By ARTHUR BERNHART. 


In any minimal five-color map all vertices are triple. Consider two 
adjacent regions N and S (primary components) forming vertices with F 
and W (guard components). Birkhoff (1) showed that such an edge con- 
figuration is reducible if all four components are pentagons. Franklin (2) 
showed the configuration is reducible if one primary component is a hexagon, 
the other three components pentagons. This paper proves the reducibility 
of two primary hexagons guarded by two pentagons. 


Re 


The configuration forms the inside of an 8-ring R,R.- - - Rs and we 
choose the notation so that R. guards SZ, and R, guards EN. Delete the 
edges RS, and RS. The modified map must be four-colorable, 
and under the constraints R. = R,.~R,—R,. The outside of the original 
map must be colorable by at least one of the eighteen schemes which assigns 
one color to R. and Rs and another color to R; and Rs. But since the whole 
map is not colorable, we may exclude from the outside any color scheme [02 


* Received May 7, 1947. 
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the bounding ring] for which the known inside is colorable. This excludes 
twelve of the eighteen schemes outright, leaving six schemes for further study. 

We indicate a color scheme by placing in brackets the colors assigned 
respectively to #,Rk.- - - Rs and further abbreviate this notation by a number 
indicating the “ alphabetical ” order of the bracketed assignments in a complete 
list of the 274 possible 8-ring schemes. In this paper we shall refer only to 
these schemes: 


23 [1212 3242] 111 [1231 2432] 156 [1232 1232] 
59 [1213 2312] 115 [1231 3132] 158 [1232 1242] 
64 [1213 2342] 117 [1231 3142] 172 [1232 1432] 
95 [1231 2132] 137 [1231 4142] 237 [1234 2132] 
97 [1231 2142] 150 [1231 4324] 248 [1234 2412] 
104 [1231 2342] 151 [1231 4342] 253 [1234 2432] 


A scheme marked X is inside colorable, one marked C is outside colorable, 
while NV indicates neither side colorable. Contingent options obtainable by 
Kempe chain considerations will be indicated by separating the (and/or) 
alternatives by commas. 

The outside must be colorable by at least one of these six schemes 64, 95, 
97, 117, 1387, and 248. But 64— (23X, 591, 253X) therefore 64N. By 
symmetry also 117N and 137N and 248N. This leaves the outside option 
(95, 97). But 95— (97, 156X) and 97 (95, 158.1) hence either alterna- 
tive leads to both 95C' and 97C. However 104— (64N, 150X, 151.) hence 
104N. And 111— (104N, 1722) therefore and by symmetry also 
237N. Finally 95 — (111N, 115X, 237N) hence 95N. But this is contrary 
to 95C. The absurdity in coloring the outside proves that the inside con- 
figuration is reducible. 

Using the term minor polygon to indicate pentagons and hexagons, 
We note that three edge configurations composed of minor polygons are now 
known to be reducible. An exhaustive investigation shows that other “ minor ” 
edge configurations with two or more pentagons are not reducible by this type 
of argument. For it is possible in each case to assign color schemes to the 
outside compatible with all known options. The reducible 8-ring considered 
here is the essential part in certain other reducible configurations listed by 
Winn (3). A further simplification is not possible however, since any three 
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of the four components, for instance ENS and ENW, form structures like. 
wise not reducible. 


UNIVERSITY OF OKLAHOMA, 
NORMAN, OKLAHOMA. 
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AN APPLICATION OF ORTHONORMAL FUNCTIONS IN THE 
THEORY OF CONFORMAL MAPPING.* 


By MENAHEM SCHIFFER. 


Introduction. In this paper certain inequalities in the theory of con- 
formal mapping of multiply-connected domains will be derived. The method 
of investigation is based on orthonormal functions and the kernel funtion 
which was introduced into the theory of functions by Bergman [1]. Although 
the main result of this paper is already known, it seems of interest to derive 
it in this new way in view of the great generality of the method of orthonormal 
functions, which opens an approach to similar results in the theory of harmonic 
functions of more than two variables and of more general differential equations 
of elliptic type. [Bergman-Schiffer]. 


1. Orthonormal systems. Let D be.a domain in the complex z-plane 
which is bounded by closed smooth curves Cy (v= 1,2,- --m) and which 
contains the point at infinity. Consider the class A of all functions f(z) 
which are regular in D, L*-integrable over this domain, and possess a uniform 
integral F(z) in D. It is well known that one may choose in an infinity of 
ways systems of functions {f»(z)} (v—1,2,-- -) of class A such that? 


= 


and that every function f(z) of class A may be represented in a series 
co 
(2) f(z) Avfo(2) 


which converges uniformly in every closed sub-domain of D. Such a system 
of functions {fv(z)} is called a complete orthonormal system with respect to 
the class A. We may construct the kernel function [Bergman 1] 


(3) K = 3 


which also converges uniformly in every closed sub-domain of D and which 


* Received February 20, 1947. 
* Throughout this paper we will denote the conjugate complex value of a by a*. 
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is independent of the particular choice of the orthonormal system. The kernel 
function is closely related to certain mapping functions belonging to the 
domain D [Schiffer 2; cf. also Bergman 2]. 

As will be shown in 2, it is possible to extend in a quite natural manner 
the definition of the class A so as to include several very important functions 
connected with canonical mappings of the domain D. We mention in 


particular the function 
(4) 


which is regular in D with the exception of the pole at infinity, and maps D 
univalently upon a plane slit along segments parallel to the real axis. ¢(z) 
has on every component Cy of the boundary C of D constant imaginary parts, 
i. e., 

(4’) = av(z) + rv for ze Cy, av(z) and Av real. 


Analogously, we define the function 
(5) 


which maps D univalently upon a plane slit along segments parallel to the 
imaginary axis. Therefore one has now on every boundary continuum (y 
of D 

(5’) W(z) =xv + iBr(z) for zeCrv, x, and B,(z) real. 


Now if we wish to include the derivatives ¢’(z) and y’(z) of these func- 
tions, which are of course uniform in D, into an orthonormal system, we 
encounter at once the difficulty that the integrals (1) do not converge. We 
shall therefore substitute instead of the orthonormalization condition (1) 
another which reduces to it in the case of functions of class A but remains 


defined for a much larger class of functions. 


2. Generalization of the orthonormalization. We may transform the 
integral (1) over the domain D by integration by parts into an integral over 
the boundary C of D. We associate with every function f(z) of the ortho- 
normal system its integral function Fy(z), i.e., 


(6) = (d/dz) Fv(z) = F’v(z). 


wh 
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Then (1) may be written in the form 
(7) (1/2i) J, F*,(z) F’n(z)dz = 8p 


where the integral is taken in the positive sense with respect to D. Here we 


define 


where the Tj are a sequence of sets of smooth curves which converge to the 
set C in the Fréchet sense. The existence of the limit follows from the 
[?-integrability of the f(z) and from the identity 


+ 


where #; is the ring domain enclosed by both sets of curves C and Ij. 


Formulas (1) and (7) are equivalent if the f,(z) are of class A. But 
we may now introduce by means of (7) a metric into functional spaces of 
much greater generality than that formed by the family A. 

Consider, for example, the space Q of all functions which are regular 
in D, are L-integrable over every finite domain contained in D, and have 
uniform integral functions there. We do not assume that they are L?-inte- 
grable over the entire domain D. We define for every pair of functions f and g 


in Q the expressions (scalar product) 
(8) (f*,g) = (1/2i) (2) (2)ae 


where F’(z) = f(z) and G@’(z) =—g(z). In particular, we define the norm 
of f as 


(9) N(f) = (f*, f) = (1/24) F* (2) F’(2)dz. 


For the sub-class A of Q one derives from (1) that N(f) is positive. In 
general, however, one can only assert that N(f) is real. For integration by 


parts yields 
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N(f). 


(In the same way, one proves immediately the symmetry property of the 
scalar product: 


(9) (f*,9)* = f)-) 


We can, therefore, require as conditions of orthonormalization for a 
complete system {fv(z)} of class Q only the equations 


(10) (f*v, fu) = 


This is the generalization of the concept of orthonormal systems from the 
case of the class A to the class 2 which will be employed in this paper. 


3. Construction of an orthonormal system for the class 2. We start 
now to construct a complete orthonormal system for the functions of class 0, 
i.e., a system ef functions of class 2 orthonormalized in the sense of 2, such 
that every function of class Q may be developed into a series of these functions 
which converges uniformly in each closed subdomain of D. For this purpose, 
we have to investigate first the expressions (¢’*,f) and (y’*,f), where f is 
an arbitrary function of class 2 and ¢, y are defined by (4) and (5) respec- 
tively. We find in view of (4’), if f is continuous on C, 


(11) = (1/21) (a)dz = (1/21) J (ale) — 


The last integral may be evaluated by means of the residue theorem. 
Assuming for f(z) a development at infinity of the form 


(12) f(z) + + 


we get in view of (4) 


(13) (¢'*, f) = — + C2). 


The same result holds for the most general function f of class Q. For every 
function of class © may be approximated by functions of this class which 
are continuous on the boundary C. The approximation. is uniform in every 
closed subdomain of D and is in the mean valid for the whole domain D 
[Farrell]. Hence, we may conclude from (7) the validity of (13) for 
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general functions of class Q, once it has been proved for functions of the 


special type. 
Analogously, we obtain from (5’), for f continuous on C, 


(14) 
= — (1/21) + (2) de — (1/24) 
Hence the residue theorem yields in view of (5) and (12) 


(15) f) = + C2). 


Again we extend the validity of (15) to all functions f of class Q by exactly 
the same argument as before. 


Consider now the function 
(16) U(z) =4(o(z) + ¥(2)) 


the derivative of which is of class O. In view of (13) and (15) we have 
for every fe Q 
(17) (U™*, f) =— — bi) co. 
The factor 
(18) S(D) =a,—b, 


appearing in (17) plays an important role in the theory of conformal mapping. 
It has been called the span of the domain D [Schiffer, 1], is always non- 
negative and a conformal invariant with respect to mappings w(z) which are 
normalized at infinity as 


(19) 


If f(z) is, in particular, of class A, we have co = 0 and, therefore: 


THEOREM I. The function U’(z) =4(¢'(z) + y’(z)) ts orthogonal to 
every function of class A and only to functions of class Q which belong to the 
class A. 


We remark further that U’(z) has a negative norm, namely, in view 
of (17) 
(20) N(U’) =—4nS(D). 
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Let us consider next the function 
(21) V(z) =3(¢(2) 


the derivative V’(z) of which is certainly of class A. In view of (13) and 
(15), we find 
(22) (V'*(z), f(2z)) = — + bi) + 2e2). 


Considering only functions f of class A, we have co = 0 and hence: 


THEOREM II. The function V’(z) = 4(¢'(z) —w(z)) is orthogonal to 
every function of class A which vanishes at infinity at least of third order 
and only to those functions of class A. 


The norm of V’(z) is certainly positive, since V’(z) is of class A. In 
fact, we have from (21) and (22) 


(23) (V’*, V’) 


This equation gives, by the way, a new proof of the fact that S(D) is a non- 


negative number. 
Now we construct easily the following complete orthonormal system 


with respect to Q: 
(24) = fo(z) = fa (2), 


where fz, fs, - - vanish at infinity at least of the third order in view of 
Theorems I and II, and where fo, fz,: - - are a complete orthonormal system 
with respect to the class A. 

This system will be used in several applications to the theory of conformal 


mapping. 


4. The kernel function of an orthonormal system in 2. We associate 
with a given complete system g:(z),g2(z) °° - of functions of class 2 which 
is orthonormalized by conditions (10), the kernel function 


where a plus sign stands before functions gv with positive norm, and a minus 
sign before functions gv with negative norm. In the particular case (24) 


we have 


(26) = — + (2/28) V’ (2) +3 
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We prove now the following: 


THEOREM III. Jn every orthonormal system {gv(z)} of class Q there 
appears exactly one function, say gi(z), with negative norm. 


Proof. Suppose there were two functions gi(z) and g2(z) with negative 
norm. We could find two complex numbers A; and Az, neither of them zero, 
such that the linear combination 


(27) y(2) =A1gi(z) + Acge(z) 


vanishes at infinity at least of second order and is therefore of class A. Thus 
the norm of y(z) is positive, while from (27) we derive 


+ | Az | <0, 


(28) N(y) =|a 


which leads to a contradiction. 


On the other hand, there must exist at least one gv(z) with negative norm, 
since U’(z) may be composed of gv(z) and has a negative norm. This com- 
pletes the proof. 

We may characterize the kernel function by the following two properties: 


a) k (2, = k*(€, 2*). 
b) If f(z) is an arbitrary function of class 2, we have the identity 


(29) f(z) = 2*), 


The last result follows at once from the definition (25) and the conditions 
of orthonormalization (10). 

If there were another function L(z,¢*) of class Q satisfying both these 
conditions, one would have, by applying (29), first with respect to k and then 
to L 
(30) L(z,g*) = (k*(t, 2*), L(t, o*)) = (L*(t, k(t, 2*)) 

== k*({,2*) = k(z, 


This shows that the conditions a) and b) determine the kernel function in 
a unique manner and that, therefore, it is the same function independently 
of the orthonormal system from which it is constructed. 

We shall now use this fact in order to construct the kernel function by 
means of two different orthonormal systems and obtain interesting results 
by comparing the two different representations so obtained. As one system 
Wwe use the set (24) leading to the representation (26). As the other system, 


| 
| 
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we use an arbitrary complete system for the class A to which we adjoin the 
function 1, of class 2. We may orthonormalize this system and get in this 
way a complete orthonormal system for the class Q. We remark at first 
that the norm of 1 is easily computed : 


(31) = (1/21) J. — E(D) 


where E(D) is the finite area enclosed by the set of smooth curves Cy, i.e, 
E(D) is the area of the complementary part to D of the plane. 
Thus, we get a system 


(32) g.(z) = E(D) +, go(z), 9s(2),° 
with corresponding kernel function 


(33) (2, ——E(D)* + 


where all the signs in the right-hand sum are positive in view of Theorem III. 


In particular, we obtain from (26) and (33) 
oO 
(34) (00, 00°) = — (2/a8) — + | |? 


since all the functions f,(z) of class A in (24) vanish at infinity. 
Thus we are led to the inequality 
(35) S(D) = (2/r)E(D). 


This inequality has been derived formerly by variational methods [Schiffer 1; 
cf. also Grunsky, pp. 139-140]. It appears of very great interest that this 
result comes out as a by-product of our investigations of orthonormal functions. 
It is obvious that the estimate may be improved by taking into account further 
gv(z) and so the result may be extended. 

On the other hand, it is not easy to show by our method that (35) is 
the best possible inequality. In order to show this fact, one has to study the 
possibility of equality in (35). One sees from our considerations above that 
equality can hold only if the functions g2(z),gs(z)--- in (82) all vanish 
at infinity. They represent in this case a complete orthonormal system for 
the class A and the constant g,(z) is orthogonal to all functions of A. Thus 
one has necessarily 


(36) = E(D)4 = = f,(2) 
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i.e., in view of the equality in (35) 


(36") U'(2)—=1, = 4($(z) + 4(2)) =e. 


By variational methods it was possible to show that U(z) is for every 
given domain D a univalent function and maps it, therefore, upon a domain 
for which (36’) holds. This result is much more difficult to obtain by our 
method. On the other hand, the theory of orthonormal functions is easily 
extended to more general differential equations and to a greater number of 
variables, so that every result obtained by means of it is of great interest 
from the methodical viewpoint. 


5. The kernel function of an orthonormal system in A. Another 
interesting application is the following: Take the function V’(z) defined in 
(21) which is of class A, and consider a complete orthonormal system 
{hy(z)} with respect to A, containing h,(z) = (2/7S)4V’(z) as first element 


(cf. (23) ) 
(37) hi (2) = ho(z), hs(z),° 


In view of Theorem II, all the functions hv(z) (v= 2,3,---) vanish at 
infinity at least of the third order. 


If we construct, therefore, the kernel function K (z, £*) corresponding to 
the class A by means of the system (37) we get 


co 
and, in view of (21) and the behavior of the hv(z) (v—2,3,---) at 
infinity, 
(39) lim (z, = — (1/7) V’(z). 
00 

On the other hand, we derive from (26) and (16) 

(40) k(z, 0*) == — (2/r8)U’(z). 


Thus we get finally from (16), (21), (39) and (40), 
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Since the calculation of the kernel function is a known algorithm, we 
have obtained by (41), (41’) and (41”) a new method for mapping a given 
domain D upon slit domains of canonical type. 


HARVARD UNIVERSITY. 
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SOME LIMIT THEOREMS.* > 


By C. T. Rasacopat. 


In this note I record relations between certain classical limit theorems 
which I believe have not been noticed before. My main theorems (8) make 
use of the following 


NoraTIon. {S»} is any sequence real or complex, unless if is explicitly 
stated to be real. an > 0, dn > 0 (n are such that 


n n 
YS a= An-> 0, (n— 0). 
=1 
AvSv = dySyv 
o (Sn; Qn) = o(Sn, dn) 


Some well-known theorems of Cesiro, Hardy [2] and Rademacher [6] 
follow from the relative asymptotic distribution of the two sequences of 
points o(Sn,@n), o(Sx,@n) in special cases. 


1. I begin by proving a lemma which is equivalent to one of my main 
theorems (Theorem 3). 


LemMA 1. Let {Un} be any real sequence. Let {Mn} be a positwe 
monotonic sequence and {An} an increasing divergent sequence. Let 


A= lim { (Uy (Av— My}? 
1 1 
Then (i) in case {My} is increasing, lim (Un/An) lie in the closed interval 
(A, A). 


(ii) In case {My} is decreasing and subject to the condition 


(C) { 3) (Av — Av-1)My}/An < EM, ® =a constant), 


* Received April 1, 1947. 

*I am indebted to Dr. V. Ganapathy Iyer and Mr. T. K. Raghavachari for helping 
me to clear up several points. 

* Any number with suffix 0 is taken to be 0. 


n n 
M, <k3(A,— Ay.,)M, Ay_,) My. 
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n 
> 1 since 3(A,— Ay.,) 


1 1 


n n 
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- lim (Un/An) lie in the closed interval whose end-points divide the segment 
(A,A) in the ratios —k’, —1/k’, where k’ is such that 1/k + 1/k’ =1, 
Proof. Let us write (Uy — Uv_1)Mv, Dn = (Av — M), 
1 1 


Then, given « > 0, we can find N so that \—e < Vn/Dn <X+€ for n=VY, 
Also by partial summation 


1 My 1 My My,; 
In case (i) 
N-1 n—1 1 D, 
1 
“af 
or 

+A—e (k, =a constant) 
(Dy — Dy-1) /Mv = (Dy — /Mv 


> A— Re 


for all sufficiently large n, in virtue of the divergence of }}(Dn — Dn-+)/M: 
= > (An— An-r). € being arbitrary, this means lim (Un/An) =A. The proof 
can now be completed by a repetition of the preceding argument involving A 


instead of A. 


In case (ii) 


N-1 D, 
— Dy, Dn Dn 
or 
+ (A—A— 2) — Dx 
(Dv—Dv1)/Mv => (Dv — > (Dy — Dvr) 
+ite (k2 =a constant). 
Dn/Mn 


Now (C) is equivalent to — < k and therefore 


2 (Dy — /Mv 


tof 


div 


Ven a. 44,8. ..4% 
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for all sufficiently large n, whence 
(A—A)k +A. 
An 

By establishing in a similar manner 
Ue 

we can complete the proof. 


Remarks. (1) S(An— An-1)Ma=X(Dn— Dn-s) ts divergent series 
of positive terms whether {Mn} is increasing or decreasing. For, in the 
former case the result is trivial; while, in the latter case, the convergence of 
S(An— An-1)Mn, if possible, will imply that of 


— > (Ay — Avi) My} 


and hence, by (C), that of S(An— An-1)/An which is impossible. 


(2) When {Mn} is increasing, we have 


n 
(Uv — Uv-1) Mv 
lien An — An-1 
am A. > (Av — Av-1) My 
1 
= lim = lim 


which is an augmentation of the inequalities giving rise to the Cauchy-Stolz 
limit theorem, obtained by using these very inequalities in conjunction with 
Lemma 1. 


2. My first theorem takes M, = Dn in Lemma 1 and obtains a necessary 
and sufficient condition for the finite oscillation of Un, extending a result of 
Kronecker and Knopp. 


THEOREM 1. Let Sun be a real series and {Dn} a positive increasing 


divergent sequence. Let 


U, =D tr, — lim — lim 
1 1 


(a) If U are finite, then 
—(0—U) 


| 

f 
\ 
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(b) Conversely, if |4 |= K, a constant independent of {Dn}, then 0 
are finite and U—U 2K. 


Proof (a) Taking Mn =D, in Lemma 1, we first note that AS 0X, 
Next we prove —U supposing that A > 0 (the case X = 0 being 
trivial). Given an arbitrary positive e << X/2 we can find m and m’=m+1 


so that 
| Um: — Um | ~ U — U + Re 
and 


Vex max Vimar Vise Vin Vm 


or, since Vy» — Vn > 0 


Dyas 


m 


Since the extreme left-hand member of the last relation is identically equal 


to Um — Um, the relation gives 
i. e., 
The proof is now completed by changing un to —Un and so obtaining 


(b) From the hypothesis and the identity 


1 Vu 


we know there is an N such that, for n = N, 


| Un — Un 


< 2(K + +943 


<2(K +c) + (K log (Dn/Dni). 
Let n, n’ tend to infinity through the arbitrary sequences of values pr. pr 


(r—> o) respectively: 


4This is obvious when V,,=0. When V,,>0, V,/D, > V,,/Dy, and 
> 


m 


1 1 1 1 
) (I m’ — Vm) D > — Vm) 


80 


inc 


wher 
trivig 


" 
an 
is 
con 
of. 
1(b 
/ 0 
and 
yu, 
| 
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| 
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and choose 
Dy 2(p’r— pr)’ pr<v Pr 
Bir SVS Pras 


pr)’ 
so that > 1 as r—> Then 

+ (K+ 6c, 
whence the desired conclusion follows at once. 


CoroLttaRy. A necessary and sufficient condition for the convergence of 
any series >, Un, real or complex, ts Vn/Dn =0(1), n— ©, for every positive 
increasing divergent sequence {Dn}. [Kronecker-Knopp, 4, Satz 1.] 


As a complement to this result we have the next theorem in which {Dn} 


is a particular sequence. 


THEOREM 2. In the notation of Theorem 1, necessary and sufficient 
conditions for the convergence of S Un are Vn/Dn = 0(1) and the convergence 
of Vn (Dn — Dns) 


The proof is obvious from the identity on which the proof of Theorem 
1(b) is based. 


Now (Dn — f is convergent when f(x) as 0 and 
( f(x)dz is convergent [8, p. 399, ex. 5]. Hence we can take 
J0 


Vn =Of{f(Dn*)}, f(@) = 
and obtain the 


CoroLLARY. Vn/Dn = O{g(Dn)} is sufficient for the convergence of 
Yu when g(x) satisfies the conditions: g(x) and t as 


oO 
tho, f g(x)dx/x is convergent. [Karamata, 5, 2°.] 


In particular we can have either p> 0, or 
g(r) = 1/Lx (x) (logs x), p>0. 


where Ly (a) = logx [The case g(x) p=1, is 
trivial and not a part of the result stated above.] 


8. THEOREM 3. In the notation explained at the outset, let o(sn, Qn), 
o(8,dn) be defined for a real sequence {sn}. 


11 
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(i) If an/dn is decreasing, then lim o(Sn, Gn) lie in the closed interval 
with end-points lim o(Sn; dn). 

(i1) If dn/dn is increasing and subject to the condition an/dn < kAn/Dr, 
then lim a(Sn,Qn) lie in the closed interval whose end-points divide the 
segment between lim o (sn, dn) in the ratios — k’, —1/k’, being defined by 
b+ — 1. 

Proof. In Lemma 1, put (An— An-1)Mn = dh, 
U»— UO n-1 = So that (Un Un-1)Mn == 


Corotiary 1. If dn and dn are as in either (i) or (11) of Theorem 8, 
then lim o(8n, dn) = 0 implies limo(Sn, dn) = 0. [Cesaro-Hardy, 2, § 4.] 


CoroLiARy 2. Suppose, in Theorem 3, limo(sn,dn) =0. Then in 


case (i) of the theorem, lim o(sn, dn) are not of the same sign 1. e., 
lim o(8n, dn) S 0 Slim o(sn, dn) ; 


while, in case (ii), evther lim o(Sn, dn) are not of the same sign, or (tf they 
are) the ratio of the numerically smaller to the larger does not exceed 1/K. 

Rademacher has proved a theorem [6, Satz I] which is essentially the 
case (i) of the above corollary for d,==1. A result supplementary to this 
case is the following. 


THEOREM 4. Jn the notation of Theorem 3, on the hypothesis an | dn J 0, 
a sufficient condition for o(sn,dn) to tend to 0, whenever {sn} makes > ans 
convergent, is lim (anDn | dn) > 0. 


When dn ts bounded, the condition is also necessary. 


Proof. The sufficiency part of the theorem follows from Lemma 2 below 
due to Rademacher [6, Satz III], and the necessity part from Lemma 3 due 
to Fuchs in the case d, =1 [1, Theorem 1]. 


Note. One can show, by examples, that even when dn is unbounded, the 
condition dn/dnJ0, without lim (anDn/dn) >0 cannot always ensure 
lim o(sn,dn) =0 for every sequence {sn} which makes > dnSn convergent. 


) =i 


5 To prove the second alternative of case (ii), suppose first that lim o(s,, d, 
are both positive. Then the last two inequalities in the proof of Lemma 1 reduce to 


(N—A)NK+2. 
Of the above inequalities, the second gives X/A= (k—1)/k which is trivial; while the 
first gives A= k/(k—1) =k’ which is the result stated. The case in which i are 
both negative is dealt with in the same way. 


an 


8 
0 
0 
T 
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For instance, when a, = 1/(n +1) log (n+ 1), dn=n, {Sn} is 2, 43, —4, 
5, %, +, is convergent but limo(sn,dn) and 
lim a(Sn, dn) = 24; although with the same am and dn, > dns’n is convergent 
and lim o(8’n, dn) = 0 if ns’n = defined as above. 


LeMMA 2. If dn/dn | 0, then (without any other restriction on dn and dn) 


n 
the convergence of > involves > dvsv = 0(dn/dn). 
1 


LemMA 3. If dy = 8, dn/dnJ 0, lim (dnDn/dn) =0, we can find a real 
sequence {Sn} for which > is convergent and lim o(8n, dn) > 0. 
Proof. Setting anDn/dn = b(n), we can find a null sequence {b(nr) } 
such that 
co 
> d(nr) < @ 
r=1 


and 


where [Dn,] denotes the integral part of Dn,. 


Choose sy =1/dy if v is in one of the intervals mSv< Nr; 


N 
Sy = (—1)”/dy otherwise. Then the partial remainder > avs, will consist 


m 


of numerically decreasing terms, with groups of terms alternating in sign 
separated by groups of terms all positive. If Nz-1 = m < nx, the. contribution 


of the former groups is numerically less than 


r—k r=k r—k 


Also, the contribution of one of the groups of positive terms is 


dy [Dn, ]an,/dn, = b(mr). 


nrsv< Nr 
Hence 


r=k 


v=m 
Thus is convergent. But 


dy) —1) +: + 
Ny) Dn, 


(sy, 
which gives, in virtue of the condition Dy, Dn, S 8(N-+— nr) =8[Dn,], 


Dn, + 8[Dn,] 


o(sy,, dy,) > 


= 
j 
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whence 
1 


lim o (Sn, dn) = 


THEOREM 5. If an/dnJ 0, then a sufficient condition for the convergence 


of SanSn is > dysvy = O{G(dn/an)}, n— ©, where G(x). is such that 
1 
G(r)/x>+0 and G(r) Fo as ~, is connergent. 


Proof. In the corollary to Theorem 2, replace un by ansn and Dn by dn/dn, 
setting g(x) = G(x) /z. 


Remarks. (1) The special choice of g(x) =G(x)/z in the corollary 
under Theorem 2, along with dn=1, gives Rademacher’s sequence of tests 
for convergence factors [6, Satz IV and addition thereto]. 


(2) The point of Theorem 5 (as compared with that of the first 
corollary to Theorem 3 in the case dn/dn | 0) consists in establishing a con- 
clusion stronger than lim o(sn, an) = 0 without assuming that lim o(sn, dn) 
= 0 but assuming instead a condition which in general implies less, namely 
that o(sn,dn) has 0 for one of its limit points. Suppose for instance the 
function y=—G(x) has a positive continuous derivative. Its inverse 
2 = G"(y) is then an increasing continuous function of y-such that 


is convergent and therefore also } dn/ G-(Dn) is convergent [8, p. 398, ex. 3]. 
In these circumstances, the condition | o(n, dn) |S C@(dn/an)/Dn assumed 
in Theorem 5 implies a limit point at 0 for o(Sn,dn), since otherwise we 


must have, for all sufficiently large n, 


CG (dn/an)/Dn > 8 > 0 
dn/an > G-*(D,8/C) or an < dn/G (Drd/C) 


which gives a contradiction (in consequence of what we have proved about 
G*) when, as in Theorems 3, 4, we postulate the divergence of > dn. 


4. I conclude with some examples which show how certain types of 
behaviour of > + an affect or are affected: by } + dn, with the same dis- 
tribution of signs, when we assume that an/dn is monotonic. Of these 
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examples, I and II which were given by Cesaro in the case dn =1 [8, §§ 1, 2] 
are obtained by taking sn = + 1 in Theorems 3 (i) and 4. 

I. If an/dn is decreasing, a necessary condition for Som (e = +1) 

=0(An) ts lim (D*n/Dn) SIS lim (D*n/D-n) where Dy and D-» denote 

respectively the sums of the dv’s in > evdy, with positive and negative 


PT 
coefficients, so that Dtn +- D-n = Dn. 


II. If an/dn |) 0 and lim (a4nDn/dn) > 0, a necessary condition for the 
convergence of is lim = 1. 


III. Let an be defined by 


I (ady + Dv-1) (Bdy + Dv-1) 


dn = d 


II (av + (Bdy + 


where {Dn} is an increasing divergent sequence such that dn = Dn—Da-r 
=0(1) and a, B, y, 8 are real numbers of which the two latter are different 
from —Dy.,/dy (v=1,2,3,:--). Then, for p=y+8—a—B>1, 


Dendn is absolutely convergent; while for »S1, lim ( eav)/An 
= (I—1)/(l— 1) provided 1=lim (D*n/D-n) exists. 
The proof starts with the fact 


Onsi/Ans1 
which, as shown elsewhere [7], is equivalent to dn ~ Adn/Dn", A 0, and 
employs Theorem 3 (i) or 3 (ii) according as 0<p=1 or »< 0; the 
proof of the case » = 0 being direct. 
An interesting special case is that which d, = 68 = 1 when the series > dn 
reduces to the hypergeometric type. 


IV. Let an be defined in terms of dn as in III. Then, for0<p=1, 
Dendn is convergent provided Dt, — D-n = O{G(Dn*)} where G(x) ts etther 
<p <1, or x/Lx(z) (log, p > 0. 

This is a deduction from Theorem 5. As an example of it we notice 
that if dy, Senda is convergent provided pn — O{G(n4)}, 
0<p»S1, where pn and gn are the numbers of positive and negative terms 


i 
i 
i 
i 
| 
n 
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respectively in the n-th partial sum of Sendn. It may be remarked that in 
this case the familiar Abel-Dirichlet test tells us nothing more than that 
Pn — Yn = O(1) secures the convergence of > €ndn. 


MADRAS CHRISTIAN COLLEGE, 
TAMBARAM, S. INDIA. 
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ON MONOTONE SERIES.* 


By ARYEH DVORETZKY. 


1. Introduction. Throughout the paper c, (n= 1,2,- -) denotes the 
n-th term of a monotone convergent series of positive terms and dn (n —1, 
2,---) the n-th term of a monotone divergent series of positive terms. 
A, Pringsheim ([4],’ explicitly [5], p. 615; see also e.g. [1], p. 47, [8], 
p. 303) pointed out that the inequality 


(1) Cn = dn 


may be realized for infinitely many n. 

Let N(m) denote the number of n among 1,2,° --,m for which (1) 
holds and put A(m) = N(m)/m._ Recently, R. W. Hamming [2] showed 
the rarity, in a certain sense, of the occurrence of (1) by proving 


(2) lim inf A(n) = 02° 
On the other hand he constructed an example for which 
(3) lim sup A(n) = 1. 


The relation (2) is an immediate corollary of the following result of 
Hamming: 

For every « > 0 and k > 1 there exist infinitely many 7, ri > ©, such 
that for all n with r; S n = kr;, we have A(n) <e. 

Using a very simple argument we establish (in 2) the following 

THEOREM 1. For every K >1 there exist infinitely many Ri, Ri > @, 


such that for all n with Rij Sn ZS KRj, we have tn < dn. 


This theorem clearly implies Hamming’s result, since for 75 = RiK* Sn 
< KR; =kr; we have A(n) < Ri/(Ri + Rik}—1) < 

Let P(m), 0 P(m) S o, be the number of consecutive indices n 
beginning with n = m for which ¢n < dn. Theorem 1 is evidently equivalent to 


(4) lim sup P(n)/n = ©. 


* Received March 15, 1947. ‘ 

* Numbers in square brackets refer to the bibliography at the end of the paper. 

? All limits are taken for n>, Similarly, summations are (unless otherwise 
stated) upon all positive integers. 
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Similarly, Hamming’s result is equivalent to 
(5) lim sup Q(n; €)/n = oo for every « > 0, 


where Q(m;«€), 0 = Q(m;c€) S denotes the number of consecutive indices 
n beginning with n =m for which A(n) <e. 

After some preparations we show (in 5) by means of suitable examples 
that (2) as well as Hamming’s result and Theorem 1 are the best possible 
general results of their kind. More precisely, we prove 


THEOREM 2. Let gn (n=1,2,--: -) be any sequence of positive numbers 
tending (however slowly) to infinity. Then there exist series Xcn and Xd, 


for which 


(6) lim gnA(n) = 0, 
(7) lim P(n)/(ngn) = 0, 
(8) lim Q(n;1—e)/(ngn) = 0, for every «> 0. 


In the opposite direction we improve on (3) by establishing (in 4) 


THEOREM 3. Let Gn (n=1,2,- - -) be any sequence of positive numbers 
satisfying 
(9) lim inf G,/n = 0. 


Then there exist series Xcn and Xd, for which 
(10) lim inf Gn(1— A(n)) =0. 


This result is also the best of its kind. In fact the requirement (9) 
cannot be replaced by a less stringent one, since n(1— A(n)) =n— N(n) 
is the number of terms up to the n-th for which cv < dv, and thus increases 


to infinity with n. 


2. Proof of Theorem 1. The theorem is obvious when the d,y are non- 
decreasing, hence we may assume them non-increasing. Also no loss of 
generality is involved in supposing K an integer = 2. 


Put 
Kn-1 Kn-1 
Crh =Ddo, Dra =>Dd dv (n=1,2,- °°). 
Kn-1 Kr-1 


If cy = dy for some v with K"™ =v K", (n >1) then, since both series are 


j 
( 
¢, 
of 
d 
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monotone, it follows that every term of Cn-1 is not smaller than every term 
of Whence 
/(K*" K*-?) > Dyar/(K™ K"), 


or 
Cn-1 Dna /K?. 


But SC; is convergent and 3D» is divergent, hence there must be infinitely 
many » for which the last inequality does not hold. Thus there are infinitely 
many n for which cy < dy throughout the range K™*Sv=K". This is 
precisely the contention of Theorem 1. 


3. A Lemma. We need the following lemma which is of some interest 
by itself. 


Lemma. Let fn (n=1,2,:-°-) be a monotone sequence of positive 
numbers tending (however slowly) to zero. Then there exist series Xen and 
Sd, with cn = fndn. 


If we do not require the monotone character of cn and 3dn, then the 
lemma reduces to a classical remark of Stieltjes (see e.g. [1], p. 47 or [3], 
p. 302).° 


Proof. Let =1 be such that fn, << Let nz > 2m, be such that 
and generally let (for k= 2,3,---) me > be such that 
fn, <2. Putting no we define dy =1/(nx—m-1) for m1 << v Sm, 
(k=1,2,---). Clearly dvy=dv,, and cc. Evidently cv—f,d, is 
also monotone and, since + + < 2~*, the series Scv is convergent, 
and the lemma proved. 

We remark that the demonstration yields (also for Sdn) monotone non- 
increasing series. 


4. A construction. Let t, (n =1,2,- -) be any monotone increasing 
sequence of positive integers satisfying 


(11) lim = 0. 


*We are unacquainted with an-explicit formulation of the lemma and the nearest 
published results seems to be a statement of Pringsheim [5, pp. 609-10] where our 
¢, =f,d, is replaced by c, =f,d,. For proof Pringsheim refers to [4], but his state- 
ment does not appear to be a corollary of any of the theorems of [4], though it can 
of course be derived by arguments similar to those used in that paper. In fact, we 
deduce the lemma by means of a construction similar to some frequently employed by 
Pringsheim and others in related investigations. 
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The lemma assures the possibility of constructing a sequence of positive 
numbers dn (1 +) such that both series Sdnton-1 and Zdnton are 
monotone non-increasing, the first being convergent the other divergent. Since 
Anton-1 = Ansitons, We have also dn > dns, i.e. the dn decrease steadily to zero. 

Putting = and Tn=t, + ++ tn for n—1,2,---, 
we define 

Cv = An for Tons (n =1,2,---), 
(12) 
dy = An for lia (n =1,2,---). 


Clearly, (cv) and (dv) are monotone sequences. Furthermore, since 
— Tons < Bho Ton — > ten We have < and 
as required. 

We note that 


Cv = dy for T'en-2 < v = T on-1 (n i, 2, 4 


while for other values of v we have cy < dv. 
Thus N(m) and A(m) (see 1) increase as m increases from T'sn-2 to 


Ton-; and decrease as m increases from T'sn_, to Ton. 


In particular, we have 


A(T on-1) (4, + ts + + ton-1)/T'2n-1 ton1/Ten-1 
(13) 
A(T en) (t, + ts + ton-1)/Ton = ton-1/T on. 
Also 


(14) P(m) S Ton — Ton-1 = ton for Torna << mS 


Furthermore, for given « > 0 we have 
(15) Q(m;1—e) <= for < ms Tn, 
provided T'n-1/e < ten; which, in view of (11), holds for n sufficiently large 
since (11) entails 
(16) lim = 1. 

5. Proof of Theorem 2. We may, without loss of generality, assume 
the gn to be non-decreasing and, furthermore, each gn to be the square of 


a positive integer greater than unity. 
The sequence 


(17) i, =1, = tngn® (n == 1,2,3,°° ‘) 


an 


0 
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is monotone increasing and satisfies (11). Hence we may construct series 
Scv and Xdy as in the last section. 
By (13), the remark preceding it and (17), we have for Tana << mS Tone 


gmA(m) gnA (Ton) Jmlon-1/ton = Jm/GJ2n-1*. 


Since m = Ton-1 > 2n —1 for n > 1, the last member of the above inequality 
is greater than gon-12 and thus (6) holds. 
Again, taking account of (14), we have for Tana << mS Tong 


P(m)/(mgm) ton/(Ten-19m) Jon-13ton-1/ (ton-19m) < 


and thus (7) is satisfied. 


Finally, by (15) and the remark following it, we have for T2n-2 < mS Ton 
and n sufficiently large 


Q(m ;1— e)/(mgmn) < T on-1/(€9mT on-2) 
which, by (17), (16) and m > 2n — 2, yields (8), thus completing the proof 
of Theorem 2. 


6. Proof of Theorem 3. We construct a sequence 7, of increasing 
integers as follows: we take 7’, —1 and, having defined Tv for v1, 2,-- -, 
n—1, we choose as 7’, any integer satisfying the conditions 


(18) WE wits nT < Tn; 
the existence of an integer satisfying these conditions is assured by (9). 
Clearly, the sequence 
=T;, tn = Tn — Tir (n == 2,3,° 


satisfies (11) and we proceed with the construction of Section 4. 
Then, by (13) and (18), we have for m = Ton, 


Gin (1 —A (m) ) = GmT en-2/T < 1/(2n 1), 
and thus (10) holds. 


7. Remarks. 1. The series cn and Sd, constructed in the paper are 
monotone non-increasing ; however an easy modification renders them strictly 
decreasing. In fact, let Sy» be a convergent strictly monotone series of positive 
terms and replace the cn and d, of Theorems 2 and 3 by ¢n + yn and dn + yn 
respectively (and the d; of the lemma by dn + yn). 
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2. Hamming’s result (5) is only apparently stronger than (2). In fact, 
A(n) <8 implies A(v) << k8 for nSvSkn. Since for given & we can, 
granted (2), take § < «/k, and n arbitrarily large, (5) follows. 


3. (7%) can be deduced directly from (6). In fact as Theorem 2 gains 
in strength when the growth of gn becomes slower, we may assume gJm/gn—> 1 
provided m,n— so that m/(ngn) > 1. If P(n) > dngn then A(n + 8ng,) 
< n/(n + 8ngn) <1/(8gn). Thus, in view of the assumption on the growth 
of gn, the failure of (7) implies that of (6). 


4, Pringsheim * showed not only that (1) may be realized an infinity of 
times but that moreover we may have lim inf dn/¢n = 0. If we define Nx(m) 
as the number of » among 1,2,- - -,m for which ¢n = Hd» and similarly for 
Ay, Py and Qy it can be shown that the relations (6), (7), (8) of Theorem 
2 and (10) of Theorem 3 hold for every H > 0 with the same series Xen and 
xd, when A is replaced by Ax etc. In fact all that is needed is to replace 
the definition of dv in (12) by dv =a@n/sn where sn increases to infinity and 
so slowly that Santon/sn is still divergent. One may take e.g. 


n 
Sn = Anton/ Avtov. 
1 


5. Pringsheim* actually showed more. He proved that given a series 
cn there exists a series Sd, with liminfdn/cn =O and vice versa. In 
Theorems 2 and 3 we made essential use of the possibility of choosing both 
series. If one of them is given the theorems must be replaced by weaker ones. 
Thus, if the divergent series is 31/n we have N(m)/m-—> 0 and even (3) fails. 


6. Hamming’s result on summability [2], p. 136 is also an immediate 
corollary of Theorem 1. 

?. All the results of the paper carry over, mutatis mutandis, to infinite 
integrals of positive monotone functions. 

8. Extensions to double series etc., though necessitating much pre 


liminary work, also do not present new difficulties. Various extensions are 
possible corresponding to the various manners of defining monotone series 


and convergence. 
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THE ISEPIPHAN PROBLEM FOR n-HEDRA.* 


By LAsz.6 Frses Toru. 


1. Following T. Bonnesen? we call the analogon in space of the 
isoperimetric problem the isepiphan problem. (The problem is to pick out 
from a class of isepiphan polyhedra, i. e., polyhedra with equal surface areas F, 
that one with greatest volume V. 

We obtain different problems by restricting the class of polyhedra from 
which we want to pick out the best one, i.e. the one with the smallest value 
of F*°/V*, to polyhedra 


a) with a given number of faces, 
b) with a given number of vertices,” 


c) of a given type (i.e. to topologically isomorphic polyhedra), or to 
polyhedra upon which any other condition is imposed. 


E. Steinitz* gives a detailed account of the history of this range of 
problems. Let us mention only the conjecture of J. Steiner according to 
which the regular polyhedra are the best in the class of their own type. The 
difficulties involved in these problems are illustrated by the fact that Steinitz 
was not able to decide the correctness of this conjecture even for the case of 
the cube, and the conjecture concerning the icosahedron and the dodekahedron 
is considered by him as entirely unfounded.* 

In this paper we prove the following 


* Received September 19, 1947. 

1T, Bonnesen, Sur les problémes des isoperimétres et des isepiphanes, Paris, 1929, 
Bonnesen-Fenchel, Theorie der konvexen Koérper, Berlin, 1934. 

2 Concerning the case b) we mention only that the best polyhedron is for any 
number of vertices bounded only by triangles (see the second paper in °). This fact is 
the dual counterpart of Goldberg’s conjecture (see note °) according to which the best 
polyhedron among the polyhedra with a given number of faces, has only trihedral 
vertices. 

3K. Steinitz, “ Polyeder und Raumeinteilungen,” Encyklopddie der Mathematischen 
Wissenschaften, III-12, 9 (1922), pp. 38-43, 94-101; “ Uber isoperimetrische Problem bei 
konvexen Polyedern,” Journal fiir die reine und angewandte Mathematik, vol. 158 
(1927), pp. 129-153, 159 (1928), pp. 133-143. : 

4See the second paper cited in *, beginning of § 4. resp. end of § 3. on p. 134, In 
contradiction to the above remark Goldberg mentions the cube among the polyhedra 
which are proved to be the best in the case a). 
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THEOREM 1. Jf F', denotes the area and V, the volume of any convex 
n-hedron, we have 


(1) F,2/V 54(n — 2) tan Wn (4 sin? on —1), On 


Equality holds only for the regular tetrahedron, hexahedron and dodecahedron.° 


According to this, the regular hexahedron and dodecahedron are proved 
to be the best not only among those of their type but also—far beyond 


Steiner’s conjecture—among all convex polyhedra with 6 resp. 12 faces. 


The above inequality gives furthermore an exact asymptotical estimation 
for large values of n. The only lower bound of F',°/V»” for large n previously 
known was 367, the value of F?/V? for the sphere. The above estimation 
gives besides that the exact value of the constant lim inf n(Fn?/Vn? — 367). 

By the theorem indicated above the isepiphan problem for n-hedra 
(case a) ) can in a certain sense be considered as closed since the determination 
of the exact lower bound for all values of n seems unattainable or must be 
considered at least as a farther aim. 


2. According to a remarkable result of L. Lindeléf and Minkowski ° 
among all convex n-hedra with given directions of the exterior normals of 
the faces, the n-hedron circumscribed about a sphere is the best. Therefore 
we can restrict ourselves to n-hedra circumscribed about the sphere S of unit 
radius. We have then Va=4Fa, i.e. Fn?/Vn? = 9Fn =27Vn, and thus 
the isepiphan problem for n-hedra is equivalent to the problem of deter- 
mining the n-hedron with minimal area (or volume) among all n-hedra 
circumscribed about the sphere of unit radius. 


° This result was previously obtained by M. Goldberg [‘‘ The isoperimetric problem 
for polyhedra,” 76hoku Mathematical Journal, vol. 40 (1935), pp. 226-236]. Goldberg’s 
proof is based upon the convexity of a complicated function of two variables which fact 
he states without proof. Taking into account the importance of this result it seems 
worth while to give a complete proof.—In a paper [“ Uber einige Extremaleigenschaften 
der reguliren Polyeder und des gleichseitigen Dreiecksgitters,” Annali della R. Scuola 
Normale Superiore di Pisa 12 (1943) ...] I have proved independently from Goldberg 
but in a similar way—together with a number of analogous inequalities—the inequality 
(1). In this paper there can be found also a nomogram of the function in question 
from which the convexity can be seen empirically. 

*L, Lindelof, “ Propriétés générales des polyedres ete.,” St. Petersburg Bull. Ac. Se., 
vol. 14 (1869), pp. 258-269. H. Minkowski, “ Allgemeine Lehrsatze iiber die konvexen 
Polyeder,” Gesammelte Abhandlungen, vol. 2, pp. 103-121. 
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LASZLO FEJES TOTH. 
All that we have to prove is, therefore, the inequality 
F,, = 6(n — 2) tan wn (4 sin? won — 1) 
concerning an n-hedron circumscribed to the unit sphere S. 
We prove this inequality as a corollary of the following 


THEOREM 2. Let $(p) be a strictly increasing function for 0S p < 2/2, 
Let further Pi, P2,---+,Pn be n points of the surface S of the sphere with 
unit radius not all of them lying on a hemisphere, and let pp = min(PP,, 
PP,,- + +,PPn) denote the spherical distance of a_ variable point P of 8 
from the point of the system {Pi} nearest to it. 

With these conditions we have for the surface-integral of ¢(pp) extended 


over S 


(2) f $(pr)do = (2n—4) $(pr) do, 


where we denote by A an equilateral spherical triangle with the vertices 
P,, Po, P; having the area* 2x/(n—2) and by pp = min(PP,, PP», PP;) 
the spherical distance of P from the vertex nearest to tt. 


Equality holds only if the system {Pi} coincides with the system of 
vertices of a regular tetrahedron, octahedron or icosahedron. 


First we make two preliminary remarks, denoting in what follows a 
domain and its area by the same symbol. 


Remark 1. Let s be a segment of a spherical cap c with the top point T. 
We assert that the function 


W(s)—= $(PT)do 


is convex from above for c/2. 


Proof. Let s1,8*:,82,8*2 be four segments of ¢ cut off by great 
circles passing through the same diametrically opposite points, for which 


7 We can suppose that the least convex envelope V,, of P,,P,,- - -,P, is a poly- 
hedron bounded only by triangles. The number of these triangles is then an — 4. 
Hence 47/(2n—4) is the average area of the spherical triangles determined by the 
spherical net of V,. 


wher 


a 
th 
re: 
de 

up 
ver 
Vv 

shr 

Let 

con; 

8 
grea 


THE ISEPIPHAN PROBLEM FOR n-HEDRA. 177 


0< < 8%) < << and As, —s*, —s, = As, =s*,— It is 
easy to give an area-preserving representation of As, upon As: so that for any 
point P, of As, corresponding to an inner point P; of As, we have TP, > TP3. 
Hence by the monotoneity of ¢(p) 


and thus ¥’(s1) > y’(s2). 


Remark 2. For all convex domains d lying in a hemicap of ¢ 


$(PT) dw < y(d). 


Proof. Let d be incongruent to s. Denote the point d nearest to T by D, 
the surface of d resp. s lying in the concentric cap with radius p by d(p) 
resp. s(p). It is shown easily that for TD <p <p, s(p) >d(p), where p 
denotes the radius of c. This involves an area-preserving representation of s 
upon d which carries all inner points of s into points of d nearer to T. 

Let us now turn to the 


Proof of Theorem 2. Consider the n-hedron U» the faces of which touch 
Sat P2,- +,Pn. Obviously we can suppose that has only trihedral 
vertices, since a v-hedral vertex can be considered as the limit-position of 
v—2 trihedral vertices. The number of the edges of Un (scme of which can 
] shrink to a point) is then exactly 3n — 6. 

Let fi be the face with the tangent point Pi, $i the projection of fi 
from the centre O of S upon S. Obviously we have 


vs r=1 


Let c; be the spherical cap with the top point P; and the spherical radius ¢ 
congruent with the least cap c with the top point 7 containing A. Let, further, 
81,82, * +, 8y be the convex partial-domains of c; the first bordered by the 


t great-circles P:Q,, Q:Q2, PiQs, the second by PiQe, QeQs, PiQs, ete., Qe, 
: ‘*+,Qv being the vertices of the spherical polygon ¢;. We have 

$(PP;)do = $(PP;)dw — > f $(PP;) do + $(PP;) do, 
‘ gi / ci r=1 8r hi 

e 


Where $; denotes the part of ¢; not covered by ci. The total number of the 


12 
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domains s, being 6n —- 12—i. e. twice the number of the edges of Un—we get 
by summation 


6n—12 


J, dlor)do—n f $(PT)do—S J o(PL)do+ 


Y 


where S’ denotes the part of S not covered by any cap ci and the su—s are 
parts of ¢ congruent with the original domains characterized above. 
Taking now into account that 
6n—12 
S=ne— 


r=1 


we have by Remark 2. resp. 1 and by Jensen’s inequality,§ 


6n—-12 6n—12 
2 $(PT)doS S (6n —12)y 
wi 6n — 12 


_ 
12)9( 6n — 12 


— (6n—12)9 ( + (6n — 12) $(PT) do. 


Here we have denoted by d the domain with the area d = 8’/(6n — 12) which 
completes the segment of the cap c of area (nc — S8)/(6n — 12) to the seg- 
ment of area (nc —S + 8’)/(6n — 12). 

For the inner points P of d resp. of S’—provided- that they are not 
empty—PT < fp resp. pp >p and thus by the monotoneity of $(p), 


(6n — 12) f $(PT) dw < 


Taking all these facts into account, we have 


Consider now the integral f. $(pp)dw. Let us denote the angles of A 
4 


by a We denote by 3s the part of A which is covered twice by the caps having 
the top points P,, P2, Ps, and congruent with c. We have 


A = 3(a/27)c — 3s, 


° J. L. W. V. Jensen, “Sur les fonctions convexes et les inégalités entre les valeurs 
moyennes,” Acta Mathematica, vol. 30 (1906), pp. 175-193. 
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and analogously 
(pp) dw = 3(«/27) f $(PT) dw — 3y(s). 
ZC 
Thus since 3a—7—A, 


$(pp)do = (A + x) tf do — 3y 


Now we make use of the supposition A = 27/(n — 2) and obtain 


ne — 4r 


(2n — 4) $(pp)do =n $(PT) dw — (6n — 12)y 


which equals the right side of the last inequality. 


Equality holds in (2) only if 8 is entirely covered by the caps ci without 
any part being covered three times, the 3n —6 parts covered twice being all 
congruent. In this case Un is a regular polyhedron with trihedral vertices ; 
this completes the proof.® 


3. Let ¢ be a spherical domain lying on a hemisphere with the top point 
T, f the central-projection of @ on the plane touching the sphere S at T. 
It is easy to see that f is given by an integral 


f= 


¢(p) being strictly increasing for 0 Sp < 7/2. 

For this function the left side of (2) gives the area of Un, the right side 
the area of the projection of A upon the trihedron, the faces of which touch 
§ at the vertices of A. Hence by some elementary computations we obtain 
the desired estimation for Fn. 

Similarly we get for instance from Theorem 2 the following 


Let be 12 congruent spheres all of them 
containing the fixed sphere S. The convex body B consisting of the common 


* Let us mention here the following interesting fact: The surface-integral 
S o(p,) de; p, = min (PP,, PP,, PP,) 
extended over the spherical triangle A= P,P,P, of given area takes its minimum 1 
for an equilateral triangle Prr., 2 for a triangle Pry. arising from PPP, by 
teflecting P, with respect to P,P, in P*,, provided that the height of PPP, is < «/%. 
We have ¢(p) = 1/cos? p. 
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points of the spheres has minimal area and volume if the spheres touch S at 
the vertices of a regular icosahedron. 


Finally let us mention that in (2) the case of equality remains unaltered 


for the function 
0 for OSpSp 
$(p) = 1 for p<p< 7/2. 


This shows that S cannot be covered by n congruent caps of a spherical 
radius < p. 

The result obtained can be formulated as follows: If d denotes the 
density of any system of n > 2 congruent spherical caps of areas c, covering 
the unit sphere, then 


d= nc/4r = n/2 (1 — (V3/3) cot 


=) > 2V 34/9 = 1-209: 


holds. This proposition found some time ago”™ is an extension of a result 
due to R. Kershner.’* 


BuDAPEST. 


Fejes, “Egy gimbfeliilet befedése egybevagé gimbsiivegekkel,” Mathematikai 
és phisikai lapok 50 (1943), pp. 40-46. , 

12 R. Kershner, “ The number of circles covering a set,” American Journal of Mathe- 
matics, vol. 61 (1939), pp. 665-671. 
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THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE.* 
By A. R. Harvey.’ 


1. Introduction. 


DeFiIniTi0N. The function f(z) is said to be of exponential type & if 


f(z) is entire and 
M(r) = O(e 


for every « > 0 and noe < 0, M(r) being the maximum of | f(z)| on the circle 
It is easily seen that 
k = lim 1 log M(r), 


and it can be shown [35; p. 41] that 
k= lim | f™ (z)| 
for every 2. 


DeFinition. The p-th mean of f(z) on a horizontal line, denoted by 
+ iy)}, is defined : 


T 
+ iy)} (1/27) fle-+iy)|? de. 
The p-th mean of f(z) at the integers, denoted by Mi?{f(z)}, is defined: 
Mir{f(x)} =lim (2n + 


It is known (cf. [13; p. 148-144], [2; p. 102], [27; vol. II, p. 35-36, 
nos. 201-202]) that if f(z) is of exponential type & and 
| f(x)|=B 
for all x, then 
| + ty)| S Bel, 
and 
| f(x) | S kB. 


* Received May 13, 1947. 

*The author is indebted to Dr. R. P. Boas, Jr. for suggesting the subject of this 
paper, and to Dr. Boas and Professors L. Ahlfors and D. V. Widder for many helpful 
Suggestions. 
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It has been proved also ([11], [13]) that if & is less than z, the boundedness 
of f(z) at the integers implies the boundedness of f(z) on the whole z-axis, 
Results analogous to the preceding ones have been obtained for functions of 
exponential type which are of class LZ? on the z-axis ([24; p. 120, 128], [7; 
p. 276]). In this paper, the analogues for functions of exponential type with 
bounded means will be obtained. 

The results to follow are not very interesting in the case where. f(z) is 
bounded. The class of functions having a bounded mean of the form 
M*{f(x)}, however, includes the class of B* (Besicovitch) almost periodic 
functions ([4], [5], [6]). Boas [8, p. 13] has shown that there exists a 
function of exponential type which is B* almost periodic but unbounded on 
the x-axis; hence the class of functions under consideration is greater than 
the class of functions which are of exponential type and which are bounded 


on the z-axis. 


2. The mean of f(z) on a horizontal line. It has been pointed out 
that a function may be unbounded on the z-axis yet have a bounded mean. 
It is to be expected, however, that such a function cannot grow very rapidly. 
The following theorem establishes a limit on the rate of growth of a function 
of exponential type with bounded mean. 


THEOREM 1. Jf f(z) is of exponential type k, and if 


then 
f(z) =O(| as 0. 


Proof. Assume that k < z, otherwise consider f(z/k). By hypothesis, 
there exists a constant B such that 


T 
(120) <B 
for all T. Then, for any positive integer n and any with 0 <8 < #, 
on n 
so that 2 
f(x)| da < 2Bn. 
n-5 


It follows that for some dn, with n—8 San =n, 


| f(an) |? < 2Bnd+ < 4Ba, 8". 


THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE. 


Consider any branch of the function, 


g (2) = (2+ +1). 
It is regular and of type & in R(z) =0, and is bounded at the sequence 
{dn —1}. Hence, by a theorem of Duffin and Schaeffer [13; p. 142], | g(z)| 
is bounded. This proves the theorem for the case where x approntien infinity 
through positive values. 
The case where x approaches infinity through negative values is proved 
in a similar way. 


THEOREM 2. If f(z) is of exponential type k, then 
MP{f(x + ty)} S (x) }, (p> 0). 


Proof. Assume that y = 0, the case, y= 0, being handled in a similar 
way. M?{f(x)} is assumed to be finite, otherwise there is nothing to prove. 


By Theorem 1, 


© log | 


so that by a result due to Nevanlinna [22; p. 29-31], 


log | f(re*) | S (1/7) | f(t)|- 2cr- sin 6 


where 


c= lim | f(re*®) | sin 
0 


Using Theorem 1, it is easily seen that, under the hy ae of this theorem, 
= }r, hence, 


log | Fe + = 


at + phy 


Slog {(1/n) | dt} + phy. 


y 


The last inequality is a consequence of the fact that the geometric mean is 
less than or equal to the arithmetic mean. It follows that 


The above integral converges uniformly for x in the closed interval 
[—T,T] for, if 


y 
(c—t)?+y°? 
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and M?{f(x)} =A, then given « >0, there exists a t) such that for all 
t a to, 


Now 


Integrating by parts, it is seen that 


| — | | 


uniformly for z in [— 7,7]. The integral over [— ©, 0] is treated similarly. 
The expression for | f(2 + iy)| ” can then be integrated with respect to z 
over the interval [— 7’, 7], and the order of integration reversed, i. e., 


Now let 


T y oa t 
Noting that w7(— t) = w7(t), it follows that 
T oo 
(1/27) f(x + iy)|? da < wr(t)dy(t). 


Integrating by parts (recalling that, as in the case of a(t), y(t) = O(t) as 
t— oo), 


co 
(1/27) | fa em (1/227) y(t) dor(t) 
-T J 0 
to 
< + (A +6) f 
0 0 
Evaluating the last two integrals, it is seen that 
to 
jim (1/2zT) ¥(¢)dor(t) 
T-0 270 
co 
lim (1/2aT) tdor(t) =—1, 
T->00 to 
hence 
T 
lim (1/27) +iy)| dx < (A+ 
-T 


Since ¢ is arbitrary, the theorem is proved. 
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38. The mean of f’(x). It.will now be shown that the boundedness of 
M{f(x)} implies the boundedness of M?{f’(x)}. First, a rather crude 
inequality will be obtained in the case where p is greater than zero. When 
p is greater than one, a refinement of the crude result can be obtained, as 
will be seen. 


LemMA 1. Jf a is a real number, then 


M{f(x + a+ ty)} = + wy)}, (p> 0). 
Proof. Assume a>0. (The proof is the same fora <0.) Then, 
T—a 1 T 
= 
J sary f(a a+ iy)| de 


1 (T+a) 
Since (I —a)/T and (7+ a)/T approach 1 as T approaches infinity, the 
result follows. 


THEOREM 3. If f(z) is of exponential type k, then 
p + 2) 202 
< PE (erin 1) (2)}, (p > 0), 
ak po? 
where 8 is an arbitrary positive number. 


‘ 
Proof. It is known [24; p. 127] that if f(z) is regular in a square with 
comers (2 + 8+ 178), (2 —8+ 78), then 


2d 


where 6 is an arbitrary positive number and A = 2?(p + 2)/(76**). Hence, 


(1/27) | f [te + u-+ iv)| ? dx}dudv. 
By the preceding lemma and Theorem 2, if wu and v are fixed, 
Me{f (2 + ut iv)} = M{f (ac + iv)} S evklel f(x) }. 
It follows that, given « > 0, there exists a T)(u,v,€), such that 
(1/20) + ut iv)| de < 


for all T > T,. Such a 7, exists for each wu and v with |u| S38, |v! Ss. 
Since this set of values for wu and v is closed, T(u,v,e), as a function of 


ll 
= 
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u and v, must be bounded above for wu, v in the closed interval [— 8,8]. Let 
T, be an upper bound of To(u,v) for u, v on [—8,8]. The last inequality 
then holds for all 7 > T7,. Hence, for T > T7,, 


er 6 26 
(727) f f(x) } + €]dudv 


Letting T approach infinity first and then letting « approach zero, the result 
follows. 

It should be noted that by repeated application of this theorem a bound 
for M?{f™ (x)} is obtained. 

It will now be shown that when p is greater than one, the constant in 
Theorem 3 can be replaced by k?. 


LemMA 2. If 
sin €2 


f(z), 


ge(2z) = 
then 
lim f'(2). 
Proof. 
sin €z 


€2 


= + (<° cos ez — sin ez). 


If cos ez and sin ez in the last term are expanded into their Maclaurin’s 
series, it is seen that the last term approaches zero with e. 
Lemna 3, If f(z) is of exponential type k < x, and 


| f(z)|SB< a, 
then 


Proof. If is chosen less than (7 — /:), then the function 


is an entire function of exponential type less than z and satisfies 
> n-19.(n) < 
n=-00 


By Valiron’s interpolation formula [see 34], or from Pélya and Szegé 
[27; vol. I, p. 16, no. 165], 


C: 


pr 
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sin wz tan (2—MN)? 


Letting z approach 3, 
‘ © (—1)"ge(n 
= — (1/n) 
n=-00 2 


Since | ge(x)| is bounded for all ¢, this series converges uniformly in «. 
Letting « approach zero, and using the result of the previous lemma, 


n=-0O 


This is true for each 2; hence the lemma is proved. 
LemMa 4. If F(n,T) is positive or zero for all integers n and all real T, 


and if F(n,T) converges uniformly in T, <T < then 


n=- 


@) 
lim > F(a,T)= lim F(a,T). 
n=-00 T3000 
Proof. By hvpothesis, given « > 0, there exists a positive integer N 
y AY} g p 


(depending only on ¢) such that 


SF (n,T) <SF(n,T) +e 
n=-0O N 


Hence, 
lim F(n,7)< im F(n,7)+eS lim P(n,T) +e 
n=-0O n=-N n=-00 T-00 


The result then follows on letting « approach zero. 
THeEorEeM 4. If f(z) is of exponential type k, then for p> 1, 


(x)} S (x) }. 
Proof. 


Cask I: k < 


It is assumed that M?{f(x)} is bounded, otherwise there is nothing to 
prove. Then, since p > 1, f(x) =O(|2]|), by Theorem 1. 
Choose « > 0 such that k + € < z, and consider 


f(z) sin ez 


ge(2z) = 


The function g-(z) is of type 7, and since f(x) =O(|z]), 
g(t) is bounded. By Lemma 3, 
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g(t) = (1/r) & 


n= -0O 


Applying Minkowski’s inequality, 


-T \ 


Since | ge(x)| is less than or equal to | f(«)| for all e, | ge(a + —4)| 
may be replaced by | f(z + —$)| in the above inequality. The right-hand 
side then does not depend on e; hence, letting « approach zero and using 
Lemma 2, 


| 


n=-0O 


At this point it is desirable to take the limit superior inside the above 
sum. In order to do this it will be shown that the sum satisfies the hypothesis 


of Lemma 4. 
Let the sum be broken up into three sums: 


By hypothesis, there exists an A < o such that 


(eT) | 


for all T. 
If n is less than zero and T is greater than three, it follows that ($—n)T 


is greater than (7 + $—n); hence for 7 > 3, 


n 1/p 


-1 Al/p 


<2 


Since p is greater than one, this converges and so 8; converges uniformly 
in T, (T>3). A similar argument shows that S3; converges uniformly 


m2, (2 > 8). 
The sum in (1) then satisfies Lemma 4 and the upper limit may be 


taken inside the sum, giving 


Since the last sum is equal to x’, it follows that 


> th 


1/ 


wh 


| 
t] 
| 
Si 
| 
| 


r} 


iz}! 


THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE. 


(2) (x) } S wPMP{f (x) }. 
(ase II: general k. 


Let « be an arbitrary positive number and consider 


The function h(z) is of type less than 7 Applying (2) to A(z), it 
follows that 
(1 (x) } S (x)}- 


The general result then follows on letting « approach zero. 
By considering sin kz (which is of type /) it is seen that the constant k? 


is “best possible.” 


4, Functions of minimal type. A function of exponential type zero 
is said to be of minimal type. If & is made to approach zero in Theorem 2 and 
Theorem 4, it is seen that M?{f(a + iy)} = M*{f(x)} and =0, 
the latter being true for p >1. This would seem to indicate that f(z) is a 
constant. It will now be shown that this is indeed true. 


Lemma 5. If f(a) is a continuous function such that | f(x)| becomes 
and remains larger than any assigned constant as |x| approaches infinity, 
then M?{f(x)} = 0, (p>0). 


Proof. Given B, there exists X) > 0, such that | f(z)! is greater than 
B for alla > Hence, 


M°{f (ax) } > lim (1/22) dx + (9/2) (T — = Be. 


Since B is arbitrary, the lemma is proved. 


Tuerorem 5. If f(z) is of minimal type and M?{f(r)} < ©, (p>0O), 


> then f(z) is identically a constant. 


Proof. Let r—=[1/p]+ 1, where [1/p] denotes the integral part of 
1/p, and consider the function 


g (2) = (f(z) — Pr(z) 


where P,(z) denotes the first 7 terms of the Maclaurin’s series of f(z). 
The function g(z) is entire and of minimal type. Since, by Theorem1, 


f(x) =O(| =o(| 
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it follows that g(a) is bounded. By [25] or [20; p. 127], g(z) is identically 
a constant, and hence f(z) is a polynomial of degree at most r. A polynomiai 
of degree greater than zero, however, satisfies the hypothesis of the preceding 
lemma. By the hypothesis of this theorem, this is impossible, so the degree 
of the polynomial must be zero. 


5. Continuity of the function ¢(y) M?{f(x + iy)}, (p=1). 

THEOREM 6. If f(z) is of exponential type k, and if M°{f(x)} is finite, 
then the function $(y) = M*{f(x+iy)}, p=1, ts a continuous function 
of y. 
Proof. Assume that y<y’. (The proof is the same for y>~y.) 
From the definition of ¢(y) and the usual inequalities on upper limits, 


9 r 
| —o(y)| Stim (1/27) 


Now, 


| f(x + ty)|?9—| 


y’ 
y 


<= | + iu)| | + 


fla + iu) |» du 


Using Hoélder’s inequality when p > 1 (and trivially for p—1), 
y’ T 
| $(y) —o(y)|Splim + iu) | 


T 
| + iu) | du 
e -T 

By Theorem 2, M?{f(x-+ iw)} is bounded, hence there exists a B,(u) 

such that for all 7, 
T 
(1/27) +iu)| < B,(u). 

By Theorem 3, M{f’(x)} is bounded. Furthermore, if f(z) is of 
exponential type k, so is f’(z) [85; p. 41]; hence Theorem 2 can be applied 
to f(z). Then there exists a B.(u) such that for all T, 

(1/27) fi (a + iu)|? dx < B,(u). 
It follows that 


| 

| 
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| o(y) —¢(y’)| p(y—y’) max 
which proves the continuity of $(y). 


6. The mean of f(z) at the integers. It will now be shown that the 
boundedness of M?{f(x)} implies the boundedness of Mi?{f(a)} and that the 
converse is true if the type of f(z) is less than z. The device which will be 
used is essentially the same as that used by Plancherel and Pélya [24] in 
obtaining analogous theorems for functions of class Z? on the axis. 


LemMA 6. Lei n be a positive integer and let c be a positive constant. 
If h(x) is a positive and continuous function, then 


nc 


lim (1/27) f h(x)dx =lim (1/2ne) h(x)dz. 
-T n—>00 -ne 


Proof. Let [7] denote the integral part of 7. The result then follows 
from the inequalities: 


[Tle Tec 
Tle 


[T+ 1] ; 1 [T+1]e 
T -[T] 


T 


THEOREM 7. If f(z) is of exponential type k, then 


Me(t(2)} — 


Proof. Plancherel and Pélya [24; p. 125] have shown that.if f(z) is 
regular in the square with corners (j + $ + 41), (j —3 + 30), then 


% % 


hence, 


Applying Lemma 6 and Theorem 2, it follows that, given « > 0, there 
exists an N such that for all n > N and all y with —$ Sy}, 


= (4) 


1 


+ de < + « 


Consequently, 


al, 
1,2! |? S (4/7) (x) } + 4e/r. 
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The result follows on evaluating the integral and letting n approach 
infinity first and then « approach zero. 

The fact that the boundedness of 1/?{f(x)} implies the boundedness of 
M;*{f(x)} is not surprising. The converse is certainly a more interesting 
speculation. One has only to consider f(z) —2zsin zz (which is of type 7) 
to realize that the converse is not true in general. It will be shown, however, 
that if the type of f(z) is less than z, the converse does indeed hold. 

LemMA 7%. Let p be positive and M,?{f(x)} finite. If n is an integer, 
then 

f(n) as |n|— 


Proof. The proof follows almost immediately from the definition of 
MiP{f(x)}. 


LemMa 8. If m is a fixed integer, 
+ m)} = 
Proof. The proof is essentially the same as for Lemma 1, integrals being 
replaced by sums. 
THEOREM 8. Jf f(z) ts of exponential type k < zm, then 
S BM P{f(x)}, (p > 9), 
where B is a constant depending on p and k only. . 


Proof. Assume that M;?{f(x)} is bounded; otherwise there is nothing 
to prove. 
Let a=2[1/p], where [1/p] denotes the integral part of 1/p. Let 
§= 4(27—k)/(a+3), and consider the function 
g(z) (z+ m) sin (m fixed ). 


The function g(z) is entire and of type less than or equal to k + (a+ 36. 
By definition of 8, the type of g(z) is less than z. 
It will now be shown that g(z) satisfies 


(3) lim | g(z)| | z | @e™l#! =0, 
and 
(4) g(n)n | < 


(The primed summation indicates that n =0 is to be omitted.) 


— 


— 
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The first relationship follows immediately from the fact that g(z) is 
of type less than z. 
By definition of g(z), 


=z | n-*g(n)| < f(n 


n=-0O 


-m-1 


®, n=m n=m+1 


Now, 


Since by Lemma 7, f(n + m) = O({n-+ m}?”), it follows from the defi- 
nition of “a” that f(n+ m)/(n-+ m)**1, in S;, is bounded, say by A. 
Then, using the binomial expansion of (n + m)##}, 


-m-1 
=A Get ) < 0, 


n=-00 


In a similar way, 8; is seen to converge; hence (4) is satisfied. 
Since g(z) satisfies (3), (4), Valiron’s interpolation formula [34] may 
be applied, i.e. 


sin rz XS, (—1)"2*9(n) 
T new n*(z—n) 


or, by definition of g(z), 


(z— 


(5) f(z+m) = 


Let Fm be the maximum of | f(x)| on the interval, m —$S2=m-+  . 
Then by the maximum modulus principle, Fm is less than or equal to the 
maximum of |f(z-+m)| on the square 8, with corners: + 43(1+4%), 


+(1—i). Let 
) K 
max K. 
zonS \m(sin 
On 8, |z—n]| is greater than |n|—4, hence. using the interpolation 


formula (5), 


(6) Pn = K Q(m,n), 
where 


= | f(n + m) (sin dn) | 
Q(m, 


Now 


13 


| 
oo 
| 
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where r can approach infinity through integral values, by Lemma 6. Hence, 


= Tm + 


from the definition of Fm, 


(1) Me{f(2)} Tim 


> (Fm)?. 
m=-r 
Two cases are now considered. 


Case I: p>1. 

In the same way as the summation in (4) was seen to converge, it is 
seen that >’ Q(m, 7) converges uniformly for m in the interval, —r =m Sr, 
Using (6) and Minkowski’s inequality, 


m=-r m=-r n=-00 


n=-CO 


It follows that 


Next, it will be shown that the upper limit can be taken inside the first 


sum in relation (8). 


Let 
=-0O n=-C n= a= 2 


From the definition of Q(m,n), 


| sin® 8n | 


In 
(2r-+1)|n| >2(r—n) 


1 1 1/p 
Ss ia | )|? 2 


if r > 1, hence, 


Since M;?{f(x)} is finite, the expression in the brackets is bounded, and 
since p is greater than one, the sum converges uniformly in . 

In a similar way, it can be shown that Ss converges uniformly inf ; 
hence, by Lemma 4, the upper limit can be taken inside the sum in (8) giving 


r+n 


or rH 


| | 

( 

| . 

ir 
C 
li 
fc 
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— 


the last step being a consequence of Lemma 8. This sum converges; hence 
the result is proved for p > 1, with 


sin? $n D 
Saat 
n=-co (| |—4)| |? 
ASE IIT: p=1. 


Returning to (6), and using Jensen’s inequality, 


(Fn)? < KS { Q(m, n)}? Ke { Q?(m,n)}. 


m=-r m=-r n=- m=-r 
Now, 
| f(n m)sin |? | f(n+-m)]|? 


by definition of a. It follows, then, that 


Since f(n + m) = O({n + m}?/?) by Lemma 7, the sum is seen to converge 
uniformly for m in the interval —r< mr. The order of summation can 


then be changed, and so by (7) 


(9) lim { 


Since 


p(a+2) >2, 
it follows that 


zi 


Sl 


, | sin dn | (+9)? 1 


By an argument similar to the one used in Case I, the sum can be split 
into three sums so that the term in brackets is bounded in the infinite sums. 
Consequently the sum is seen to converge uniformly in r. The upper 
limit in (9) can then be taken inside the infinite sum. The result then 
follows as in Case I with 


= Ke 


< 


| 


— 
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7. One-sided means. 
DEFINITION. The function f(z) is said to be of exponential type & in 
R(z) = 0 if f(z) is regular in R(z) = 0 and 
M(r) = O(e)r) 
for every « > 0 and no «<0, M(r) being the maximum of | f(z)| on the 
semicircle |z| =r, R(z) 20. 


DEFINITION. The one-sided p-th mean of f(z) on a horizontal half-line, 
denoted by N?{f(x-+ iy)}, is defined as follows: 


+ iy)} lim (1/7) -+iy) ad 


The one-sided p-th mean of f(z) at the integers, denoted by Ni?{f(x)}, is 
defined similarly: 


Ne{f(x)} = lim (n + 


It will be shown that the main theorems for two-sided means hold also 
for one-sided means. A theorem of Macintyre [21] will be useful and the 
theorem is stated here as a lemma. It was not stated in this form by 
Macintyre but an inspection of his proof will bear out the validity of the 
lemma. 


Lemma 9. Let f(z) be of exponential type k< a in R(z) 0, and 
assume that 
lim r~ log | f(r)| 


Then f(z) can be written as the sum of two functions f,(z), fe(z), where 
f(z) ts entire and of type k. If y is fixed, 
fi(a + ty) = O(1/2) as 
fo(a + y) = O(1/2) as t—>-+ 
8. One-sided means on a half-line. 


LemMMA 10. Let 
f(z) =fi(z) + f(z), 
and let ; 
+ ty)} =0, (p > 9). 
Then 


Ne{f(x + iy)} = + y)}. 


Li 


hen 
itie 


and 


n 
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Proof. The proof follows immediatelyeby applying Minkowski’s inequality 
for p= 1, or Jensen’s inequality for p= 1, to the relations: 


+ fe(a+ ity), 
fi(z+ ty) = + —fe(a + ty). 


Lemma 11. Jf is continuous for r= 0, and $(x) 0 as &, 
then 
No{$(x)} =0, p>0. 


Proof. Given « > 0, there exists Xo such that for all 2 > Xo, 


| 
Hence, if 7 > Xo, 


/T + &(T —X,)/T, 
where A is the maximum of ¢(z) on0Sr=X,. It follows that 
N{o(z)} Se 
Letting « approach zero, the lemma is proved. 


LemMA 12. If is continuous and >0 as ©, then 


2M{o(x)} — Ne{$(z)}. 
Proof. 


From the previous lemma, 


lim (1/T) | 6(—2)| =0, 
0 


hence the upper limit equals the lower limit. Using the well known inequal- 
ities on upper and lower limits, it is easily seen that 
S 2MP{o(x)} S NP{d(z)}, 
and the lemma is proved. 
TuroreM 9. If f(z) is of exponential type k in R(z) = 0, then 
Netf(a + iy)} < (p > 0). 
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Proof. Assume that k <a. «(Otherwise consider f(z/k).) 
By the first part of Theorem 1, f(x) = O(2'/?) ; hence 


lim r* log | f(r)| <0. 


Lemmas 9, 10, 12, and Theorem 2 can then be applied, giving 
N{f (x + ty) } = NP{fi(x + ty) } = + ty) } 
< (a) } — }. 


9. The one-sided mean of f’(x). 


LemMMA 13. Let f(z) be of exponential type k in R(z) =0, and let 
f(x) be bounded for all x= 0; then f’(x) is bounded for all x= 0. 


Proof. It is known [13; p. 143] that under the above hypothesis there 
exists a constant A, independent of f, such that 


| Fle + iy) | < 
for all r=0. From this fact and Cauchy’s formula for the derivative, the 
result is easily seen. 


Lema 14. If f(z) is of exponential type k in R(z) = 0, and if 


f(z) = O(2") as &, <r<o), 
then 
f(z) = O(2") 


Proof. Consider any branch of the function 
g(z) = (2+ 1)"f(z+1). 


The function g(z) is regular in R(z) =O and is of exponential type &. 
Furthermore, g(z) is bounded for z= 0; hence by the previous lemma there 


exists a constant B such that 
| = +1) 7 f (@ +1) +1)|<B, («=0). 


By hypothesis, r(z-+1)7“f(a-+1) is bounded in x=0, hence s0 is 
(x+1)7f'(c+1). This completes the proof. 


TuroreM 10. Let f(z) be of exponential type k in R(z) 20. Then, 
(x)} = B(k, p) 


f 


§ 
pe 


THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE. 199 


where 
B(k,p)=ke if p>1, 
B(k, ak (e 1), if 1, 


8 being an arbitrary positive number. 


Proof. Assume that k < z, otherwise consider f(z/k). As in the previous 
theorem, Lemma 9 may be applied so that 


f(z) = + 


where, by Lemmas 9 and 14, fi(~+iy) =O(1/r) as t>—oo, and 
ty) =O(1/z) as r>+ &. 
As in the previous theorem, applying Lemmas 9, 10, 12 and Theorems 
3, 4, 
(x) } = (x) } = 2M{ fs (2) } 


S Blk, p) Mt fi (x) } = B(k, p) (a) }. 
CoroLtuary. Jf f(z) is of minimal type in R(z) = 0, then 


(x + ty) } =  (p>9), 
and 


=0, (p > 0). 


Proof. The first relation follows by letting / approach zero in Theorem 9, 

The second relation, for p > 1, is proved similarly, using the relation 
for p > 1 in the preceding theorem. 

In the case p <1 it should be noted that in the preceding theorem, 


9 +2 
lim B(k, p) = 


k30 
Since 8 is arbitrary, by taking 8 large this can be made less than any given 
positive quantity. This then proves the second relation for pS 1. 
10. The one-sided mean of f(z) at the integers. 
THEOREM 11. Jf f(z) is of exponential type k in R(z) = 0, then 


»—1) 


« 
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Proof. The proof follows that of Theorem 7 with slight modifications, 
The expression for | f(j)|? in Theorem 7 is valid only for j > 0 in this 
theorem, and Theorem 2 must be replaced by Theorem 9. 


LemMaA 14. Let n be an integer and let ¢(x) be bounded at the negative 
integers. If 
o(n) > 0 as n—>— %, 
then 
2Mi?{o(x)} = NP{o(z)}. 


Proof. The proof is the same as for Lemma 12 with integrals replaced 
by sums. 


LemMa 15. If f(z) is of exponential type k<m in R(z) =0, and 
NiP{f(x)} is bounded, then 


f(r) = O(a?) as 
Proof. As in Lemma 7, 


f(n) = O(n?) as 
The function 


g(z) = (2+ 1)7/f(z+ 1), (any branch), 


is regular in R(z) = 0, and bounded at the positive integers. It is of type 
k <7, hence g(x) is bounded [13; p. 142]. The result then follows. 


THEOREM 12. If f(z) ts of exponential type k <a in R(z) =0, then 
N{f(x)} S BN P{f(x)}, 


where B is a constant which depends on k and p only. 


Proof. Assume that Ni?{f(x)} is bounded, otherwise there is nothing 
to prove. 
It follows from the preceding lemmas that 


lim r log | f(r)| <0. 


Applying Lemma 9, 


ye 


15. 


16. 
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f(z) =filz) + fe(z). 


As in Theorem 9, 
(x) } = 2M{fi (x) }. 
Applying Theorem 8 to f:(z), and using Lemma 14, 


N{f(x)} S = B- NiP{f(x)}. 


UNIVERSITY OF NEW HAMPSHIRE, 


DuRHAM, N. H. 
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QUASI-MONOTONE SERIES.* 


By Orro SzAsz. 


1. We shall call a sequence {an} of positive numbers quasi-monotone 
if for some constant « = 0 


(1.1) + @/n) for all n > no(@). 


For « = 0 and m) —0 we have a monotone non-increasing sequence. If the 
terms dn of an infinite series Sa, form a quasi-monotone sequence, the series 
will be called quasi-monotone. Many known theorems on monotone series 
can be generalized to the larger class of quasi-monotone series. For some such 
results see [4], § 4; [5], § 4; [6], § 5,7 and references given there. 

In this note we give some properties of such series, which include results 
due to R. W. Hamming [2] and to A. Dvoretzky [1]. 


2. THEOREM 1. Let ><A: <--- be a strictly increasing sequence 
of positive integers, such that 


(2.1) — An = O(An — An-1), as N—> 
If {an} satisfies the assumption (1.1) then the two series 
San, and &(An — An-1) ar, 
are either both convergent or both divergent. 
The special case « = 0 is well known. From (1.1) 
= (1+ a/(n—1)) “an, = (1+ - 


hence, for k << n 


M> 


An-v = k(1 + a«/(n—k))*an, 


or 


(2.2) kan S (1+ a4/(n—k))* > An-v < (exp ka/(n —k)) any 


* Received April 24, 1947; Presented to the American Mathematical Society, April 
26, 1947. 


* See the bibliography at the end of the paper. 
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It follows from (2.1) that Anu = O(An), and from (2.2), replacing n by 
An; k by An — An-1; 


An-1 An-1 

(2. 3) (An An-1) Or (exp Nn-1) /An-1) = ay = O = ay. 
Again, from (1. 1) 

S (1+ @/n)"an, 
hence 

k 

Qriv S kan(1 + «/n)* < kan exp ka/n, 

and 


(2. 4) — An) > EXP (— — An) /An) Sa > 
c a constant; (2.3) and (2.4) yield Theorem 1. 
Jf is another quasi-monotone series and tf 
(2. 5) ay, = cby,,, 
then Xan < © implies << 


Thus if 30, is divergent, then (2.5) cannot hold; for An = k*" this yields 
Theorem 1 of Dvoretzky. , 
Note that if Sa, < oo then, (2.2) with k= [n/2] yields nan —> 0. 


3. Analogous results hold for infinite integrals. 


THEOREM 2. Assume that 
(3. 1) S (1+ 4/z)a(zx) forx =1, 0<y<l, 


and that 
a(n) n= 1,2,3,° °°; 


oO 

then the series San and the integral J a(x)dzx either both are convergent or 
1 

both dwergent. 


From (3.1) forv=1 


ajv+t) S (1+ 0<t<l, 


L 


an 


Sin 


fol 
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furthermore 


Sa(v + t)(1+a/(v+t)) <a(v+t)(1+a), 
hence 
(3. 3) dv S (1 + a) fiw t) dt. 
Thus 


1/(1+ 2) < <a, + f 


This proves Theorem 2. 
Note that if Sa, < o, then na, 0; furthermore 
va(v-+t) S(v+@)ay; 
thus it f a(x)dx < o, then za(x) > 0. 


1 
4, Assume again (3.1) and suppose that f ” a(x) da < co. Let 
0 
0<h< 1, then 
h h h 
J dz = f, a(vh + y)dyS f a(vh)(1 + a/vh)dy = a(vh)(h + a/v), 
0 0 


vh 


(m+1) h m m 
n nN n 


h 
Similarly, if = 1, from 


a(vh +h) <a(vh + y) (1+ a/(vh + y)) Sa(vh + y) (1+ a/vh), 


m (m+1)h m (v+i)h 
hSa((v+1)h) < f + a/h S1/v a(z)de, 
n oJ nh n vh 


let A>1, and n=1+ [h*], m=[A/h], then, using —o0(1), 


m 
h a(vh) =f a(x) dz, h—0, 
n 
and 


S a(vh)yt o(1/h 1/v?) = 0(1/hm) =0(1/A) = 0(1), h—0. 


m 


Similarly 


m vh 


m 


Given < > 0, choose A = 1 +e, and h < h(e) so small that 0(1) <; it then 
follows that 
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| J Sa(vh)| <e, n=1+ 


vh>1 
hence 


limh Sa(vh) = a(x) dz. 


vh>1 
Furthermore, clearly 


> f° a(a)de, 


vhS1 
hence, finally 


lim h a(vh) a(x) dz. 


This proves 


THEOREM 3. If (3.1) holds, and if a(x) is Riemann integrable then 
co co 
hd a(vh) f a(x) dz, as 
0 


whenever the integral exists. 


For monotone a(x) see [3], vol. 1, p. 41. 
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ON THE PARTIAL PRODUCTS OF INFINITE PRODUCTS 
OF ALEPHS.* 


By FREDERICK BAGEMIHL. 


Throughout this paper we shall assume the following: 4 


1. A is a transfinite limit-number. 
2, For every <4, ag is a transfinite cardinal number. 


3. 8 = ag, = [J ag. 
3 


E<h 
4, Po=1; pe =I] a, for every such that O<é<X. We call the 
pe the “ partial products” of [J ag. 


5. For any a, « is the cardinal number of the set of all ordinal numbers 
less than @. 

A generalization by Jourdain [2] of a theorem of Konig [3] can be 
expressed as follows: 


THEOREM 1. (Kdnig-Jourdain.) 
pr, 


Tarski has proved [6, pp. 6-7] that if {og} — is an increasing sequence 


of ordinal numbers, and if lim. _, ;o¢ =A, then 


II Noe — $08, 
E<wd 


If we make use of Theorem 1 and the fact that 
= 


(see, e.g., [4, p. 185]), we can restate Tarski’s theorem with the aid of our 
notation thus: 


* Received April 29, 1947. 

1 Small German and Greek letters, with or without subscripts, denote cardinal and 
ordinal numbers, respectively. For an explanation of our notation and terminology the 
reader may consult [1], [5], or [6]. Numbers in brackets refer to the bibliography at 
the end of the paper. 
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THEOREM 2. (Tarski.) If 


(1) Qa < ag whenevera<B<a, 
and tf 

(2) A= o, 

then 

(3) p=p 


Now, Tarski has asked [6, p. 13] (in an equivalent form): Is it true 
or false that Theorem 2 remains valid when the hypothesis (2) is removed? 
This is still an open question, and has been decided, in the affirmative, only 
for certain special cases.* We shall first prove 


THEOREM 3, If 
(4) Qa = ag whenevera<B<\A, 


and (2), then (3). 


Proof. We give a proof which is entirely analogous to Tarski’s proof 
of Theorem 2, and we refer the reader to the latter author’s paper for the 
notions and facts therein which we shall employ but which we shall not 
restate here. 


Let =€ for €< Aandy»<A. Then 


(5) p= ae = TT ( IL =I ( are, )- 
Every product 
II Ars f<A, 


has a finite number of factors, and because of (4) the factor ar,,= 4% is 
not less than any other factor appearing in this product. Hence, 


II a,,, =a for <A; 


and substituting this in (5) we obtain p= p. 


Thus we see that Theorem 2 is valid if (1) is replaced by (4). This 
suggests a question analogous to Tarski’s, namely: Does Theorem 3 hold if 


2 See [6, pp. 11, 13-14]. Some results which are related to this problem are stated 
in [7]. 
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hypothesis (2) is removed? The following example shows that this cannot 
be answered im the affirmative: 


Let + ©, ag for and * = Naw, for E<o. Then 


p= ( IT (IT = 281 - 


= WN, 


where the last equality results from the relation Naw, > 2%:,. [6, p. 9, 
Theorem II, 1) ], and the fact that cf(#:) =1. On the other hand, noting 
that we obtain 
p> — NS, —28 (ws) 
(3) 

where the last equality is a consequence of [6, p. 9, Theorem II, 2)]. Hence, 
p\> p. 

What, then, can be expected in the way of a conclusion resembling (3), 
if only (4) is assumed? We prove 


THEOREM 4, Jf (4), then 


(6) fe. 
Proof. Let the normal form of A be: A=«, + «2+° + ++ «n, where n 

is a natural number, «; = o* for 11, 2,- --,n, and 
(7) 
Then 
(8) ( II ag) ( il II sk 

E<ky E< ke E<kn 


(where, if n = 1, only the product in the first set of parentheses is present). 
According to Theorem 3, the right-hand side of (8) is equal to 
( II ag) *( ile i Ak ™ ? 
&<kn 
which in turn equals 
because of (7%). But since p+o—p-+o for every p and o, (9) is the 
same as 


*The author wishes to express his thanks to the referee for suggesting a simpli- 
fication of the original version of this example. 
‘For a definition of r(y) for any ordinal number ¥, see [6, p. 9]. 
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f 
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From the definition of pg it is evident that pg whenever a<B<j, 
so that 


E<Ky E< ke E<kn 


= II he. 


E<X 
Thus p= J] pe; and since obviously p= J] pe, we must have (6). 
Theorem 4 is of course true, a fortiort, for every transfinite limit- 
number A, if hypothesis (4) is replaced by (1). 


We give an example to show that Theorem 4 is not valid if the hypo- 
thesis (4) is dropped: 


Let Set = Naw) 3 = No for 0 << E< A. From the definition! 
of Naw) it is obvious that Naw) > 280. Now 


p = II No = 2No = 


On the other hand, po =1, and pe = Naw) for 0 < é< A, so that according 
to [6, p. 9, Theorem IT, 2) ] 


1(w) 


Tarski has stated [7, Theorem 97] a result which we can express in the 


following form: 
If (1), then there exists a non-zero remainder, p, of A, such that p =f, 
We show that the hypothesis (1) can be replaced by (4): 
Tueorem 5. If (4), and if the normal form of A is: A=Ki+% 


where n is a natural number, xi = w* for 1,2,-°°,N, and 
§, then 


de: 


Le 
Va 

(11) p= p*, | 
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Proof. If n =1, Theorem 5 is simply Theorem 3. 


Suppose n >1. Then (11) follows immediately from 


om ko Kn kn kr 


where the first equality is obtained from (10) and the argument preceding it 
in the proof of Theorem 4. 
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A BILINEAR INTEGRAL IDENTITY FOR HARMONIC 
FUNCTIONS.* 


By WILLIAM GUSTIN. 


In this note we show that any two functions harmonic in open subsets 
of a euclidean space satisfy a certain bilinear integral identity. We use this 
identity and the associated quadratic integral identity to give new proofs of 
several fundamental theorems of harmonic function theory. In particular 
we show, without the use of series expansions, that a function harmonic in a 
connected open set D and vanishing over some non-null open subset of D 
must vanish throughout D. 

Let EF be a euclidean space of dimension v= 2. The elements of F will 
be called points or vectors depending upon context; all points or point sets 
hereafter mentioned will lie in #. We use small Roman italics to denote 
points or vectors in /, capital Roman italics to denote point sets in £, and 
small Greek italics to denote real numbers or real valued functions. 

Let ¢; be a function harmonic in an open set D,; of FE and let ¢2 bea 
function harmonic in an open set D. of £. For every two non-negative real 
numbers p; and p2 such that the closed p; sphere about the point q: lies in D, 
and the closed p2 sphere about the point qg2 lies in Dz we consider a bilinear 
integral of ¢; and ¢2 defined as follows. Any unit vector x determines a 
direction or ray from each of the points g; and gz. The ray from q; pierces 
the surface of the closed p; sphere about g; in the point qi + piv; and the 
ray from gq» pierces the surface of the closed p2 sphere about g» in the point 
gz + p2x. Thus the product 


+ pit) (qe + 


is defined for every unit vector x. This product may be integrated with 
respect to surface measure over the set S of all unit vectors in F, that is, 
over the surface of the unit sphere about the origin. The resulting bilinear 
integral will be denoted by 


+ pit) + pot), 


* Received March 6, 1947. 
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the subscript 2 specifying that the unit vector z is the variable point of 
integration. We now investigate the dependence of this integral upon the 
radii p: and po. 


THEOREM 1. /f the function ¢,; is harmonic in an open set D, of E and 
the function 2 1s harmonic in an open set D» of E, then for each point q, of D, 
and each potnt q2 of D». the bilinear integral identity 


(1) + a4) + = + Bib) + Bod) 


holds for all non-negative real numbers Bi, such that 
and such that the closed a, and 8, spheres about qi lie in D, and the closed 
a and Bz spheres about gz lie in Dz. 


Proof. Let y: > 0 be the radius of the largest open sphere in D, about qi 
and let y2 > 0 be the radius of the largest open sphere in D2 about q2. Clearly 
insofar as the proof of the theorem is concerned the points q; and q2 may be 
taken as the origin. We then define 


£(p1; p2) $1 (pit) (por) 


for all real numbers p; and such that OS pi < and OSp2<y2. We 
are to show that if {(:,%2) and €(8:, 82) are defined and if 
then 


(2) £(@1, %) = €(B:, Bo). 


By interchanging, if necessary, the symbols « and 8 we may suppose that 
Moreover, since is a continuous function of its arguments, 
we need prove (2) only for @’s and #’s such that 0 <a, < We shall 
give two proofs. The first is based on the Poisson integral formula and the 
second is based on Green’s bilinear integral identity. 

Let ¢ be a function harmonic in the open sphere in F of radius B > 0 
about the origin and continuous in the closure of this sphere. Any point in 
the open @ sphere about the origin is of the form aa where a is a unit vector 
and 0=a< 8. The value of the harmonic function ¢ at such a point aa 
is determined by the values of ¢ on the surrounding surface of the sphere 
about the origin according to the following integral expression, known as the 
Poisson integral formula, 


$(aa) — f ¥(aa, 


ts 
is 
of 
ar 

a 
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The function y in the integrand is called the Poisson kernel and is defined 
for all real numbers and such that 0 = «< and for all unit vectors u 
and b as 
— 


where o is the surface measure of the unit spherical surface S and 6(a,}) 
is the angle between the two unit vectors a and b. 

Now = 8:82, so we may define the ratio x = @,/B2 = Conse- 
quently and B, and the inequality 0 < a, < implies the 
inequality 0 < a. The Poisson kernels and a0) 
are then defined. Moreover, since y is a homogeneous function of degree zero 
and since 6(a,b) = 6(b,a), we have 


W (aa, = W(KBoa, Ka2b) = (Bod, = (Bob, a0). 


The integral £(a,. a2) may be developed according to the Poisson formula 
for the value of ¢, at the point «a on the surface of the a, sphere about the 
origin as determined by the values of ¢: on the surrounding surface of the f; 
sphere about the origin; thus 


£( a1, a) = f (aid; Bib) bs (Bib) 2 (aa). 


Substituting the kernel y(82b, #20) for the kernel ¥(«,a, 8:b) in this iterated 
integral and interchanging the order of iteration, we obtain 


Now the inner integral with respect to a is the Poisson formula for the value 
of ¢2 at the point B2b on the surface of the 82 sphere about the origin as 
determined by the values of ¢2 on the surrounding surface of the a2 sphere 
about the origin. Consequently the above iterated integral has the value 


fe (Bib) 2(B2b) = Be). 


This completes the first proof of the theorem. 
The essential content of the theorem is that the integral £(p1, p2) depends 


( 
0 
a 
fc 
0) 
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only upon the value of the product p.p2 and not upon the particular values 
of p, and pz. We base our second proof of the theorem upon this remark. 

Let p be any real number in the open interval 0 < p< Vyy23 and for 
such a p let A be any real number in the open interval p/y2<A< y:/p. 
Then 0<Ap < yi and 0 <<A“*p < y2; and we define the function 7(A, p) as 
follows : 


We shall show that this function is independent of A. Consequently, since 
4,42 == B,B2, we shall have proved that 


£( a1, = V %1%2) =9(V Bi/B2, V BiB:) = €(B:, Bz). 


Differentiating (3) under the integral we obtain 


(A3/8A)n(A, p) = f, [(8A/8A)p, (Apr) + (Apa) J. 


The operators A8/3A and — A~8/8A" are equivalent when applied to a differ- 
entiable function of A; the operators A8/8A and pd/dp are equivalent when 
applied to a differentiable function of Ap; and the operators A~*8/8A~* and p8/8p 
are equivalent when applied to a differentiable function of A“p. Therefore 


(A3/8A)n(A, p) = p po(A*px) — (Apa) J. 


An expansion of modulus A-' about the origin is a conformal mapping which 
transforms the harmonic function ¢, defined in the open y; sphere about the 
origin into another harmonic function ¢’; defined in the open A~'y: > p sphere 
about the origin; and an expansion of modulus 4 about the origin is a con- 
formal mapping which transforms the harmonic function ¢2 defined in the 
open y. sphere about the origin into another harmonic function ¢’, defined 
in the open Ay2 > p sphere about the origin. Thus we have 


(A8/8A)n(A, p) = p $’2(px) — (pr) (3/8p)$"2 (px) ] = 0. 


The integral vanishes in consequence of Green’s bilinear integral identity, 
for the functions ¢’, and ¢’2 are harmonic in open sets containing the closed p 
sphere about the origin and the directional differentiation 8/8p is taken 
along the outward normal to the surface of this sphere. The function (A, p). 
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being defined for A in the open interval p/y2 << A < y:/p, is then independent 
of A. This concludes the second proof of the theorem. 
We first apply Theorem 1 to a pair of harmonic functions, one of which 


is homogeneous. 


THEOREM 2. If ¢ is harmonic in an open set D of E and w is harmonic 
in E and homogeneous about the origin of degree p, then the integral 
expression 


+ px)w(z), 


defined for every point q of D and for every positive real number p such that 
the closed p sphere about q lies in D, is independent of p and is harmonic 
in D as a function of q. 


Proof. Let y > 0 be the radius of the largest open sphere about q lying 
in D. According to Theorem 1 the integral expression 


Sz Sz 


is independent of p for 0<p<y. That the integral is a harmonic function 

of q in the open set D is easily seen by differentiating under the integral. 
By letting » be the constant harmonic function o-* homogeneous of 

degree zero, we obtain the mean value theorem; for the integral expression 


plate) 


which is independent of p, has the limit ¢(q) as p—>0, whence 


#(q) =o p2). 


Thus the value of the harmonic function ¢ at the point q is the mean value 

of ¢ over the surface of any closed sphere centered at q and lying in D. 
We next apply Theorem 1 to a pair of harmonic functions, both of which 

are homogeneous, to obtain a new proof of the following well-known theorel. 


THEOREM 3. Any two surface harmonics in E of different degrees ate 
orthogonal. 


( 
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Proof. Let the surface harmonics be generated by the functions o; and 
w, harmonic in # and homogeneous about the origin of degrees yw, and pre 
respectively. ‘Then according to Theorem 1 the integral expression 


is independent of p for p> 0. Since pi-~ pe, we have 


Several characterization identities for harmonic functions may be obtained 
by suitable specialization of identity (1). The quadratic identity associated 
with (1) is an example of such a characterization identity. 


THEOREM 4. A function ¢, continuous in an open set D of EL, 1s harmonic 
in D if and only if the quadratic integral identity 


(4) f 2) + — p= V pipes 


hoids for all non-negative real numbers p, and pz such that the closed spheres — 
of radtt p; and pz about q lie in D. 


Proof. If ¢ is harmonic in D then (4) is an immediate consequence 
of (1). 


We now show that if (4) holds then ¢ is harmonic. We need consider 
only the case where p; — 0. Then p= 0 and the identity (4) may be written 
in the form 


(5) #(q)[4(q) $(q + =0. 


We shall say that @ has the strong mean value property at a point q of 
D if the value of @ at g is equal to the mean value of ¢ over the surfaces of 
all closed spheres about q lying in D; and we shall say that ¢ has the weak 
mean value property at q if the value of ¢ at q is equal to the mean value 
of ¢ over the surfaces of all sufficiently small closed spheres about q lying 
in D, 
Let U be the set of points of D at which ¢ does not vanish and let V 


h 
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be the interior of the set of points of D at which ¢ does vanish. Obviously ¢ 
has the weak mean value property at every point of V. Moreover, according 
to (5), @ has the strong mean value property at every point of U, and, since 
¢ is continuous in D, it is easy to see that ¢ also has the strong mean value 
property at every point of U in D. Thus ¢ has the weak mean value property 
at every point of the set U-++V in D. Finally, since U and V are comple- 
mentary sets in D, the continuous function ¢ has the weak mean value property 
at every point of D and hence is harmonic in D. 

We use the identity (4) to obtain a new proof of the following funda- 
mental theorem. ‘To my knowledge all previous proofs of this theorem 
have been founded upon series expansions for harmonic functions.* 


THEOREM 5. If the function ¢ is harmonic in a connected open set D 
of E and vanishes over some non-null open subset of D, then vanishes 
throughout D. 


Proof. Let V be the interior of the set of points of D at which ¢ vanishes. 
Thus V is an open subset of D; and, since ¢ vanishes over some non-null open 
subset of D, V is non-null. We shall show that V is closed in D. 

Suppose, to the contrary, that V is not closed in D. Then there exists 
in D a boundary point p of V. Since D is open, some open sphere about p 
lies in D. Let the radius of such a sphere be 2p2. The point .p is a boundary 
point of the open set V, so the open p2 sphere about p contains a point q of V. 
Now the open p2 sphere about q lies, together with its surface, in the open 
sphere of radius 2p. about p and is therefore contained in D. Moreover this 
open p2 sphere about q contains the boundary point p of V and hence does 
not lie in V. However, since g is a point of the open set V, some open sphere 
about q does lie in V. Let p: be the radius of the largest such open sphere 
about g lying in V; thus 0 < p: < p2. Now ¢ vanishes throughout the open 
pi sphere about g and, being continuous, vanishes on the surface of this 
sphere. Applying Theorem 4 we then obtain 


+ 02)? = 0, p= Voip: > 0. 


Consequently the function ¢, being continuous, must vanish on the surface 


1On page 226 of his book Functions of a Complex Variable (1936) W. F. Osgood 
says concerning this theorem: “It can not be proved by the integral representations, 
but requires the development into series.” 
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of the open p sphere about g. Now ¢ is harmonic and hence vanishes through- 
out this open p sphere. But p > pp; in contradiction to the definition of the 
open p: sphere about 

This contradiction proves that V is closed in D. Thus V is a non-null 
set both open and closed in D. Since D is connected, we conclude that V = D. 
Therefore @ vanishes throughout D. 

We use this result and the quadratic integral identity (4) to prove the 
following generalization of Liouville’s theorem for harmonic functions. 


THEOREM 6. If the function @ is harmonic in E and vanishes at the 
origin, and tf a constant p exists such that 


(6) (0x) Sp 


where * is the continuous function defined at each point of E as $ if 6 > 0 
and as 0 tf 60, then vanishes throughout E. 


Proof. Let «> 0 be arbitrarily selected. Since ¢ is continuous and 
vanishes at the origin, a p can be chosen so large that 


(7) —eX$(p 2) Se 


for all z in S. Moreover, since ¢ is harmonic and vanishes at the origin, 
we have by the mean value theorem 


(8) == (), 


Using the above relations (8), (7), (6) we obtain the following inequality 
from the quadratic integral identity (4): 


Sz Se Se Sai 
This inequality holds for all « > 0, so that 


f 


Consequently the function , being continuous, must vanish on the surface 
of the unit sphere. Now ¢ is harmonic and hence vanishes throughout the 
5, @ vanishes throughout £. 
We note that any function ¢ which is bounded or merely bounded above 


satisfies condition (6). 


unit sphere. ,Therefore, according to Theorem 
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As a final result we give another application of the quadratic integral 
identity (4). We shall say that a function ¢ defined on the surfaces of two 
concentric spheres of positive radii p; and ps about q changes sign between 
these two spheres on the ray from qg determined by the unit vector a if 


pir) o(q+ pr) SO. 


THEOREM 7. If a function $, harmonic in a connected open set D of E, 
changes sign between some two concentric closed spheres of positive radi lying 
in D on every ray from the common center of these two spheres, then ¢ 
vanishes throughout D. 


Proof. Let the two given concentric spheres have positive radii p; and 
p2 and common center g. Since ¢ changes sign between these two spheres 
on every ray from q, we obtain from (4) the inequality 


02)? S0, p= > 0. 


Consequently the function ¢, being continuous, must vanish on the surface 
of the open p sphere about g and hence, being harmonic, must vanish through- 
out the connected open set D. 

In conclusion we remark that if in the above theorems the function ¢ 
harmonic in D is continuous in the set D + B, where B is some subset of the 
boundary of D, then the closed spheres mentioned in the theorems may lie 
in D+ B. 
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THE LINEAR DIFFERENCE-DIFFERENTIAL EQUATION WITH 
ASYMPTOTICALLY CONSTANT COEFFICIENTS.* 


By E. M. Wricur. 


1, Introduction. The general linear difference-differential equation is 


Ms 


(1.1) Aw/(a)y (a + by) = v(a). 


We suppose 2 a real variable, 
m =I, n=1, y (x) =y(z), < bn, 


and v(z) and Apy(z) bounded and integrable in any finite interval. In 
[10] I have discussed the existence, uniqueness and behaviour as 7—> © of 
solutions of the general equation (1.1) and in [11] I have added a little to 
the theory of the particular case of (1.1) in which the Auy(@) are all constants 
and is zero, viz. 


(1.2) A(y) => Sawy (a + by) =0. 


u=0 v=0 


The latter equation had already received much attention; [11] contains 
references to the literature, including accounts of applications to various 
practical problems. Any solution of (1.2) takes the form 


y(t) = 


where the s, are the zeros of 


y=0 

and P(x) is a polynomial of degree less than the order of the zero s; of 7(s). 
I require here only the existence and order results for the general equation 
contained in [10] and a little information about the zeros of r(s). None 
of the detailed results of [11] for the equation (1.2) is needed. 

In the present paper I suppose that as and 
deduce results about the behaviour of the solutions of (1.1). These results 


* Received April 26, 1947. 
*Numbers in square brackets refer to the bibliography at the end of the paper. 
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are less precise than those known for (1.2) but very much more precise than 
those found for the general equation (1.1) in [10]. I am even able to find 
a certain pseudo-asymptotic relationship between solutions of (1.1) and 
those of 

(1.3) A(y) =v(2). 


Apart from this last result, the theory is analogous to that developed by 
Poincaré [6], Perron [3], [4], [5] and Bochner [1] for differential and for 
difference equations. My method owes much to Bochner’s though I use the 
theory of Fourier transforms where he is able to use a much simpler series 
device. 

The theorems which I prove here find immediate application in the 
theory of non-linear difference-differential equations. In [9] I explained how 
a theory of small solutions of such equations could be built up in three stages. 
The third stage, which I dealt with in detail, enables us to find an asymptotic 
expansion of any solution which, together with its relevant derivatives, is 
O(e-©*) for some positive C as r—>-+ ©. The second stage consists in 
proving, under suitable general conditions, that any solution which is 0(1) 
is in fact O(e-©*) for some positive C as x—>-+ o. I have found a variety 
. of methods to prove this for particular equations, but the general result 
follows most readily from the results which I prove here. For example, if 
y(z) is a solution of the equation 


such that y(z) > 0 as r—>-+ ©, then y(z) is also a solution of an equation 
+1) =A(x)y(2), 


where A(x) >—a as c—>-+ 0. It can be deduced from Theorem 2 and 
(2.1) of the present paper that y(«) —O(e*) for some C > 0 provided 
there is a strip | 0 (s)| << C+ in which 


see+a—0 
has no roots. (This is so unless «—4za is a multiple of 27.) Hence 


y (x) = O(e-©) by (1.4), and the methods of [9] are applicable. I post 
pone a further discussion of these non-linear equations to another occasion. 


2. Notation. In what follows z and ¢ are real variables and s=o+!! 
is a complex variable. The phrase “almost all «” means, as usual, “all # 
except for a set of measure zero.” The various functions y(z), y (7) , 0(2); 
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are frequently written y,y),v,Apv,* +; wherever the variable 
is thus omitted it is z The numbers y and v are always integers satisfying 
0<plm, OSv=n. Except where a narrower restriction is explicitly 
stated, the phrase “ for all v such that 0 vn” is to be understood in any 
conclusion or hypothesis involving v; and similarly for ». The symbols 
>, } denote summation over these ranges. The positive numbers 6 and e 


are to be thought of as small; %, 21, %2,° - - are fixed positive numbers, the 
choice of v2 being subsequent to that of 6. The numbers 


Bi(c), Bz(oz,04), Bs(8), Bs(o), Bs (os, 04) 


are positive functions of the parameters specified in each case, but otherwise 
depend only on the duv, bu and the bounds of the Av, being independent of 
a, t, y, ¥, z, v, N and, except for B;(8), of 8. C is a positive number, not 
always the same at each occurrence, independent of 4, x, t, y, ¥, z, v, N, but 
possibly depending on dyv, by, 01, 62, 0. 


We write 
Q(y) == — anv) y™ (x + dp), 


so that (1.1) may be written 
A(y) + Q(y) =v. 


We suppose that at least one of the dun is non-zero, that is } | ain | 0, 


so that the differential order of (1.2) and (1.3) is in fact n. " 

M is the set of the real parts of the zeros of 7(s) together with their 
limit points. If dmn == 0, we suppose 9 to contain also the “number ” + 
while, if don = 0, we suppose 9 to contain the “number” — . We discuss 
‘M a little more fully later. 

We say that a function f(z) is L?(a,b) if f is of integrable square over 
the (finite or infinite) interval (a,b). Let f be L?(ao,x) for some fixed 2» 
and every finite 2. We define w(f) by the condition that fe-*? is 
L(%,+ 0) for all ¢>o(f) but not for any o<o(f). If fe is 
L?(2,+ 0) for all o, we take w(f) =— ©; if fe is not L?(a, + 0) 
for any o, we take w(f) =—-+ ©. Finally we write 


on(y) = max o(y®), 


Clearly the number w(f) provides a measure of the behaviour of f as 
t+ co which is similar to the more familiar lim (log|f|)/#. It may 
teadily be shown that either f tends to a finite non-zero limit as > + © or 
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From this we can deduce that 


(2.1) lim toe on(y). 


We write 
1.(0,f) = “| few | 
0 


provided f exists for almost all z >0 and the integral converges, and 


0 
= | dx 
a7 -CO 
under the corresponding conditions. Again 
I (o,f) =1.(0, f) + 1-(,f), 


if both the latter integrals converge. Where there is no ambiguity about «, 
we write I(f) for J(o,f) and so on. Using the well-known inequality 


b 2 b b 
f | | *de, 


we see that 


(2. 2) {I (fife) }? 1 
and 
L L oo 

<¥ 
(2.3) = [ 
and so 

L L 

(2. 4) 


Similar inequalities hold for I,(f) and I_(f). Also if o’ < 0”, 


equality being possible only if f 0 almost everywhere. 


Tm (4). 

dx 
f 
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3. The principal results. We regard each of (1.1), (1.2) and (1.3) 
as an equation in the unknown function y™ and the unknown numbers 
y) (to) (vSn—1) for some ao, the functions (v=n—1) being 
defined by 


y (a) (0) + (8) 


If y is a function of integrable square over every finite interval and if the 
values of y) (a) for vy n—1 are such that an equation is satisfied for 
almost all 2, we say that y is a solution of the equation. A solution y for 
t=2 has the obvious corresponding meaning, the equation being satisfied 
for almost all x = a and y") being L?(2o,X) for every finite X >a. We 
remark that the existence of a solution for r=» of (1.1), for example, 
implies that v is L*(a ,X) for every finite X >. Our present definition 
of a solution differs substantially from that of [10]; we return to this point 
in the proof of Lemma 7 of the present paper. 

We say that two solutions y, z are equivalent (or equivalent for x > Xo) 
ify (29) =z (xo) (vS n—1) for some 2 and if y™ (x) =2™) (x) for 
almost all x (or for almost all x >a). A solution of an equation, subject 
or not to additional conditions, is effectively unique if any other solution, 
satisfying the same additional conditions, is equivalent to the first. 

We can now state our principal results in the form of theorems. 


THEOREM 1. If y is a solution of 
A(y) + Q(y) =v 


for x > some 2, then either on(y) =o(v) or on(y) is greater than o(v) 
and belongs to Mn. 


THEOREM 2. If y is a solution of 
(3.1) A(y) + Q(y) =0 


for x > some 21, then either wn(y) belongs to M or y is effectively equivalent 
to the zero solution 2 for x > some 

Results about the relations between solutions of (1.1) and those of (1. 3) 
can be deduced from the lemmas needed for the proof of Theorems 1 and 2 


and are stated in 9. 


*That is, the solution in which y=y(@) =. ..= y(n) =0 for all a, 
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4, The zeros of +(s) and the set 9. In-°[11] I described the dis. 
tribution of the zeros of 7(s) in the complex s-plane, deducing my results 
from those of Langer [2]. Here we need much less about r(s) and its zeros 
and quote what we want from [11]. If @mn 0, %M is bounded above while, 
if don #0, M is bounded below. If dmn = 0, M contains + © by definition; 
its remaining members may or may not be bounded above. If a@mn = 0 and if 
at least one of the dmv is non-zero, 2 (apart from + ©) is not bounded 
above. If dmv = 0 for all v and (apart from + is bounded 
above; this case was excluded by the hypotheses of [11] but the result is 
immediately deducible. When don = 0, similar remarks hold good for bounded- 


ness below. 

In every case there will be intervals (01,02) such that r(o + it) 40 for 
any real ¢ and o, <a <o2. We always use oi, 02 for the end-points of such 
an interval (which may well be contained in a similar larger interval) and 


o3, 03 for numbers such that 


In [11] I showed that 


> C max | | , 


whenever s is uniformly bounded from the zeros of r(s). Since at least one 
of the aun is non-zero, we have 


Lemma 1. If o, then 
(4.1) | + it)| >C(1+|¢|*). 
In particular, (4.1) ts true for 03 So Say. 

5. The equations with constant coefficients. 


Lemma 2. If y is a solution of (1.2) such that I,(os,y,) and 
I_(o3,y™) converge, then y is equivalent to the zero solution. 
Let ando=o,+e. Since 


x x 
0 0 
the integral 


oo 
(5.1) 
0 


is absolutely convergent for all v. Integrating by parts we have, for v=], 
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x 
f y yr (X)e-eX y (0) sf e-8* dz. 
0 0 


Let Since (5.1) is absolutedy convergent for all v, (X) 
tends to a limit, which must be zero. Hence 


co 
f y = f, yD e-sady yt) (0) 
0 0 


and so 
roe) co b 

y) (2 + b)es*dx = J. y) (x) — (x) e**da 
0 0 0 


v b 
f srry" (0) —f y) (x) e-**dz). 
0 
Hence, by (1.2), 
co 
(5.2) o—f ye — H(s), 
0 0 
where 


p=l 


m bu 
+> awe y 
0 


y=0 


Since n = 1, y is an integral and so is continuous and of bounded variation. 
Using (5.2) in the usual Laplace inversion formula, we have 


y (x) (x 0), 
H(s) = +4y(z) (c=0), 
J 7(s) 0 (x < 0). 


A similar argument leads to 
1 100 H(s) 0), 
y (x) (x 0), 
and so, for all 2, 


1 100 H(s) ese 
5.3 —— 


Let us choose « small enough to ensure that 


(5. 4) o, +e < < o2—e, 
In the strip 


227% 
d 
d 

| 
h 
_| 
> 1, 
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the integral functions r(s) and H(s) satisfy 
|7(s)| >C(1+]|s|*), | H(s)| < C(1 + | 


the former inequality following from (5.4) and Lemma 1. Hence H(s)/z(s) 


is regular and 
| s | 


H(s)e* 
7(s) 


in the strip. It follows from (5.3) that 2riy(x) is the limit as T — o of 
the integral of e**H(s)/r(s) round a rectangle whose corners are at the points 


t+e—iT, os te+ rT, og 


By Cauchy’s theorem this integral is zero for all values of T and so y=0 
for all z. From this it follows that = 0 for vy S n—1 and all z and that 
y) = 0 for almost all z. 


Lemma 3. If << 02 and if I(o,v) converges, there are a solution 
y of (1.3) and a number B,(o) such that 


I(o, = B, (a, v). 
We may suppose o without loss of generality. For, if oA 0, we 
make the transformations 


V= y= eyo, Yo) = 


and observe that 


v 
ye? == Civ(o) Yo, I(o,v) =1(0, vo), 
1=0 
and 


oy) =¥ 1)| ew(e) 100,90"), 


where Civ(o) depends only on J, v and o. 
We use l. i.m. to denote “limit in mean square.” By [7] (p. 69), 


x 
V(t) =).i. m. v(x) 
-X 


exists and is L?(— «, and so, by Lemma 1, ¢"V(t)/r(it) is ©, 0). 
We take 


yn(z) = 1,1. m. 


Qa 


(it)"V (t) 
fn 


f 


f 


be 
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By [7] (p. 69), yn(z) exists and.is almost everywhere equal to 


dz J -co (it) 


n-1 iat 


If we take 


for some 2, it follows that 


y) (a) = dt (vSn—1), 


both integrals being absolutely and uniformly convergent by Lemma 1. Hence 


T (it)’V (t) eit 
J, (tt) 


y” (2) = 1. i. 


for all v and 
| 
> Lie. f V (t)ettdt = 
T -T 


for almost all x, by p. 69 of [7] and the definition of V(t). 
Finally, by the integral form of Parseval’s theorem, 


V(t)? 
19”) 


<2O 


Lemma 4, If I,(os,v) and I_(o3,v) converge, there are a solution y of 
(1.3) and a number B2(o3,0%) such that 


(5.5) + y) S 04) 0) + v) }- 


If ts any other solution of (1.8) such that I,(o1,y:™) and I_(o3, 
converge, then y and y, are equivalent. 


We write 


V2 0 = 0); v, = 0, v3=v 0); 


Y2 for the solution of A(y) = v2 of Lemma 3 with o—o4; and ys for the 
solution of A(y) =v; of Lemma 3 with o =z, the conditions of that lemma 
being clearly satisfied. 


22 
| 
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Now y=y2+ ys is a solution of (1.3) satisfying (5.5). For 
A(y) =A(y2) + A(ys) =v 

for almost all x and, by (2.4), (2.5) and Lemma 3, 

I,(o4,y™) S21, (04, yx ) + ys ) 
S + 21. ys ) 
S 21 (os, yo) + 21 (05, ys ) 
2B, (04, v2) + 2B: (03) I (es, Vs) 
< $B: (63,04) 0) + 0) }. 


where =4Bi(03) + 4B,(o,). Similarly for 

If y, satisfies the hypothesis of the second part of Lemma 4, then y—4 
is a solution of (1.2) satisfying the conditions of Lemma 2. Hence y and » 
are equivalent and y is effectively unique. 


Successive approximation. Let 0. Since Apv— ap as + 9, 
we can choose a positive number B;(8) such that | Ayv—dpv| < 8 for all 
z > B;(8) and for every » and v. We now take x, > B;(8) and define the 
operator A by 


A(y) 2 (Apvy — apy) y™ (x + by) (t=), 
A(y) =0 (t < %). 


If I,(c, y) converges, we have by (2. 4) 

(6.1) A(y)} Ba(o)8* max f | 2 dz 
(6. 2) = B,(c)® max I(o,y™), 

where = (m+1)(n+ Trivially 


(6. 3) L{o, A(y)} =0 
for every o. 


Lemma 5. Let I,(01,v) and I_(o3, v) converge, 


B;(o3, o4) = 3{B2(os, o4) B,(o4) }3 


an 
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and t2 > B,(8). Then the equation 
(6.4) A(y) + A(y) =0 
has a solution y for which 
+ y) S 2Bo(as, 04) (04, v) + v)}. 


Any other solution 9 of (6.4), for which I,(o4,9™) and I_(o3,y) converge, 
is equivalent to y. 
We consider the sequence of equations 


A (Zo) =, A (zy) = — A(zy-1) (N= 1), 


with the condition that I. (04, zy) and I_(o3, zy)) are to converge for all 
N20. By Lemma 4, the first equation has an effectively unique solution 2 
and 

+ I_(o3, S B.D, 
where 


B, = B.(03,04), D=I,(o1,v) + v). 
Hence, by (6.2) and (6.3), 

where By = By(o4). 


Similarly the equation A(z,) =— A(z) has a solution 2, such that 


21) + S By? 
and 
} + I_{o3, } S B.?B,78*D. 


s, we see that our sequence of equations has a sequence 
of solutions z,. ..,2v. .. such that 


Continuing the process 


1, (os, + < BoD < 2°NB,D, 


since B,B,8? < B,B,B;? Hence, by (2.3), 


N’ N’ 
M=N+1 M=N+1 


> 
M=N+1 


all 

the 
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as and similarly for I_(¢s, zu). It follows by the usual 
M=N+1 


theory of convergence in mean square (see, for example, [8], p. 386 


N 
et seq.) that, as No, 3 zu‘) converges in mean square over any finite 
M=0 


interval to a function y"). Also y’-") will be the integral of y™ for almost 


N 
all x and so, at our choice, for all xz. Again > ze converges in mean 


M=0 
square over the interval (0,-+ o) to ye and there is a similar result 
over (— 0,0). Finally 
+ 1(03,y™) S 4B.D. 
Let us write 
N 


Since 
N-1 


N 
A( Seu) =v—A( zw) 
M=0 M=0 
for almost all * z, we have 
h(x) = A(ry) + A(ty-1) 
for almost all z. Hence 
+ I-(os, h) 
< max ry) + 


+ I_(o3, ry™) + I_(o3, ry-1™ )} 


—0 
as No. But h is independent of N and so 
I,(o4,h) =0 =I_(03,h). 


Hence, almost everywhere, h =0 and (6.4) is satisfied. 

We have now to prove y effectively unique. Let § be another solution 
of (6.4) such that I,(os,9) and I_(o3,9) converge. We solve the sequence 
of equations 


A(7) =—A(¥), =— A(Fy-) (V 21) 
under the conditions that I,(o.,7y) and J_(o3,7y) converge and obtain 


(as before) a sequence of solutions {fy} such that I,(os,7v) 70 and 
I_(o3,7y) ~0 as 


3 By the definition of 3, a solution need only satisfy an equation for almost all @. 
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If we now write 
Zy = fy-1 — Ty (N = 4), 
we see that I,(o4,Zy") and I_(o3,2y®)) converge for all N=O. For 
almost all x 
A(2Zo) = —A(Fo) =A(Y) + A(G) = A(Z) 

and so, by Lemma 4, 2 and 2 are equivalent. Hence, for almost all z, 

A(%) = —A(71) =— A(Y) + A(7o) = — 

= — A(z) 

and 2, and z, are equivalent. Continuing the argument, we see that corre- 


sponding members of the two sequences {zy} and {Zy} are equivalent. Hence, 


for almost all 2, 


N N 
M=0 M=0 


N 
and so S za”) converges in mean square over any finite interval to y™ as 
M=0 


well as to y™. It follows that y and ¥ are equivalent. 


7. Further lemmas. 


Lemma 6. If (i) y is a solution of 
A(y) +Q(y) 


forz> (ii) A(y) is defined in terms of some x2 =a and (iii) o, are 
finite numbers such that ve** and are L? (a2, + ©), then there areay 
and aU such that 

(1.1) =3 

for almost all x, 


(7.3) (x > 22), 1=0 (a < 2bm) 
and 


all converge, the last two for every finite . 


We define the numbers ao,* * *, @n-1 in succession by the relation 
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(= ($1) (22) 


In the interval bm SxS We put 


and define 7”) by differentiation. Outside this interval y is defined by 
(7.2). It can then be readily verified that 7°-» is continuous at t = 2, — by 
and at = 2, and so is the integral of ¥®) for all 2. Finally we define 7 
by (7.1), so that (7.3) is an immediate consequence of (7.2). The last 
part of the lemma is then trivial. 


Lemma If, forz=2s, Amn | > C, (ii) | Ape | < C, (iii) y isa 


x 
solution of (1.1) and (iv) f |v < for all X > then 


Xx 


for all X > 23, and | y™ | < forvSn—1 and all 2. 


This lemma is Theorem 3 (ii) of [10], apart from two differences in the 
definition of a solution. In [10] y is said to be a solution of (1.1) for «24 if 
y) satisfies (1.1) for all =z; and is integrable over every finite interval 
(z3,X); in the present paper y‘) has to satisfy (1.1) for almost all 
x =x, but must be of integrable square over every finite (a;,X). Since 
| Amn | > C, the first difference can be overcome by changing the value of the 
y‘") (2 + bm) of the present paper at every x of a set of measure zero so that 
(1.1) is satisfied for all x =23; this does not alter the value of y” for 
v<n—1 nor that of any integral of | y")|*. The second difference is in 
the opposite direction; the y") of the present paper satisfies the stronge? 
condition and, in particular, we can omit the condition in Theorem 3(ii) 
[10] that y™ is of integrable square over the interval (23,73 + bm), sine 
this is now so by definition. 


Lemma 8. If amn~0, if o(v) < + © and if y is a solution of (1.1) 
for then on(y) << +. 


Since @mn 40 and Apy—>dpy as oo, there is a number 
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such that | Amn | >C and | Aw |<C for Since o(v) < + we 
can choose a positive > w(v) such that ve? is L?(x3,-+- 0). Hence 


Thus all the conditions of Lemma 7 are satisfied. Hence, for yS n—1 and 
some positive a, ye is L*(x3,-+ 0). The same is true for since, 


f | v | 2 <= Ce2oX, 


on integration by parts, 


Xx x Xx 
| | 2 da | y(n)| 2 2a f f | (é)| 2dé 


x 
S Ce (C-?a) X 4 Caf 


where the C are independent of « The last expression is certainly bounded 
for suitable a Hence won(y) << + 0. 


Lemma 9. If, for (i) | Aon | > C, (ii) | Apv | < C, (iii) y is a 


co 
solution of (3.1), (iv) | y”) | e&dx converges for every finite k and 


(v) |y| does not tend to infinity nor to any non-zero limit as r—>+ 0, 
then y ts equivalent to the zero solution for x= a. 


This is Theorem 4 of [10]. Since | Aon | > C, we can modify y™ (z) 
in (3.1) at a set of measure zero so as to satisfy (3.1) for all r= ay. 


LemMA 10. If don 0, if on(y) =— © and tf y is a solution of (3.1) 
fort = a,, then y is equivalent to the zero solution for r= some 2. 


Since don £0, there is an = 2, such that | Aon | > C and | Aw | <C 
for all = x. Since on(y) — 00, y) is L? (a4, + 00) for every finite o. 
Hence | y‘°| cannot tend to infinity nor to any non-zero limit as x > + ©. 
Also, for any « > 0, 


x x x 
(f | y™ | f | y(n) | 2e2 ( < 


for all XY and so condition (iv) of Lemma 9 is satisfied. Our result follows 
at once from that lemma. 


8. Proof of Theorems 1 and 2. It follows trivially from (1.1) and 
the boundedness of Apy that on(y) = o(v). Let us suppose that Theorem 1 
is false, so that wn(y) > (v) and on(y) does not belong to M. If this is 
% it is impossible that on(y) =-+ 0; for in that case dmn 0 by the 
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definition of IM, o(v) <on(y) =+ © and, by Lemma 8, on(y) < + o, 
a contradiction. Hence wn(y) is finite, is greater than (v) and does not 
belong to the closed set 9. We can therefore find numbers 04, o2, 0’3, 0’, 
such that 

(8. 1) w(v) < 0's < on(y) < < 


and o;, o2 have their usual property that no o of M satisfies 0, << o < a, 90 
that +(o + it) 0 in this interval. 
We take 


§ <= min {B;(0’3, 0's), Bs(o’s,0’s)}, > max {x,, B3(8) } 


and define A in terms of 22 as in 6. By (8.1), es? and ye-° and 
L?(x2,+ 0). Hence, by Lemma 6, we have a ¥ and a ¥ such that 


for almost all z, 9” =—y™ for x > 22 and 
I, (o's, 0), I, ), I_(0’s,T), I_(o's, y” ) 


all converge. By Lemma 5, with o; = 0’3, 0, = 04, ¥ is effectively unique for 
a given 0. By the same lemma with o; —o;—0’3, since J,(0’3,¥) and 
I.(o’3,0) converge, (8.2) has an effectively unique solution ¥, such that 
91) and I_(0’s, 9: ) converge and so, a fortiori, 1,(0’s, 91) con- 
verges. Hence 9 and g, are equivalent and I,(0’3,y)) converges. Since 
y™ for «> x, it follows that on(y) So's, which contradicts (8.1). 
Hence Theorem 1 is true. 

To prove Theorem 2, we put v =0 in Theorem 1, so that (1.1) becomes 
(3.1) and w(v) =— o. Hence on(y) belongs to unless won(y) =— 
and — o does not belong to %. In this exceptional case, however, don ~% 
and, by Lemma 10, y is equivalent to the zero solution for z > some as. This 
is Theorem 2. 


9. Further results. We can deduce from our lemmas a connection 
between solutions of (1.1) and those of (1.3). 


THEOREM 3. If (i) y is a solution of (1.1) for r >a, (ii) o 84 


finite number not belonging to M, (iii) f | y| 2e-2eeda converges and (iv) 


» is any positive number, then there are a number t= 22(y) =% and a 
solution z of (1.3) for x= x2 such that 
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(9. 1) max ff. | y — de <n max f | y)| 29-200 
and 
co 
(9.2) max f | y) —2| < max | 2() | 
v 


The proof is not lengthy. For any 6>0, we can find a number 
at = max {x, B,(8)} and define A(y) in terms of 22 so that 


00 
(9. 3) I(o, A(y)) max | y | 
v @2 


by (6.1). By hypotheses (i) and (iii), ve" is L°(a,,-+ 0). Hence, by 
Lemma 6 with ¢ =o’ =o, there are a ¥ and a 7 such that 9” =y™ and 
t=v for > 22, I(o,v) and I(o,¥) converge, and 

(9.4) A(G) +A(G) 

for almost all Hence, by Lemma 4, with o; =o, 


has an effectively unique solution such that I(o,z™) converges. From (9. 4) 
and (9.5), 

A(G—2) =—A(9) 
for almost all 2 and so 


I(o, —2) < B,(o,6)I(o, A(9)) 


by Lemma 4. But 7” = y) for x > x2 and so 


oO oo 
f | y) vad. | — | dy 


SI(o, 9 —2z™) (0, 0)I (0, A(9)) 
oo 
= B,(c) ¢) 8 max f | | 
by (9.3). Since B, ‘and By are independent of 8, we can choose 8 so that 
(9.1) and (9.2) follow at once. : 
TuroreM 4, Jf (i) z is a@ solution of (1.3) for >a, (ii) o is a 


finite number not belonging to I, (iii) | 2(”) | 2e-2e@dx converges and 


(iv) Ws any positive number, then there are a number Lo = X2(n) = 2, anda 
solution y of (1.1) for «=z, such that (9.1) and (9.2) are true. 


2 


(9.5) A(z) 
| 
| 
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The proof of this is a little longer than that of Theorem 3 and involves 


the construction of the y of Lemma 5, putting 20° = 2” (a > a2), 2” =0 


(a < bm) and defining suitable for 2, 


bm to secure the 


necessary continuity of zo”) for y= n—1 much as in Lemma 6. The details 


are sufficiently obvious and I omit them. 
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SUFFICIENT CONDITIONS FOR MULTIPLE INTEGRAL PROBLEMS 
IN THE CALCULUS OF VARIATIONS.* 


By Maenus R. HESTENEs. 


1. Introduction. The problem at hand is that of minimizing an integral 
of the form 


I(y) = f(a,y, 9) da 


in a class of functions 
y(x) == ° Tm) (x on S) 


in (%4,° * *,@m,y)-space having prescribed values on the boundary of S and 
satisfying a set of isoperimetric conditions 


(1.1) To(y) fo(x, y, = ke 


Here denotes the set (0y/021,- 0y/0rm). 


*The purpose of the present paper is to establish a set of sufficient 
conditions for this problem. The set here established has the same generality 
as the corresponding theorem for simple integrals (See 8, 9).* | There are 
essentially three methods of establishing sufficiency theorems in the calculus 
of variations. The first is by constructing a Mayer field. This method has 
been very effective for simple integrals. An excellent account of the theory 
of Mayer fields for multiple integrals has been given by Bliss (2). As has 
been pointed out by Bliss (3) the existence of Mayer fields for multiple 
integral problems is difficult to establish. In fact except for the obvious case 
in which y does not appear explicitly in the integrand, the only published 
account in which the existence of Mayer fields has been established for multiple 
integrals appears to be the one by Lichtenstein (13) in 1917. Moreover this 
method is not applicable in a natural way to isoperimetric problems. The 
second method is by the expansion methods developed by Levi (12) and Reid 
(18) for simple integral problems: Reid (19) has announced, but not yet 
published, a sufficiency theorem for a strong relative minimum for multiple 


* Received June 25, 1947. 
*Roman numerals in parentheses refer to the list of references at the end of the 
paper. 
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integral problems without isoperimetric conditions, based upon expansion 
methods. The third method is the indirect method developed for simple 
integrals by McShane (14), Myers (17), and Hestenes (8, 9). This method 
has been extended by Karush (11) to multiple integral problems without 
isoperimetric conditions so as to obtain sufficient conditions for a semi strong 
relative minimum. In the present paper we extend the indirect method so 
as to obtain a strong sufficiency theorem for the problem here described. The 
case in which there is more than one dependent variable y but no isoperi- 
metric side conditions is being treated by H. L. Meyer. Free use has been 
made of the ideas of Calkin (4) and Morrey (15, 16) on absolutely continuous 
functions. 

One of the chief features of the indirect method is that it has been 
successful where other methods apparently have failed. It is particularly 
adapted to the study of isoperimetric problems in the sense that the intro- 
duction of isoperimetric side conditions does not significantly alter the argu- 
ments in a sufficiency proof. This is not the case when the other two methods 
described above are used. As a matter of fact these methods do not appear 
to be applicable to isoperimetric multiple integral problems. 

The present paper is incomplete in the sense that a further study should 
be made of conditions which imply that the second variation is positive 
definite. It is clear that if there exists an extremal for the second variation 
that does not vanish on the closure of S, then the second variation is positive 
definite. A study of the second variation will be made in a later paper. 


2. Preliminary remarks. Throughout the present paper the symbol # 
will denote a point (21,° * *,%m) in an m-dimensional euclidean space. The 
derivative of a function y(x) with respect to 2, will be denoted by either of 
the symbols We shall use the notation for the vector (:,° * $m) 
determined by these derivatives. Given a vector p= (pi,° Pm) We 
distinguish between the notations | p.| and |p|. The first is the absolute 
value of the k-th coordinate of p, the second is the length of p, that 1s 
|p| =(p.? pm?)3. A repeated index in a term will denote summa- 
tion with respect to that index over its range. The range usually will be clear 
from the context and will be omitted frequently. We make two exceptions t0 
this rule. The indices k and q will never be summed. They have the ranges 
1,2,---,m and 1,2,3,- - respectively. 

When we wish to fix our attention on a particular coordinate 2 we write 
(ax, 2’) for 2. Here the symbol 2’, denotes the point in the euclidean 
(m—1)-space determined by the remaining m—1 coordinates of «. The 
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interval Sd; will be designated by [a,b] and 
(az, bx], [a’x, 6’x] will signify its projections in a%-space and respec- 
tively. We shall use the abbreviations 


b by bm 
Ak-1 Ak+1 am 


bx 
da, = Ly (drs — } 


ak 


The function 


h 
h h 
= (2h)-™ f f + + tm) dt, - 
e/ —h 


will be called the integral mean of y. Here h is a positive number. We shall 
have occasion to use the relations 


(2. 2) lim | (a= 1) 


(2.3) fi lylede (221) 


which hold in case y is in the Lebesgue class #21 on a neighborhood of S and 
y=0 exterior to S. In case y(x) is absolutely continuous in 2; for almost 
all 2’, and its derivative % is integrable, we have 


h 
(2.4) = = (2h)-™ f ju (a + t)dt. 
-h 


It will be assumed that the reader is familiar with the properties of the 
integral mean. 

Let be an open set of points (21,° pm). A func- 
tion f(z, y,p) will be called admissible if it is continuous on ® and has 
continuous derivatives on @& of the first and second orders with respect to 
the variables y, 1, - *, Pm. It will be assumed throughout that the functions 
f(z,y, p) and fo(2, y, appearing in (1.1) and (1.2) are 

We center our attention upon a particular function 


Yo(x) zon S 


— 
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whose minimizing properties we shall study. The set S is the closure of a 
bounded open set whose boundary is of measure zero. The function y(z) 
is assumed to be continuous on the closure of S and to have continuous 
derivatives %ox(2) interior to S with continuous limits on the boundary of §. 
The elements (x, yo(2), %o(a)) are assumed to be in ®@ for each point z on §, 
It is understood that yo(x) satisfies the isoperimetric conditions (1.2). It 
will be convenient to assume that the functions yo(x) and Jox(x) have been 
extended so as to be continuous for all values of x. At points exterior to § 
the function %x(x) will not in general represent the derivative of yo(a) with 
respect to 

In the next section we shall impose further restrictions on the function 
Yo Which will imply that yo minimizes 7(y) on a certain class of functions. 
For the purpose of sufficiency theorems it is desirable to select this class to be 
as large as conveniently possible. In fact we shall admit functions which are 
discontinuous on a set of measure zero. Our functions will be defined for 
all values of 2, even though we are primarily interested in their values ou 
the set S described in the last paragraph. The specific properties a comparison 
function y(x) is required to possess are the following 


(a) The function y(x) is bounded and integrable on S. 


(b) The difference function n(x) = y(x) —yo(x) when extended to 
be zero on the complement of S is absolutely continuous in each variable % 


for almost all 2’,. 


(c) The derivatives = (k=1,-++,m) are integrable 
on S. At points at which %(7) fails to exist set Je(x) = Yor(Z). 


(d) The elements (a,y(x),y(z)) are in ® for almost all points 
x on SN. 


(e) The integrals I(y), Io(y) have well defined values, finite o 


infinite. 


The class of functions y(z) having these properties will be denoted by 4. 
If a function y(x) in % is continuous it is absolutely continuous on § 1 
the sense of Tonelli, i.e. (1), y(z) is continuous on S, (2), given a closed 
interval [a,b] interior to S, the function y(x) is absolutely continuous in 
each component zx on [az,b.] for almost all 2’, on [a’x,b’c], and (3), the 
derivatives #(x) are integrable on S. Conversely, every function y(a) that 
is absolutely continuous on S in the sense of Tonelli and that coincides with 


on the boundary of S belongs to YW. 
We shall be interested particularly in the subclass % of % on which 
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the relation Io(y) =ic(yo) (©=1,:-++,7r) holds. We seek conditions on 
yo that will imply the existence of a neighborhood # of yo in xy-space such 
that the inequality J(y) =J(yo) holds for every function y(xz) in Mo lying 
in . A function y(x) will be said to lie in # if its elements (2, y(z)) 
are in & for almost all 2 in S. 

We shall be interested in three classes of variations, denoted respectively 
by 8’, B”,B.. A function (x) in B’ is characterized by the following 
three properties : | 


(i) The function »(x) is integrable on S and is identically zero on 
the complement of 8S. 


(ii) The function = 2%) is absolutely continuous in each 
component 2, for almost all 2’, (k=1,--+,m). 


(iii) The derivatives (7) (k=1,---+,m) of n(x) with respect to zx 
are integrable on 8S. 


The subclass of @’ consisting of all variations y(2) having integrable 
square derivatives will be denoted by 8”. In this case n(a) is also of 
integrable square. In order to prove this, observe that the inequality 


| n(x) =| f mc (tis | * 
k 

| TE —— Oy | f | ni (tk; | 
ak 


holds almost everywhere on S provided a; and 0b, are chosen so that the 
projection of S on the a,-axis is within the interval [ax,b.]. The right 
member is integrable on S and hence also | y(2)| ?, as was to be proved. 

The third class of variations, which we denote by @o, consists of all 
variations 7 in 8” satisfying the condition 


the arguments in the derivatives of fo being [z, yo(x), Jo(x) ]. The function 
Io:(y) is the first variation of Ic(y) on yo. The class Bo plays a dominant 
role in the study of the second variation of J(y) on yo. 

It should be observed that because of property (ii) of a function (2) 
in 8’ we have the relation 
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which holds on every interval [a, 6]. Moreover the function (a) = lim 
where 7" is the integral mean of »(2), differs from »(z) at most mr set of 
measure zero and belongs to the same class 8’, B” as y does. Consequently 
in our proof we can assume that n(x) is equal to the limit of its integral mean, 
Functions of this latter type that belong to ®’ can be characterized as 
described in the following 


LemMA 2.1. Let (a) be an integrable function on S that ts identically 
zero on the complement of S and is equal to the limit of its integral mean 
whenever this limit exists. If there exist integrable functions »(z) 
(k =1,---,m) such that the equation (2.6) holds for almost all intervals 
[a,b], then n(x) belongs to the class B’ and (x) is equal almost everywhere 
to the derivative of n(x) with respect to xx. 


The proof of this lemma and of the remarks in the paragraph preceding 
this lemma can be found in the paper (4) by Calkin. 


LemMA 2.2. Let v(x) be continuous functions 
on S. The relation ’ 
(2.7) ff. (wins + vn) dx = 0 


holds for all functions » in 8’ if and only if the formula . 
b 
(2. 8) f = f {114 (bs, — summed) 


holds for every closed interval [a,b] interior to 8. 


The necessity of the condition (2.8) has been established by Carson (5): 
He has also shown that the condition (2.8) implies (2.7) under more 
restrictive hypotheses than those here imposed. In order to prove that the 
condition (2.8) implies (2.7%) as stated above, let the functions wi(z) be 
extended so as to be continuous for all values of 2 and let w';(x) be their 
integral means. Set v(x) = du",/dx; (i summed). Consider an interval 
[A,B] containing S in its interior. By iterated integration we have 


B B 
(went = (qu) dz = 0 
A A 


for every variation 7 in @’, » being zero on the boundary of [A,B]. But 
n(x) =m(x) =0 exterior to S. It follows that 
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(2.9) f. + dz = 0. 


By virtue of the relation (2.8) and the definition of v"(x) it is seen that, 

at each point interior to S, v’(#) is the integral mean of v(x) provided h is 

sufficiently small. Consequently lim v(x) = v(x) interior to 8. In view of 
h=0 


this fact (2.7) follows from (2.9). 


3. The sufficiency theorem. The principal theorem in the present 
paper is the sufficiency theorem described in this section. Its proof will be 
given later. In this theorem we impose certain conditions upon yo that will 
insure that yo will afford a proper strong relative minimum to J(y) in the 
class %. These conditions are the customary necessary conditions suitably 
strengthened. They are as follows: 


I. There exists a set of multipliers Ap = 0, Ao, not all zero, such that 
given a closed interval [a,b] in S the formula 


*b bi 
(3.1) J F,dz = f Fu | de’; (i summed) 
holds on yo with 
(3. 2) F(x, y, p,X) = Aof (x,y, p) + Aofo(x, y, p). 


According to Lemma 2.2 this condition is equivalent to the condition that 


(3.8) facie + = 0 
for every variation » in @’. This condition is commonly called the first 


necessary condition. 


IIn. The multipliers in I can be chosen so that there exists a neighbor- 
hood N of yo in xyp-space and a constant h > 0 such that the inequality 


(3. 4) Er(«,y, p,9,4) Zh | Ete(2, p,q) | «+95 


holds whenever (2,y,p) is in and (2,y,q) is in Here Er is the 
Weierstrass E-function 
(3.5) Er(a,y, p,q.) =F (2, y,q A) — F(a, y, 

(gi — pi) Fp, (2, Y> d) 


and Eye is the corresponding E-function for fo(a,y,p). This condition is 
called the strengthened condition of Weierstrass. 


= 
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III’. The multipliers Aj = 0, Ao in I and II can be chosen so that 


the inequality 
(3. 6) Fp,p, (2, Yo(x), Yo(x), A) marr; >0 


holds for every set 0 and every x on S. If yp satisfies IIn this condition 
holds if and only if the matrix 


(3.7) | Yo(X), Yo(2), A) |l 


is nonsingular on the closure of S. This condition is called the strengthened 
condition of Legendre. 


IV’. Given a non-null variation 7(2) in @> there exists a set of multi- 
pliers Ayo = 0, Ao such that I, In, ITI’ hold and such that the further 


inequality 


(3. 8) d) 2o (2, > 1s A) dz > 0, 
holds, where 


the derivatives of F(z, y, p,A) being evaluated on yo. 


It is clear that yo cannot satisfy condition IV’ without satisfying the 
conditions I, IIn and IIT’. 

The principal theorem to be established in the présent paper is the 
following 


TuroreM 3.1. If the function yo satisfies the conditions I, IIn, II’, 
IV’ described above, there exists a neighborhood F of yo in xy-space and 4 
constant p > 0 such that the inequality 
(3. 10) I(y) —I(yo) = pD(y — yo) 


holds for every function y in Uo lying in F. Here D(y) is defined by the 
formula 


(3. 11) D(y) =2 f. {V (9) —1}de 
in which 
(3. 12) V(p) = (1+ pipi)*. 


The function D(y— yo) is a measure of the deviation of y from Yo, and 
in fact equals twice the difference between the volume of the m-dimensional 
surface » = y— Yo in xy-space and the surface y==0. The function D(y) 
plays an important role in the proof of Theorem 3. 1. 
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It may happen that there is a unique set of multipliers of the form 
hy =1, Ac with which yo satisfies condition I. This case is called the normal 
case. All other cases are called abnormal. By the completely abnormal case 
will be meant the one in which the multipliers A) = 0, Ao in condition IV’ 
can be chosen so that Ao = 0 for each y in @. It is easily seen (cf. 8) that 
except possibly in the completely abnormal case one can always choose A» = 1 
in condition IV’ for each » in Bo. 


THEOREM 3.2. Let yo satisfy conditions I, IIn, III’, IV’. In the com- 
pletely abnormal case, there is a neighborhood F of yo in xy-space such that 
yo is the only function in Mo that lies in F. 


The proof of this result will be given at the end of the next section. 


4, A related problem in the abnormal case. In the abnormal case our 
problem can be modified so as to obtain a more general result than that 
stated in Theorem 3.1. This modification will be described in this section. 

We assume that our problem is abnormal. Then there exists more than 
one set of multipliers satisfying condition I.’ Let Aor, Aor (r = +, 8) be 
a maximal set of linearly independent multiplhers with A», = 0 such that 
equation (3.1) holds as stated for each of these sets and hence for any linear 
combination of these sets. Obviously, sr, the number of isoperimetric 
conditions (1.2). By virtue of Lemma 2.2 the equation 


(4.1) Aorloi (yn) = 0 (7 


holds for every variation 7 in @’. It follows that, if we select additional 
constants (9 = 1,- - -,7—=s) such that | Aor Uog | #0, then variation 
7 in 8’ will satisfy the conditions Ioi(y) =0 (o=—1,:-+-+,r) if and only 
if it satisfies the conditions 


(4. 2) = Uogloi(n) = 9 


The class 85 is accordingly completely determined by the r—s conditions 
(4.2). The function Jg,(y) is the first variation on yo of the integral 


(4.3) Toy) = 9,9) dx — waglo(y) 
in which we have set . 
(4.4) Jo (2, p) = p). 


From the remarks just made it is clear that as far as the variations ” 
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in @, are concerned we can replace the original set of r isoperimetric cop- 


ditions (1.2) by the smaller set 
To(y) =Jo(Yo) 


In fact this replacement can be made even in the sufficiency theorem if we 
modify our concept of a minimum in the manner described in Theorem 4,1 
below. The integral 7(y) must also be modified as follows: Recall first that 
in the completely abnormal case the multipliers in condition IV’ can be 
restricted to be of the form 


(4. 5) Ayo = 0, Aorlr .(7=1,- 

where Ao; are the multipliers described in the last paragraph and the c’s are 
constants. If the problem is not completely abnormal there is one set of 
multipliers of the form A» = 1, Ao effective as described in condition IV’ for 
some variation in @). Every set of multipliers having Ap = 1 is expressible 


in the form 
(4. 6) Ao = 1, Ao + Aorlr (r= 1,- 8) 


and, as was remarked at the end of the last section, we can restrict the 
multipliers in condition IV’ to be of this type. Using the multipliers (4.5) 
or (4.6), according as our problem is completely abnormal or not, we define 
a new integral by the formula 


(4.7) T(y,c) = dol (y) + (Ao + 


in which it is agreed that 4c=0 in the completely abnormal case. The 
integrand g is given by the formula 


(4. 8) (2, c) dof (2; (Ao + fo(z, p)- 


In terms of the new integral J(y,c) the conditions I, IIn, III’, IV 
imposed upon y take the following form: 


I. Given a closed interval [a,b] in S the formula 
b 
(4.9) f = In. | dx; summed) 
a a’; a. 


holds on yo for every element c= -,¢s) or equivalently 


(4. 10) f, + = 0 
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holds for all » in @’ and for all c, the arguments in the derivatives of g being 
(2, yo(t), Yo(%), ¢). 


IIn. There exists an element c= (¢i,° in c¢-space, a neighbor- 
hood 9 of yo in zyp-space and a constant h > 0 such that the inequality 


(4. 11) 2h | q)| (o = 1,- 


holds whenever (2,y,p) is in 9 and (z,y,q) is in ®. Here Ey and Ey, 
are the H-functions for g and fo respectively. The set of all elements c of 
this type forms an open set C*. In order to prove this we use the relation 


E, (2, Ps qd; C + k) E, (2, q; Cc) + Aor kr:E te (2, q). 


Suppose that c is in C* and choose 9 and h such that (4.11) holds. Choose 
§ such that whenever | & | <8 one has | Aork; | << h/2r. Then 


+k) = Ey (x,y, p,q) —h/2 | y, p; 9) | 
= h/2 | (2, Y, q) 


It follows that the 8-neighborhood of ¢ is in C*. Consequently C* is open, 
as was to be proved. 


III’. There exists an. element c in C* such that the inequality 
(4. 12) Join, (2; Yo(X), Yo(x), C) rim; > 0 


holds whenever + 4 0 and x is on S. The set of elements c of this type forms 


} an open subset C of C*. The matrix 


(4.13) || Goins Yo(@), Yo(x), €) 


is nonsingular whenever c is in C and z is on 8. 
IV’. Given a variation 740 in @, there is an element c in C such 


_ that the inequality 


(4.14) = > 0 
S 


| holds, where 
(4. 15) (2, No c) Inn? + YoipjTiT js 


the arguments in the derivatives of g being (a, yo(x),Yo(z),c). It will be 
seen in Theorem 9.1 below that the c’s can be restricted to lie on a compact 
| (bounded closed) subset Cy of C. 


The generalized sufficiency theorem for the abnormal case is given by 


e 

| 
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THEOREM 4.1. If a function yo satisfies the conditions I, IIn, II’, Iv’, 
there exists a bounded and closed subset Cy of C, a neighborhood F of yy in 
ry-space and a constant p > 0 such that given a function y in U lying in § 
and satisfying the isoperimetric conditions 


(4. 16) To(y) =JFo(yo) 
there exists an element c in Cy such that the inequality 
(4.17) J (y,¢) —I(Yo,¢) = pD(y — yo) 


holds, where D(n) is given by (3.11). 


it should be noticed that the conclusion in the theorem is analogous to 
the condition on the second variation J.(y,c) in IV’. It will be seen in the 
course of the proof that any compact subset Cy of C that is effective in con- 
dition IV’ as indicated in Theorem 9.1 below is effective in Theorem 4.1. 

If a function y(z) lies in ¥ and belongs to the class Mo determined by 
the initial isoperimetric conditions (1.2), then it satisfies conditions (4. 16) 
and J(y) =AdoI(y) by virtue of (3.7). It follows that in the completely 
abnormal case J(y,c) =0 on Mo, since Ay = 0. The condition (4.17) then 
takes the form D(y— yo) = 0, which can hold only in case y = yo. Theorem 
3.2 therefore holds and Theorem 3.1 is vacuously true. If the original 
problem is not completely abnormal, then Ao = 1 and J(y,c) =I(y) on 
Consequently (3.10) follows from (4.17) and Theorem 3.1 holds as stated. 
Even in this case we have no guarantee that there is a function y yo in % 
that lies in #. 

For the normal case Theorem 3.1 can be considered to be the special 
case of Theorem 4.1 in which there are no c’s, provided we interpret the 
remarks concerning the c’s to be vacuously true. This will be done in the 
sequel. Our main problem is then that of establishing Theorem 4. 1. 


5. A property of the Weierstrass E-function. In order to carry out 
the proof of Theorem 4.1 it will be convenient to make use of a property 
of the Weierstrass E-function which is a consequence of conditions In ant 
III’ imposed upon yo. This result is not new. It has been used by Reid (18) 
and others. It is a consequence of certain results obtained by the author (6) 
in considering the parametric problem of Bolza. For the sake of completenes 
we shall give a brief outline of a proof. This proof is novel in the sense that 
we make use of an identity on the E-function (see equation (5.2) below) 


that does not appear to have been used before in this connection. This f 


identity has a simple geometric interpretation, which we shall omit. 
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THEOREM 5.1. Let yo satisfy conditions IIn, III’ of 4 and let Cy be 
a compact subset of the set C appearing in these conditions. There exists 4 
neighborhood OR» of Yo in xyp-space and a constant h >0O such that the 
inequalities (4.11) and 


(5.1) Ey(x,y, p,9,¢) = 2h{V(q—p) —1} 


hold, whenever c is in Co, (2, y,p) is in Ro and (2,y,q) is in R. The 
function V(p) is given by (3.12) and g(2,y, p,c) by (4.8). The function 
E, is the Weierstrass E-function for g. 


It is interesting to observe that the difference V(q—p)—1 is the 
Weierstrass H-function for V(q¢—vp) with p held fast. 

Observe first that there is a neighborhood #1 of yo in xyp-space and a 
constant h > 0 such that the inequality (5.1) holds whenever c is in C4, 
and (v,y,p) and (2,y,q) are in ®,. This follows from condition III’ by 
a continuity argument together with the customary application of Taylor’s 
theorem to the Weierstrass H-function (cf. 6). Diminish @, and h if 
necessary so that (4.11) holds when ¢ is in Co, (z,y,p) is in ®, and 
(t,y,q) isin ®&. An application of the Heine-Borel theorem is effective here. 

Let & be a second neighborhood of yo whose closure is in #&, and let « 
be a positive constant such that if (z,y,p) is in ® then (2,y,p-+7) is 
in for every vector with Consider now a set y, p,q, ¢) 
with (7, y,p) in Ro, (v7, y,q) in — and c in Cy. Select a vector 
and a positive constant & such that y= p+ kx and Obviously k > 1 
since (¢,y,q) is not in @,. Consider the identity 


(5.2) Ey(p, p+ kr) = Ey(p+ 7, p + kr) 
+ kEy(p, p+ 7) + (k—1)Ey(p +7, p), 


in which only the significant variables are displayed. The first and last 
items are non-negative, by (4.11). It follows that 


Eg(p, p + kr) kEy(p, p+ 7) 2 2hk[ V(r) —1], 


the last inequality being obtained from the fact that (5.1) holds with (a, y, p) 
In Ro and (2,y,p+7) in R,. But for k>1 and |r| « we have the 
further inequality 


kLV (x) —1] 2e[V (br) —1], = e/(2 + €) 
which follows readily from the definition (3.12) of V(p). Consequently 


E,(p,q) = 2he’[V(q—p) —1]. 
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The formula (5.1) accordingly holds for a suitable choice of h, as was to be 


proved. 


CoroLtAry. Let Cy be a compact subset of C and let 


(5.3) B*(y,c) = f, By (x,y, 9, 6) de 
(5.5) Diy) =2 {V (9) 

S 


There exists a neighborhood F of yo in xy-space and a constant h >0 such 


that the inequalities 
(5.6) E*(y,c) = hD(y— yo) 


(5.7 E*(y,c) Zh | E*,(y)| (0=1,- -,r—s) 


hold for every element c in Co and every function y in % lying in . 


This result follows at once from the inequalities (4.11) and (5.1) 
and the definition (4.4) of gp. 


6. An analogue of a theorem of Lindeberg. The analogue of the 
theorem of Lindeberg given below is established under weaker hypotheses 
than those imposed on Yo in the preceding sections. The principal hypotheses 
are as follows: Consider an integral 


J(y, c) f. g (2, c)dz, 


where g(z, 4, p,¢) is continuous and has continuous derivatives with respect 
to * Pm for all (2, y, p) in and c= *,¢e) in an open set 


C in c-space. It is assumed that given a compact subset Cy of C there exists ( 
a neighborhood ¥ of yo in xy-space and positive constants «, B such that the 


first of the inequalities 
(6.1) Eg (x,y, Yo(), p, ¢) 0 
(6. 2) Eg (x,y, Yo(X), p; c) = «| p— | 


holds whenever c is in Oo, (z,y) is in ¥, (z,y,p) is in ® and the secoul f 
holds if in addition one has | p—4%(x)| = 8. The second condition can he 


replaced by an inequality of the form 
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Eg Yo(X), p, ¢) 2 2h{V (p— yo(x)) —1} (h > 0) 


subject to the restriction that | p—%(x)| =. It follows that there is a 
constant N such that 
(6.3) D(y—Yyo) SN[1+ E*(y, c)] 


whenever c is in Cy and y is a function in %& lying in ¥. The function D(y) 
is defined by (5.5) and H*(y,c) is the corresponding integral (5.3) deter- 
mined by the function g(«, y, p,c) here used. 

The proofs of the theorems in this section are based upon the following 


LemMA 6.1. Let I*(y,c) be an integral of the form 


(6.4) I*(y,c) = {ui(a, y, ¢) + v(a,y, 0) }dey, 


where ui(a,y,c), v(2,y,¢c) are continuous functions of (x,y,c) for (a, y) 
ona neighborhood of those on.yo and ¢= (¢,* + *,¢s) on a compact set Co. 
Given a constant « > 0 there exists a neighborhood F of Yo in xy-space such 
that the inequality 


(6. 5) | 1*(y, ©) —I*(yo, c)| [1+ D(y—y)] 


holds whenever c is in Co and y is a function in U lying in ¥. The function 
D(y) is defined by equation (5.5). 


In the proof we can assume without loss of generality that yo(z) =0. 
From the definition of D(y) it is clear that there is a constant Q such that 


(6.6) f, Var + 


for every function y in %{. Given a number e¢ > 0 select functions Ui(z, c) 
of class C’ such that 


| 7 (a, c) —u(a,0,c)| < €/3Q 
whenever z is in S and ¢ is in Co. Set 


Ai (x, y, ¢) = ui (a, y, c) — Ui (2, €) 
B(a, c) v(z, c) 0, c) — y(0U;/02;). 


Choose a neighborhood ¥ of yo such that the inequality 


(6.7) + B? < 2/Q? 
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holds whenever (z,y) is in ¥ and c is in Co. Observe that I*(y,c) jg 


expressible in the form 


I*(y,c) =J*(y,c) + K*(y, 
where 


J*(y,¢) = f, {v(x,0,c) + (0/dx:) (yUs (x, c) ) }da, 


K*(y,c) = (As (2, y, + ¢) 


Consider now a function y in % lying in F. Clearly J*(y,c) =J*(yo,0). 
Moreover, by (6.7) and the relation K*(yo,c) =0 we have 


| I*(y, c) —I*(yo, c)| =| K*(y, c)| S («/Q) f, V(y)de. 


Combining this result with (6.6) one obtains ui 5) with yo(x) =0. ‘This 
proves the lemma. 
We have the following result concerning lower semicontinuity. 


THEOREM 6.1. Let Cy be a compact subset of C and let « be a positive 
constant. If the conditions (6.1) and (6.2) hold as stated, there exists a 
neighborhood F of yo in xy-space such that the inequality 


(6.8) (y,e) =I (yo, ec) —e 
holds for every element c in C and every function y in % lying in F. 
In the proof of this result we use the familiar formula 
I(y,c) =J*(y,c) + E*(y, 0) 


in which E*(y,c) is defined by the formula (4.3) and J*(y,c) is the Hilbert 
integral 


(6.9) 
+ (9 — Goi (X)) Yo(x), 
Since J*(yo, c) =2J (Yo, c) it follows that 


(6.10)  J(y,c) —J (yo, ¢) =I*(y, ¢) —I* (yo, c) + E*(y, ¢). 


Let Cy be a compact subset of C and let « be a positive constant. We cal § 
suppose that e< 1. Choose # so that the inequalities (6.1) and (6.2) hold 


| 
0 
(( 
he 
E, 
of 
ste 
| 
fo 
(6 
hol 
(6. 
in 


be 


call 


MULTIPLE INTEGRAL PROBLEMS IN THE CALCULUS OF VARIATIONS. 255 


as stated and let N be the number appearing in (6.3). By virtue of Lemma 
6.1 we can diminish ¥ so that the relation 


| J*(y,¢) —I* (yo, < + 1)) [1+ D(y—y)] 


holds, whenever c is in Cy and y is a function in Mf lying in #. Using (6.3) 
we find that 
| J*(y,¢) —J*(yo,c)| [1+ E*(y,c)]. 


Consequently (6.10) yields 


J (y,c) —J(Yo,c) =—e+ (1—e) E*(y,c). 


The last term is nonnegative by (6.1). It follows that the relation (6.8) 
holds, as was to be proved. 
Consider now a second integral 


K(y, ¢) f, G(z, c)dx 


of the same type as J(y,c). We assume that given a compact subset Cy of C 
one can select a neighborhood ¥ of yo in xy-space and a constant h > 90 
such that the inequality 


(6.11) E,(2, Y; Yo(2), P; c) = h | E@(2, Yo(x), P; c)| 


holds whenever is in Co, (z,y) is in and (2,y,p) is in ®R. Again Ly, 
are the E-functions for g, G respectively. 

The following theorem can be considered as an analogue of the theorem 
of Lindeberg. 


THEOREM 6,2. Suppose that the conditions (6.1), (6.2), (6.11) hold as 
stated and let Cy be a compact subset of C. There exists a constant p > 0 
such that given a number « > 0 there is a neighborhood F of yo in xy-space 
for which the inequality 


(6. 12) T(y,c) —J(yo,¢) = K(y, ¢) — K (yo, 
holds, whenever c is in Cy and y is a function in % lying in F. 


In order to establish this result consider the integral 


(6.13) = F(a,y 9,0, + tK(y,0) 
in which 


F(x, y,p,c,t) = p,c) + tG(a, y, p, c). 


| 
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Given a compact subset Cy of C choose ¥, h, «, 8 so that conditions (6.1), 
(6.2), (6.11) hold as stated. Set p=h/2. A simple argument will show 
that for {= + p the conditions (6.1) and (6.2) will remain valid if g is 
replaced by F and « by #/2. Consequently we may apply Theorem 6.1 to 
I(y,c,t) using e ep in place of «. It follows that we can diminish § s0 
that the inequality 

I(y,c, + p) —I (yo, ¢, + p) =— ep 


will hold whenever ¢ is in Cy and y is a function in % lying in ¥. This 
inequality together with (6.13) yields the desired relation (6.12). 
Observe that the H-function for the integral D(y—yo) is given by 
V(p—Y(x)) —1. Consequently under the hypotheses of 4 it follows from 
Theorem 5.1 that the inequality (6.11) holds when K(y,c) = D(y—). 
For this special case Theorem 6.2 takes the special form described in the 


following 


THEOREM 6.3. Let J(y,c) be the function described in 4 and suppose 
that yo satisfies conditions IIn, III’. Let Co be a compact subset of C. There 
exists a number p > 0 such that given a number « > 0 there is a neighborhood 
F of Yo in xy-space such that the inequality 


(6. 14) J (y,¢) —I (yo, ¢) 2 pLD(y—yo) —€] 
holds whenever c is in Co and y is a function in % lying in F. 


7. Auxiliary lemmas. The present section will be devoted to a set of 
lemmas which will be useful in the proofs of the convergence theorems givel 
in the next section. We begin with the following 


Lemma 7.1. If y is a function in the class B’ described in 2, satisfying 


a condition of the form 


(7.1) Jf 
then its integral mean 7 satisfies the inequality 


(7.2) | de < mNh. 


In order to prove this inequality observe that 


= (2h)™ (a + Ot) dOdt. 


— 
_ 
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Hence 


f @) ae 


Since 7 =i =0 exterior to S we have, by (7.1) 


| + 6) | dx < N. 


Using this inequality in (7.4) one obtains (7.2) by integration. 


LemMA 7.2. If » is a function in the class B” described in 2 which 
satisfies a condition of the form 


(1.5) J, 

then its integral mean »" satisfies the inequality 

(7.6) f | < 


For by (7.3) and the inequality of Schwarz it is seen that 


| F(z) —y(z)|*S fi + Ot) | | | *dt] 


Evaluating the last integral it is seen that 


f | — (@)| f f f | + 6t)| dO dt. 
0 Ss 


Using the relation (7.5) together with the fact that == 0 exterior to J 
it is found that (7.6) holds as was to be proved. 
The next lemma has been established by McShane and Reid (18). 


LemMA 7.3. If (t) is absolutely continuous on aSt=b and 
| (t) | < 8, then 


(7.7) joe R(¢’)dt + $(a)?] 


where d,, dz are constants depending on 8 and b —aand R(z) = V1+2—1. 
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We shall use this lemma to establish the further result 


Lemma 7.4. If (x) is a function in B’ having | y(x)| <8 on 8, then 
(7.9) J, acs 


(7.10) J S 8.D(n) 
where D(n) is given by (3.11) and 81, 82 are constants depending upon 8 and §, 


In the proof we can assume that S is an interval [a,b]. Then (2, 2’¢) 
is absolutely continuous in z; on [ax, bx] for almost all 2’, on [a’s, 0%]. 
Moreover (ax, 2’x) =0. Using Lemma 7.3 with ¢ = 2x it is seen that the 


relation 
be 


holds for almost all 2’, on [a’x, 6’,]. Consequently 


The relation (7.9) therefore holds with 8; md,. The inequality (7.10) 
follows in a similar manner from (7. 8). 

We conclude this section with two lemmas on weak convergence. A 
sequence of functions {z,(x)} is said to converge weakly to a function 2(2) 
in the class (a= 1) of Lebesgue integrable functions on S if 
are in PP, and 


(7.11) lim ff, A(x) dx = 


for every function A(z) in the Lebesgue class Pg where B = («—1)/ail 
a@>1and B=o if 


Lemma 7.5. Let {zq(x)} be a sequence of functions in 2. (#21) 
satisfying a condition of the form 


(7.12) | zq(x)| “de < N. 


In case «= 1 assume further that the sequence of set functions 
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is uniformly absolutely continuous on S. There exist a subsequence, again 
denoted by {2q(x)}, and a function 2 in Pa such that zq converges weakly 
to in on 8. 


As a second lemma we have 


LemMa 7.6. If a sequence of functions {zq(x)} converges weakly to a 
function zo(x) in P = P. on S and the inequality (7.12) holds, then the 
sequence converges weakly to zo(x) in P, on S. 


For a proof of these Lemmas on weak convergence for the case m=1 
see the treatise by Banach (1), pp. 126-132. 


8. Convergence theorems. We are now in position to prove convergence 
theorems that will be useful in the proof of Theorem 4.1 and in the study 
of the second variation. The classes 8’ and ®” found in these theorems 
are defined in 2. 


THEOREM 8.1. Let &,&,&,:-°-* be a sequence of functions in 8’ 
satisfying the relations 


(8.1) lim | — &(x)| dx = 0, | 
q=00 
where N isa constant. If P(x), Q:(@),° Qm(x) are continuous functions 
on S then 
(8. 2) lim {Péqg + dx = {Pé + Qiéoi} de. 
q=0o 


Observe first that the equation (8.1) implies that 


(8.3) lim =0 


for every bounded integrable function P. If Q(z) is a function of class C” 
for all values of x, then given an interval [a,b] containing S we have 


b 


—— (ba — fo) dz. 


In this formula we have used freely the relations = 0 exterior to S. 
It follows from (8.3) that 


| 
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lim Q — fox) da = 0 
q=00 Ss 


in this case. Consider now a function P(x) that is continuous on S. Let ¢ 
be a positive constant. Select a function Q(a) of class C’ such that 
| P(x) —Q(x)| <«/4 on S. Then by virtue of the inequality in (8.1) 
we have 


Next choose a number qo such that when ¢ = qo we have 


Q(x) (Sa — Sox) | < €/2. 


Using the relation 
(P—0) (ba — bu) +f — 
it follows that 
| J, P (ax — ox) dx | <e. 


Hence 


lim f P (qx — Ex) dz = 0 


g=00 


in this case also. This proves Theorem 8. 1. 


THEOREM 8.2. Let {&} be a sequence of functions in 8’ satisfying 1 
condition of the form 


There exists a subsequence {nq} that converges almost everywhere on 8 toa 
function n in P and is such that 


In order to prove this result we can assume that § is an interval [a, b]; 


since 0 exterior to Then on [ax, bx] we have 


| | = | wx) dt, |S fil | dts 
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for almost all 2’, on [a’x, b’x]. Consequently 


Consider now the integral mean &" of é. By virtue of (8.4) we have 


| | = | 


h 
+ t)de | SN (2h)™. 
h 


_ Similarly from (8.6) we have 


(bn — ax) N(2h)™. 


It follows from Ascoli’s Theorem that the sequence {é,"} contains a uniformly 
convergent subsequence {7 "}. Let {nq} be the corresponding subsequence 
of {&}. Restrict h to be of the form h = 2, where p is a positive integer. 
Then by means of a diagonal process a sequence {nq} can be chosen to be the 
same for each h on this restricted range. 

Consider now a number e > 0. Choose h = such that h < «/3mN. 
Then by Lemma 7.1 we have 


(8. 7) na" — 4a < €/3, 


where for the moment ; 
Ss 


Since the sequence 7" converges uniformly on S there is an integer go such 
that whenever g > r > qo we have 


(8. 8) ll na" — ar" || < €/3. 
Using the relation 


it is seen that || »q—r || <« whenever g>r> qo. Since the space p of 
Lebesgue integrable functions is complete with respect to the norm || |! 
it follows that there is a function 4 in #2 such that (8.5) holds. 


THEOREM 8.3. Let {é} be a sequence of functions in B’ satisfying the 
condition (8.4) for a suitable choice of N. Suppose further that the sequence 
of set functions 


M 


) 
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is uniformly absolutely continuous on S. Then there exists a function 
in B’ such that (8.5) holds. Moreover the subsequence can be selected sp 
that ng, ax (k& =1,- ++, m) converge weakly in to yo; Hox respectively, 


In order to prove this result select {yq} and 7 to have the properties 
described in Theorem 8.2. Then (8.5) holds and yq converges weakly in ~ 
to 7. We can suppose that 4 is equal to the limit of its integral mean when 
this limit exists, and that 70 elsewhere. We shall show presently that 1 
is in 8’. As a first step observe that the function mq satisfies the hypotheses 
of Lemma 7.5 with «1. Consequently we can replace {ng} by a suitable 
subsequence such that 7 converges weakly in # to a function ox. Consider 
now the equations 


b 


which hold for every interval [a,b]. Since jg converges weakly to mu the 
right member of this equation converges to the right member of the equation 


b 
(8. 11) f (brs 2’) — (ey f 


a 


Since (8.5) holds, then except for a, and b; on a set Mx of measure zero in 
a,-space the left member in (8.10) will converge in subsequence to the left 
member of (8.11). It follows that (8.11) holds unless ax, bx are on Mi. 
By virtue of Lemma 2.1 the function 7 is in 8’, as was to be proved. 


THEOREM 8.4. Let {é} be a sequence of functions in 8” satisfying the 
condition 


(8. 13) | < N. 


There exists a subsequence {nq} and a function yo in B” such that nq, Max Con- 
verge weakly on P» to yo, ox respectively and 


(8. 14) lim | Na— Yo | *dx = 0. 
q=00 


In order to prove this result let be a measurable subset of S. By the | 


inequality of Schwarz we have 


ff dx]* < | M 
M M M 
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where | M| is the measure of M. The hypotheses of Theorem 8.3 are satis- 
fied and we can select a subsequence {yg} and a function m4 in 8’ having 
the properties described in that theorem. Since 7a converges weakly in £ 
to mo: and (8.13) holds with & = nq it follows that mq converges weakly to 
joe in P» Consequently yo is in B”. That q converges weakly to m in 
f, will follow from the relation (8.14). To prove (8.14) we may suppose 
as in the proof of Theorem 8.2 that the sequence {ng} has been selected so 
that its integral mean 7," converges uniformly on S at least if we restrict h 
to be of the form h = 2-”, where p is an integer. By Lemma 7.2 we can 


select h so small that (8.7) holds with 


| nel 


for a preassigned number e > 0. Next choose go such that (8.8) holds with 
q>r>qo. By (8.9) we then have || if Since 
lim mg = 0 almost everywhere it follows that (8.14) holds, as was to be 
g=00 

proved. 


9. Properties of the second variation. The second variation of the 
problem described in 3 is of the form 


= 20(z, dz, 
Ss 
where 
2o(z, c) P(z2, + 203 (2, c) + Rix(z, C) 


The functions P(2, c), Q,(z,c), Rix(z, c) = Ri (x, c) are continuous in (2, 
for all points *,2%m) and Moreover there is 
an open set C’ such that the inequality 


(9. 1) Rij (2, c) mij > 0 


holds whenever += 0, c is in @ and z is on S. If ¢ is restricted to lie on a 
compact subset Cy of C one can select a constant h such that 


(9.2) Rij (2x, ¢) = 


_ for all 40 and all x on a neighborhood of 8S. 


We begin with the following lemma 


Lemma 9.1. Let {nq} be a sequence of variations in 8” satisfying the 
q ying 


No 

0 

8 

n 

No 

T 
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hypotheses and the conclusions of Theorem 8.4 and let no be its limit function, 


Then for each element c in C one has 


(9.3) lim inf J2(¢,¢) J2(m, ¢). 


g=00 


Moreover the conditions 


(9. 4) no(z) =0 on 8, lim inf Jo(mq,¢) S0 
q=00 
can hold only in case 
(9. 5) lim inf | | 2da = 0. 
q=00 


In view of Theorem 8.1 with & =,’ the inequality (9.3) will be 
established if we show that 


(9: 6) lim inf Rijnqing dz = f Ri 
q=00 Ss Ss 

To this end we use the formula 
= Rijqoiqos + (ai — 105) + Bis (ai — (ai — 


By virtue of (9.1) we have 
Rijqaiqgidz = f. Ri + 2 ff. Rijqoi (nai — a2. 


Since %q; converges weakly to 7; in P» the last term has zero as its limit. 
It follows that (9.6) holds, as desired. 

Suppose next that (9.4) holds. Then by Theorem 8.1 with m= 
and equation (9.2) we have 


0 = lim inf ¢) = lim inf = h lim inf | | 
s 


q=00 q=00 q=00 e 
It follows that (9.5) holds. This completes the proof of Lemma 9.1. 


TuHeEoREM 9.1. Suppose that for every non null function n in Bo, thert 
is an element c in C such that J2(y,c) >0. Then there exists a compact 
subset Co of C such that given a-non null function y in By there is an element 
c in Cy such that J2(n,c) > 0. 


Let {Cz} be a sequence of compact subsets of C whose union is C an 


which has Cy, < Cou. If the conclusion in Theorem 9.1 were false, ther 


would exist for each integer g a variation 0 in > such that J2( c) =! 
whenever c is in Cz. We can suppose that 7q has been normalized so that 
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According to Theorem 8. 4 we can replace {q} by a subsequence, again denoted 
by {mq}, having the properties described in Theorem 8.4. Let 7 be its limit 
function. Since mq is in By we have Io:(yq) = 0, where Jo: is given by (2.5). 
By Theorem 8.1 we have Joi(y) =0. It follows that mo is in @. Consider 
now an element c in C. Choose p such that ¢ is in Cy. For q= p we have 
SO and hence J2(m,c) S0, by (9.3). If the condition 
(9.4) would be satisfied and (9.5) would hold. This is impossible in view 
of (9.7). It follows that Theorem 9.1 holds as stated. 


THEOREM 9.2. Suppose that the hypotheses described in Theorem 9.1 
hold and choose Cy as in Theorem 9.2. Let Ke(y,c) be a second function of 
the same form as J2(n,c). There exists a constant p > 0 such that given a 
variation » £0 in By there exists an element c in Co such that 


(9.8) Jo(n,c) =p | K2(y,c)|. 


Observe first that since K2(n,c) is of the same form as J2(y,c) we can 
select a constant NV such that 


(9.9) | K2(n,c)| SN j, 


whenever ¢ is in Co. Suppose now that the theorem is false. Then there 
exists for every integer g a variation 7740 in @,> satisfying the inequality 


S (1/q)| (na: | 


whenever c is in Oy. We can suppose that yq has been chosen so that 


and such that the sequence {nq} converges to a variation 7 in @» in the 
sense described in Theorem 8.4. Then by (9.9) we have 
0 = lim inf Jo(q, ¢) 2 J2(m, 
q=00 
whenever c is in Oo. Consequently 7.0 by Theorem 9.1. The relations 
(9.4) are accordingly satisfied. It follows that (9.5) holds. Using (8.14) 
with 0 it is seen from (9.10) that 


lim | | = 1, 
q=00 S 
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contrary to (9.5). The conclusion in Theorem 9.2 is accordingly valid, 
as was to be proved. 


10. Proof of Theorem 4.1. Theorem 4.1 will be established by showing 
that one of its contrapositives is true. The particular one that we shall use 
is the following 


THEOREM 10.1. Suppose that yo satisfies the conditions I, IIn and III’ 
described in 4 and let Cy be a compact subset of the set C appearing in these 
conditions. Suppose further that for every number p > 0 and every neighbor- 
hood F of yo in xy-space there is a function y in % lying in F satisfying the 
conditions 

J(y,¢) —I(Yo,¢) < pD(y — yo) 


Jo(y) =Jo(Yo) -,r—s) 


for every c in Cy. Then there exists a variation no 0 in Bo such that 
J2(0,¢) S0 whenever c is in Cy. Here, J2(yn,c) is the second variation of 
J(y,C) ON Yo. 


If we assume that this result is true, we can establish Theorem 4.1 as 
follows. Select Co as described in Theorem 9.1. Let » be a variation in 8,. 
By virtue of Theorem 9.1 the relation J2(y,c) 0 holds for every element ¢ 
in Co if and only if 70. It follows that the hypothesés of Theorem 10.1 
and 4.1 are incompatible. Consequently Theorem 4.1 is true as stated. 

The remainder of this section will be devoted to the proof of Theorem 
10.1. By virtue of our hypotheses there exists a sequence {yq(zx)} of 
functions in 2% converging uniformly to yo(x) and satisfying the condition 


(10.1) F(ya,¢) (yo, ¢) < (1/q)D(Ya— Yo), = Fo(yo) 


whenever c is in Cy. From the first relation it follows that ya yo. By | 


virtue of Theorem 6.3 there is a constant p > 0 such that whenever c is il 
Cy we have 


lim inf [J (yq, ¢) —J (yo, ¢) ] = p[lim inf D(yg—yo) —€] 
q=00 


for every number « > 0 and hence also for e—0. The last two inequalities | 


can hold only in case 


(10. 2) lim J (ya,¢) =I (yos) | (c in Cr) 


(10. 3) lim D(Yq— Yo) == (), 
q=00 
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From the definition of D(y) it follows that the sequence {Yq} converges to 

jo: in measure. Replacing our original sequence by a suitable subsequence 

it can be brought about that lim = almost 
=00 


uniformly on S. Setting 


Yoo Vg = (4) [1 + (14 | | 


it is seen that lim vg(2) —1 almost uniformly on S and that 
q=00 


(10. 4) D(8ya) = | */ea}de. 


In view of Lemma 7.4 we have the further relations 
(10.5) f | Bye | ND (Bye), | 84a | < ND 


for a suitably chosen constant N. 


We now define a sequence of variations {nq} by the formula 


(10. 6) na = 8Yq/kea, 
where kg is the positive root of 
(10. 7) leq? = D(8yq). 


Using (10.4) and (10.5) it is seen that y¢ satisfies the relations 


(10.8) JS, (rel | na | de < N, Jf, | tax <w. 


By replacing our original subsequence {yq} by a suitable subsequence the 
Variations q can be selected so that they have the additional properties 
described in the following 


Lemma 10.1. The sequence of functions {yq} described above can be 
chosen so that the corresponding sequence of variations {nq} given by (10.6) 
converges almost everywhere to a variation no in 8” and in fact is such that 


(10.9) lim lim de=0. 
q=00 S q=00 Ss 


The functions Na converge weakly in 2 to mo, Hox 
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respectively. On every measurable subset T of S on which {Yqu} converges 
uniformly to You, the functions mq, nq are in P» for large values of q and 
converge weakly in to mo, nox Finally if P(x), Qm(z) are 
continuous functions on the closure of S, we have 


(10.10) lim 7 {Prag 20 = { Pao? ++ 2Q de. 


q=00 


In order to establish this result observe first that by virtue of the first 
relation in (10.8) and the inequality of Schwarz we have 


M M M M 


for every measurable subset Jf of S. Moreover from the definition of vg and 
D(y) it follows that 


ff, S| M+ S| M| + 
M M 


where | | is the measure of M. It follows from these relations together 
with (10.3) that the sequence of set functions 


J ae | (q—1,2,3,-°) 


is uniformly bounded and uniformly absolutely continuous on S. By virtue 
of Theorem 8.3 our sequence can be replaced by a subsequence, again denoted 
{nq}, that converges almost everywhere on S to a function in 8’ and is 
such that the first equation in (10.9) holds. Moreover the functions 1, 1 
converge weakly in P to mo, ox by the same theorem. 

Consider now the function zqx = %qx/V Vo By virtue of the first relation 
in (10.8) it follows from Lemma 7.5 that by replacing our sequence by @ 
suitable subsequence the corresponding functions zg will converge weakly in 


£2 to a function zx. Since lim vg—1 almost uniformly on S it follows 
that Zox = jor almost everywhere on S and hence that 7 is in the class 8”. 
Moreover on each subset T of 8 on which lim vg=1 uniformly the functions 
q=0o 
qx converge weakly to jox in P~» since the functions -2q, have this property. 


From the last relation in (10.8) it follows that 4 converges weakly in 


L2 to m on S. 
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Consider next the function 4 = 7? whose derivatives are given almost 
everywhere by the formula ¢q: = 2nanax- By virtue of the last two equations 
in (10.8) we have 


f. de <N, J. | | de < 2N. 


Consequently g, is in @’. Using Theorem 8.2 it is seen that the second 
equation in (10.9) holds. This result together with Theorem 8.1 yields 
(10.10) with = 4°, = 0°. This completes the proof of Lemma 10. 1. 


We proceed with the proof of Theorem 10. 1 by establishing the following 


Lemma 10.2. The Hilbert integral J*(y,c) of J(y,c) given by formula 
(6.9) satisfies the relation 


* 


kee? 


for each element cin Co. The variation no is the one described in Lemma 10. i 
and 


(10. 12) J*2(,¢) = f + dz, 


the arguments in the derivatives of g being yo(x), Yo(z), ¢]. 


For by the use of Taylor’s theorem it is seen by (6.9) that J*(yq, ¢) 
can be written in the form 


(10.13) J*(ya,c) =J* (yo, ¢) + Ix + + 


where J;(y,c) is given by (4.10) and Ro(y,c) is of the form 


Ra(y,¢) = {Pqn’ + 2Qainni} dz. 


Since lim yg uniformly on S an examination of the functions Pg, 
q=00 


will reveal that lim P; =lim Qqi =0 uniformly for z on S and c in Q,. 
q=00 


It follows from the last two relations in (10.8) that the first of the relations 


lim = 90 lim J*2(4q, ¢) = no; (c in 
q=00 


q=00 


holds. The second follows from equation (10.10). Using (4.10) we see 
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that J,(8y¢,c) =0. Using these relations together with (10.13) we obtain 
equation (10.11). 
As was seen in 6 the function J(y,c) can be written in the form 


(10. 14) J(y, c) = J*(y, c) + E*(y, c) 


where as in (5. 3) 


E*(y,c) = E,[z, y(x), 9(a), elde. 


We shall now prove the following 


Lema 10.3. The function E*(y,c) satisfies the relation 
(10. 15) lim inf 24 
q=00 


the argument in the derivatives of g being [2, yo(x), Ho(x), ¢]. 


In order to establish this result let 7 be a subset of S on which jx 


converges uniformly to %x(z). Then limvg—1 uniformly on T and by 
qz=00 


(10.8) there exists an integer go such that 
(10. 16) filial <2 (q20). 
Increase qo if necessary so that for ¢= qo the functions . 

are well defined on T. Then by Taylor’s theorem 

Ey (2, Yo(X), Yar), ¢) = 
whenever ¢ = qo, x is in T and ¢ is in Cy. Moreover, if we set 

Ri; (2, €) = goin, [2 Yo(), 

we have ~ Roij = Ri; unformly for x on T. Consequently by (10. 16) 
(10. 17) lim inf Rei = lim inf Rijnainai- 

g=00 T g=00 


By an argument like that made in the proof of Lemma 9.1 we have 


(10. 18) lim inf f =f Rijnoinoj de. 
/7T 


q=00 
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Observing that the integrand L*(yq,c) is nonnegative for large values of q, 
by virtue of condition IIn on y, it follows that 


lim inf kg-2E* (yq, c) = lim int kg? Ey (2, Yas ¢) de 
q=00 q=00 


q=00 


Combining this result with (10.17) and (10.18) we obtain the inequality 


lim inf = 3 f, 


q=00 
Since 7’ can be chosen so that the measure of S —T is arbitrarily small this 


inequality also holds when 7’ =S, as was to be proved. 


LemMA 10.4. The variation y is non null and satisfies the inequality 
Jo(qo,¢) 0 for every element c in Co, where J2(n,¢) is the second variation 
(4.14) of J(y,c) on yo. 


In order to establish this result observe that by (10.1) 
(10. 19) J (Ya, €) —I (Yo, ¢) < 
Using the familiar rela’’ a 
(10.20) F(yq,€) (yore) =I* (Yq. €) —I* (Yo, c) + E*(yq 
it follows from Lemma 10.2 that 


(10. 21) lim inf kg? [J (yq, ¢) —J (Yo, €) 
= + lim inf (yq, ¢)) S 0. 
q=00 
From the definition of J2(m,c) and Lemma 10.3 we conclude that 
J2(m,¢) S0. If 4 were null we would have J*2(,c) =0 and hence by 


(10. 21) 
lim inf kg? E* (yo, c) S 0. 
q=co 


On the other hand, the inequality (5.6) holds with y = yq if q is sufficiently 
large. It follows that there is a constant h > 0 such that 


lim inf kg?E*(yq,¢) Zh>0. 
q=00 


In view of this contradiction no cannot be null. This proves Lemma 10. 4. 


= lim inf 4 Raiinaina de. 
y 
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The proof of Theorem 10.1 will be complete when we have established 
the following 


Lemma 10.5. The variation yo is in the class Bo described in 2. 


In order to prove this result it is sufficient to show that 7 satisfies the 
equations (4.2). To this end observe that, by virtue of (10.19), (10. 20), 
Lemma 10.2 and the nonnegativeness of L*(yq,c), we have 


(10. 22 lim kg?E*(yq,c) =0 . 
q=co 


Setting 


I*9(y) = f, (x), + — Goi ) gon. (x, y(X), 


we have 
I*5(Yo) =Ja(Yo) 
and 
To (Ya) —Jo(yo) = (Ya) —I* (Yo) + (ya) 
where E*,(y,c) is given by (5.4). In view of (5.7) and (10.22) we have 


lim kgtE*9(yq) =0. 


q=00 
But by hypotheses J(y¢) =Jo(yo). Hence 
(10. 23) lim kg? —JI*o (yo) = 0. 
q=00 

Using Taylor’s theorem again we see that 

T*o(y) — Tos Bye) + (Pade + 
where lim P, = lim Qgi = 0 uniformly on S. Consequently 

q=00 q=00 
0 = lim kg*[J*9 (ya) (yo) | = lim J: (4a) = (10) 
q=00 

as was to be proved. 


11. Consequences of the sufficiency theorem. We begin with an exten 
sion of Theorem 6.2. To this end let K(y,c) be a second integral having the 


properties described in the section preceding Theorem 6.2. Then we have f 
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THEOREM 11.1. Suppose that yo satisfies the conditions I, IIn, III’, IV’ 
relative to J(y,c). Suppose further that yo satisfies condition I relative to 
K(y,c) for every element c in C and that (6.11) holds as stated. There 
exists a compact subset Cy of C, a constant p > 0 and a neighborhood F of Yo 
in ay-space such that given a function y in Xo lying in F the inequality 


(11.1) J(y,¢) —J (yo, ¢c) = p| K(y,¢) —K(yo, c)| 
holds for a suitably chosen element c in Cy. 


In order to prove this result set 
I(y,¢,t) =J(y,c) —tK(y, c). 


Since yo satisfies condition I relative to J(y,c) and K(y,c) it satisfies 
condition I relative to J(y,c,¢). Next choose Co as described in Theorem 9. 1. 
From the proof of Theorem 6. 2 it follows that there is a constant p > 0 such 
that yo satisfies condition IIn relative to I(y,c,#) provided ¢ is in Co and 
|t|<p. By continuity considerations it follows that we can diminish p 
if necessary so that III’ also holds in this case. Finally diminish p so that 
it is effective as described in Theorem 9.2 when Ke(y,c) is the second 
variation of K(y,c) on yo. The function I(y,c,t) with t+ p satisfies 
the hypothesis of Theorem 4.1. It follows that there is a neighborhood F 
of yo in ry-space such that the inequality 


I(y,c,t) = 1(yo, te) (t = + p) 


holds for each function y in % lying in F provided ¢ is a suitably chosen 
element in Cy. The inequality (11.1) follows from this result. 

There is a second consequence of Theorem 4.1 that we shall now describe. 
Let [A,B] be an interval containing S in its interior. For a function 7 
in 8’ bounded by a constant 8 we have, by Lemma 7. 4, 


A’, A’, Ax 


B 
<2 f 


Where V is a suitably chosen constant. Let D*(») denote the least number 
such that 


n(x) | S D*(n) (k—=1,- +,m). 


| 
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Then D*(7) is a second measure of the magnitude of » and 
D*(n) SND(q). 


Consider now a function y in & restricted to lie in the 8 neighborhood of 4 
Then D*(y— yo) is a second measure of the deviation of y from yo. For the 
case m = 1 it takes the useful form 


D*(y — yo) = sup | y (x) — yo(x)| *. 


We have the following result 


THEOREM 11.2. The conclusion in Theorem 4.1 is valid when D(n) 
is replaced by the function D*(n) described above. 


This theorem can be considered to be an extension of the Theorem of 


Osgood for simple integrals. 


12. Sufficient conditions for a weak relative minimum. As is well 
known sufficient conditions for a weak relative minimum can be obtained 
from those for a strong relative minimum by a simple device that will be 
explained below. We shall describe this result for the problem formulated 
in 4, It is a simple matter to interpret these results for the problem described 
in the introduction. 

Let III” and IV” be the conditions obtained from the conditions III’ 
and IV’ described in 4 by omitting all references to the condition IIn. The 
weak sufficiency condition is then given by the following 


THEOREM 12.1. If the function yo satisfies the conditions I, III”, IV” 
there exist a compact subset Co of C, a constant p > 0 and a neighborhood fy 
of yo in xyp-space such that given a function y in Uo lying in Ro the inequality 


J(y,¢) —I (Yor) = pD(y — yo) 
holds for a suitably chosen element c in Co. 


A function y in %) is said to lie in Ry if its elements (x, y(x), 9(2)) 
are in Ry for almost all values of z on S. 

In order to prove this result choose Cy as described in Theorem 9.1. 
By the use of a continuity argument and Taylor’s theorem it is seen that if 
the region R described in 2 is diminished suitably the condition In will 
follow from condition III” if we restrict the elements c to be in Co. For this 
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new region #& the conditions I, IIn, III’, IV’ will hold. 


It follows from 


Theorem 4.1 that p and FR can be chosen to have the properties described 
in Theorem 12.1, as was to be proved. 


It is not difficult to see that for weak relative minima the function 


can be used in place of D(). This is not true in a strong relative minimum, 
except for special integrands f(z, y, p). 
Theorems analogous to Theorems 11.1 and 11.2 also hold for weak 


relative minima. 
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ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 
(Third Paper) 


By G. DE B. RosBinson. 


Introduction. Perhaps the best known result of classical representation 
theory is that the number of conjugate sets is equal to the number of irre- 
ducible representations of a finite group G. In the case of the symmetric 
group Sn the association of the conjugate sets with the irreducible repre- 
sentations is made precise through the Young diagram [@] consisting of a 


nodes in the first row, % in the second, and so on, where 


and @ + @% + a,;+---+ a4,—n. We shall refer to such a diagram as a 
right diagram, to distinguish it from a skew diagram [a] — [8], consisting 
of those nodes of [a] not belonging to [8], with a= fi. These skew 
diagrams were studied in another paper’ and it was shown that each such 
diagram which contains m nodes is associated with a reducible representation 
of 8S», whose irreducible components can be obtained according to a precise 
tule. The ideas had immediate application to yield a new proof of the 
Murnaghan-Nakayama recursion formula. We shall further investigate the 
properties of skew diagrams in Part I of the present paper, and apply the 
conclusions in Part II to obtain some new relations between the characters 
of the symmetric group. 

Perhaps the most important results obtained in Part I have to do with 
skew diagrams whose disjoint constituents are right diagrams. Such diagrams 
arise when the g-hook structure? of a right diagram [a] is represented by 
means of a skew diagram [a]*g (see below). Also, these diagrams complete 
the story of the relationship between the symmetric group and the full linear 
group. For if a,+a.+---+a-—n, we may consider the irreducible 
Kronecker product representation 


(1) [a] X X- X [ar] 


* Received April 18, 1947. 

*[14]. The papers [13] and [14] will be referred to as SG, and SG,. 

*[11]. The papers [11] and [12] will be referred to as N, and N;. Nakayama 
defines a p-hook to be any hook whose length is a power of p. Here we shall understand 
a g-hook to be a hook of length exactly gq. The restriction that q be a prime will not 
apply here. 
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of the subgroup H, where H is the direct product 
(2) Be, X Ba, X° 


The representation (1) induces a representation of S» which is characterized 
by a skew diagram whose disjoint constituents are the right diagrams [a,]; 
such a representation may be denoted 


(3) [a,]-[a2]- -- - [ar], 


and there is a one-to-one correspondence between the irreducible components 
of (3) and the irreducible components of the representation 


(4) {ai} X {a2} {ar} 


of the full linear group.* The case where all the constituents [a;] in (3) 
are identical is important in the application of these ideas to invariant theory‘ 
which, it is hoped, will form the subject of a later paper. 

Part II is largely devoted to a study of the Murnaghan-Nakayama 
recursion formula in the case where successive cycles of equal length q are 
removed from a given substitution. Let us assume that a maximum of } 
hooks of length q can be removed from a right diagram [a] containing n 
nodes, leaving a g-core [a] containing a nodes, so that 


(5) n—=a-+ bq; 


here a may be zero. If fewer than 0 hooks are removed the residual diagram 
is not in general unique, but depends on the order of removing the hooks. 
On the other hand the g-core [a] is unique and is independent of the order 
in which the qg-hooks are removed. In 6 it is proved that 


(6) xa(V Py) = Xa (V), 


where xa is the character of [«], V is any substitution of the symmetric 
group Sq on the first a of the n symbols, P» is the product of b cycles of length 
q on the remaining n —a symbols, ¢ = + 1 and depends only on [a], and 
a*, is the number of distinct ways in which 6 hooks of length q can be 
removed from [a] to yield [%]. If VP» contains more than } cycles of 
length q then its characteristic in [«] vanishes identically. 

One can pursue the matter further by constructing a skew diagram [a] 
containing 6 nodes, each of which represents a particular g-hook of [¢] and 


References to the literature will be found in SG,; cf. in particular Murnaghan 7 


[10], p. 448 and [8]. The language here is different but the result is the same. 
[8] and [9]. 
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such that every rq-hook of [«] is represented uniquely by an r-hook of [a] *g. 
Clearly, the subgroup of Sn generated by those substitutions W of Sn on the 
last bg symbols which permute the b cycles of P, is isomorphic to a symmetric 
group on b symbols which we may denote S*,. Actually, [a]*, yields a 
representation of S*» of degree a*g. The result (6) is generalized in 7 to read 


(7) xa(V- Po W) =o-x(W*) in xa(V), 


where W* is the representative of W in S*). 

‘ Apart from their intrinsic interest these results have an important 
application in the modular theory to the proof of Nakayama’s conjecture ° 
concerning the blocks of characters of Sn. The proof in question is based 
on a refinement of Nakayama’s theorem concerning the prime factors of the 
degree tq of [a]. In its revised form the theorem reads 


(8) e(ta) = e(n!) —e((n—a)!) + e(a*y), 


where e(%q) is the exponent of a given prime p dividing 2a, and here 
n=a-+bp. The quantity e(z*,) is the unknown e, or extra power of p, 
appearing in Brauer’s formula ° 


(9) e(z) =a—d+te, 


where x is the degree of a given irreducible representation of an arbitrary 
group G, p* is the exact power of p dividing the order g of G and p? is the 
order of the appropriate defect group of G. 

Since the writing of the present paper the author’s attention has been 
drawn to a paper by Aitken’ in which the skew diagram is introduced and, 
though the language used is that of Schur functions, the corresponding 
irreducible components are obtained. Aitken proves the result contained 
in Theorem 1. 3. 


°N,, p. 423. For the proof of the conjecture see [5] and [15]. For Nakayama’s 
theorem concerning the prime factors of x, see N,, section 8. 

*[4], p. 217. 

*[1]. Recently, the papers left by Alfred Young have been made available to the 
author for study and it is of interest to note that Young had a very clear idea of a 
skew diagram as representing a reducible representation of S,,, though he says in his 
notes for lectures given in the tutumn of 1932 that he has not had an opportunity to 
develop the theory of such diagrams. (Added in proof, Feb. 12, 1948). In section III 
of Young’s last paper (Proceedings of the London Mathematical Society, vol. 37 (1934), 
pp. 441-495) however, he does consider special skew diagrams obtained by shifting the 
upper rows of a right diagram to the right, and in section IV he obtains the irreducible 
components when there are just two rows. Further study of Young’s unpublished MSS 
has brought to light a discussion of the irreducible components of a skew diagram 
consisting of two disjoint right diagrams. It is impossible to date these MSS 
accurately; Young died in December, 1940. 
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PART I. 
Skew Representations. 


1. In SG, we studied the reducible representation of the symmetric 
group Sn on n symbols which corresponds to the skew diagram [a/(I)] 
—[B(m)], where 1=m--n and the notation [a(l)] serves to emphasize 
the fact that the right diagram [«] contains just J nodes. We shall change 
the notation slightly and denote the character of such a skew representation 
by xa® where xa is the character of the irreducible representation [a]; we 
shall denote the degree of the reducible representation [«]—[8] by a° 
and the degree of the irreducible representation [a] by za. It may happen 
that the skew diagram [«]—[] breaks up into a number of disjoint 
constituents which have no row or column in common. If this is s0, we 
may assume that the i-th constituent contains nj nodes, where n =n, +n, 
+---++n,, and 4.11 of SG. becomes 


= 


where xn, denotes the degree of the corresponding representation of Sn,, in 
general skew. 

The symbol (ni) will be used to denote a skew diagram containing 
nodes, or the corresponding skew representation; the symbol [ni] will be 
used to denote a right diagram containing n; nodes. When used as sub- 
scripts the brackets in these symbols will often be omitted if no ambiguity 
will result. Greek symbols will refer to particular right diagrams acconiing 
to the usual custom. 

If the rows and columns of a right diagram [«] are interchanged the 
resulting diagram [@]’ is said to be conjugate to [a]. If such a trans 
formation is applied to the rows and columns of a skew diagram [a] — [8] 
then we obviously obtain [@]’—[£]’, and the irreducible components of 
[a]’—[B]’ are just the conjugates of those of [2] [8]. The following 
theorem is of greater significance: 


1.2 The irreducible representation [a] of Sn is similar to the skew 


representation ® 
La] — [8] = [a,"] — % —%], 


where [a,"] is used to designate the right diagram having h rows, each ol 


8 The symbol [B] appears in D. E. Littlewood’s work on invariants. Cf. [8], p. 316. 
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length @,. Put in other words the theorem states that the rotation of a right 
diagram through 180° is an invariant operation so far as the irreducible 
components of the representation of Sn are concerned. 

To prove 1.2 it is necessary to recall the method of obtaining the 
irreducible components of a skew representation as given in 3 of SG.. 
Construct first the standard diagrams associated with the representation and 
the corresponding permutations; if any of these are lattice we have one of 
the irreducible components immediately. Transform the non-lattice permu- 
tations into lattice permutations, according to the association I of SGi, and 
read off the irreducible component. 

In the case under consideration it is evident that the process of rotating 
a standard right diagram D of [a] through 180° and reversing the assumed 
order of the symbols leads to a standard skew diagram D belonging to 
— [8], and conversely; moreover, the permutation p(D) associated with 
D is lattice while the permutation p(D) is non-lattice. It will be sufficient 
to show that p(D) is transformed into a lattice permutation p(D,) under 
the association I of SG,, where D, (SD in general) is a standard right 
diagram of [«]. For this we remark that the association I can be reinter- 
preted in terms of the association II of SG,, which leads to a definite operator 
the same for every standard diagram [a], which describes the raisings of 
symbols from the rows of [a] — [Bl which are necessary to yield [#]. Thus 
the non-lattice permutations obtained from the standard skew diagrams 
[a] —[B] are associated with the lattice permutations obtained from the 
standard right diagrams of [«], though not in the same order, which proves 
the theorem. 

It is natural to generalize 1.2 to apply to the skew diagram [a] — [8]. 
We shall suppose that the two right diagrams [@] and [8] are taken as 
small as possible. This implies that nodes of [8] appear in the first row 
of [@], and that the number of rows of [a] is greater than the number of 
rows of [8]; i.e. 


La] = [1, one], [8] = [B:, ‘Bal, 
Where a > 8; and k>0. Then we have: 


1.3 The skew representation [«]—[B] of the symmetric group Sn is 
similar to the skew representation 


[a,,° (k times), — Ba, ° Bo, a, — Bi] 


For brevity we may again denote the rotated skew diagram by [a] — [B]. 
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The proof resembles that of 1.2, with the added complication that one must 
take into consideration not only the operator required to change [a] — [B] 
into [«] —[] but also that required to change the non-lattice permutations 
of [a] —[,] into lattice permutations. As before, these operators are the 
same for permutations associated with the same irreducible component; 
conversely, they are determined by the component. 

To illustrate these ideas let [«] —[4,1], so that the corresponding 
right diagrams are as follows: 


1.4 1234, 1235, 1245, 1845, 
5 4 3 2 


with the associated lattice permutations: 
1.5 C1010, CoC; 


If the diagrams 1.4 are rotated through 180° and the order of the symbols 
reversed, we obtain the four standard skew diagrams associated with the 
skew representations [a] — [8] = [42] —[8]; these yield the non-lattice 
permutations : 


1.6 €1C2C2C2Co2, C20 1C2C2Co2, €2€2C1C2C2, C2C2C2C1Co, 


which in turn lead to the lattice permutations 1.5, but in reverse order. 


2. Consider an arbitrary group G of finite order g and a subgroup H 


of order h. We can write 
G=H+HS.+ HS;+---+ H&:, 


and obtain a permutation representation of G on these & co-sets. The group 
matrix of the regular representation of G can be written: 


M Mes MS;, 
S.21MS, --- 


where M is the group matrix (rp79) of H. and P,Q are any two elements 
of H. If M is replaced by any irreducible representation » of H we obtail 
the representation of G induced ® by o. 


We can now see the true significance of 4. 4 of SG, which, in the notation 


of this paper becomes 
2.2 (1!/m!) = ra 1). 


° [16], pp. 199-200. 
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ureducible.t? The degree of the induced representation 3.1 is given by 1.1. 
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If the left hand side of 2.2 be compared with 1.1, the suggestion is 
immediate that we have to do here with a skew diagram one of whose 
disjoint constituents is the right diagram [8B], the others being n isolated 
nodes. Such a skew diagram is associated with the representation of S1 
induced by the irreducible Kronecker product representation 


2.3 [6] x [6] 


of the sub-group Sm, where [1]"=[1] x [1] X---(m factors). It is 
natural to denote the corresponding skew diagram by the symbol 


04 ip} - 


A little consideration will show that every irreducible component of the 
skew representation 2.4 appears on the right hand side of 2.2 with the 
proper multiplicity, and only these. In fact, the process involved in deriving 
2.2 is exactly the reverse of that required to find the irreducible components 
of 2.4. Thus we can write 2.2 in the form 


2.0 [1]" = 
If this be compared with 4.3 of SG2, i.e. with 
2.6 [a] = 


attention being restricted to operations of Sm, we have an illustration of 
Frobenius’ reciprocity theorem which states that the frequencies zg? must 
be the same in each case. 


3. Thus we are led to consider those skew diagrams whose disjoint 
constituents are right diagrams. In the notation of the preceding paragraph, 
such a skew diagram would be denoted by 


3.1 [n:]-[me]- - - [ne], 


where the order of writing the constituents is unimportant. The sub-group 


His here the direct product 


1 3.2 Sa, Sn, x x Sn,» 


and the representation of H under consideration is the Kronecker product 


3.3 [m2] X- - [nr], 


[6], p. 587. 
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Again we have a formula analogous to 2.5: 
3. 4 [nm] = 


where A is the number of ways in which the diagram [n] can be built from 
the [ni] according to the Littlewood-Richardson rule. If there are just two 
constituents [8] and [y], 3.4 becomes 


3.5 [8] - Ly] = Le], 
which should be compared with 1.10 of SGz, i.e. with 
3.6 — = arp’ y]. 


We state the conclusion in the form of a theorem: 


3.7% The frequency with which the representation [y] appears as an irre- 
ducible component of [a] —[] is equal to the frequency with which 
[a] appears as an irreducible component of [B]- [y]. 


But one can go further and relate the general (#1) (m2): (mr) to 
[m,]-[n2]- ---[n,]. This involves merely the repeated application of 3.6 
to the constituents (ni) to yield 


3.8 (m1) (mr) = [ne]: - [nr]. 


We can combine 3.4 and 3.8 to yield an alternative and perhaps more 
natural proof of case (iii) of the Theorem proved in 6 of SG,. Taking each 
of the (ni) in 3.8 to be a skew hook we have what was there called an 
incomplete skew hook, and it follows from case (ii) of the Theorem that 
there is just one term on the right hand side of 3.8 in which each [ni] isa 
right hook; this is the only term which can contribute irreducible hook 
components [n], according to 3.4. It is easily seen that the number of even 
hooks obtained in this way is equal to the number of odd ones. Clearly," 
if one of the (ni) is not a skew hook there can be no hook components [n], 
which is case (i) of the Theorem. 

One naturally asks the question, how are these skew representations 
related to the more familiar permutation representations? It is well known 
that the indentity representation must appear exactly once in any transitive 
permutation representation of a finite group.” This will happen in the cas? 
of a skew representation if and only if each disjoint constituent consists of 


Cf. [7], p. 107. 
12 [16], p. 181. 
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asingle row. These permutation representations were denoted by the symbol 
A(a) in 

The notation 3.1 suggests an important analogy with the Kronecker 
product * 


3.10 {m1} X {m2} {nr} 


of irreducible representations of the full linear group. We have, in fact, 
the theorem : 


3.11 There is a one-to-one correspondence between the irreducible com- 
ponents of the representation 3.1 of the symmetric group and 
the twrreducible components of the representation 3.10 of the full 
linear group. 


4. We come now to the extension of the theory of hooks.** In N, 
Nakayama gives a careful analysis of the relation of one hook to another in 
a given right diagram [«], containing n nodes. Following Nakayama, we 
shall designate the right hook whose corner node is at the intersection of 
the i-th row and j-th column of [«] by the symbol (i, 7), which symbol will also 
serve to define the equivalent skew hook consisting of those nodes in the 
corresponding part of the rim of [«]. For two hooks (i, 7), (s,¢) of lengths 
gis J2 Tespectively, there are three distinct cases: ** 


(i) i 2s, j ]t; one skew hook is completely contained in the other; 

41 (ii) o >t or y; >s with i 2s, j St; the two skew hooks overlap; 

(iii) a < tor yj <<s with i 2s, j St; the two skew hooks have no 
common nodes. 


Here the diagram [y] = [@]’, conjugate to [«]. We shall have occasion to 
refer to this classification shortly. Nakayama’s further conclusions which 
are significant here are summarized below. 


4.2 The removal of a hook of length g=rq from a Young diagram [a] 
can always be accomplished by the successive removal of r hooks 
of length q, and these q-hooks will not intersect in -[a]. 


If as many g-hooks as possible, say b, are removed from [«], then, either the 


It is important to notice here the shift in emphasis, as compared to N, and N,, 


from the right hook to the skew hook. 


*N,, p. 169. 
75N,, section 5. 
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nodes of [a] are exhausted or a g-core [%] remains which contains a nodes 
and from which no further qg-hooks can be removed. 


4.3 Let [a] be a q-core. For each r=0,1,2,--+,q—1, there exists 
one and only one diagram [a] such that the removal of a q-hook 
H, =[q—r,1"] from [a] reduces [«] to [a]. 


Nakayama calls [%] the kernel of [a], but q-core is preferred here on 
account of its brevity, since the g must be made explicit, and because the 
word carries with it no other important mathematical connotation. It should 
be remarked that Nakayama insisted that ¢ be a prime, but this is unnecessary 
at this stage and the assumption will not be made in the present paper. 

The novelty in the following extension of the theory consists in deter- 
mining how a succession of g-hooks can be removed from [«] to yield [a], 
and in particular, in how many ways these removals can be accomplished. 
We shall prove that the q-hooks of [«] can be associated with the nodes of a 
new diagram [a]|*q which completely represents the q-hook structure of [4]. 

In the particular case where [2] is a right hook containing bq nodes 
our statement is obviously correct and [«]*, is a right hook containing 6 nodes, 
This implies that every cq-hook of [a] is represented by a c-hook of [2]*, 
and conversely. In the general case the situation is somewhat complicated 
and the reader may find it helpful in following the steps in the construction 
of [a]*, to refer to the example worked out at the end of the section. 

We begin by locating the longest right hook in [@] of length c.g. There 
may be several of the same length but fix attention upon one of them. 
This c,g-hook H, of [«] gives rise to an equivalent skew hook H, consisting 
of those nodes on the rim of [«] lying between the top right and bottom 
nodes of H,, which nodes are of course the top and bottom nodes of A: 
If the top node of H, be taken to be (i, #;), there will in general be p other 
skew hooks A; of lengths crq, all having the same top node (i, a), and such 


that 
4,4 98, Ry. 


We may designate this sequence of skew q-hooks as the q-chain C in [a]. 
If the corner note of H, is (i, j:), and that of H» is (i,j) and so on, then 
it is evident that 


But these conditions are precisely what are required to construct [2]* 


We have in fact the equations: 


10 N,, p. 414, 
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=—p+1, 
Co—p + 2, 


4,6 


which completely determine the constituent [y*] of [a@]*g, albeit in con- 
jugate form.’* As a matter of fact the coordinates of the cj-hook H*; in 
[y*] are just (1,7). 

Taking the longest hook in [¢] whose length is a multiple of q and is 
not contained in C, proceed as before and construct a second q-chain C’ and 
its corresponding constituent of [@]*g, and so on until all the g-hooks of 
[a] have been included. In general, the C‘*) will overlap as far as the nodes 
of the rim of [a] are concerned, but not so far as the qg-hooks of [a] are 
concerned. In respect of these g-hooks the chains are separate entities. Thus 
we have the fundamental theorem: 


4,7 For any integer qg <n the q-hook structure of a right diagram can be 
completely represented by a skew diagram [a]*q; each node of [a]*q 
represents a g-hook of [a] and each r-hook of [a]*q represents an 
rq-hook of [a]. 


To each q-chain of [a] there corresponds a constituent of [a]*q; 
these constituents are right diagrams in number at most q. 


The final statement follows immediately from 4.3, since we may remove 
all but one g-hook from [a] and this hook can occupy at most q different 
positions which correspond respectively to top left hand corner nodes of the 
constituents of [a]* ,. Thus the number of these constituents is at most q. 

To illustrate the above construction, consider the representation 
[«] = [8, 7, 42, 3, 22] of Sso and set g—=2. The longest hook H, = (1,1) 
is of length 7.2 and the top node of H, is (1,8); starting from this node 
we also have H,—= (1,3) of length 5.2, H;—= (1,4) of length 4.2, and 
H,= (1,6) of length 2.2. Thus p=4 for the chain C and y*,=—4, 
:=3=y*,, and y*,—2 as in the accompanying diagram 4.8. There 
temains a single hook H’ = (4,2) of length 3.2 which has not been con- 
sidered and this hook constitutes a second 2-chain ©” of [a]; there is no 
2-core left. It follows that the second constituent of [~]*. must be the 
right diagram [1°]. | 


*' The equations 4.6 can also be written: c, = 7*, +e—i, where p = a*,, in which 
form they are already familiar as applied to [a] (cf. N,, p. 167). It seems to the 


author that these equations take on new significance when thought of from this point 
of view, 
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4.8 [a]: [o]*.: 


There is one point in connection with the skew diagram [a]*_ which 
requires further comment. As will appear from the preceding example, a 
given node of [«] may belong to several right 2-hooks depending on the 
order of removal of the hooks; this ambiguity arises from the existence of 
more than one constituent of [a«]*,. For if [«]*g had only one constituent, 
no two qg-hooks of [«] corresponding to two nodes of [«]*z could intersect, 
by 4.2. On the other hand, if [«#]*, has more than one constituent, then 
either (a) [«]— [a] is connected and there exist skew hooks of [a] which 
overlap in the sense (ii) of 4.1 so that the corresponding right hooks will 
intersect, or (b) [a#]— [a] is not connected. In this latter case it may 
still be true that every node of [a] belongs to at most one right q-hook. 


We have, in fact, the following theorem: 


4.9 The necessary and sufficient condition that every node of [a] belong 
to at most one q-hook is that every disjoint constituent of [a] — [a] 
be represented by a single constituent of [a]*q. 


A little consideration will show that the operations (’), as in 1, and (*) 


are permutable, i.e. 
4, 10 [a}’*, — [a] 


PART II. 
Characters. 
5. In 6 of SG. we proved that ** 
5.1 xa2(C) = (—1)’ or 0, 


according as [«] —[] is a skew hook with n nodes equivalent to the right 


hook H,—=[n—vr,1"] or not, where C is a cycle on the n symbols. The : 


equation 5.1 associates with the skew hook H,, equivalent to Hr, a parity 
o=(—1)"=+1. We can state the following theorem: 


18 Cf. [10], p. 462. 
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5.2 If at most 6 hooks of length q, of parities oi, can be removed from a 
right diagram [a] containing n nodes, where n=a- bq, then the 
quantity 


b 
4=1 


is independent of the order of removal of the hooks. 


‘ To prove 5.2 we must utilize Nakayama’s notion of the image of a 
hook." Since all the hooks under consideration are of length q, case (i) of 
4,1 does not concern us; in case (iii) there is no problem, so we can confine 
our attention to case (ii). Let us assume that 


28 withhi<s,7>1. 


If the g-hook (i, 7) be removed from [«], we may denote the residual diagram 
by [a] and the image of (s,¢) in [#™] will be (s—1,#). Conversely, 
if (s,t) be removed from [a] the image of (i,j) in the residual diagram 
(a) ] will be (i,j; 1). Now it is the sum of the lengths of the legs of 
these hooks which concerns us. Since the leg of the g-hook (u,v) is of 
length y»— u, we have 


(yi—1t) + —(s—1)) — 8) + = hr, 


where ky = kz, + 2, since ye ye and —y;—1. Thus ke are 
both even or both odd and the product of the corresponding o;’s is constant. 
Successive applications of the argument prove the theorem, since all b hooks 
are removed in every case. 

It will be important in the sequel to compare the parity of a cq-hook 
in [«] with that of its representative c-hook in [@]*g, which necessarily 
belongs to a single constituent of [@]*,. Let us take the cq-hook in question 
to be H = [cg —r,1"] with parity o’ = (—1)" and suppose that its repre- 
sentative in [a]*, is H* —[c—s,18]. Then it is clear that 


Ds 3 + 8, 
where H,, = [q— rj, 1"*] is the i-th of the ¢ component q-hooks of H. This 


relation implies that 


5.4 o =c'o*, 


Where o’ = (—1)", o—= (—1)*"* and o* = (—1)*. 


*°N,, pp. 169-173. 
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6. Instead of considering the matrices of [«] associated with all the 
substitutions of S, let us restrict attention to those of the sub-group 


6.1 H = 8, X 8," X 8_) &,™, 

where S, is written on the symbols 1,2,---,a, Sq on the symbols 
and so on. Such matrices yield a reducible 
representation of H, and if we denote any substitution of H by 


where V is any substitution of Sa and s“ any substitution of Sq, we have 
the following relation between the characters: °° 


6.3 xa(U) = xin (8) 

which corresponds to the removal of successive skew diagrams, each con- 
taining q nodes, from [@]. Of course this process of removing skew diagrams 
could continue quite irrespective of the g-core [%] of [a], but we shall assume 
that it is repeated 6 times only. The significance of stopping at this stage 
is that some at least of those terms for which [a] = [a] involve g-hooks only. 
For [a] ~[] there must always be at least one xq) which does not 
correspond to a skew q-hook. If the process were carried any further, every 
term would have at least one such factor. 

We now simplify the situation drastically by assuming that each s“ 
is a cycle on g symbols. It follows from 5.1 that only these terms contribute 
to the right hand side of 6.3 in which every (q) is a skew hook, which implies 
that [a] [a]. For any such term 


by 5.2. If we denote the number of such terms by 2*g, then this is clearly 
also the number of standard skew diagrams [«]*z. Thus we have proved 
the following theorem: 


6.5 If P» represents the product of b cycles, each of length q, on the last b 
of n symbols and V is any substitution of Sa on the first a symbols, 
then 


xa(V - P») Xao(V), 
where n=a- bq. 


If Py contains 0’ cycles of length g, where b’>b and n=a’ +044 
then every term on the right hand side of 6.3 will vanish in virtue of 5.1, 
since at most b hooks of length q can be removed from [a]. Thus we have 
the following corollary to 6.5: 


2°SG,, in particular Part IT. 
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6.6 Pv) =0, 


for all V’ of Sa. It should be emphasized that these results hold for all 
q<n; the case y= is of little interest. 


7. But we can go deeper still. Let us denote the normaliser of P» in 
S» by N (Ps) ; then a little consideration will show that 


N (Po) =S8a X P X 


where P is the sub-group generated by the 0b individual cycles of length q 
and S*, is isomorphic to the sub-group of substitutions W which permute 
the cycles of P» amongst themselves. We prove the following generalization 


of Theorem 6. 5: 


7.1 If W* is the element of S*» which corresponds to W of Sn then 
xa(V- Po: W) =o-yx(W*) in xa (V). 

Let us assume that the cycles in the product Py»: W=W-P» are of 
lengths bog,- +, where 6, Then we can 
write 
ya(V> Po W) = 3xt01(V) (Po: W) 

As before, we are only interested in those terms which arise from a sequence 


of skew hook representations (big), so that we can take [a] = [a]. Con- 
sider one such term on the right hand side of 7.2 and apply 5.4 to its 


' component hooks. Here o is the product of the parities of the hooks of 


length g, o’ is the product of the parities of the biq-hooks, and o* is the 
product of the parities of the corresponding b;-hooks in [a]*z. I.e. multi- 
plying the & equations 5.4 we obtain 


1.3 , 


It follows from 5.2 that o is the same for all such terms of 7.2, so we can 
sum 7.3, applying the Murnaghan- ae ama recursion formula iterated 
k times, to yield the equation 
1.4 (Po W) =o x(W*) in [a] 
which proves 7. 1. 

As before, if Py contains b’ cycles of length g, where b’>b6 and 
n=a’ + b’q, we conclude that 


for any V’ of Sy. 
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There is another approach to [«]*g which is of interest. We proved 
in the fundamental Theorem 4.7 that [#]* is a skew diagram having at most 
q disjoint constituents, each of which is a right diagram. Hence we can write 


7.6 [b.]-[b.]- - - - [be], 
where 0, + b.+-:---+-bg=b, and we can think of the representation 
[a]*, as induced by an irreducible representation M of the sub-group 
So, X Su X Sy, as in 2 and 8. Thus 
x(W*) in for W* 

= for W* = Isp,, 

= (0 otherwise. 


These statements follow from the fact that the elements in the leading 
diagonal of 2.1 are M and its conjugates, which explains why a summation 
is required in the second line of 7. 7. 

As a simple illustration of these formulae consider the irreducible 
representation [a] = [4°, 2°] of Si2 with There is no 2-core, [2]*; 
= [2,1]- [2,1] ando=-+1. Take P = (12) (34) (56) (78) (9 10) (11 12) 
and W = (135) (246), W* = (abc), P- W = (145236) (78) (9 10) (11 12) 
and 
7.8 xa(P) = + a*, = 80, xa(P-W) =-+ (—1) (2) -2=—4, 


since two terms in the diagonal of 2.1 must be taken into account.” 
If we think of [@]*, as a sum of irreducible representations of Sv, then 
x(W*) becomes a sum of irreducible characters. 


8. We shall conclude by deriving some interesting identities between 
the degrees of the irreducible representations of Sn. Consider the formula 
2.5 with n =bg. If one were to suppose that no qg-hooks could be removed 
from [8] one might expect that, by introducing the product Po of b cycles 
of length g and taking characters, all those [«] whose q-core is different from 
[8] would be ruled out. Such a procedure would rule out those [a] whose 
q-core is larger than [8], in view of 6.6, but it would not eliminate those 
[a] whose qg-cores are on the same or a smaller number of nodes. 

Consider the regular representation of S» obtained by setting [8] =! 
in 2.5. In this case we have the familiar reduction 


8.1 


where n= bq. Introducing P» and taking characters we have 


8.2 x (Po) in [1]" => 
a 


Cr. 
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where the summation applies to all [a] which have no gq-core; the other 
; representations have been eliminated in virtue of 6.6. But the character 
' on the left vanishes by 2.1, so that 

8,3 = 0. 
n 
y On the other hand, one could introduce a substitution W which permutes the 


eycles of Py and apply 7.1 to yield 


8.4 x(Po- W) in [1]" =X zacx(W*) in 


from which it follows as before that 


8.5 D> in [a]*,—0. 
n 
Once more the summation is over those [%] which have no q-core. 
le 
7 Choosing any irreducible representation [b] of Sy we can multiply 8.5 
) by x(W*) in [Bb], and sum over W* to yield 
8.6 = Lqor 0, 
a 
where A is an integer >0 which gives the multiplicity with which [«]*, 
contains the representation [b] as an irreducible component. 
~ We give as an illustration the case of n = 6 with g=2. The following 
table, with the help of 4.10, gives the necessary information concerning o2*; 
and the irreducible components of [a]*:. Note that the representation 
en 
| [6] | [5.1] [4, 2] [4, 12] [32] [3, 2,1] 
on lee 1 5 9 10 5 16 
[2]: = [2]: [1] = 
vse [a] [3] [3] [2, 1] 
[3] + [2,1] [3] + [2,1] 
- () 


[3,2,1] is itself a 2-core and so will not appear. Corresponding to 8.3 
We have the equation 


8.7 32 4,9 224,12 — 372 223,13 — 322212 24° 


| 
| = 0), 
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which is a consequence of the three equations: 


V6 — L4,2 — V3? = 0, 
8.8 L4,2 — L412 — Lg? + + — = 0, 
217 + — 21° = 0, 


arising from 8.6 by setting [b] equal to [3], [2,1], [1°] respectively. We 
have here a clear picture of the refinement resulting from the introduction 
of W or W*. 


UNIVERSITY OF TORONTO. 
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CRITERIA OF NON-DEGENERACY FOR THE WAVE EQUATION.* 


By Puitip HARTMAN and AUREL WINTNER. 


1. Let f(s) be defined on an half-line s > const., and let x(s) denote 
an unspecified solution of the differential equation 


(1) x” + f(s)e=0. 


It will always be understood that f(s) is continuous, hence z(s) has a con- 
tinuous second derivative, and that f(s) is required, hence x(s) can be 
assumed, to be real-valued. Since z(s) is continuous, such notions as its 
integrability will be meant to refer to its behavior as s—> o. In particular, 
a(t) is of class (L*) when 


where the numerical value (> const.) of the lower limit of integration is 
immaterial. 
If « is a real constant and 
(3) f(s) 


then (1) becomes a normal form of Bessel’s equation. Correspondingly, 
it is easily verified from the asymptotic formula of the functions J(s) that 


(3*) according as the index @ occuring in the case (3) of (1) does or does 


not exceed the value 2, every or no solution will satisfy (2), 


provided that the trivial solution, y(s) ==0, is not included in the second 
part of (3*). On the other hand, it is easily verified from the asymptotic 
formula of the functions J(s), that the case (3) of (1) does or does not 
have a non-trivial solution x(s) tending to 0, as s—> 0c, according as & does 


or does not exceed the value 0. 


2. If two linearly independent, hence all, solutions of (1) are of class 
(L*), then a (homogeneous) boundary condition assigned for the end of an 
s-half-line fails to define an eigenvalue problem for 


(4) a”? 4 (f(s) +A)c=0. 


* Received October 27, 1947. 
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It is therefore important to delimit conditions which, when imposed on f(s), 
preclude this degenerate case. The object of the first part of the presen} 
paper is to collect such criteria of non-degeneracy. 

Corresponding criteria will then be obtained for the case in which (1) 
fails to possess any non-trivial solution of class (Z°). Since what is now 
required is that the number of linearly independent solutions of class (I*), 
instead of being less than 2, be 0, the conditions to be imposed on f(s) are 
now stricter than before; every criterion sufficient for an f(s) of this type 
being automatically sufficient for an f(s) of the former type. In other words, 
the eigenvalue problem is surely well-defined, and what is required of f(s) 
is that AO be not in the point spectrum of (4), no matter how the 
boundary condition be chosen. 

As proved in [2], this condition cannot be satisfied unless A=0 is 
either a point of the continuous spectrum or, with reference to every boundary 
condition, a cluster point of the point spectrum (possibly both). Since 
several of the sufficient criteria to be obtained happen to be such as to be 
satisfied by f(s) + Const. whenever they are satisfied by f(s), it follows 
that they contain sufficient criteria in order that the entire line —20 <vA< a 
be in the continuous spectrum, while the point spectrum is vacuous. 


3. The simplest criterion of the first kind is this: 

(i) If f(s) satisfies the unilateral restriction 
(5) f(s) < Const., (s—> 
then (1) cannot have two linearly independent solutions of class (L*). 


Two proofs of (i) are known. The first is contained in the existence 
theories of A. Kneser ([5], §2) and H. Weyl ([8], p. 238). The second 
(cf. [9], p. 8, end of §3), being independent of existence proofs, reaches 
further; it concludes (i) as a corollary of the following elementary fact 
(which is known since a long time, but is not interesting, if (5) is replaced 
by | f(s)| < Const.; cf. [9], p. 6, end of §1): If (5) is satisfied, then 4 
solution of (1) cannot be of class (Z?) unless the derivative of the solution 
also is of class (L’?). 

An adaptation of the second, rather than one of the first, proof of (i) 
will be needed in the proof of the following criterion: 


(ii) Jf f(s) satisfies the unilateral restriction 


(6) f(s2) —f(si1) < Const. (ss—s,), where const. < < < 
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(for instance, if f(s) has a derivative satisfying 
(6 bis) lim sup f’(s) < 0, (so), 


while lim inf f(s) =— © is allowed), then (1) cannot have two linearly 
independent solutions of class (L*). 


As far as “orders of magnitude ” are concerned, the following criterion 


is sharper than (11) ; 
(iii) If f(s) is monotone and satisfies the condition 


co 


(1) If 
then (1) cannot have two linearly independent solutions of class (L*). 


In (iii), it can be asumed that 


(8) df(s) 20 
and 
(9) f(s) > 0, 


since otherwise the assertion of (iii) is contained in (i). By (8) is meant 
that the continuous function f(s) is non-decreasing; its absolute continuity 
is not required. In other words, (8) should be interpreted as applying to 
estimations of Stieltjes integrals 


b 
f 


by the “first mean-value theorem.” 


Needless to say, (7), (8), (9) are neither necessary nor sufficient for 
(6) ; so that (iii) and (ii) are independent of each other. This implies that, 
even if only functions f(s) satisfying (8) and (9) are admitted, (7) cannot 
be necessary for the truth of the assertion of (iii). 

On the other hand, if only those functions f(s) satisfying (8) and (9) 
are admitted which are of regular growth, then (7) is both necessary and 
sufficient for the truth of the assertion of (iii). This can be read off from a 
general asymptotic formula, deduced in [10] (cf. [3]) by a device of Liouville 
(or Riemann-Schwarz; cf. [7%]). In this sense, the criterion supplied by 
(iii) is the best possible of its kind. The content of (3*) is the simplest 
manifestation of this situation. 
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4. Proof of (ii). Corresponding to the second proof of (i), which js 
a corollary of the fact that (1), (2) and (5) imply 


@) 
(11 bis) f 2/2(s)ds < 0, 
(ii) will be proved as a corollary of the fact that (1), (2) and (6) imply 
(11) lim sup | 2’(s)| << (s—> ), 


For, if the latter fact is granted, (iii) follows by considering the Wronskian 
of two linearly independent solutions of (1); cf. [9], p. 13. 
On the other hand, (6) implies that the unilateral estimate 


(12) + f(s)2?(s) < const. (s— 0) 


holds for every solution of (1) satisfying (2). In fact, if (6’) and (12) 
denote the bilateral estimates which result if the functions occurring on the 
left of (6) and (12), respectively, are replaced by their absolute values, then 
(6’) implies (12’) if (2) is assumed. This was proved in [9], pp. 7-8. But 
a glance at the proof given loc. cit. makes it clear that (12’) can be replaced 
by (12) if (6’) is replaced by (6). 
Accordingly, (ii) will be proved if it is shown that (12) implies (11). 
If (1) is multiplied by x and the result is subtracted from (12), it 
follows that 
(13) a’*(s) —a(s)x”’(s) < const. 


Two cases will be distinguished, according as 2”(s) is or is not distinct from 
0 for every s=s°, if s° is sufficiently large. 

In the first case, 2”(s) can be assumed to be positive on the half-line 
s° Ss < @ (in fact, x(s) can be replaced by —-a(s) in (1), (2)). Then 


is of class (Z*) on the half-line over which the (s,2)-graph 


convex from above. This clearly implies that both x(s) and 2’(s) tend to 0, a 
s— 0, which is more than what is claimed by (11). 

In the second case, let » denote the set of those points of the half-line 
s° <s < & at which 2”(s) vanishes. Since the half-line is closed and 2”(s) 


is a continuous function on it, » is a closed set. By the assumption of the 


second case, » contains points tending to oo. On the other hand, (13) 


reduces to 2’?(s) < const. on ». Hence, (11) is true if s is restricted to p 


It remains to be shown that (11) holds without this restriction also. 
Let un <8 < Un, where n = 1,2,- - +, be the sequence of open intervals 
which constitute the complement of the closed set » with reference to the 
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closed half-line s° = s < co. Since 2”(s) does not vanish on the complement 
of », the graph of x = (s) is either convex or concave on the closure of the 
n-th interval. Consequently, the maximum of | ’(s)| for vn is 
attained either at 6 = wu» or at s=vp. Since wn and vn are in p, and since 
(11) holds when s is restricted to , it follows that (11) remains true when s 
is not restricted to wp. 

This completes the proof of (ii). 


5. Proof of (iii). As mentioned after (iii), it can be assumed that, 
besides (7%), the pair of supplementary conditions (8), (9) is satisfied. It 
will be shown that the function 2’/f? of s must then be of class (L?) whenever 
t= 2x(s) is a solution of class (Z?). If this fact is granted, the assertion 
of (iii) results as a corollary, along the lines of the beginning of the proof 
of (ii), as follows: 

Suppose that the assertion of (iii) is false, and denote by t= <2(s), 
y=y/(s) two linearly independent solutions of class (Z°). Since the Wron- 
skian ay’ — yx’ is a non-vanishing constant, it follows from (7) and (9) 
that f times this Wronskian cannot be of class (L) = (L*). But this is 
impossible if a’/f3, y’/f? must be of class (LZ?) whenever 2, y are of class (L°). 
In fact, since the product of two functions of class (Z*) is of class (ZL), it is 
seen that f-? times the Wronskian becomes the difference of two functions 
of class (Z) and is therefore of elass (L). 

Accordingly, it is sufficient to prove that 2’/f? must be of class (LZ?) if 
zis of class (7) ; in other words, that (2) implies 


(14) f {x?(s) + (s)/f(s)}ds << 


6. It turns out that the truth of this implication is independent of 
the assumption (7) of (iii). In fact, the following Lemma involves only (8) 
and (9). 


Lemma. If f(s) is positive and non-decreasing, then every solution of 
(1) satisfying (2) satisfies (14) also. 

In order to prove this, a few standard facts will have to be collected. 

First, if f(s) is any continuous function, then 
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is an identity in a,b along every solution = <x(s) of (1); ef. [9], pp. 7-8, 


If, in addition, f(s) #0 foraSsSb, then 


a 


ean be verified in exactly the same way as (15*). If (8) is assumed, it 
follows from (15*) that 


(15) d{x*(s) + f(s)a*(s)} 20, 
and from (16*) that 
(16) d{x*(s) + #(s)/f(s)} S0, 


provided that f(s) 40, e.g., that (9) is assumed (the inequalities in (15), 
(16) are meant in the same sense as in (9); so that f(s) need not have 
absolute continuity). 

Next, (8) and (9) imply that, if s°Ss < o and c? = f(s°), then (1) 
is minorized, in Sturm’s sense, by the linear oscillator y” + c?y = 0, where 
c~0. Hence, if x(s) is any non-trivial solution of (1), then 2(s) has an 
infinite sequence of isolated zeros (which tend to 0). Let »<s<& 
<-- + be the sequence of all these zeros. Then, since (9) implies that 
u” + f(s+s,)u= 0 is minorized, in Sturm’s sense, by vv’ + f(s + Snis)v =0, 


(17) Sn — Sn-1 = Sns1 — Sn.» 


Since x(s) can be replaced by the solution —2(s), there is no loss of 
generality in assuming that x(s) is positive between so and s,. Then, since 
zero of a non-trivial solution of (1) cannot be a multiple zero, 


(18) (—1)"x(s) >0 when sn << 8 < (2(Sn) =0). 


Since (1) and (9) imply that 7(s) and x”(s) cannot have opposite signs, i.¢, 
that the curve z = x(s) must turn its concavities toward the s-axis, it is seen 
from (18) that the graph of y= |-(s)| is a convex arch over each of the 
intervals Ss S sp. 

In particular, there exists on the interval sn. < s < Sn a unique point 5, 
say $s =S,*, at which 2’(s) vanishes. It is also clear from the convexity of 
the arch that 
(19) | x(s)| = 4a(sn*) when praSsSqa, - 


where pn S s S qn is a certain interval contained in the interval sp. Ss Ss 


and having a length subject to the inequality 
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(19’) Qn — Pn = (Sn — Sn-1)- 
Qn the other hand, since sn*, Snii* are within the respective s-intervals 


(Sn-15 Sn)> (Sn; 


— Sn-1 — Sn*. 
Finally, (17) can be written in the form 
Sn — Sn-1 = $(Sni1 — Sn-1)- 
Since the last three formula lines imply that 
Qn — Pn > (Snsi* — Sn*) /4, 
it follows from (19) that 


Qn 
x?(s)ds > (sn*) — Sn*) /16. 


Dn 


e 


But the intervals 91), are disjoint. Hence, the last inequality 
implies that 


fo 
2? (Sn*) — 8n*) < co if f x*(s)ds 


On the other hand, since s,* has been defined by 2’ (sn*) = 0, it is clear 
from (16) alone that 


if g=g(s) is an abbreviation for the (positive) function 2? + (2*/f) of s. 


The last two formula lines imply that 


co 
(sn*, Snu*) < if a?(s)ds << 0, 


where 


G(a,b) = g(s)ds; + (2*/f). 


Since s,* —> oo as n—> 00, it follows that (14) must be true if (2) is assumed. 
This proves the Lemma. Hence, the proof of (iii) is now complete. 


7. The following variant of (iii) will now be proved: 
(iv) If f(s) has a derivative satisfying 
(20) | lim sup | f’ |/|f ©, (s—> 0), 


a 
6 
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(so that, in particular, f(s) 40 when s is large), and if 


(7) 
then (1) cannot have two linearly independent solutions of class (L*), 
For another application of (20), ef. [1]. 


It is clear from the proof of (iii) that (iv) is a corollary of the following 
variant of the Lemma: — 


If f(s) ts positive and has a derivative satisfying (20), then every solu- 
tion of (1) satisfying (2) satisfies (14) also. 


In order to prove this variant of the Lemma, multiply (1) by z and use 
the identity xz” = (r2’)’—2’*, This gives 


(rx’)’ — a’? + fr? =0 
or, since f > 0, 


(ax’)'/f +2? =0. 
Jt follows therefore from (2) that the integral 


f {(ax’)’/f —2"2/f}ds 


tends to a finite limit, as r— oo. Hence, a partial integration of the first 
term of this integral shows that the expression 


+ 
tends to a finite limit, and remains therefore bounded, as r—> ©. 


Next, every solution x(s) of (1) must have a sequence of zeros s tending 
to oo. For otherwise it can be assumed that, as s—> 0, the value of 2(s) 
is ultimately positive. Then, since f(s) > 0 by assumption, it follows from 
(1) that 2”(s) is ultimately negative. Consequently, z’(s) is ultimately 
positive. Accordingly, 7(s) is positive and increasing from a certain s onward. 
But this contradicts (2). 

Hence, r can tend to o through a sequence of values s=r at which 
z(s) 0. Since the expression in the last formula line was seen to he 
bounded, it follows that 
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is bounded on a sequence of r-values tending to 0. | 
On the other hand, if the inequality | ab |< 4(a?-+ 6?) is applied to 
a@=2?/f and b* = 2°f’?/f*, it is seen that the absolute value of (21) is 
minorized by 


for every r. This means that 


(22) J 


is majorized by 2 times the absolute value of (21) plus 


f (x*f'?/f*) ds. 


But (2) and (20) imply that the last integral remains bounded as r—> o. 
Since (21) remains bounded when r tends to © on a certain sequence, it now 
follows that the same is true of (22). But (22) is a non-decreasing function 
of r, since f >0. Hence, (22) remains bounded when r tends to © con- 
tinuously. In view of (2), this proves (14). 

The proof of the last italicized statement, and therefore that of (iv), 
is now complete. 


8. Those criteria will now be considered which are of the second type 
(in the sense of the description given between (4) and (5) above). A 
criterion of this type can be formulated as follows: 


(1) If f(s) ts positive, monotone and such as to satisfy 


oo 
(23) f(s) = 
then (1) has no non-trivial solution (£0) of class (L?). 


Needless to say, (iii) assumes less, but claims less, than (I). On the 
other hand, the above criteria of the first kind, viz., (i), (ii), (iii) and (iv), 
fail to contain even that criterion of the first kind which is a corollary of the 
following criterion of the second kind: 


(II) Jf f(s) is positive, monotone and such as to satisfy 
(24) lim sup f(s)/s < 0, (so), 


then (1) has no non-trivial solution (x40) of class (L*). 
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Whereas (24) is necessary, though not sufficient, for the assumption (6) 
of (ii), the assumption of (II) requiring the monotony of f(s) is not stipu- 
lated in (ii). 

Actually, (24) implies (23); so that (II) is contained in (I). On the 
other hand, the following variant of (II) is not implied by (I): 


(III) If f(s) ts positive, monotone and such that there exists a sequence 
11,12,° satisfying 


(25) lim sup and (n— 0), 
then (1) has no non-trivial solution (#0) of class (L*). 


9. Proof of (1). Let ex =-2(s) be an arbitrary non-trivial solution of 
(1). It must be shown that z does not satisfy (2). 

First, the argument employed before (21) shows that, if the zeros of x(s) 
do not cluster at o, then z(s) is not of class (L*). Hence, it can be assumed 
that z(s) has an infinite sequence of isolated zeros (which tend to «). Let 
So < 81 << S2<* ~*~ be the sequence of all these zeros. The description of 
the graph of y= | 2(s)| , given after (17), is applicable in the present case, 
as are (19) and (19’). 


Since f is monotone, it is either non-increasing or non-decreasing. Suppose | 


first that f is non-increasing. It then follows from (16*) that 

(26) g(s) = + {2(s)/f(s)} 

is non-decreasing. Hence, since < s2* <<: and 2’(sn,*) =0, 


Consequently, from (19) and (19’), 


00 
I (pn, Qn) (s1*) > (Sn —Sn-1); 
n=1 n=1 


where 
b 


(a,b) = f x*(s)ds. 


a 


Sn—> 0 as n—> ©, it follows that (2) cannot hold. 
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Next, suppose that f(s) is non-decreasing. Then (15) holds. But (15) | 
and (9) imply that, since the trivial solution x(s) =0 has been excluded, f 


there exists a positive constant c satisfying 
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ass—> 0. Accordingly, if s is large enough, 


(27) + (2’*/f) >0. 


It follows therefore from (23) that (14) cannot hold, and so, since the 
conditions of the Lemma are fulfilled, (2) cannot be satisfied either. 
This completes the proof of (I). 


10. Proof of (III). It can be assumed that f(s) is non-decreasing 
(otherwise (III) is contained in (I)). Then, if x(s) is any non-trivial solu- 
tion, (27) is applicable. In addition, (8) and (9) make applicable all 
notations and formulae occurring in the proof of the Lemma. Furthermore, 
(8) implies (15), and so the function (26) is non-increasing. 


Since s,* < << - and 2’(sn*) =0, 
It follows therefore from (19) that the inequality 


holds at every s contained in any of the n intervals (p:,q:), (po, 
(pn, gn). But the last inequality implies, by (27), that 


x*(s) > 
since x’(s,*) 0. Hence, by the monotony of f, 
a*(s) > (3)*¢/f (7) 


holds if Consequently, by (19’), 


J > (on —81) if) 


8j 


On the other hand, the assumptions (8) and (9) imply (17); in 
particular, s, — so, 8: * * is a bounded sequence. Hence, if sn is the 


, largest zero of a(s) not exceeding 7, it follows from the second of the 
| assumptions in (25) that 


> laskoo. 


If j is fixed but & (and so n) tends to ©, the last two formula lines 
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f 2?(s)ds = (4)*clim inf 


8j 


The first assumption in (25) then shows that there exists a positive constant ( 


satisfying 


J x*(s)ds >C>0. 


But the existence of such a C = const. contradicts (2), since s; > 2% as j > a, 
This contradiction proves (III). 


11. The remarks, preceding the beginning of the proof of (ii), con- 
cerning the necessity (rather than the sufficiency) of (7) in (iii) when f is 
of a regular growth, can be paralleled (and made more precise) when (iii), 
a criterion of the first kind, is replaced by (1), a criterion of the second kind. 
In fact, the situation is as follows: 


(IV) If f(s) ts of “regular growth” and tends to © as s—> ©, then 
(7) ts necessary and sufficient in order that (1) should not possess any nor- 


trivial solution of class (L?). 


On the other hand, if f(s) tends increasingly to © without being of 
“regular growth,” then, while (23) is still sufficient, (7), and even 


(28) f ds —= for every «> 0, 
fails to be necessary. 


There is no point in making here precise that meaning of the “ regularity” 
of growth under which the first assertion of (IV) is true. Suffice it to 
mention that if f(s) is an “ Z-function” (i.e., a logarithmic-exponential 
function), then, in order that (1) should have no non-trivial solution of class 
(L?), condition (7) is both necessary and sufficient. This can be read of 
from the explicit asymptotic results referred to before the beginning of the 


proof of (ii). 

Since (I) asserts the sufficiency of (23) without a condition of regularity, 
it follows that the proof of (IV) will be complete if it is ascertained that 
there exists an increasing function f(s) which tends to © with s and satisfies 
(28), although (1) has a non-trivial solution satisfying (2). 
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If f(s) is allowed to be a step-function (hence discontinuous), an hypo- 
thesis which simplifies the construction but is hardly material, then an 
adaptation of a construction of Milloux [6], p. 50, leads to examples of the 
desired type, as follows: 


In terms of a sequence of numbers A;, A2,- - - satisfying 
and 
an —> ©, where dn = 3 Ay", 


k=1 


define f(s) by placing 


f(s) A,? for An-1 = Qn. 


Then f(s) satisfies (8), (9) and, since 


(28) becomes satisfied by choosing, for instance, 

=n log? (n+ 1). 
Clearly, this choice of An satisfies all of the above requirements and is such 
as to make the series j 


oo 
An 


n=1 


convergent. Hence, the proof will be complete if it is verified that a constant 
multiple of the latter series is a majorant of the integral (2) belonging to a 
non-trivial solution of (1). 

The definition shows that (1) reduces to 


+ =0 for dn-1 SS < an 
and admits, therefore, the solution 
=A, sin {An(s — @n)} for Ss < an. 


Since @n — = 27An7, the choice = dn-1 of the arbitrary phases lets 
£(s) acquire a continuous second derivative for every s. On the other hand, 
the last formula line implies that 
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an 
f 2?(s)ds An® f sin? s ds. 
0 


This proves that the integral (2) is majorized by a constant multiple of 3 A,7*, 
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ON THE ORIENTATION OF UNILATERAL SPECTRA.* 


By HartMAN and AUREL WINTNER. 


Consider the differential equation 
(1) (pa’)’ + qx =0 
on the half-line 0 =s < ©, on which the coefficient functions 


(2) p=p(s) >0 and g—q(s) 20, where OSs < «, 
< 


are continuous (but some or all of the four signs of equality occurring in 


0Sliminfp, limsuppS —oZliminfg, limsupgSo 
8-00 8-00 800 
are allowed), and suppose that (1) does not possess two linearly independent 
solutions of class (L*). By this is meant that at least one solution z = 2x(s) 
of (1) is not in Hilbert’s space 


(3) f 


The formulation (3) of the (Z?)-condition is justified because, on the one 
hand, only real-valued solutions of (1) need to (and will) be considered and, 
on the other hand, the lower limit of integration is immaterial, every solution 
of (1) being of class C” (hence, locally bounded and measurable). 

It is known? that the assumption that the case A = 0 of 


(4) (pa’)’ + (q+A)e=0 


has some solution violating (3) implies that some solution of (4) must violate 
(3) in the case of an arbitrary A = const. Hence, what is required is that 
an homogeneous, linear boundary condition assigned at the lower end of the 
s-half-line, viz., 


(5) 2(0) + 2’(0) sind = 0, 
‘ (for instance 2(0) =0, where 60) should actually define an eigenvalue 
problem. 


* Received October 28, 1947. 
* This is precisely the circumstance on which Weyl’s alternative of @renzkreisfall 
and Grenzpunktfall depends; cf. [4], p. 238. 
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Accordingly, the suppositions made with regard to p,q can be expressed 
as the following set, (*), of assumptions: 


(*) Assumptions. Both coefficient functions p,q of (4) are continuous 
for 0Ss < «, satisfy (2), and have the property that the differential 
equation (4) and a boundary condition (5) determine an eigenvalue problem 
(with a spectrum S—S(¢) which can be, or can contain, a continuous 


spectrum). 
Since the expression on the left of (1) is the Lagrangian derivative of 
L(x, 2’; 8) = — qa’), 


the eigenvalue problem of (4) can (even though just formally) be thought 
of as associated with the isoperimetric problem which, with reference to the 
fixed boundary condition (5), depends on 


(pe? + #)ds—0. 


Then the chances for being in the spectrum S = S(¢) appear to be “ loaded” 
in favor of large positive A-values. For, on the one hand, p(s) is positive and, 
on the other hand, the contribution of £’*(s) to the last integral can be brought 
arbitrarily close to + 0 ; even when = €(s) is subject to restrictions such as 


1 = f £(s)ds (so that é(s) =0 for < 0), 


0 


which indeed fail to prevent the curve = €(s) from being arbitrarily steep. 
Correspondingly, and first of all because continuous spectra and cluster points 


of point spectra are not excluded (in this connection, cf. [6]), we were unable | 


to use the formal connection with the heuristic minimum problem, in proving 
the following 


THEOREM. Under the assumptions specified under (*), the spectrum 


S() of (4) and (5), where ¢ is arbitrarily fixed, contains values A clustering f 


at A=-+ o. 


That such A-values must cluster either at + © or at —o (possibly 


at both) is known, but this alternative lies quite on the surface. In fat, 


Weyl ([3], p. 47 or [4], p. 257) has pointed out that the alternative holds f 
for any bounded integral kernel K(s,t) = K(t,s), rather than for just those 
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having the particular structure of a Green function. In other words, the 
alternative is so general as to have nothing to do with differential equations 
as such. Correspondingly, even a completely continuous K can fail to have 
a positive characteristic value. Thus the content of the theorem to be proved 
is not an issue which can be settled just in Hilbert’s space. Actually, the full 
force of Weyl’s generalization of Hilb’s theory for singular boundary value 
problems will be involved, via the following 


LemMaA. If, besides the assumptions specified under (*), it is supposed 
that S() is not the entire A-line, and if A» denotes a A not contained in S(¢), 


then the corresponding homogeneous differential equation 
(6) (pa’)’ + (q+ 
possesses two real-valued, linearly independent solutions, say 
r=u=—u(s) andr—v—vr(s), 
having a Wronskian with a signature determined by 
(7) (v'u—u'v)p=+1 
and assigning for0Ss< 0,0St< o the kernel 
(8) K(s,t) = u(t)v(s) = K(t,s), where tSs, 
in such a way that, 


for every continuous function g=g(s) of class (L*) on the half-line 
< the integral 


(9) y(s) = f K(s, t)g(t)dt 


defines on the half-line a function which, on the one hand, is of class (L?) 
and, on the other hand, represents that solution of the inhomogeneous differ- 
ential equation 


(10) (py’)’ + (q+ 
which satisfies the given boundary condition (that to which S() belongs, i. e., 


(11) y(0) cos¢+ y/(0) sing 
cf. (5)) ; finally, 
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v(s) is of class (L?), t.¢., 


co 


f v*(s)ds 


The Lemma results by collecting and using various aspects of the general 
eigenvalue problem (*) which are contained in, or between the lines of, Weyl’s 
papers [3], [4]. As this will be quite a tedious task, it will be convenient 
to first deduce the Theorem from the Lemma and to verify the Lemma 
afterwards. 


Proof of the Theorem. 


Suppose that the Theorem is false. Then there exists a pair (4), (5) 
to which there belongs an half-line c=A< © containing no points of the 
spectrum S(¢). In particular, the Lemma is applicable at a A» > ¢ defining 
this half-line. It will be shown that this leads to a contradiction. 

Since the spectrum is shifted by the amount —vyp if the constant p is 
added to q(s) in (4), it can be assumed (without altering the given boundary 
condition (5)) that the hypothetical ¢ is negative. Hence, if K(s,t) 
= K(t,s) is a bounded kernel defining an integral equation which has the 
same spectrum as the eigenvalue problem determined by (4) and (5), then 


the quadratic form 


(12) ff K(s, t)é(s)é(t) ds dt 


0 


cannot attain a positive value? for any continuous €(s) which vanishes for 
large s. On the other hand, the kernel (8) supplied by the Lemma, a kernel 
which the assertions of the Lemma imply to be bounded, clearly is a Green 
function * associated with the eigenvalue problem of (4) and (5), and so the 
integral equation belonging to (8) determines the same spectrum as the 
problem of (4) and (5). Hence, if it is shown that (when é(s) is restricted 


2 For the case of finite symmetric matrices, or of symmetric integral kernels of 
completely continuous type, the fact referred to is a corollary of the circumstance that 
the extreme values contained in the spectrum are identical with the least upper and 
greatest lower bounds of the values attained by the quadratic form on the unit sphere. 
For the case of symmetric kernels which are just bounded (in Hilbert’s sense), the case 
occurring above, we cannot locate in the literature an explicit passage. But it is clear 
that the proof is exactly the same for bounded integral kernels as the proof given in 
[5], § 65, for bounded matrices. 

*The verification of this fact is precisely the same as in the case of a regular 
Sturm-Liouville problem; cf. [2], pp. 103-107. 
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to continuous functions vanishing for large s) the quadratic form (12) is 
capable of positive values, it will follow that the denial of the truth of the 
Theorem leads to a contradiction. 

In order to construct a €(s) having the desired properties, substitute 
(8) into (12). Then, if €(s) vanishes at every s not contained in an interval 
assSb, where 0=a<b < an application of Fubini’s theorem (to a 
continuous function on a square) reduces (12) to 


b 

(13) 2 f v(s)&(s) f u(t)é(t) dt ds. 

But it turns out that the interval a << s < b can be so chosen that u(s) and 
v(s) have the same sign on it. Let this be granted for a moment. It is then 
clear that the form (13) attains a positive value for every continuous function 
£(s) which is positive for a<s <b (and so, in particular, for certain con- 
tinuous functions which vanish at s =a and s=—b). In fact, the Wronskian 
identity (7) implies that neither w(s) nor v(s) can vanish identically on any 
s-interval. 

Accordingly, the proof of the Theorem will be complete if it is shown 
that u(s) and v(s) are of the same sign at any s contained in some interval, 
aSs=b. To this end, two cases will have to be distinguished, according 
as 1(s) does or does not have at least one zero on the open half-line, 0 << s < 0. 

Since u(s) and x= v(s) are two linearly independent solutions of 
(4), they cannot have a common zero, and either of them must change its 
sign at any of its zeros. Consequently, if v(s) is in the first case, 7. e., if v(s) 
vanishes at some s =) > 0, then v(s) must be of the same sign as u(s) 
on a sufficiently small interval either to the right or to the left of so. 
Accordingly, it is sufficient to consider the second case. 

In the latter case, since A» >c¢ is arbitrary, it follows from the con- 
tinuity of g(s) and from the Sturm comparison theorem that, if Ao is 
sufficiently large, every solution «= <2(s) of (6) vanishes at some positive s. 
In particular, v(s) vanishes at some >0. Consequently, the 
second case does not occur if Ap is suitably chosen. This completes the proof 
of the Theorem. 


Remark. It is clear that the above proof supplies the following statement 
as a by-product: 


If the asumptions (*) are satisfied and if, for every , every solution of 
(4) possesses an infinity of zeros, then the spectrum S() determined by (4) 
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and (5), where ¢ is arbitrarily fixed, contains values d clustering at }\= — 
and at A=-+ o. 


Proof of the Lemma. 


Let the ¢ defining the boundary condition, (5) or (11), be fixed. 
Since not every solution of (6) is of class (Z*) and since Apo is not in 
the spectrum S(¢), Weyl’s theory supplies* the existence of a real-valued 


kernel 
G(s, t) = G(t,s), (OSs<cw,0St< ow) 


which is bounded (in the sense of the L*(0, «© )-realization of Hilbert’s theory) 


and which has the property that 


(14) G(s,t)g (that 


transforms every continuous g(s) of class (L*) into a function y = 2,(s) of 
class (L*) satisfying (10) and (11). 

Needless to say, (10) cannot have (for any g) two distinct solution of 
class (ZL?) satisfying (11). For if yy, and y = y2 are two such solutions, 
then « = y, — y2¥0 satisfies (6), (5) and (3), which means that Apo is in 
the point spectrum, in contradiction to the assumption that A» is not in the 
spectrum at all. The completion of the proof of the Lemma will depend on 


this uniqueness. 


First, since Ay is not in S(¢), it follows from a general oscillation theorem, 


proved in [1], that (6) has a non-trivial solution x(s) of class (L°). Let : 
v= v(s) be such a solution (this takes care of the last assertion of the [ 
Lemma). Since Ao, being outside the spectrum, cannot be in the point : 


spectrum, (5) is not satisfied by x—v(s). Hence, if = u(s) is any nor 


trivial solution of (6) and (5), then u(s) is linearly independent of v(s): 
Since nothing is altered if such a u(s) is multiplied by a non-vanishing [ 


“In [3], the coefficient q of the above equation (4) is supposed to be bounded from 
above, which, due to a theorem of A. Kneser, implies that every negative number A of f 
sufficiently large absolute value is “ non-singular,” in the sense of being a A, admissible | 
in the above Lemma (if ¢ is fixed); cf. [3], p. 39 and p. 43. In contrast, [4] does not 4 
assume that there exists such a real \, and must, therefore, operate with a complex h 4 
(=); ef. [4], p. 267. The content of the above Lemma is the inclusion of the situation ; 


in which there exists a real \, which, however, need not be supplied, as in [3], by 4 


“ Kneser half-line.” 
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constant, and since the Wronskian, (2:%2’— 722,’)p, of two linearly inde- 
pendent solutions, «2, and «—®, of (6) is a non-vanishing constant, 
it can be assumed that (7) is satisfied. 

In terms of the resulting pair of solutions v(s), u(s) of (6), define 
K(s,t) by (8). Then the transformation (9) of a function g(s) into a 
y = Yo(s) becomes 


(15) gos) 0(s) + u(s) (that 


If s, where 0s < o, is fixed, the integrals in (15) exist whenever g is 
of class (Z*). For, on the one hand, u(t) is bounded on every finite interval 
0<t<s and, on the other, the product vg is of class (ZL), since v and g 
are of class (L*). 

The proof of the Lemma will be complete if it is shown that, for any 
continuous g of class (L?), the functions zg, yg, which are defined by (14), 
(15), respectively, are identical. In virtue of the continuity of the function 
yo(s) (where g needs to be of class (ZL?) only) and of the function 2g(s) 
(where g, besides being of class (Z*), is continuous), it is sufficient to prove 
that, if g is any function of class (L*), then yg = 2% almost everywhere. 

Clearly, (15) is nothing but the standard quadrature formula, supplying 
a solution of (10) satisfying (11) when two solutions of (6) are known 
and g is continuous. Consequently, by the uniqueness mentioned above, the 
identification of yg and z, (for a continuous g) will be complete if it is 
shown that yy is of class (L?). 

To this end, suppose first that g(s) is continuous and vanishes from a 
certain s onward, say for ss < o. Then g is of class (Z7), and (15) 
shows that y,(s) is a constant multiple of v(s) for s Ss< o. Since v 


_ is of class (L*), it follows that yg is of class (Z?). Hence, yg(s) = 29(s) 
for such a g. 


Next, the identity of yy with zg (almost everywhere), for an arbitrary g of 


| class (L?), follows from the continuity of the transformation g — 2g, con- 
_ tinuity being meant with reference to the topology defined by the L?(0, «)- 


metric. For, if g is any function of class (L?), choose a sequence of con- 


| tinuous functions 91, 92," * * the n-th of which vanishes for ns < o and 
4 tends to g, as n—> co, in the mean of the L?(0, )-space. Let zn and yn, 
] respectively, denote the case h = gn of zn and yn. Then, as just proved, zn = yn. 
) Since the kernel G(s, ¢) of (14) is bounded, zn tends to zg in the mean of (L*). 


In particular, z,(s),22(),- contains a subsequence converging to z9(s) 
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almost everywhere. In order to simplify the notations, n will be written in 
place of kn if kn is the n-th index of the selected subsequence. Then 


lim yn(s) = 2%g(s) almost everywhere, 


since yn(s) = 2n(s). ‘ 

If g is replaced in (15) by gn and if (15) denotes the resulting relation, 
then, as n —> ©, term-by-term integration is legitimate on the right of (15;,), 
when s is arbitrarily fixed. For, on the one hand, gn tends to g in the mean 
of L?(0, 0), and therefore in the mean of both L*(0,s) and L*(s, 0) and, on 
the other hand, v is of Z?(0, 0). Accordingly, the expression on the right 
of (15,) tends to the expression on the right of (15). Since the functions 
on the left of (15n) and (15) are yn(s) and yg(s), respectively, it follows that 

lim ya(s) yo(s) 


holds at every s. 
Since the last two formula lines imply that yg(s) = 2%g(s) holds almost 
everywhere, the proof of the Lemma is now complete. 


THE JOHNS HOPKINS UNIVERSITY. 
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ISOMORPHISMS OF JORDAN RINGS.* 
By N. JAcoBson. 


In a recent paper G. Ancochea? has defined a semi-isomorphism S of an 
associative ring % on an associative ring 8 to be a 1—1 mapping of W 
on 8 such that 
(1) (a+ b)S=—aS+ 08S 


(2) (ab + ba) S = (a8) (bS) + (B8) (a8). 


Moreover, Ancochea showed that if {9 and % are simple algebras with finite 
bases over their centers of characteristic 42 then any semi-isomorphism of 
% on B is either an isomorphism or an anti-isomorphism. The starting point 
of the present paper is the observation that semi-isomorphisms are nothing 
more nor less than ordinary isomorphisms of the non-associative Jordan 
ring determined by the given associative ring. For the sake of simplicity 
we assume that our rings have the property that the mapping a —> 2a is 1 — 1. 
Then for each a, $a is uniquely defined. Hence we can introduce the Jordan 


multiplication 
a:b =4(ab + ba) 


If we use this in place of the ordinary multiplication we obtain the Jordan 
ring Mj determined by the associative ring %&. It is immediate that S is a 
semi-isomorphism of 2% on % if and only if this mapping is an isomorphism 
of on Bj. 

If & is a finite simple algebra it is known that %; is a simple Jordan 
ring. Thus from the non-associative point of view Ancochea’s theorem gives 
a solution for one case of the general problem of determining the isomor- 
phisms between simple Jordan rings that are algebras with a finite basis 
over a field. Besides the rings %j; we note also the following type of simple 
Jordan ring. As before let { be a finite simple associative algebra. Assume, 
moreover, that % possesses an involution J, i.e. an anti-automorphism of 
period two, and let $(%,/) be the set of elements that are J-symmetric 
(aJ =a). Then it can be shown that $(%, J) is a simple (Jordan) subring 
of Y;. In this paper we determine the isomorphisms between any two simple 
Jordan rings of the types enumerated here (%; or §). As will be shown 


* Received May 2, 1947. 
* [2] in the Bibliography. 
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elsewhere ? these systems together with one other type obtained from Clifford 
number systems give all of the simple Jordan rings that are algebras with a 
finite basis over a field of characteristic 0. Since it is trivial to determine 
the isomorphisms for Clifford systems our results give a complete solution of 
the isomorphism problem for simple Jordan algebras of characteristic 0. 
It should be observed that the results and methods of the present paper 
are quite similar to our former ones on Lie rings.* The Jordan theory is, 
in fact, simpler in one important respect, namely, simple Jordan algebras 
have identities. Hence in studying the isomorphisms one can get along 
without the concept of the multiplication centralizer (extended centrum), 
It suffices to consider the ordinary centers for these rings. We remark finally 
that the results in the Lie case could also have been formulated in terms of 
another kind of “ semi-isomorphism ” of an associative ring, namely, a 1—1 


mapping S such that 
(3) (a+ b)S=aS+ 08 
(4) (ab) S — (ba) S = (aS) — (08) (a8). 


1. Types of Jordan rings. We shall consider the following classes of 


Jordan rings. 


Type A: Let & be a simple associative ring that has finite dimen- 
sionality over its center ®. We assume throughout that the characteristic 
is not two. Let %; be the Jordan ring obtained from % by replacing ordinary 
multiplication by the Jordan multiplication a-b =4(ab+ ba). We shall 
say that YM; is a Jordan ring of type Ar. 

Assume again that 9% is simple and finite over its center, which we now 
denote as P. Assume further that % possesses an involution J of second kind. 
Thus J is an anti-automorphism of period 2 and J induces a non-trivial 
automorphism in P. Let §(%,J) be the subring of %; of J-symmetric 
elements and let ® = § [] P. Then it is known that P is a quadratic extension 
of @. The rings $(M,J), J of second kind, will be called Jordan rings of 


type An. 
Types B-C. The distinction between these types will be given later. 


Both are obtained by starting with a simple associative ring finite over the 
center ® that possesses an involution J of first kind. This means that J acts 


2 This will be proved in a forthcoming joint paper on representation theory of 
Jordan algebras by the author and F. D. Jacobson. 
* [3] and [4]. 
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as the identity in ®. Let $(%,J) be the totality of J-symmetric elements. 
Then § is a subring of %; that we shall call a Jordan ring of type B or C. 


2. The extended algebras. Simplicity. If ® is the field specified in 
the various cases above then the given Jordan ring U contains ®. If ae® 
the ordinary products aa and aa are equal. Hence 


(5) 


The associative ring %{ from which WU is obtained can be regarded as an algebra 
over ® since 
(6) a(ab) = (aa)b =a(ab) 


for all a, be M. This condition also implies that 
(7) a(a-b) = (aa) -b =a: (ab) 


for all a,be %M. Hence UW can be regarded as a Jordan algebra over ®. We 


now let 2 be the algebraic closure of the field ® and we consider the extended 


algebras lo. 


Type Ay Since is algebraically closed —Q, the full matrix 
algebra over O. Since Yj, = Ajo = (Wa); = Any. 


Type Ar. Here U=§(M,/7), J an involution of second kind. It is 
known that if 2,,22,° * *,@%m is a basis for § over ® then it is also a basis 
for { over P. Hence m is the dimensionality n? of 2% over P. This shows 
also that Up = Mj. Hence if © is the algebraic closure of ® chosen to contain 
P then Ug = Qyj. 


Types Band C. In this case = J), J of first kind. The involu- 
tion J can be extended to an involution J in Io —Q,.* As is known we 
can suppose that J is either the usual mapping a—> a’ the transposed or J is 
the mapping a— q-'a’q where 


(8) q= a 4 


Of course the latter can hold only if n= 2v is even. In the first case we 
say that J and §(%M, J) are of type B and in the second that these are of 
type C. If J is of type B the set §(Qn,/) of J-symmetric elements is just 
the set of ordinary symmetric matrices. The dimensionality over Q is 


n(n+1)/2. If J is of type C the set §(Qn,J) is the set of matrices that 
satisfy 


“Cf. [3] pp. 535-537. 


rd 

ne 

er 

as 

ng 

ly 

of 

n- 

ic 

ry 

ill 

d. 

al 

on 

he 

ts 

| 


320 N. JACOBSON. 


(9) =a. 
These are of the form 
10 = 
where the aj; € Qy and satisfy 
(11) = a's = — a’ = — Ao}. 


Hence the dimensionality over 2 is n(n —1)/2 =v(2v—1). For both types 
it is easy to see that J) = S(U,J) oa. 

The algebras Qnj, (Qn, J), J of either type, are known to be simple.’ 
It follows that the Jordan rings U are simple when regarded as algebras 
over ©. This implies also that the rings U are simple. 


3. The centers. The center T of any non-associative ring WU is defined } 


to be the totality of elements y that commute with every ae and that 
associate with every pair a,b in the sense that 


(12) y(a-b) =(y-a)-b, a: = (a-y) 4, 
a: (b-y) = (a:b) -y. 


It is easy to see that the middle condition is a consequence of the other two. 
Moreover, if the ring is commutative the first condition is sufficient that a 
be in the center. If we now consider a Jordan ring U and we use the definition 
=4(ab-+ ba) then we can verify that 


(13) [[ay]b] =0 


is equivalent to the condition y: (a:b) = (y-a)°-0b. 

It is clear from this condition that if y is in the field ® specified in the 
various cases above then ye IT. Hence 6 CT. We shall now show that Tl =®. 
The proof will not make use of the explicit form of (13) but rather it will 
depend on some general principles that are applicable to other non-associative 
simple rings. We observe first that because of the simplicity of MU the center! 
is an ordinary field.© The field T as well as U1 is finite dimensional over ®. 
Now let Q be the algebraic closure of ® and form the extension algebra Uo 
of 1 regarded as an algebra over ®. Then it is clear that Wo contains I'e 
and that the latter is in the center of Ug. Since We is simple its center i8 
a field. On the other hand if ©) >1 thenTo zero-divisors. Hence 
we must have ©) =1 and @®. 


5 [7] pp. 7-10 or [1] p. 553. 
* [6] p. 239 or [9] p. 62. 
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We can now state the results on the dimensionalities obtained in 2 in 
the following way. The dimensionality (WU: ©) of U over its center ® is 
given by the table: 


(U: 6) =n’ if and &) =n? 

&) =n? if H(A, 7), J of second kind and (YW : = 2n? 
(U: 6) =n(n+1)/2 if U=H(U,/7), J of type Band : =n? 
(UW: =n(n—1)/2 if H(A, 7), J of type C and 6) =n’. 


We shall assume in the sequel that n >1 for the types Ay and B and 
that n > 2 for type C rings. 


4, The enveloping rings. By the enveloping ring of a subset U of a 
ring %{ we mean the subring of %& generated by Ul. We shall now show that 
in all of the cases considered above the enveloping ring of the Jordan ring U 
is the ring 2% from which U is constructed. This is, of course, clear if U = YW; 
is of type Ay. Suppose next that U=§(%,7) is of type Ar and let B 
denote the enveloping ring. Since P§, the totality of linear combinations of 
elements of with coefficients in P, is % we have also that PB — Y. Hence 
if SOP thn B=. Evidently BO. We assert that B is a simple 
algebra over ®. For % is semi-simple since a nilpotent ideal 9% in B deter- 
mines a nilpotent ideal PY in MW. Hence if B is not simple, B= ¥B, + Bz 
where the are two-sided ideals. Then If = PB; 
then also + and This contradicts the sim- 
plicity of &. Thus B is simple. Now suppose that 8 is a proper subring 
of Y. Then Bf) P—® and it follows that ® is the center of 8. On the 
other hand J induces an anti-automorphism of period 2 in ¥. Since J 
leaves the elements of ® invariant J is of first kind in 8. Hence § = $(8%, J) 
is of type B or C. But then the dimensionality of § over its center woold 
be n(n + 1)/2 or n(n—1)/2. Since we know it is n? and n >1 this is 
impossible. 

Next let 8 be the enveloping ring of U= §(M, J) of type B or C. Since 
U contains , B is a &-subalgebra of MW. It is easy to see that the enveloping 
ring of Ue is Ba. Also —Q, implies that B= Hence it suffices 
to show that the enveloping ring of Wa = §(Qn, J) is Qn. 

To prove this suppose first that J is of type B. Then $(Qn,J) has the 
basis hij = (ei; + ej;:), i<j, and es if the ei; are matrix units. Then 
Bo and also and = ejjhijeiie BQ. Since contains 
® this implies that 8g —Q,. Next let J be of type C. Here $(Qn, J) has 
the basis 
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fig = Cij + Cjav, ,j=—1, > 
ki, jav = Ci, — Cj, 4405 1,7 
kisv,j = Cisv,j — Cjsv, Lj= i, 25 


It follows that the enveloping ring contains ei; = fiifij, 1A J, eis = Ci jeji, 


= C4 Cisv,s = This shows that BQ —Q, and completes 
the proof. 


5. Non-isomorphim of the extended rings. We consider now two 
Jordan rings U1, and WU. or types A, B or C with enveloping rings %; and 2, 
and centers ®, and ®, respectively. Let S be an isomorphism of 1, on Ul. 
Then S induces an isomorphism s of ®; on ®. Moreover, since Jordan multi- 
plication by elements of ©; coincides with ordinary multiplication, s is an 
isomorphism between the (ordinary) fields ®;. Also 


(14) (yai)S = = y°(a,8). 


By constructing a new system %, if necessary we can suppose that ®, = 9%, 
=. Then s is an automorphism in ® and by (14) S is a semi-linear 
transformation between UU, and WU, regarded as vector spaces over ®. 

As before let 2 denote the algebraic closure of &. Then s can be extended 
to an automorphism § in Q and S can be extended:in one and only one way 
to a semi-linear transformation § of U,o on Ueg having § as associated 
automorphism. It is easy to see that S is an isomorphism between the 
Jordan rings 

We have seen that if U is one of our Jordan rings then Uo is either 
of the form Qn; or of the form §(Qn,J) where J is either of type B or of 
type C. Now it has been proved by Albert’ that distinct systems of the 
forms noted are not isomorphic. We give a new proof of this fact here. 

We shall define the degree of a simple Jordan ring over its center to be 
the maximum dimensionality of any subspace A generated by the powers of 
an element a in the ring. It is clear from the definition of Jordan multi- 
plication that Jordan powers coincide with ordinary powers. Also we know 
that Q is the center of Qn; and of $(Qn,J) and that Jordan multiplication 
by elements of © is the same as ordinary multiplication. Hence the degree 
of Qn; and of (Qn, /) is the maximum degree of the minimum polynomials 
of the elements of the system. , 


7 [1] p. 554. 
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By the Hamilton-Cayley theorem it is clear that the degree deg Qnj Sn 
and deg (Qn, J) Sn. It is known also that if a is a 2v X 2v matrix such 
that a= q'a’q where q is skew-symmetric then a satisfies an equation of 
degree v.° Hence deg §(Qn, J) Sv if n= 2v and J is of type C. Since 2 
is infinite, Qn contains a matrix 


diag {pi,p2,°**; pn} 


with for ix4j and $(Qn,/) of type C contains 


diag p2,° * *, pi, p2,* * * pr}. 
Hence the bounds indicated for the degrees are attained: 
deg Qn; =n, deg J) =n or v= 10/2 


according as J is of type B or of type C. 


Now suppose that two of these Jordan rings are isomorphic. Then the 
degrees are the same. Hence the isomorphic pair is in the triple: Qn;, 
§(Qn,7), J of type B; S(Qan, 7), J of type C. The dimensionalities over 
the center are, respectively, n?, n(n+1)/2, n(2n—-1). Since we have 
assumed n > 1 and 2n > 2 respectively in the last two cases, these numbers 
are all different. Hence the isomorphic pair coincide. . 

Our result shows that if U, and U. are isomorphic Jordan rings of types 
A, B or C then they have the same type and we can suppose that Le = Une 
for Q the algebraic closure of the center ®. In this case, of course, the 
extended isomorphism S is an automorphism. 


6. Isomorphisms between Jordan rings of type A. We suppose now 
that U, and WU, are of type A. We assume first that U1, is of type Ar and U, 
is of type Ay. Then U,—%; for a simple ring % with center ® and 


=§$(%, J) where is simple with center P a quadratic extension of ® 


and J is of the second kind. Now %g@—Q,. Hence we can suppose that 2 is a 
subring of the associative ring Qn. Similarly since (8 over P)Q —=Qn we 
can suppose that 8 is a subring of Qn. 

As above let S be an isomorphism of 11, on WU, and let § be the extended 
automorphism in 11,9 =l.9 =Qn;. The form of § can be deduced from 
the following 


*[5] p. 748 or [4] p. 497. 
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LemMA 1 (Ancochea). Any algebra automorphism of Qn; over Q ts either 
an automorphism or an anti-automorphism of the associative algebra Q, 
over Q.° 


By an algebra automorphism 7 we mean a ring automorphism such that 
(wa) S =w(aS) for allweQ. The proof is a simple computation with matrix 
units and will be omitted. 

We consider now the automorphism § in Qn;. We have (oa)S = o* (a8), 
The mapping (a:;) —>(j*) is an automorphism @ in the associative system 
Qn. Hence it is an automorphism in Q,;. Since (oa)G = o8(aG), T= 8H 
is an algebra automorphism in Q,;. By Lemma 1, 7 is an automorphism or 
an anti-automorphism of Qn. Hence S =TG is either an automorphism or 
an anti-automorphism of Qn. Clearly S induces either an isomorphism §; 
or an anti-isomorphism S’; of the enveloping rings of 1, on the enveloping 
ring of U.. We know that these rings are respectively M& and B. Since 8; 
or 8’; coincides with S on U, and U,—W the image U,8 is closed under 


multiplication. Hence U,S=%. Since 0,5 —U.—§(%,/) this implies 
that the elements of 8 are invariant under J contrary to assumption. We 


therefore have the following 


THEOREM 1. A simple Jordan ring of type Az can not be isomorphic to 
one of type Art. 


We suppose next that both 11, and UU. are of type Az, say, WW, = Y; and 
ll, = B;. Also we can suppose that 2% and B are subrings of Q,. Then the 
argument just given shows that S is either an isomorphism or an anti- 
isomorphism of % on 8. The converse is clear: If % and B are isomorphic 
(anti-isomorphic) and S is an isomorphism (anti-isomorphism) of % on % 
then %; and %; are isomorphic under S. This proves . 


THEOREM 2 (Ancochea). Jf 2 and 8 are simple associative rings that 
have finite dimensionalities over their centers then the Jordan rings %Mj and 


B; are isomorphic if and only if % and B are either isomorphic or antt 
isomorphic. Any automorphism in %; is either an automorphism or an anti 


automorphism of 


We assume finally that both 11, and U. are of type An, say. Uy, = §(%,/) 
and $(%, K). Here we can suppose that and % are subrings of 
Our argument shows that if S is an isomorphism of U, on U, there exists f 
either an isomorphism S$; or an anti-isomorphism 8’, of % on B that induce 


® [2] pp. 151-152. 
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S in U,. We note that in reality both 8S, and 8S’; exist. For if 8; is an 
isomorphism of the required type then S,K and JS, are anti-isomorphisms 
having the required properties. Similarly if S’; is given then S’,K and JS’; 
are isomorphisms. Since % and % are the enveloping rings of 1, and U. 
respectively there is only one isomorphism and only one anti-isomorphism 
that coincides with S in 11,. Hence we see that S,K = JS, and 8’,K =J8’,. 

We summarize our results as follows: If $(%,7) and $(%, K) of type 
An are isomorphic then %f and 8 are isomorphic. In this case we can identify 
and and consider $(%, J) and $(%,K). Then a necessary condition 
for isomorphism is that the involutions J and K be cogredient in the sense 
that K = S,*JS, where S; is an automorphism in %. It is easy to see that 
this condition is also sufficient for isomorphism. Finally we see that any 
automorphism S of $(%M,/) is induced by an automorphism S, of % that 
commutes with J. For in this case we have J = 8S, "JS,. The automorphism 
8, is uniquely determined by S. Conversely any S, that commutes with J 
induces an automorphism in J). 


THEOREM 3. Let X and B be simple associative rings that have finite 
dimensionalities over their centers and that possess involutions J and K, 
respectively, of second kind. Then if the Jordan rings $(M, 7) and $(%, K) 
are isomorphic, % and 8 are isomorphic. A necessary and sufficient condition 
that (2,7) and $(M,K) be isomorphic is that J and K be cogredient. 
The group of automorphisms of $(2,/7) is the subgroup of the group of 
automorphisms of X that commute with J. 


7. Isomorphisms between Jordan rings of types B and C. The 
isomorphism theory for these rings is similar to that of the rings of type Az. 
Let U, = §(M, 7) and U.— §(%, K), J and K of first kind (types B or C) 
and let S be an isomorphism of UW, on U,. Then we can suppose that & and 
% have the same center ®. Let the dimensionality of % over ® be n’. 
Then Yo —Q, and .e— (2,7), J of type B or type C. Similarly if 
the dimensionality of 8 over ® is m* then VQ = Qn and U9 = §(Qn, K). It 
follows that m =n and that J =K. Thus we can suppose that Ile = U.o 
= §(0,,/) and that the enveloping rings % and B are subrings of Qn. 

The isomorphism S can be extended to an automorphism S of the system 
§(Qn,7). We can prove that § is induced by an automorphism of Qn by 
using the following 


Lemma 2 (Kalisch). Any algebra automorphism of the Jordan algebra 
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§(Qn, J) over Q can be extended to an automorphism in the associative 
algebra Qn.*° 


As before this result can be used to show that S can be extended to an 
isomorphism in Qn. It follows that S induces an isomorphism S, between 
the enveloping rings & and B. The rest of the argument is a duplication 
of the one given in the Ay case. The following result which has been proved 
for algebras by Kalisch is therefore readily established. c 


THEOREM 4. Theorem 3 holds also for involutions J and K of the first 
kind. 


THE JOHNS HOPKINS UNIVERSITY. 


BIBLIOGRAPHY 


1. A. A. Albert, “ On Jordan algebras of linear transformations,” Transactions of the iM 
American Mathematical Society, vol. 59 (1946), pp. 524-555. 

2. G. Ancochea, “ On semi-automorphisms of division algebras,” Annals of Mathematics, 
vol. 48 (1947), pp. 147-154. If 

3. N. Jacobson, “Simple Lie algebras over a field of characteristic zero,” Duke Mathe- 
matical Journal, vol. 4 (1938), pp. 534-551. 


4, ———, “Classes of restricted Lie algebras of characteristic p,”-I, American Journal 
of Mathematics, vol. 63 (1941), pp. 481-515. | of 
5. ———, “An application of E. H. Moore’s determinant of a hermitian matrix,” me 
Bulletin of the American Mathematical Society, vol. 45 (1939), pp. 745-748. Wo 
6. ———, “Structure theory of simple rings without finiteness assumptions,” Trans- 
actions of the American Mathematical Society, vol. 57 (1945), pp. 228-245. tiy 
7. G. Kalisch, “On special Jordan algebras,” Transactions of the American Mathe- fol 


matical Society, vol. 61 (1947), pp. 482-494. 
8. I. Kaplansky, “ Semi-automorphisms of rings,” Duke Mathematical Journal, vol. 14 
(1947), pp. 521-527. tha 
9. T. Nakayama, “ Uber einfache distributive Systeme unendlicher Ringe,” Proceedings 


of the Imperial Academy, Tokyo, vol. 20 (1944), pp. 61-66. tra 


10 A more general result will be proved in the paper referred to in *. 


0: 
| 
ti 
is 
th 
T 
ar 
pro 
is 
abo 
dim 


—_— 


ys 


SUBGROUPS OF LOCALLY COMPACT GROUPS.* 


By DEANE MONTGOMERY. 


1, Introduction. Very little is known about the structure of a locally 
compact group unless the group is compact or abelian. It is the purpose 
of this paper to prove a theorem (Theorem 2) about n-dimensional groups 
which is suggested intuitively and which will be useful for further investiga- 
tion. Theorem 1, a theorem about more general locally compact groops, 
is needed in the proof of Theorem 2 and is of interest in itself. After writing 
this paper the author learned that Leo Zippin has independently discovered 
Theorem 1. The two theorems are stated as follows: 


THEOREM 1. Let G be a locally compact connected group and let U be 
an open subset of G which includes the identity e. If K 1s the identity com- 
ponent of U and if M is the smallest closed subgroup generated by K, then 
M is all of G. 


THEOREM 2. Let G be a locally compact connected group of dimension n. 
If H is an n-dimensional closed subgroup of G, then H 1s all of G. 


Since dimension theory is in an unsatisfactory state beyond the range 
of separable metric spaces, the topology of @ is assumed to be separable 
metric. In case G is compact or abelian the two theorems follow from the 
work of von Neumann and Pontrjagin [5,4] on the structure of these repec- 
tive types of groups. However, in the general case these theorems do not 
follow from any known result. 


2. Proof of Theorem 1. The proof of Theorem 1 is made by assuming 
that the theorem is false and showing that this assumption leads to a con- 
tradiction. It will therefore be assumed that M is not all of G, but is a 
proper subgroup. 

The mapping 

f: GoG/M 


is continuous and open. The space G/M is connected and by the assumption 
above must contain more than one point. It is therefore at least one- 


dimensional and it is also a separable metric locally compact space. 


*Received July 22, 1947. 
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Let V be an open set in G which satisfies the following conditions: 


(a) eisin V 
(b) V=V" 
fey. 


(d) V is compact. 


Let a be any point of V and let A be the component of aM [| V which 
includes a. In symbols this will be written as 


7). 


By definition K = C,(U) =Ce(M U) and therefore aK = Ca(a(M U)) 
=O.,(aM (\)aU). But from the conditions on V it follows that V is 
in aU and hence Ca(aM@()V) CC.(aM f\aU) that is ACaK, and 
(1) V). Now let Q=Cu.(V) so that it is immediate that A CQ. 
By the choice of V, a?Q@ Ca*V CU and since a*@ includes e it follows 
that a?Q‘C K and QCaK. From this it can be seen that QCA and 
hence Q =A. In view of the definitions it has therefore been shown that 


Ca(V) = 0,(aM ‘a V). 
When beaM, then 6M —aM and hence when be aMV, then 
= C,(aM a V). 


The components of V form an upper semi-continuous collection and 
they determine a space B and a continuous map T [6; p.126] of V onto 3 


T: V-B 


such that for every b in B the set T-*(b) is a component of V. The space B 
is compact and metric and must be totally disconnected (= zero dimensional). 
In order to see this last point notice that since 7 is monotone the inverse of 
any connected set in B is connected. Hence, if B contained a connected set 


with more than one point, its inverse would be a connected set containing | 


more than one component of V which is impossible. This proves that Bi 


totally disconnected. | 
The fact that B is totally disconnected implies that if Y* is any ope 


set (in and relative to B) including a closed set B*, then there is a subset | 


_X* of Y* which includes B* and is both open and closed in B [1, Chap. II}.) 
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Again let a be any point of V and consider the closed set aM) V. 
By previous results this set is the union of a certain set of components of V, 
so that T7[T(aM Let 


T(aM (| V) = B*, 
and let Y be any open set in and relative to V such that 
aM (\V CY. 


Let Y, be the set of all points of Y each of which is on a component of V 
entirely contained in Y. Then [6; p. 123] Y, is open in and relative to V. 
Furthermore, the set 7(Y,) is, by definition, open in B and B* CT(Y). 
Consequently, there is a set X* which is such that 


(b) X* is both open and closed in B. 


The set X = 7-1(X*) is open and closed in V and X is such that 

To sum up, it has now been shown that if Y is any open set, in and 
relative to V, and aM {\V CY, then there is a set X open and closed in 
V and such that aM V CXCY. 

Let W be any open set of V such that WCYV, and consider the set 
f(W) which is an open subset of G/M. The space G/M is the union of a 
countable number of sets each of which is homeomorphic to f(W) and f(W) 
is the union of a countable number of compact sets. If each of these compact 
subsets of f(W) was of dimension zero, then by the sum theorem [1] f(W) 
and G/M would be zero dimensional, but G/M is not zero dimensional. 
Hence f(W) contains a compact set of dimension greater than zero, and 
{(W) is of dimension greater than zero. The contradiction which is being 
sought will be obtained by showing that, on the other hand, f(W) must be 
zero dimensional. 

Let w* be any point of f(W) and let w in W be such that f(w) = w*. 
Let Y* be any set in and open in f(W) such that w*e Y* and let 
Y=f*(¥*) ()V. Then Y is in and open in V and wM()V Y. By the 
result obtained above there is a set X open and closed in V which is such 


| that wM OVCXCY. It is also true that wM()WCX and hence 


f(wM (11 W) Cf(X) Cf(W). The set f(X) Mf(W) is closed in f(W) 
and it will next be proved that it is also open in f(W). 


ch 
)) 
is 
Q. 

WS 
nd | 


330 DEANE MONTGOMERY. 


Assume that b* is any point of f(X) {)f(W). Choose any point } 
such that be W () X, f(b) = b*. Then D is also in a set O which is such that 


1) O is open in G 
2) OCW 
8) OCY. 


Hence, f(O) is open in G/M, and f(O) is in and open in f(W) and f(X). 
But b* is in f(O), that is b* e f(O) C f(X) (1) f(W) which proves that the 
arbitrary point b* of f(X) {\f(w) is in a set open in G which is in 
f(X) M f(W). This proves that f(X) [| f(W) is open in f(W). 

It has therefore been shown that w*, an arbitrary point in f(W), is ina 
subset f(X) () f(W) of f(W) which is open and closed in f(W) and which 
is in a given open set Y* containing w*. This proves that f(W) is zero 
dimensional and gives the desired contradiction. This completes the proof 
of Theorem 1. 

A constituent of a point z in a topological space is defined to be the 
totality of all points y such that z and y are in a compact connected subset. 


Corotuary 1. Let G be a locally compact connected group. Then the 
constituent of the identity 1s everywhere dense in G. 


This follows from the fact that K, K*, K-1, K-? and-so on are compact 


connected sets whose union is dense in M and hence in G. 


CoroLtary 2. Let G be a locally compact connected group and let 0 
be an open set including e. If H is a closed proper subgroup of G, then 0 
contains a continuum C such that e is in C but C is not in H. 


In the previous proof the set K is a continuum in U which contains ¢ 
If H is a proper subgroup then K is not in H. If U is chosen so that U 
is in O the corollary follows. 


3. Non-existence of n-cycles. It is convenient to prove a lemma about 
the non-existence of n-cycles, which is entirely analogous to a lemma already 
stated in the one-dimensional case [3]. However, the proof is sketched for 
the sake of completeness, and is made simpler by Theorem 1. 


Lemma 1. Let G be a locally compact connected: n-dimensional group 
which is not compact. Then if B is any compact set in G the n-th homology 
group of B (reals mod 1) ts trivial. 
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If B is any compact set in.G, then by Corollary 1, there must be a 
compact connected set Q which contains e and which contains a point g which 
is such that B and q(B) do not intersect. Let z be any Vietoris n-cycle in B 
which, contrary to the desired conclusion, does not bound in B. Then q(z) 
is a Vietoris n-cycle which does not bound in q({B), and q(z)—z is a 
Vietoris n-cycle in B J g(B) which does not bound in BU q(B). 

However, it can be proved exactly as before [3] that q(z) — z does bound 
inQ(B). This is done by choosing a finite chain of points e = q1,' * +, Qn=Y 
with d(qi, gi-1.) <r where r is a preassigned positive number. Using these 
intermediate points and the standard constructions of algebraic topology, it is 
proved that g(z) —z bounds in Q(B). 

The fact that g(z) —z bounds in Q(B) but not in B U q(B) contradicts 
the hypothesis that G is n-dimensional [1, p. 151]. This contradiction com- 
pletes the proof of the lemma. 


4. Proof of Theorem 2. In proving Theorem 2 it will be assumed that 
the conclusion is false and that H is not all of G. In more detail, it is now 
assumed that G is a locally compact, connected, n-dimensional group and 
that H is a closed n-dimensional subgroup which is not all of G. It will be 
shown that this assumption leads to a contradiction. 

The n-dimensional group H must contain a compact set F, which is also 
n-dimensional, and the set F’, must therefore contain a closed set B, BC F,, 
with the property that there is an (mn —1)-dimensional cycle z (reals modulo 
one as coefficients) which bounds in F, but not in B [1]. Then there exists 
a neighborhood U of e in G@ which is such that z does not bound in UB. 

By Corollary 2 there is a compact connected set C with the following 
properties CCU, ee C, CCH. Let c be a point of C which is not in H, 
and let 


=—=.cF, |) CB 
F = F,UF. 
= PF, {) F:. 


Then BC F,. so that the cycle z is carried by Fiz. But 
(1) Zz 0 in Ps 
because F',. is in UB. However, it is known that 


(2) z~0 in FP, 
and it is also true that 


(3) 


in 


he 

in 

a 
ch 
of 
he 
et 

0 

0 

ut 
dy 
or 

| 


332 DEANE MONTGOMERY. 


This last fact can be seen in the following way. As in the preceding section 
cz ~z in CB because C is a compact connected set including e and ¢, and 
cz ~0 in CF, since cF; is homeomorphic to F;. From these remarks (3) 
follows. 

From homology properties of unions and intersections of sets [2, pp. 266- 
271, particularly (18.5) and p. 270. The equivalence of the Cech theory of 
homology used in 18.5 and the Vietoris theory is also proved in [2].] the 
desired contradiction can now be obtained. The relation (18.5) of [2] is 
H"/D" = LL" where H® is the n-dimensional homology group of F, D” is the 
subgroup of 7” consisting of the differences y:"— y2" where yi” is a homology 
class in F;, and L”! is made up of the (n — 1)-dimensional homology classes 
in Fy. which are homologous to zero in both F; and F;. It has been shown 
above that ZL” is not a trivial group. On the other hand, Lemma 1 proves 
that H" and D” are trivial, and this contradicts the relation above. This 


contradiction completes the proof of Theorem 2. 
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DIFFERENTIAL GEOMETRY OF A SURFACE AT A PARABOLIC 
POINT.* 


By Hstune.* 


1, Introduction. In recent years projective differential geometers have 
made interesting contributions to singular points of curves and surfaces.? 
Since at an ordinary point of a surface in ordinary space there are two 
distinct asymptotic tangents, a singular point which naturally presents itself 
for consideration is the parabolic point, at which the two asymptotic tangents 
are coincident. The purpose of this paper is to study the projective differential 
geometry of a surface at a parabolic point. We shall speak of the plane 
section of a surface made by its tangent plane at a parabolic point as the 
tangential section. According as the tangential section has a cusp or a 
tacnode at the parabolic point, there are five essentially different cases. For 
each case there is obtained a canonical power series expansion of the surface 
in the neighborhood of the point, together with a geometrical interpretation 
of the system of reference giving rise to the expansion. 

By the use of the osculants associated with a cusp of a plane curve, 
Popa [10] has obtained a canonical power series expansion of a surface at a 
parabolic point for the case of a cuspidal tangential section. In 2 we shall 
derive another simple canonical expansion for this case in a different manner. 


2. Tangential section with a cusp. First of all we establish a point 
coordinate system in ordinary projective space, in which a point has non- 
homogeneous coordinates z, y, z and homogeneous coordinates °°, 
connected by the relations 


= 23/2, 24/21. 
Let O be a parabolic point on an analytic surface S, whose equation is 


a= f(x,y). 


If we choose the point O as origin, the coincident asymptotic tangents and the 
tangent plane of the surface S at the point O respectively as the z-axis and 


* Received September 22, 1947; Presented to the Society, April 26, 1947. 

*The author wishes to thank Professor V. G. Grove for his suggestions in the 
preparation of this paper. 

*See the bibliography at the end of the paper. 
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the coordinate plane z = 0, then the Taylor’s series expansion of the function 
f(x,y) in the neighborhood of the point O may be written in the form 


(1) z= ay? + + + + 


the unwritten terms being of degree at least five. In this section we shall 
consider the general case, b}; 40, in which the tangential section at the 
point O of the surface S has a cusp at O. 

It is known that for a non-asymptotic tangent at an ordinary point of a 
surface there is a quadric of Moutard, which is the locus of the osculating 
conic at the point of the plane section of the surface made by a variable 
plane through the tangent. For a parabolic point, the quadric degenerates 
into a cone with vertex on the coincident asymptotic tangents [10]. By 
means of the expansion (1), it is easily seen that the cone of Moutard for 
the y-axis at the point O of the surface S has the equation 


(2) ay? — (b3/a)az — (bs/a)yz + (1/a*) (b4?/a — = 0, 


with vertex at the point (b;,a,0,0). If we choose this vertex as the vertex 
(0,1,0,0) of the tetrahedron of reference, then j 


(3) bs; = 0. 


Furthermore, if the vertex (0,0,1,0) of the tetrahedron is taken at the 
point of intersection of the y-axis and the polar plane of the vertex (0, 0, 0,1) 
with respect to the cone (2) of Moutard, then 


(4) = 0, 


If the vertex (0,0,0,1) and the unit point of the system of reference are 
on the cone (2) then, respectively, 


(5) cs = 0, a=1. 


After these simplifications, expansion (1) and equation (2) become respectively 


(6) + bow?y + + Cory ery? 
+ 
(7) Z==y?, 


Through the y-axis there are two plane sections of the surface S each of 
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which has a sextactic point or a six-point conic at the point O. From (6) 
these two planes are easily found to be given by the following equation 


(8) boa? + + doz? = 0. 


If the coordinate plane z = 0 is the harmonic conjugate of the tangent plane 
z=0 with respect to the two planes (8), then 


(9) = 0. 


A general plane through the asymptotic tangent y=z—0O cuts the 
surface S in a curve having an inflexion at the point O. Associated with 
any such plane section, we may determine Bompiani’s covariant point O,. Its 
coordinates [1] are 
(10) (ci, 2b;, 0,0), 


and hence are independent of the plane considered. If the point (10) is taken 
as the vertex (0,1, 0,0), then c, 0. 

Let us now consider a general tangent of the surface at the point 0; 
its equations are 
(11) z=y—rAr=0 (A¥~0). 


Any plane through the tangent (11), 
(12) z=n(y—Az) (n¥0), 


cuts the surface S in a curve C. The expansion of the projection C’ of the 
curve C from the vertex (0,0,0,1) onto the tangent plane z 0 is found, 
by eliminating z between equations (6), (12), to be 


(13) y = Ax + + (1/n) (b1 + + 
+ (1/n) (5At/n? + + 2D,A/n + + CoA + Cd? + csr’) +: 
The osculating conic of the curve OC” at the point O is given by the equations 
2=0 and 
(14) Q = y — Ax — (d?/n) x? — (1/d?) (202 /n + BoA + D1) — Az) 
— (n/d*) (A*/n? — bod? /n — 20,A/n — b2? — 
— + + + + (y— Ar)? = 0. 


Elimination of n between equations (12), (14) yields the equation of the 
cone of Moutard for the given tangent (11) 
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(15) + (1/A*) (20, + bod) yz — (1/A?) (3b, + x2 
+ (1/d°) + + (02? — A? — — — Jz? = 0, 


The residual conic of intersection of this cone with the other cone of Moutard 
associated with the harmonic conjugate of the tangent (11) with respect to 


the z-, y-axes lies in the plane 
(16) — 2b,y — (1/A?) — c2dA?)z = 0. 


The plane through the asymptotic tangent y= z—0 and the line of inter- 
section of the two planes (16) and «= 0 is given by the equation 


(17) Qbiy + (1/A2) (21bs — cod?) = 0. 


The equations of a general line through the point O and in the plane x =0 


may be written as 
(18) r= z—ny = 0, 


so that the plane (12) passes through the line and a variable tangent (11). 
As the tangent (11) varies through the point O, the locus of the line of 
intersection of the two planes (12), (17) is a cubic cone with vertex at the 
point O: 

2b,b.a*2z + (2b1y — (y—2z/n)? = 0.. 


This cubic cone is intersected by the plane x —0 in the arbitrarily chosen 
line (18), counted twice, and another line whose equations are 


(19) = 2biy — = 0. 


This latter line is independent of the line (18). If the vertex (0, 0, 0,1) 

is on the line (19), then c= 0. The system of reference is now determined 

except for the actual position of the unit point on the cone (7) of Moutard. 
From the form of the coordinates of the vertex of the cone (15) of 

Moutard, 

(20) (3b, + 202d, A*, 0, 0), 


it follows that for any point, distinct from the point O and on the asymptotic 
tangent y=z—0, there are two tangents of the surface S at O, associated 
with which the two cones of Moutard have a common vertex at the point. 
For convenience, we shall call the tangents the associated tangents of the 
point, and the point the associated vertex of the tangents. It should be 
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noted that one of the associated, tangents of the vertex (0,0,0,1) has been 
chosen to be the edge x = z= 0. 

The cone (7) intersects the surface S in a curve with a triple point at O. 
The residual triple-point tangent, other than the y-axis, is 


(21) 2=br + boy =0. 


If the unit point (1,1,0) in the tangent plane z=0 is taken on the 
harmonic conjugate of the tangent (21) with respect to the z- and y-axes, 
then 6, 6.. Moreover, with reference to the expression (20), we know 
that if the unit point (1,0,0) on the asymptotic tangent y= z= 0 is the 
associated vertex of the tangent (21), then b.2—b,. Since b,b.~0, we 
arrive at the following canonical power series expansion of the surface S 
in the neighborhood of the parabolic point O: 


Finally, we consider the equation of a general quadric having second 
order contact with the surface S at the point O, which may be obtained 
from the expansion (1): 


(22) z—ay? +- (kow + ksy + hyz)z = 0, 


where kz, kz, ky are parameters. The quadric (22) intersects the surface S 
in a curve with a triple point at O, whose tangents have the equations 


(23) + (bs + aks) ay? + (bs + aks) y* =0. 


It is easy to show that there is a unique line, 


(24) z= + by =0, 

in which the three triple-point tangents (23) may coincide. Since the 
tangent ‘at the point O to the parabolic curve or the locus of the parabolic 
points of the surface S has [10] the same equations as (21), we obtain the 


following conclusion: 


Ata parabolic point of a surface there is a unique tangent of Darboue, 


which coincides with the tangent to the parabolic curve on the surface. 


r 


3. Tangential section with a tacnode. his seciion is devoted to the 
case in which the tangential section of the surface S at the parabolic point O 
has an ordinary tacnode at O. The expansion of the surface S in the neigh- 
borhood of such a point O may be written in the form (1) with the 
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condition 6; 0. From equation (24) it follows immediately that the 
tangent at O to the parabolic curve of the surface S coincides with the 
coincident asymptotic tangents [11, 12]. 

For later use we find, from the expansion (1) and the condition 6; =0, 
the expansions of the two branches of the tangential section of the surface § 


at the point O, namely, 
(25) z=0, y = Av? + Br?+ 


where the coefficients A, B, C satisfy the following equations 


aA? +b,A+C,=0, 
(26) (2aA + b2)B+b,42+ 06.4 +d, =0, 
(2aA + bz) C + aB? + 2b,AB + 0,B + 0,42 + + dod +e, =0. 


By means of equations (3), (4), (5), (9), we may choose the system 
of reference so as to reduce the expansion (1) of the surface S at the point 


O to the following form: 


(27) + + + + + div? + dowty 
+: ‘+ dy’ +: 


For the purpose of completing the determination of the system, let us recall 
an osculant of Su [13] associated with a singular point of a plane curve. 
Let O be a singular point of order m—1 (= 2) of a plane curve ( 
such that the tangent t) of the curve C at the point O has contact of order 
m—1. Consider all the algebraic curves of order m in the plane of C every 
one of which has a multiple point of order m—1 ata point M, not on to. 
Denote one of these curves by C,, and suppose that all the branches of Cn 
at M are tangent to the same line ¢ at M, and further suppose that Cm has 
contact of order m+ 1 with C at O. Then the tangent ¢ intersects the 
tangent t) in a point Om. which is independent of the particular curve Ca 
being considered. If the expansion of the curve C' in the neighborhood of the 


point O takes the form 
(28) + + (do 0), 
the coordinates of the point Om. are 


(29) ((m—1)ao/a1, 0). 


From the series (27), (28) and the expression (29), it is easily seen 
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that a general plane through the.asymptotic tangent cuts the surface S in a 
curve having O as a singular point of the third order, and that associated 
with any such plane section there is a fixed covariant point O; with the 
coordinates 

(30) (3c,/d:, 0, 0). 


If the vertex (0,1,0,0) is taken at the point (30), then d, = 0. 


There is a nine-parameter family of cubic surfaces having third order 
contact with the surface S at the point O. The equation of a general one 
of these cubic surfaces is found, from the expansion (27), to be 
(31) + + hoyz + dow?y — ky xy? — hoy? + 

+ + + hey?z + + + 
where the k’s are parameters. The cubic surface (31) cuts the surface S 
in a curve with a quadruple point at O. The four quadruple-point tangents 


(32) + bok) x y + (¢3 — bok, — hs) x?y? 

— (ks -+- ke) y* — 0. 
Furthermore, the intersection of the tangent plane z = 0 and the cubic surface 
(31) is a cubic curve which degenerates into the asymptotic tangent y = z = 0 


and the conic 
(33) Zz — ky = 0. 


Among the cubic surfaces (31), we may therefore determine a five-parameter 
family satisfying the following two conditions: 


(i) The y-axis is the polar line of the vertex (0,1,0,0) with respect 
to the conic (33). 


(ii) Three of the tangents (32) coincide with the y-axis. 


For this five-parameter family, we have a common residual quadruple-point 
tangent of (32) with the equations 


(34) coy =0. 


If we choose the vertex (0,0,0,1) on the cone (15) of Moutard for the 


tangent (34), then c; = (bsc2/¢,)*. Moreover, if the unit point (1,1, 0) 


is taken on the harmonic conjugate of the tangent (34) with respect to the 
t- and y-axes, then c.=c;,. Finally, from equations (11), (20) we observe 
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that for each non-asymptotic tangent in the tangent plane z = 0 at the point 0 
there is only one associated vertex on the asymptotic tangent. If we choose 
the unit point (1,0,0) at the harmonic conjugate of the point O with respect 
to the vertex (0,1,0,0) and the associated vertex of the unit tangent 
z2—=y—x=0, then b,—1. Thus we are led to the following canonical 
power series expansion of the surface S in the neighborhood of the point 0: 


ay? + + + + + doaty + + dey? +: 


4, Tangential section with a simple inflexional tacnode. According as 
one or both branches of the tangential section 7’ with a tacnode at a parabolic 
point O of a surface S have inflexions at O, we call the point O a simple or 
double inflexional tacnode of T. We shall discuss the first case in this section, 
and leave the other to the last section. 

From the expansion (1), with the condition 6,0, and the first of 
equations (26), it follows that the condition for the point O of T to bea 
simple inflexional tacnode is c, 0. As in 8, the expansion of the surface 
S at such a point O may also be reduced to the form (27) in which c, =0, 


Any four-point conic of the branch of 7’, having O as an ordinary point, has | 


the equations 


(35) z—=y + boa? + (1/b2") — boc.) ry + ky? = 0, 


where & is a parameter. There is only one point on the- asymptotic tangent 
y =z=0 such that its associated tangent coincides with its polar line with 
respect to the conic (35), namely, the point 


(bocs — dy, 2022, 0, 0). 


If we choose this point as the vertex (0,1,0,0), then di = b2c2. 


Among the cubic surfaces (31) we may determine an eight-parameter 
family such that two of the four quadruple-point tangents (32) coincide 
with the asymptotic tangent. For this family, 4, = c2/b. and the polar line 
of the vertex (0,1,0,0) with respect to the conic (33) is 


(36) Coy — = 0. 


The harmonic conjugate of the y-axis with respect to the. z-axis and the 


tangent (36) has the equations 


(37) coy = 0. 


If the vertex (0,0,0,1) is taken on the cone (15) of Moutard for the 


tangent (37), then c; = 0. 
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The quartic surface, whose equation is 


(38) + boxy + cory, 


is completely characterized by the following properties: it has fourth order 
contact with the surface S at the point O; it has a unode of the third order 
at the point (0,0,0,1); and its uniplane is the plane 7; 0. The tangent 
plane z = 0 intersects the quartic surface (38) in a curve degenerating into 
the x-axis and the cubic curve 


(39) z=y+t+ + = 0. 


If the unit point (1,0,0) is taken at the harmonic conjugate of the residual 
point of intersection, other than O, of the asymptotic tangent and the cubic 
curve (39) with respect to the point O and the vertex (0,1, 0,0), then cz = bs. 
Finally, by choosing the unit point (1,1,0) on the tangent (37), we obtain 
the following canonical power series expansion of the surface S in the 
neighborhood of the point O: 


+ + dorty + dry? 


5. Tangential section with a symmetric tacnode. For an ordinary tac- 
node P of a plane curve C with tacnodal tangent ¢, the first polar curve T 
of a general point on ¢ with respect to C has a double point at P with ¢ as a 
tangent. If the curve I has an inflexion at the point P with ¢ as the 
inflexional tangent, then the point P was called by Wolfing [14] and Segre 
[11] a symmetric or harmonic tacnode of the curve C. Segre [11] also 
showed that a necessary and sufficient condition for the parabolic curve of a 
surface S to have a double point at a parabolic point O is that the tangential 
section of the surface S at the point O have O as a symmetric tacnode. 

The parabolic point O of the surface S with the general expansion (1) 
is a symmetric tacnode of the tangential section of S at O if and only if 
6, = b.=0. Thus from (6), the expansion of the surface S at the point O 
for this case can be reduced to the following form 


+ + 
By means of the expression (20), it is obvious that all the tangents at the 


point O to the surface S have the vertex (0,1,0,0) as a common associated 
vertex. Making use of equation (25) and the first two of equations (26), 
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we may easily obtain the equations of the two polar lines of the vertex 
(0,1,0,0) with respect to any four-point conics of the two branches of the 
tangential section 7 at the point O of the surface S, namely, 


If the harmonic conjugate of the z-axis with respect to these two polar lines 
is the y-axis, then c. 0 since ¢; does not vanish. 

From equation (8), it follows that through the y-axis there is only one 
plane section of the surface S which has a sextactic point at O. If this 
plane is taken as the coordinate plane x= 0, then d,s = 0. 

We now consider the plane (12) passing through the general lines (18) 
in the plane Observing the conditions = b2 = 0, calculating 
the series (13) to the fifth degree and then substituting the result for y in 
the left member of equation (14), we obtain 


(40) Q = 


the coefficient U being defined by the formula 


(41) U =d, + (dz— 4e,/n)A + (ds — 3¢2/n)A* 
+ 2c3/n)r* + (ds — 


Thus through a general line (18) in the plane x0 there are four plane 
sections of the surface S, each of which has a sextactic point at the point 0. 
In particular we can determine a unique line through which only three such 
plane sections may be drawn. From the expression (41), we easily find the 
equation of this line to be 

(42) x= cay = 0. 


If the vertex (0,0,0,1) is on this line, then d; = 0. 


If we take the harmonic conjugate of the point O with respect to the 
vertex (0,1,0,0) and the covariant point (30) as the unit point (1, 0,0), 
then d,; = 6c,. Finally, if the unit point (1,1,0) is chosen on the polar 
line of the unit point (1,0,0) with respect to any four-point conics of any 
one branch of the tangential section 7 at the point O of the surface 8, 
then =—1. 


Hence we obtain the following canonical power series expansion of the 
surface S in the neighborhood of the point O: 


2+ + — 62° + + + +: °°. 
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6. Tangential section with a double inflexional tacnode. Finally, we 
shall consider the case in which the tangential section 7 of the surface S 
at a parabolic point O has a double inflexional tacnode at O. From the 
general expansion (1) and equations (25), (26) it is easily seen that the 
conditions for this case are }; —~b,=c,—d,—0. The expansion (6) is 
then reduced to the form 


(43) + + + cyry® + + dsr*y? 
+: dey’? +- 


As in the preceding section, all the tangents at the point O of the surface S 
have the vertex (0,1,0,0) as a common associated vertex. 

By means of equation (15) and the expansion (43), we see that the 
cone of Moutard for a general tangent ¢, (11) intersects the surface S in a 
curve with a quadruple point at O, and that two of the quadruple-point 
tangents are the asymptotic tangent and the tangent ¢). In particular, we can 
determine two tangents ¢) such that for each of them one of the two residual 
quadruple-point tangents of the intersection further coincides with it. If we 
choose the harmonic conjugate of the asymptotic tangent with respect to 
these two tangents to be the y-axis, then c; = 0. 

From equation (8), it follows that through the y-axis there is only one 
plane section of the surface S which has a sextactic point at O. If this plane 
is taken as the coordinate plane 0, then = 0. 

By using equations (14), (40), (41) we can easily show that eer a 
general line (18) in the plane xO there are three plane sections of the 
surface S each of which has a sextactic point at O. In particular, there is a 
unique line (42) through which only two such plane sections can be drawn. 
If the vertex (0,0,0,1) is on this line (42), then d; = 0. 

The cone (7) cuts the surface S in a curve with a quadruple point at O. 
The residual quadruple-point tangents, other than the z- and y-axes, are 


(44) Cay” == (), 


If the unit point (1,1,0) in the tangent plane z 0 is on one of the two 
_ tangents which are harmonic conjugate with respect to the pair of the tangents 


(44) and the pair of the a-, y-axes, then cy = C2. 
Finally, the z-axis intersects the cone (15) of Moutard for the unit 
tangent z= y— a = 0 in two points P, and P.. If the unit point (0, 0,1) 


| on the z-axis is chosen at the harmonic conjugate of the point O with respect 
to the vertex (0,0,0,1) and one of the two points and P., then c, = 1. 
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Thus we reach the following canonical power series expansion of the surface § 


in the neighborhood of the point O: 
+ vy + ry? + dorty + dsx*y? + 
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THE DIFFERENTIAL EQUATION y’ = f(y).* 


By SyLvan WALLACH. 


1. Let f(y) be a continuous, real-valued function on the interval 
cSysd. It is known [1] that if 


(1) f(y) >0 for e<y<d, 


then the differential equation and the initial condition 


(2) y =f(y), y(0) =c 


have a solution y = y(x) Sc on some interval 0S 2b if and only if 


(3) f < 


It is the object of this note to describe the general situation, in which con- 
dition (1) is not assumed. The solution of the general problem depends on 
tools less elementary than one might suspect. It is true that all solutions 
prove to be monotone, and are, of course, absolutely continuous. The problem 
depends, however, on the inversion of a monotone function, and the inversion 
leads, in general, to monotone functions which are not absolutely continuous. 
For this reason the description of the general situation will have to involve 
Lebesgue’s decomposition of a monotone function into absolutely continuous, 
continuous but singular, and purely discontinuous components. 


As to the mere existence of solutions, the situation is as follows: 


(I) Let f(y) be a real-valued, continuous function on the interval 
cSySd. In order that (2) possess a solution y=y(x) ec on some 


| interval OS 2 Sd, it is necessary and sufficient that there exists a number 


d* satisfying 


(1) fly) 20 for <a) 
and 
6) fas/fls) < 


* Received June 7, 1947. 
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If (4) and (5) are satisfied, a strictly monotone solution y = y(z) 
results by inversion of the quadrature 


(5 bis) = f “ds/f(s) 3 


and this solution is an extreme solution. 


If f(c) #0, the sufficiency of the conditions is trivial and the solution 
of (2) is unique. If the conditions are satisfied and f(c) = 0, any solution 
of (2) satisfies 


cSn(z) Sy(2), (0=25)), 


where y=y(x) is that solution of (2) obtained by the inversion of the 
quadrature (Sbis). It is in this sense in which the solution supplied by 
(5 bis) is called “ extreme.” 

The content of Theorem (I), when (1) is not satisfied, will be illus- 
trated by an example to the following effect: 


(Il) There exist real-valued, continuous functions f(y), where cS y Sd, 
with the properties that (4) and (5) are satisfied (with d= d*) and that 
(2) possesses strictly monotone solutions distinct from the solution obtained 
by the inversion of the quadrature (5 bis). 


It may be remarked that (II) is equivalent to the following fact con- 


cerning monotone functions: 


(III) There exist two monotone increasing functions y,(x), y2(2); 
where 0 Sa Zl, with the properties that y:(0) = y2(0) =0, the respective 
inverse functions 2:(y), 22(y) possess continuous derivatives, and 
=2’'.(y), where 0S y Smin (y:(1), yo(1)) but yi(x) 


It will follow that, if conditions (4) and (5) of (I) are satisfied, the} 


non-constant solutions of (2) can be described as follows: 


(IV) Let f(y) be a real-valued, continuous function on the intercalf 


sol 


eSyHd, and let f(y) satisfy conditions (4) and (5). Define 


(6) + 22(y) + 20(y), foreSySd*,  (c<d* Sd), 


where is the quadrature (5); x2(y) is non-decreasing, continuous 
singular, and constant in each interval where f(y) >0; and 23(y) is Oe 
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purely discontinuous, non-decreasing function whose jumps occur only where 
f(y) vanishes. 

The non-constant solutions of (2) are provided by that inverse of (6) 
defined as follows: 


(7) y(x) =Lu.b.y for xe(y) Sz, 


where OS 2(d*). 
2. In order to prove (I), some elementary facts will first be proved. 


(i) If f(y) is a continuous function on cS ySd and y=y(z) tsa 
solution of (2) for SxSb, then y(x) ts monotone for OSaSb. 


For, if the solution y(x) were not monotone, there would exist two 
numbers 2,422 on the interval (0,0) such that y(a) =y(a.) and 
> 0, y/(a2) <0. This contradicts (2), since (2) implies that y’ is 
a single-valued function of y. 


(ii) If f(y) is a continuous function on cS y Sd and tf f(y) changes 
sign on every interval (c,c + €), then y = y(x) =c is the only solution of (2). 


The continuity of f(y) implies that f(c) —0 and, therefore, that 
y(z) =c is a solution of (2). Suppose y=y(x) were a solution of (2) 
for0 [2b and that y(x) #c. Then for some 2,, where 0 <2, 35), 
the function value y(z,) >c. But f(y) changes sign in the interval 
(c,y(v%1)), which means, by (2), that y=y(z) is not monotone on 
0S2rS2,. This contradicts (i) and so (ii) follows. 


3. The proof of the necessity of the conditions (4) and (5) in (1) 
will now be given. It will, therefore, be supposed that y = y(x) #c, where 
05258, is a solution of (2). The statement (ii) implies that there exists 
a number d*, where c < d* =d, such that f(y) does not change sign on 
(c,d*). Consequently, (4) holds. For otherwise 


f(y) S0 for cSya*, 


which, by (2) and (i), means that y(x) is non-increasing on 0S[a2@Sb. 


| Hence, y(x) c implies y(a) <c for some value of x. But this contra- 


dicts the assumption that f(y) is defined only for eS y Sd. 
It will now be shown that (5) holds if d*—y(b). Since y(z) ¥*e, 
this d* satisfies c << d* <d. It is known that a monotone function y = y(a) 
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measure zero. Hence, by (2), the zeros of f(y), where 0S y=d*, form a 
y-set, F, of measure zero. The continuity of f(y) implies that F is a closed 
set. Let EH denote the open set which is the complement of F in (c, d*), 
Let EF = 3(¢n, dn) be the decomposition of / into disjoint open intervals and 
let the numbers dn, bn be defined by y(adn) = Cn, y(bn) =dn. It follows, 
from the definition, of the open set that f(y) >0 for tn <y < dn, and 
from the theorem quoted in the first paragraph of 1, that the integral 


converges and has the value bn» Hence, 


f ds/f(s) = (bn — an). 
E 


Since the disjoint open intervals (dn, bn) are contained in (0,6) and since 
the complement F of F in (c,d*) is a zero set, it follows that 


(8) as/f(s) Sb < @. 
This completes the proof of the necessity of (5). 


4. The proof of the sufficiency of the conditions (4) and (5) in (I) 
will now be given. These conditions imply that the y-set on which f(y) 
‘vanishes is a zero set on (c,d*). Hence, 


is a strictly increasing function of y and so possesses an inverse function 
y=y (x), where OS 2b and Then (9), (4) and the con 
tinuity of f(y) imply that 


y = 1/2’ (y) =f(y(2)), | (0<2¢Sb), 


where it is understood that 1/0 = 0. 


5. In order to complete the proof of (I), it remains to be shown that, | 
if (4) and (5) are satisfied, the function y= y(x) obtained by the inversion f 
of (9) is an extreme solution. To this end, let y=yi(z) be any solution | 


of (2) on some interval OS 2b. It will be proved that 


(10) Sy(2z) for OS =—min (8, di). 
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The first inequality in (10) is clear. It follows from (i) that y:(r) is 
monotone. If then (10) is obvious. Hence, suppose = dz >. 
Let where y = dz, be an inverse (possibly discontinuous) of (x). 
It is clear from the arguments employed in 3 that 


= f "ds/f(s) =2(y); 


ef. (8). This relation between the inverse functions z,(y) and x(y) shows 
that the second inequality in (10) holds. This completes the proof of (I). 


6. In order to prove (II), let 7’ be a nowhere dense, closed set on 
0Sz=1 such that the common part of 7 with every interval (0,2) 
contained in (0,1) has positive measure. Let S be the complement of T 
Let g(x) be a continuous function on 0 = such that 
g(x) =0 if x is in T and g(x) > 0 if x is in S (that such a g(z) exists, 
follows by taking the absolute value of Volterra’s well-known example). 
Define y= (x) by 


(11) yi (2) =f “oat 


Since the set S is dense in (0,1) and since g(x) >0 on S, it follows that 
y:(z) is monotone increasing for 0241. Let 2,(y) denote the inverse 
function of y:(a) for 0S yd, where d=y,(1). Let f(y) be defined by 


(12) f(y) =y'(1(y)) for OS 


Then (11) is a monotone increasing solution of (2), where c=0. Hence, 
by (I), the function (12) satisfies conditions (4) and (5). On the other 
hand, the image of the set 7 under the mapping y = y,(z2) is a zero set, since 
= g(x) =00n T: Hence, the inverse function 2,(y) maps a zero 
set onto the a2-set 7’ of positive measure and, therefore, is not absolutely 
continuous. Consequently the function (11) is not the inverse of the 
quadrature (9). This completes the proof of (II). 


7. In order to prove (IV), it will be shown, first, that the function 


| y(z), defined in (7) is a solution of (2). But this is obvious from the 
| argument in 4, since x,(y) can be identified with (9), and the derivates of 
%(y) and 23(y) are bounded from below. 


Conversely, let 


(13) y*(«), for 0S 
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be any non-constant solution of (2), where f(y) is defined in (IV). In view 


of (i) and (10), y*(z) is non-decreasing. Let x*(y) be the inverse of y*(z) 
defined as follows: 


(14) 2*(y) =l.u.b.2 for y*(z) Sy, 


where cS yy(b,). The function x*(y) is monotone increasing. According 


to the decomposition theorem of Lebesgue ° 
(15) a*(y) = (y) + 2*2(y) + 2*s(y), 


where the three functions on the right in (15) are non-decreasing; x*,(y) 
is absolutely continuous ; z*2(y) is continuous and purely singular ; and 2*;(y) 
is purely discontinuous. The total variation of x*2(y) + 2*s(y) clearly 
occurs on the y-set where y’(x) = 0, hence where f(y) = 0. Therefore, 2*(y) 
satisfies the conditions imposed on z(y) in (IV). Since (13) is obtained 
from (15) in the same way that (7) is obtained from (6), this completes 
the proof of (IV). 


THE JoHNS HopkKINS UNIVERSITY. 
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THE NEIGHBORHOOD OF AN UNDULATION POINT ON A 
SPACE CURVE.* 


By Atice T. ScHAFER. 


In projective differential geometry the neighborhood of an ordinary point 
on a curve in three-space has already been studied [3; 61-62].1_ In a previous 
paper by the author a study was made of the neighborhood of two singular 
points on a space curve: the inflexion point and the planar point [4]. The 
next singular point which naturally presents itself for study is the undulation 
point, which is defined as a point at which the tangent to the curve has pre- 
cisely four-point contact with the curve instead of the usual two-point contact. 
For this reason the point is classed as a singular point although the curve 
may be represented in the neighborhood of the point by power series as is 
the case in the neighborhood of an ordinary point. 

In 1, the projective coordinate system, consisting of a tetrahedron of 
reference and a unit point, is chosen so as to give canonical power-series 
expansions for the curve in the neighborhood of an undulation point. These 
series are then used to study properties of the curve in the neighborhood of 
the singular point; 2 is devoted to a study of surfaces osculating the curve 
at the undulation point; in 8 plane sections of the tangent developable in the 
neighborhood of the singularity are investigated and in 4 a similar study is 
made of the projections of the curve from the faces of the tetrahedron of 
reference. 

Throughout the paper homogeneous and nonhomogeneous coordinates 
are used interchangeably. A point is represented in nonhomogeneous coordi- 
nates by 2, y, 2 and in homogeneous coordinates by 2, %2, 23, %4. The two 
systems of coordinates are connected by the relations = y= 23/1, 
24/2}. 


1. Canonical power-series expansions. In the neighborhood of any 
point on an analytic curve in three-space two of the coordinates may be 
expressed as power series in terms of the third. Let the coordinates of a 
variable point on the curve be represented by (2, y,z) and the point O around 
which the expansions are to be taken by (Co, @o, bo) ; then the expansions will be 


* Received April 15, 1947. 
*Numbers in brackets refer to the works listed in the bibliography. at the end of 
the paper. 
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(1) Y =A) + Co) + Co)? +° °°, 
z= bo + eo) + b2(a@— +° °°, 


where a; and (t= 0,1,2,- +) are constants. We shall choose the point 
O as the undulation point we are to study and then prove the following: 


THEOREM 1.1. By a suitable choice of the projective coordinate system 
in the neighborhood of an undulation point on a space curve, the power-series 
expansions representing the curve in the neighborhood of the undulation point 
can be reduced to the following form 


y = art — (3/2)ar® + + + + + 
(2) — 2ar® + (dg + 3a/4) 27 + (a; — + a/8) 2° 
+ (ds — a;/2 — 3a/16)x° + (dy — as/2 + ag/8 —a/16)x” 
+ (dio — + + 3a/32)a4 + (dir — + as/8 
— 46/16 + 5a/128)2?? + (a0). 


There are fifteen arbitrary parameters involved in the determination of 
the projective coordinate system and therefore fifteen conditions which may 
be imposed on the constants in the equations (1) in deducing canonical power- 
series expansions for the space curve C in the neighborhood of the undula- 
tion point O. In order to derive equations (2) from equations (1), we first 
take the vertex (1,0,0,0) of the projective tetrahedron of reference to be 
at the point O(¢o, do, bo), thus making dy = bp = Co = 0. “The tangent to ( 
at O now has the equations y=4a,2, z=b,x; we shall place the edge 
y =z=0 of the tetrahedron along this tangent line, thus making a, =), 
=0(. Since O is an undulation point, a2 = a; = b., = bs; = 0 and not both % 
and bs equal zero if O is not to be a singularity of higher order. We shall 
assume this to be the case. 

Since O is an undulation point any plane through the tangent to ( 
at O intersects C in four consecutive points at O and so the osculating plane 
of C at O is indeterminate. However, the plane az — bsy = 0 has five-point 
contact with C at O and we shall call this plane the hyperosculating plane 
of C at O. We choose the face z= 0 of the tetrahedron to coincide with 
this plane, making bs =0 and as~0. For convenience we replace a, by 4; 


bs by b. Of the fifteen conditions which we are at liberty to. impose on the [ 
coordinate system, six have already been determined. We now proceed to 


impose the remaining nine conditions. 


In order to do this we consider cubic surfaces havi ing contact of various | 
orders with the curve C at the point O. To find the equations of such f 
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surfaces, we write the most general equation of the third degree in x, y, and z 
and demand that the expansions (1) for C satisfy this equation through terms 
in « to the power desired. First we demand that equations (1) satisfy the 
general cubic equation through terms in z*, thus getting the equation of the 15- 
parameter family of cubics having 4-point contact with C at O. It can 
easily be shown that the tangent to C at O, y=z=—0, lies on all these 
cubic surfaces. Among these surfaces there is a 9-parameter family, each 
of which has at least 8-point contact with C at O, on which the tangent to C 
at O is a double line, making these surfaces ruled surfaces. Let us consider 
the unique one of these ruled surfaces osculating the curve at O and having 
17-point contact with C at O. Its equation in homogeneous coordinates is 


Barz? + Da + + + + 
( ) Mz,2,? == 0, 


where the capital letters are homogeneous parameters representing functions 
of the coefficients of x in equations (1) and where not both M and R are zero 
for a‘ non-composite osculating cubic surface. The coefficients in (3) are 
found by demanding that the series (1) for y and z satisfy equation (3) 
through terms in x'®. Since these coefficients are long, we shall omit writing 
them down until later. 

Choose the vertices (0,0,1,0) and (0,0,0,1) at points on the surface 
represented by equation (3). This choice makes B= D0. The equation. 
of the tangent plane to (3) at (0,0,1,0) is + Choose the 
face x. =0 along this plane, making G=0, F0. The equation of the 
tangent plane to the surface at (0,0,0,1) is Ma, Ha.+ =0. Take 
the face z, = 0 along this plane; then H =I and M0. 

The polar quadric of the ruled surface represented by equation (3) with 
respect to (0,1,0,0) consists of two planes 7; and Fa; + Ja,=—0. 
Put the unit point (1,1,1,1) on the second of these two planes making 
F=—J, The polar quadric of the cubic surface with respect to (0,0, 1, 0) 
has the equation + + put the unit point on this 
quadric. Then F——R; R+~0 since It follows that J/—R. 

The polar quadric of (0,0,0,1) with respect to the cubic surface (3) 
has the equation Rr,r; + and the equation of the 
tangent plane to this quadric at the point O(1,0,0,0) has the equation 


: Rr, + 2Mz,=0. If we put the unit point on this plane, then M = — R/2. 
| The equation (3) now takes the form 


(4) — + — 27,737, — 0. 


i 

My 

4 

ll 

( 

nt 

e 

h 

ne 

to 

us | 

ay 


354 ALICE T. SCHAFER. 


As was stated previously, the coefficients in (3) are found by demanding 
that the series (1) satisfy (3) through terms in 2'*. These coefficients 
are now given with the simplifications the above conditions will make. First 
F =—DbR/a. Since we have F = —R, R~0,a=b. Similarly J 
— R(bs—a;)/a; however, J=R, R/2, and hence be = a; —a/2. 
Next H = (b; —a¢ + 4;/2)/a, but H =0, so that 6; =as—a;/2. Sin- 
ilarly B= (bs —a; + —a/8)/a*=0, so that bs =a; —a¢/2 + a/8. 
In the same way, G= (by —as + a;/2 —a;/8)/a*, but G=0, so that 
by = ds —;/2 +;/8. Also I= (B19 — ay + as/2 —ae/8 + a/16) /a? =0 
so that bio = dy — as/2 + ag/8 —a/16. In addition, D = (b11 — dio + 4/2 
—a;/8 + a;/16)/a2=0 so that = — + a;/8 —a;/16. From 
2M + R=0, we get bis = 11 — 10/2 + as/8 — a6/16 + 5a/128. Equations 
(1) now have the form 

y = art + asx? + + a,x? + + + 
(5) z= + + + + Dox? + + 
+ Dior? + (ax 0) 


(6) Dn = An-1 — An-2/2 + An-4/8 An-¢/16 5dn-s/128, 
(n = 6,- -,12). 


Of the fifteen conditions we are at liberty: to impose on the coordinate 


system, we have already imposed fourteen. We have yet to locate the face | 
z; = 0 of the tetrahedron. In order to do this, we consider the quartic cone | 


with vertex at O and osculating C at O. Its equation is 


(7) y* + Ay®z + By’2? + Dyz + = 0, 
where 


A=—{as+3a/2}/a, + aas—aae}/a’, 


D = {a®/4 + (a°as)/4 + (ade) /2 —a2a; — (ade?) /2 + — f 


E = {(8a*)/16 + (a°a,) /4 — a®as — (a7a5°) /4 + + 
— + as*}/a*. 


The polar plane of the vertex (0,0,1,0) with respect to the cone (1)f 
has the equation 4¢;-+ Ar,—0. If the face is chosen to coincite 
with this plane, then A = 0 and a; =— (3a)/2. Now the coordinate systely 
has been uniquely determined and with this condition on a; substituted DB 


equations (5), Theorem 1.1 is proved. 
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2. Osculants of the curve. In this section equations (2) will be used 
to study properties of osculants of an analytic space curve C in the neighbor- 
hood of an undulation point O on the curve. It would be natural to consider 
first the quadric cone with vertex at O osculating C at O. To find the equation 
of this cone it is sufficient to write the most general homogeneous equation 
of the second degree in x, y, and z and to demand that the equation be satisfied 
in « by equations (2) up to and including terms in 2*. When this is done 
it can be seen that the equation of the cone is 27 0. It would then be natural 
to consider the general quadric surface osculating C at O. By writing the 
most general equation of the second degree in z, y, and z and demanding 
that it be satisfied by equations (2) through terms in 2°, it can be seen that 
the equation of the osculating quadric is also 270. These results give the 
following : 


THEOREM 2.1. The only 10-point cone with vertex at an undulation 
point O on a space curve C and osculating C at O is the hyperosculating plane 
of C at O counted twice. The 10-point osculating quadric of C at O is also 
the hyperosculating plane counted twice. 


We turn our attention, therefore, to cubic surfaces osculating C at O. 
First, by the method used above, we find the equation of the osculating cubic 
cone, with vertex at O, of C at O to be 2?=0 which gives the following: 


THEOREM 2.2. The 15-point osculating cubic cone, with vertex at the 
undulation point O, of a space curve C at O ts the hyperosculating plane of C 
at O counted three times. 


Let us then consider arbitrary cubic surfaces osculating C at O. If we 
write the most general equation of a cubic surface and demand that it inter- 
sect C at O in four consecutive points, the equation of such a surface will be 
of the form: 


+ Bz? + + + Fry? + Gy?z + Haz? + [y2z? + Jryz 


where the capital letters denote homogeneous parameters. We note a property 


of this surface. 


THEOREM 2.3. The tangent line of a space curve C at an undulation 
point O lies on every one of the 15-parameter family of cubic surfaces having 


| 4point contact with C at O. 


Among this 15-parameter family of cubic surfaces is a 9-parameter family 
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of ruled surfaces on which the tangent of C at O is the double line. The 
equation of this family is given by equation (8) with D=E=—=N=—Q=8 
= T7'=0. In this 9-parameter family of cubics is a surface having 17-point 
contact with C at O and osculating C at O. Its equation is (4). It was this 
surface which was used in developing the canonical expansions (2) for C 
in the neighborhood of O, and it is this surface which we discuss now. 

As is known from the theory of projective differential geometry, there 
are only two projectively inequivalent cubic ruled surfaces [2; 145]. 
One of these has distinct directrices; a canonical form of its equation is 
— = 0. The other, with directrices coinciding, is called Cayley’s 
cubic scroll; a canonical form of its equation is 22° + 2, + 41) =0, 
We state the following theorem showing that the surface (4) is projectively 
equivalent to the first of these two. 


THEOREM 2.4, The cubic ruled surface (4) is projectively equivalent 
to the cubic ruled surface whose canonical form is given by the equation 
— a’ = 0. The projective transformation taking (4) into this 


canonical form is 


—1(a’3 + /2, Lo = (x’3 — /2, 
2 


= 2’, (1— 1) /2 + 2’.(1 + 1)/2, Ly = 1(2'2— 2's), i= V—1. 


The equations of the one-parameter family of rulings on the surface 
(4) are 


ka, (k + 2h) + 2ha.(k +h) =0, kaz + 


where h and k& are homogeneous parameters. Among the special lines on 
this surface, other than the double line (the tangent 73 = 7, = 0 of C at 0), 
are the edges = = 0 (kK =0), = 2; = 0 (h=0), = 2, = 0 of the 
tetrahedron of reference, the line x;—2r;=0 (2h =—k) in the face 
= 0 and the line 73 (h =—k) in the face 2, 0. 

All four vertices of the tetrahedron of reference are on the cubic ruled 


surface (4), but the unit point (1,1,1,1) is not. At the points (1, 0, 0,0) 
and (0,1,0,0) the tangent planes to the surface are indeterminate since the 7 
line x; = 2; = 0 joining them is a double line on the surface. At the vertex | 
(0,0,1,0) the tangent plane is the face 7.0 of the tetrahedron; at the | 
vertex (0,0,0,1) the tangent plane is the face z; 0. The equation of the f 
polar plane of the unit point with respect to the surface (4) is a, + 2a,=0. : 
The polar.quadric of the vertex (1,0,0,0) with respect to the cubic [ 
surface (4) is degenerate, being composed of the hyperosculating plane — 
z,—=0, of C at O and the plane x, —27;—0. Similarly the polar quadric 
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of the vertex (0,1,0,0) is composed of two planes: the face 7; = 0 and the 
plane x; =a, through the unit point. The equation of the polar quadric of 
the vertex (0,0,1,0) is + 22) — = 0 and the equation of the 
polar quadric of (0,0,0,1) is + The polar quadric of 
the unit point has the equation 723 — — + — 1457/2 = 0. 
_ As is known, the Hessian of a surface [1; 313] is the locus of all the 
points whose polar quadrics with respect to the surface are cones. In the 
case of the cubic ruled surface (4) the Hessian has the equation 


{22 1) {225 1) }? = (), 
We have the following: 


THEOREM 2.5. The Hessian of the cubic ruled surface represented by 
equation (4) consists of two planes through the tangent of C at O, each 
counted twice. The intersection of the cubic surface and the Hessian is the 
tangent of C at O counted eight times and the two generators of the cubic 
ruled surface 

2x23 +1) iz, + = 0, 
and 
2x43 — —1) = 0, 1%, — = 0, 


each counted twice. 
If equations (2) are substituted in equation (4), we have 


— ryz + 27 — = (— abis + — adi + ady/4 
— aa; /8 — 


Thus we have a geometric interpretation of the coefficient bi;: a necessary 
and sufficient condition that the cubic ruled surface represented by equation 
(4) hyperosculate C at the undulation point O is that 013 = di2— 11/2 
+ do/8 — a;/16 — 15a/256, which is equation (6) with n=—13 since 
as; = — 3a/2. We shall henceforth assume that 0:3; does not have this value, 
so that the cubic ruled surface (4) does not hyperosculate C at O. 

We now turn our attention to quartic cones intersecting C at O. If we 
write the most general homogeneous equation of the fourth degree in 2, y, 
and z, this equation will represent a quartic cone with vertex at 0(1, 0,0, 0), 
the undulation point on the space curve C. By demanding that equations (2) 
for C satisfy this equation through terms in 2°, we have the equation of the 
5-parameter family of cones having 16-point contact with C at O: 


(9) Fy* + + Gaz + Ay®z + + Dyz? = 0, 
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where the capital letters represent homogeneous parameters. The following 
theorem is immediate: 


THEOREM 2.6. The tangent to a space curve C at an undulation point 0 
is a triple line on any one of the 5-parameter family of quartic cones, with 
vertices at O, having 16-point contact with C at O. 


If we choose the unique one of these cones which has 21-point contact 
with C at O (that is, the osculating cone of C at O), its equation is found to be 


16a?y* — 16a*xz* — (16aas + 48aa; + 104aa, — — 75a?) 
— 4a (4a, — 3a) y?z* — 2a(8a; + 20a, — 17a) yz? = 0. 


Some of the properties of this cone are listed in the following: 


THEOREM 2.7%. The tangent line of a space curve C at an undulation 
point O is a triple line on the osculating quartic cone of C at O. The inter- 
section of the cone and the hyperosculating plane of C at O is the tangent of 
C at O counted four times. The intersection with the face y=0O of the 
tetrahedron is the tangent counted three times and another line through the 
point O and in a plane through the edge x=2z—=0. The intersection of the 
cone and the face x =0 consists of four lines through the point O, each ina 
plane through the line y=z=0. 


We next investigate the nature of some of the polar surfaces associated 


with this quartic cone. The polar plane of the vertex (0,0,1,0) of the f 
tetrahedron is the face y= 0. The polar plane of the vertex (0,0,0,1) has | 


the equation 


+ a(8a; + 20a, — 17a) y + 2(16aas + 48aa; + 104ad¢ 
— 16a,” — 75a?)z = 0. 


The polar quadric of the vertex (0,0,1,0) is degenerate, being composed of 


two planes given by the equation 24ay? — (4a, — 3a)z2 0. The polar cubic 
of the vertex (0,1, 0,0) is the hyperosculating plane of C at O counted three [ 
times. The polar cubic of the vertex (0,0, 1,0) is degenerate, being composed 


of three planes given by the equation 


32ay® — 4( 4a, — 3a) yz” — (8a; + 20a, — = 0. 


The polar cubic of the vertex (0,0,0,1) is also degenerate, being composed 
of the hyperosculating plane of C at O and a quadric whose equation 1 | 


+ 4a(4a,— 3a) y? + 3a(8a; + 20a, — yz 
2 (16aas 48aa;, 104aa, —— 16a,7 75a”) 2” = 0. 
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3. Plane sections of the tangent developable. In the neighborhood of 
the undulation point O on the space curve C the equations of the tangent 
developable are 


(10) ry’, Z=2+ 72, 


where (z,y,2) represents the point on C at which the tangent is drawn, 
(1,y’,2’) is a point on that tangent, primes denoting differentiation with 
respect to x, (X, Y,Z) is a variable point on the tangent, and r is a para- 
meter. We shall first study the intersection of the tangent developable and 
the hyperosculating plane, Z 0, of C at O. In order to do this, we set 
Z=0 in the third of equations (10), substitute for z and 2 their values 
from equations (2), and solve for 7 as a power series in z. Substitute this 
value for r in the first of equations (10), getting an expression for X in terms 
of z. Invert this series to get x as a power series in XY. Then in the equation 
for Y in (19) substitute the series for r and the series for y and y from (2), 
getting Y as a series in x. Now use the series for x in terms of X to get Y 
asa series in XY. The result of this computation is 


(11) Y = (5°/4*)aX* — 
The following theorem follows from the form of equations (11): 


THEOREM 3.1. The section of the tangent developable in the neighbor- 
hood of an undulation point O on a space curve C made by the hyperosculating 
plane of the curve at the undulation point is a curve having an undulation 
at O, having as its tangent at O the undulational tangent of C at O, and 
having precisely 4-point contact with C at O. 


In a manner similar to that employed above, the intersection of the 
tangent developable with the face XY —0O of the tetrahedron of reference 
can be found. The equations of this section are 


(12) Z=AY*#4 X=0, 
where 
A= 4/{3(—3a)”*}, B= {2 — (Tae) /3a}/{3(— 3a) */*}. 


From the nature of these equations, we draw the conclusion: 


THEOREM 3.2. The plane curve (12) has a quadruple point at O with 
the quadruple point tangents coinciding in the line X = Y =0. 


Finally, let us investigate the section of the tangent developable made by 
the face Y 0. The equations of this curve are 
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Z=AX'4+ Y=0, 


where 
A= (—44a)/3, B= =—4*{3%a/2 — 4%a6/3}/3". 


This section has a quintic point at O; the tangent at O is the undulational 
tangent, Y = Z = 0, of C at O; and the curve has precisely 4-point contact 
with C at O. 


4, Projections of the curve. Let us take a point (a, 8, y) in space and 
project the curve C, represented by equations (2) in the neighborhood of the 
undulation point O on C, onto the faces of the tetrahedron of reference. 
If we designate a point on the curve as (a, y,z) and a point on the projection 
as (X,Y,Z), the equations of the projection are 


(13) X¥=2+(a—2)t, Y=yt(B—y)t Z=24 (y—2)t, 


where ¢ is a parameter. 


First we consider the projection of the curve onto the hyperosculating 
plane, Z = 0, of C at O. In this case y #0. To find the equations of this 
projection, set Z = 0 in (138), solve for ¢, put this value for ¢ in the expression 
for XY, at the same time substituting for z its power-series expansion from (2). 
This will give Y as a series in z. Invert this series to get x as a series in X 
and then make this substitution for z in the expression for Y, having used 
the series for y from (2). The result of this computation furnishes the 


following equations for the projection: 


(14) Y=aXt+ AX'+ C0X'+ DX8+:--, Z=0 (y £9), 


where 
~A=—a(3/2+B/y), (2af)/y, 
C =a; — + 3a/4)/y, 
D = 4a?a/y + ds — B(az — a¢/2 + a/8)/y. 


From these equations the following theorem is seen to be true: 


TuEoREM 4.1. The projection of a curve C in the neighborhood of a § 
undulation point O from a point (a, B,y) in space onto the hyperosculating j 
plane of C at O is a curve having an undulation point at O, having the q 
tangent of C at O as its tangent, and having precisely 5-point contact with & 
C at O. 
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It is evident that if (a, 8,7), is chosen in the face X = 0 but not on the 
line X = Y = 0, the results of the above theorem are not changed. However, 
if the point (a, 8,y) is in the plane Y = 0, but not on the line X = Y — 0, 
then equations (14) become 


= aX* — (3a/2)X° + agX® + + (as + 
(yA 0), 


and it can be seen that this projection has, in addition to the properties stated 
above, the property that the cone represented by the series for Y in (15) 
has precisely 8-point contact with C at O. | 

If the point (a, 8,y) is chosen on the line XY = Y = 0, but not at the 
point (1,0,0,0), the equations of the projection are 


Y =aX* — (8a/2)X* + agX® + + agX® + (dg — 8a?/y)X® + °° 
Z=0 (y 0). 


In addition to the properties stated in the theorem above, the cone represented 
by the series for Y has precisely 9-point contact with the curve at the undula- 
tion point. 

Next we assume that the point (#,f8,y) is not in the face X —9 
(that is, a540) and study the projection of the curve C from this point 
onto = 0. Let us first assume that 8,y) is not in the face Y —0; 
the equations of the projection then are 


Z = (y/B)Y — X=0 (a8 ~0). 
The next theorem follows immediately : 


TuHEorEM 4.2. Jf a space curve C, in the neighborhood of an undulation 
point O, be projected from a point (a, B,y) not in either the face X =0 
or the face Y =0, onto the face X =0, then the projection is a curve having 
an undulation point or singularity of higher order at O. The tangent to the 
projection at O has the equations X =0, BZ —yY =—0. 


If the point (a, 8,y) lies in the hyperosculating plane, Z = 0, but not 
on the line Y = Z =O, the equations of the projection from (a, 8,0) onto 
the face = 0 are: 


Z = — — + X=0 (aBA0). 


This projection has a quintic point at the undulation point O of C and has 


} as its tangent at the quintic point the edge XY = Z = 0 of the tetrahedron. 


If the point (#,8,y) lies in the plane Y 0 but not on the line 
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Y =Z =O, then the equations of the projection of C onto the face XY =0 


are 
Y=AZ*4+ (ay £0), 


where 


A =aa'‘/y*, B= (3aa*/y*) (1 + «/2), C = a4 + 6a + /y’, 


It can be seen that this projection has an undulation point at O with the 
edge X = Y —0 of the tetrahedron as the undulational tangent. 

Now let us take («, 8,y) on the line Y = Z =O, but not at the point 
(1,0,0,0). The equations of this projection are 


Z = — + X=0 (a0). 


This curve has a quadruple point at 0 with the quadruple point tangents 
coinciding in the edge X = Y ~0 of the tetrahedron. 

Lastly, let us take the projection of the curve C in the neighborhood of 
the undulation point O onto the face Y —0 from the point (a, B,y) in 
space with B+ 0. The equations of the projection are 


(16) Z=— (ay/B)X*+ DXF+---, Y=0 
(BA~0), 
where 
A=a- 8ay/28B, B=— (2a+acy/B), 
C = dg + 34/4 — ary/B — 4a*ay/B”, 
D = a; — + a/8 — asy/B + 8a°y/B + 27a?ay/2B? + 5a°a/B. 
The next theorem is a consequence of the form of these equations. 


TuEoREM 4.3. The projection of C onto the plane Y =0, represented 
by equations (16), is a curve having an undulation point or singularity of 


higher order at O, the undulation point of C, and having precisely 4-point | 
contact with C at O. The undulational tangent of the projection is the F 


undulational tangent of C. 


It can easily be verified that if (a, 8,7) lies in the plane X = 0, but not F 
on either of the lines ¥ = Z =0 or X = Y =0, none of the results of the 
above theorem is changed. On the other hand, if (a, 8,y) lies in the plane 
Z = 0, that is, y = 0, but not on either of the lines ¥ = Z =0 or Y=Z=0,F 
then the projection represented by equations (16) has a quintic point at O with F 
tangent Y = Z =—0 and has 4-point contact with C at O. The cone repre 
sented by the equation for Z has precisely 8-point contact with C at 0. 
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) Finally, if («,8,y) lies on the line XY =Z—0O but not at the point 
(1,0,0,0), then the equations of the projection of C in the neighborhood 
of the undulation point O from (0,8,0) onto the plane Y 0 are 


Z = aX* — 2aX® + (ag + 38a/4)X* + (az — ae/2 + a/8) X® 

+ (ds — a;/2 — 3a/16 — 4a7/B)X®°4+---, Y=0 
This curve has a quintic point at O, the tangent at O being Y = Z —0, the 
undulational tangent to C at O. The projection has precisely 4-point contact 


with C at O and the cone represented by the series for Z has precisely 
9-point contact with C at O. 
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PAIRS OF RECTILINEAR COMPLEXES.* 


By V. G. GROVE. 


1. Introduction. It is our purpose in this paper to initiate a study 
of pairs of rectilinear complexes in one-to-one line correspondence. If corre- 
sponding lines of the pairs are skew we call the pair skew; if corresponding 
lines intersect we call the pair non-skew. We derive a canonical tetrahedron 
for each of these two cases. Fundamental to the study are pairs of pencils 
of linear complexes L,, LZ, having first order contact with the given complexes 
r,, along corresponding lines g;, go. 

Skew pairs may be classified into two types—to the first of these belong 
those pairs for which the congruence of lines common to certain complexes 
of the pencils Z,, L2 has distinct directrices, and to the second those having 
coincident directrices. 

Certain covariant figures associated with the pairs are found, namely 
quadrics and tetrahedral complexes, and general methods of finding covariant 
curves and surfaces are given. From these considerations many points, lines 


and planes, covariant to the pairs, may be found. 


2. Analytical basis for skew pairs. Let the complexes T,, T. under 
study be generated by lines gi, gz, and let 2, x2 be distinct points on 4, 
and #3, x, be distinct points on g». Let the homogeneous coordinates 
of these four poirts xi be analytic functions of the inde- 
pendent variables u*, wu’, u®, and let the corresponding lines gi, gz be given 
by the same values of u', u°, u®. The coordinates of the points 2; satisfy a 
system (3) of differential equations of the form 


(2.1) Lig = Lig = 02; /0u%. 


repeated indices indicating summation over the ranges of those indices. The 


following indices, and ranges will be used consistently 1, j,k = 1, 2, 3,4; 


a, B,p,o = 1,2,3; p,qg=—1,2; r,s =3,4. The integrability conditions [1] 


of (2.1) are 
(2. 2) Qial,p + = + (ip Aka). 


* Received June 28, 1947. 
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The complexes I',, T, are unchanged by the tranformations 


(2.3) Lp = Ap"Xq, = pr®Le, | Ap? | 0, | pr? | 0, 


We shall use (2.3) to reduce (2.1) to a canonical form. 


The general coordinates X* of a point X may be related to its local 
coordinates referred to the tetrahedron (21, by the expression 


Let Xp be two points on a neighboring line g’; of g: of T, determined by 
the parameter values w*-+ Aw*, and X;, similarly be two points on g’2 near 
gz The general coordinates of these four points are given by the power 
series expansions 

XG = Zi,pAu? a. 


Using (2.1), we find that the power series expansions of the local coordinates 
&' of Xp and é-* of X, are respectively 


(2.4) Ent = 8p! + - - + +- - - 


Defining the homogeneous Pliicker coordinates of the lines g’:, g’2 by 
the expressions 
we find from (2.4) that the power series expansions of these Pliicker 
coordinates are 


Imposing the conditions that the equations of the linear complexes 
(2.6) Aijw=0, Biwi =0, Bis —=—By, 


be satisfied respectively by the first and second of (2.5) up to and including 
the first powers of Au*, we obtain the equations of the pencils of linear com- 
plexes having four-line contact with T;, T2 along g:, g2 in the form (2.6) 
with coefficients given by 
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(2. 7) = 0, = 0, Ay, = = 0, 
Ax = ki, By» == ko, ke arbitrary. 


Among the complexes of these pencils are those containing the lines g,, 9, 
respectively. They are given by (2.6) under the conditions (2.7) with 
k, =k, =0. We denote these by L; 0, L2 = 0 respectively. If we denote 
the well known invariants [2] [4] of Z,—0, Z2=—0 by Jh, I, and their 
simultaneous invariant by J, that is 


I, + A;3A42 + I; By2Bss + By3Baz + 
J = A12B34 + + A14Bo3 + Ao3Bis + + 


then the invariant J of the pencil AL, + pL, —0 is given by 
(2. 8) I + Jap + 


The directrices of the congruence L;—0, L.—0 are therefore distinct or 


coincident according as 


T = 


does not or does vanish. We shall say the skew pair T,, T2 belongs to the 
first type or the second type according as T~0 or T=0. 


3. Skew pairs of the first type. In the null-system established by 
L, = 0 (or by the first of (2.6) under (2.7)) and by Lz, 0 (or the second 
of (2.6)), the null-planes of the points @, Z, defined by (2.3) have the 


respective equations 


The first of (3.1) for p=1 passes through #;, and for p= 2 passes through 
#3, the second of (3.1) for r= 3 passes through #2, and for r= 4 through 4%, 


if the respective equations are satisfied by Ag”, us": 


(3. 2) 0, 0, ps” BprAs? = 0, pes’ 0. 


Interpreting the first and third of (3.2) as two projectivities on a line 
corresponding “points” having coordinates Ai*/A.?, and 
s°/ps*, it is easy to show that the double points are distinct or coincident 
the 
gene 


according as 740, or T=0. Since for pairs of the first type T ~), 
we may choose the point 2, X3, so that 


(3. 3) Ais = Acs = Big = Bog = 0. 
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We may readily confirm the fact that if conditions (3.3) hold, and if 
I, (or Iz = 0), then 7 —0, contrary to hypothesis. It follows now from 
(2.7) and (3.3) that there exist functions f, g such that 


(3. 4) = = 93a". 


The equations of the complexes LZ; = 0, Z,—0 now may be written in the 
respective forms 


(3. 5) = 0, — w)3 gu*? q 


From (3.5) the special linear complexes of the pencil AL, + »L,—0 are 
the complexes = 0, Hence the directrices of the congruence 
L,=L.=0 are the lines and (x2%4). The local tetrahedron of 
reference is therefore completely determined. The complexes L, =—0, L2=0 
are in involution if f+g9—0. 

The vertices, faces and edges of the local tetrahedron being covariant to 
the pair T;, T. one may find other covariant figures in many ways. We 
illustrate one method, which is essentially that of moving frames of reference 
of Cartan [1]. 


It may be verified that the derivatives of the local coordinates é* of a 
point X are given by the formulas 


Under the conditions 
(3.6) At == du*/dt, 


the points z; of the covariant tetrahedron of reference generate curves Ci, 
the lines g,, gs generate ruled surfaces, and the faces 4 = 0 envelope develop- 
able surfaces S; respectively. The tangents to the edges of regression of S; 
are respectively 

(3, 7) = =U. 


Suppose the functions (3.6) satisfy the system of differential equations 


(3. 8) = 0, 


the matrix of whose coefficients is of rank two. Then the equations of the 
generators of S; are 
(3.9) (aya't!, bat, ba?) —0 


y 
d 
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wherein (djq‘, ba’, ba”) is the determinant of the matrix whose a-th row is 
Aja‘, bat, ba®. In particular if bg! = dgq', ba? = daa’, the line gz of T2 ts the 
tangent to the edge of regression of S;; again if bat = doa* = fara‘, Da? = dag! 
= Jzq” the tangents to the curves Cy generated by the points x; intersect 
the respective edges (2,23), (41,74), (@1,%4), (@2,%3) fori =1,2,3,4. The 
edges of regression of the developables S; are the respective curves Cy generated 
by 2;. It will be shown in the last section that the rank of the matrix of (3.8) 
in this latter case is one if and only if the four-line linear complezes of the 
complexes of lines (21,23) contain the lines (41,24) and (22, 2X3). 

Returning to (2.6), under the conditions (3. 4) we observe that the 
null-plane of the point P:(1,A,0,0) on g; in the first of (2.6) intersects 
gz in the point P2(0,0,Af,—1). The points P, on g; are projectively related 
to the points P2 on go, the line P;P: generating the quadric 


(3. 10) ge 4 fee —0. 


By using the second of (2.6) a second covariant quadric, 


(3. 11) + = 0, 
is found. 

One may readily verify that the polar planes of the points on 
(%1,%3)[(22,%s)] with respect to (3.10)[(3.11)], and the null-planes of 
those point with respect to L; =0 (L2=0) are planes of an involution on 
the line (a2, 2%s)[ (21,23) ], the double planes being the faces of the covariant 
tetrahedron through that line. 


Again, the tangent planes at points on g, to the quadrics (3.10), (3.11) | 
4 


intersects g2 in projective ranges of points. These points determine respec: 


tively with 2,, x2 projectively related pencils of lines. The tetrahedral | 


complex [2] determined by these pencils has the equation 


(3. 12) + foot? = 0, 


One of the cross ratios of the points of intersection of the lines of this | 
tetrahedral complex being f/g, we note that these points are harmonic {{{ 


and only if and are in involution, that is f+ 9 = 0. 


The ruled surface R, generated by g:, under the conditions (8.6), 184 


developable if and only if 
(3. 13) Ago*du’dur = 0, 


and the ruled surface R. generated by g2 is a developable if and only if 
(3. 14) = 0. 
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It follows from (3.13) and (3.14) that ordinarily there exist four curves 
C, along which x, must move so that the ruled surfaces Ri, Rz generated by 
91, gz shall both be developables. A partial study of skew pairs of the first 
type may be made: by a study of the simultaneous quadratics (3.13), (3.14). 


4, Skew pairs of the second type. In a manner similar to that used 
in the previous section, we may choose the line (2,23) as the doubly counted 
directrix of the congruence L,; 0, Z,2—0. This is equivalent to choosing 
the coordinate system so that Ais; = Biz; = 0, as may readily be verified from 
(2.7) and the condition 70. An examination of J,, J, and T =0 shows 
the existence of a function g such that 


(4. 1) = gAzs, By = 


The pencil AL, + »L,—0 has a doubly counted special complex given by 
A/u=— g,-the equation of this complex being o*? = 0 verifying that the 
line (4,23) is the directrix of LZ,—LZ.—0, provided of course that 
Be AgAw If the complexes Ly =0, L2=0 are identical. 
Since a single linear complex has no absolute invariant, it is clear that no 
covariant tetrahedron can be found for T,, T2 using such linear complezes. 

Under the conditions (4.1), the equations of the complexes L, = 0, 
L,=0 asume the form 


Dy = + Asgw?? + Agow*? = 0, 


(4.2) 
= gl + = 0. 


The form of (4.2) is preserved under ali transformations of the form 
(4. 3) => = Lp, = 73, = Ba’ 0. 


From the first of (4.2) we observe that the null-plane of zx, in L, =0 is the 
plane (21, 22,24) if and only if An examination of the transform 
Ay. of Ags under (4.3) shows that for a given point Z there exists a unique 
point for which Ay—0. The conditions Ay —0, in view of 
(2.7), and J; 40 imply the existence of a function f such that 


fa 


The equations L,; = 0, now assume the form 


L, + aun () 


(4. 4) 


t 
é e 
(I 
é 
on 
1) | 
his 

Cie 


370 Vv. G. GROVE. 


The form of (4.4) is preserved under all transformations of the form (4.3) 
for which 
(4. 5) = 0. 


The projectivity (4.5) between the points Z on gi and &, on ge generates 
the covariant quadric 


(4. 6) 4 0. 


It is easy to show that the envelope of the null-planes in L,; =0 of points on 
(Z2, 4) is the quadric (4.6), and the envelope of the null-planes in L,=0 
of the points on (2,24) is the quadric 


In a manner similar to that used in Section 2 the equation of the pencil 
of four-line complexes of the complex of lines (a2, 23) 4s 


(4. 7) Cijot) = 0, = 0, Ci, =k (arbitrary) 
the remaining coefficients being determined by the equations 
(4. 8) C'3jA2p/ 0. 


We observe that the covariant line (x1,x;) belongs to every complex of the 
pencil (4.7) if and only if Cis; =0. Under the. transformation (4.3), the 
transform C,; of Cis is given by the expression 


+ [ (dsa*, (dsa*, Aza’, Qia*) Cis} 


There exist therefore two points Z on g; each of which determines with the 
covariant point x; a complex whose pencil of four-line complexes contains the 
covariant line (21,3). We now choose the point x2 as the harmonic conjugate 
of z, with respect to these points. That is we may choose 22 so that 


(4. 9) (dsa', Asa‘, (dsa’; Asa‘, Aoq*), (dsa", Aza‘, 0. 


The point x, is determined by the projectivity (4.5). This coordinate system 
may be described as follows: the tetrahedron 21, %2,%3,%q 18 such that the 
lines (21,%2), are the lines g:, of T:, T2, the edge (21,23) is the 
doubly counted directrix of the congruence L, = L,=0; the vertex 1s the 
harmonic conjugate of x, with respect to the two points each of which deter- 
mines with x; a complex whose four-line complexes each contain this directria; 
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the point x, 1s the corresponding point of x2 in the projectivity which preserves 
the form of L,=0, L,—0. We give a geometrical interpretation of the 
inequality in (4.9) in the next section. 

In a manner similar to that of the previous section, covariant curves, 
lines and points for pairs of this type may be found. We content ourselves 
with the remark that on every surface through x, there is a curve C, whose 
tangent at x, intersects the edge (X2,x3) of the covariant tetrahedron. The 
tangent to the corresponding curve C2 at x2 intersects the directrix (21, £3) 
of L, = L, = 0. 


5. Non-skew pairs. In this section we derive a canonical tetrahedron 
for non-skew pairs of complexes. Let the corresponding lines gi, gz of T1, T2 
be the lines (2,23), (#1, 7s) respectively in the notation of Section 2. These 
complexes are unchanged by the transformation 


(5.1) f.—la,+ + pr. 

The four line complexes of Ti, T, along gi, g2 are found to be respectively 
0; Quel 0, Pum Qu—0, Qu 

k,, k, arbitrary, the remaining coefficients being determined by the equations 
(5. 3) — Psjdia=0, jsa? — Qs = 0. 


The first of (5.2) contains the lines (41,24) tf Pis = P23 = 0. 
These conditions are equivalent to demanding that the rank of (3.8) with 
= ba? digi be one. 

We observe that the null-plane of x3 in the first of (5.2) passes through 
t, and the null-plane of the second passes through x; respectively tf and 
only if 
(5. 4) Pss = Qs = 0. 


The transformation (5.1) with 


+ P34m = 0, Qisd Qsap = 0 


| makes } a Qsa, the transforms of P34, Qs, under (5.1), vanish. We assume 
| that this transformation has been effected. It remains to choose the edge 


(%:,22) and the vertex 2. of the tetrahedron. . 


To this end we choose the line (21,22) to lie in both complexes (5. 2). 
This is equivalent to choosing A?, A’, At in (5.1) so that Piz= Qi =0. 


é 
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This choice is unique; we assume that this transformation has been effected, 
Assuming that the complexes (5.2) are not special, that is Pi: P2; 40, 
Q13° Qs2 ~ 0, it follows from our assumptions concerning the choice of 23, 2, 
and the line (2,22), namely 


2 = = = = 
that there exist non-vanishing functions f and g such that 
(5. 5) = fara", Asq° = — gaia". 


The four line complexes of T,, T, along gi, g2 assume the respective simple 


forms 
w!t — fo? + kot? = 0, — + = 0. 


The conditions (5.5) are invariant under the transformation 
Ly = 711, APL py = V3, = 0. 


The equation of the pencil of four-line linear complexes of the complex 
of lines (21,22) is 
(5. 6) = 0, 


Ai; being defined by the first of (2.7) and A120, Asa =k. This complex 
contains the line (a3,7,) if k=O, and the null-planes of 23, x4 are the 


respective planes 
(5. 7) Ap3é? 0, Apsé? 0. 


The point x. may be uniquely chosen as the harmonic conjugate of 2, with 


respect to the two points of intersection of the planes (5.7) with the line 
(%1,%2). That is we may choose 2, so that 


Az3A14 = 0. 
The equation of the pencil (5.6) then assumes the form 
+ + + hot? ] + = 0. 


A covariant tetrahedron for non-skew pairs of complexes has therefore 
been characterized geometrically. It may be described as follows: the edyes 
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(t1,%3), (%1,%4) are the corresponding line gi, g2 of the pair; the edge 
(11,22) belongs to all complexes of the pencils of four-line linear complexes 
of T:, T2 along gi, gz; the null-planes of x, and x3 in these respective com- 
plexes pass through x3 and x, respectively; the point x2 is the harmonic 
conjugate of x, with respect to the two points of intersection with (a1, v2) 
of the null-planes of x3, 4 in the four-line linear complex of the complex 
of lines (21,22) which contains (a3, 24). 

Returning to the first of (5.2) with coefficients given by the first of 
(5.3), we find that the equation of the null-plane of the point X defined by 


a Ala, -+ 


+ + ( Pos€é? P43") = 0. 


By imposing the conditions that this plane coincides first with the covariant 
plane (2,23, %,) and then the plane (2, 22,x;) the covariant points 


(5. 8) = + Xe = + 


are given geometrical characterizations. The vanishing of P:, and P2; may 
therefore be interpreted. But from (5.3) we find that 


Py= (3q”, ia‘, iq"), P23 = Asa‘, ia‘). 


A geometrical interpretation of the inequality in (4.9) is therefore known. 

In a manner similar to that used in Section 4, and in view of (5.5) 
we may show that on every surface through x, there exists a curve C, such 
that its tangent at x, intersects the line (x3,x%4). The tangents to the corres- 
ponding curves Cz, Cs at x3, &y intersect the line (1,22). Unless the rank 
of the matrix of the coefficients of the equations 


(5.9) =0, = 0 


is less than two, there exist unique curves C,, C2, C3, Cs whose tangents at 
U2, intersect the respective lines (x3, (3,4), (21,22), (1,22). 
If the rank of (5.9) is one, there exists a function h such that 


From (4.7) and (4.8) these conditions are equivalent to demanding that 
the four-line complexes of the complex of lines (2,23) be non-singular and 
contain the lines (a3, 
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Under the conditions (5.9), the tangents to the edges of regression of 
the developable surface S; enveloped by the planes é' = 0 are 


— Azq', Aa” = 0 


These covariant lines determine in an obvious manner other covariant points 
and lines. 


MICHIGAN STATE COLLEGE. 
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ON THE REPRESENTATION OF PROJECTIVE ALGEBRAS.* 


By J. C. C. McKInsey. 


C. J. Everett and S. Ulam? have defined projective algebras and have 
raised the question whether every projective algebra is isomorphic to a certain 
kind of class of binary relations. They answer this question affirmatively 
for complete atomic projective algebras. In the present paper I shall show 
that the answer is affirmative also for the general case, by proving that every 
projective algebra is isomorphic to a subalgebra of a complete atomic pro- 
jective algebra. 

The method of proof is by means of the Boolean ideals which M. H. 
Stone used in establishing a representation theorem for Boolean algebras.’ 
I shall assume without proof such well-known results * as that every ideal 
is contained in a prime ideal; and that, if one prime ideal is contained in 
another, then the two are identical. 

I shall refer to Everett and Ulam’s postulates and elementary theorems 
by the same symbols they use (“P1”,:--,“P%” for the postulates, and 
“C1”,- - +,“ C31” for the theorems), but without quoting them in eztenso. 

I shall use Everett and Ulam’s notations for Boolean algebras: thus I use 
“A” for logical product, “ \V ” for logical sum, an accent for negation, 
“7” for the Boolean unit element, “0” for the Boolean zero element, “ = ” 
for inclusion, and “ < ” for proper inclusion. I also use their notation for 
z-projection, y-projection, and (-product. 

I shall follow Everett and Ulam in using lower case Latin letters to 
designate elements of an arbitrary projective algebra. I shall use lower 
case Greek letters to indicate sets of elements of an arbitrary projective 
algebra—and thus, in particular, for ideals. I shall use Latin capitals to 
stand for classes of sets of elements of arbitrary projective algebras—thus, 
in particular, for classes of ideals. 

I shall use the usual notation of set theory for set-theoretical operations 


* Received February 27, 1947. 
+C, J. Everett and S. Ulam, “ Projective algebra I,” American Journal of Mathe- 
matics, vol. 68 (1946), pp. 77-88. 
*M. H. Stone, “ The theory of representations for Boolean algebras,” Transactions 
of the American Mathematical Society, vol. 40 (1936), pp. 37-111. 
3? See M. H. Stone, loc. cit. 
375 


1 of 
ints 
er- 
ous 
an 


( J. C. C. MCKINSEY. 


and relations—thus, “\J” for union, “{]” for intersection, “—” for 
difference, “C™” for inclusion, “CC” for proper inclusion, and “e” for 
membership. I shall write “ {a}” to mean the set whose only member is 4, 
and “A” for the empty set. 


Definition 1. By an ideal in a Boolean algebra, I shall mean a non-empty 
set « of elements such that: 


(i) if aea and bea, thena/A beg; 
(ii) if aea, and ab, then beg; 
(iii) 
An ideal @ is called a prime ideal, if it satisfies the further condition: 
(iv) for every a, either ae@ or a’eu. 


Definition 2. If « is any prime ideal, then by a we shall mean the 
set of all elements wu such that, for some v in @ ve Su. By ay we shall mean 
the set of all elements wu such that, for some v in @, vy S u. 


Lemma 1. If @ is a prime ideal, and if aStz, then either ae a, or 
(a’ iz) € 


Proof. Of the two elements aO ty and (a0 iy)’, one belongs to «. 
Hence, by C21, either (a t,) or [(a’ Aiz) Diy] ea. Hence, by Defi- 
nition 2, either (a iy)2e % or [(a’ A tr) tylee %. Hence, by P5, either 
or (a’ /\ tz) 


LemMA 2. If @ is an ideal, then & is an ideal. 


Proof. Condition (i) of Definition 1 follows from C4. Condition (ii) 
is obvious. Condition (iii) follows from P3. 


Lema 3. If @ is a prime ideal, then a is a prime ideal. 


Proof. From Lemma 2, we see that it suffices to show that condition 
(iv) of Definition 1 is satisfied. Let a be any element of the projective 
algebra. Since (a / tz) Sz, we see from Lemma 1 that either (a A iz) © % 
or [(a A iz)’ A iz] ea. Since [(a A iz)’ A iz] =a’ A iz, we conclude that 
either (a /\ iz) € @ or (a’ iz) Since (a A iz) Sa and (a’ A iz) Sd, 
our lemma now follows from condition (ii) of Definition 1. 
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LemMa 4. If a is a prime ideal, then a is a prime ideal. 
Proof. Similar to the proof of Lemma 3. 


Definition 3. If A is a class of prime ideals, then by Az we shall mean 
the class of all prime ideals %, where «¢ A. By Ay we shall mean the class 
of all prime ideals ay, where «¢ A. We shall denote the class of all prime 
ideals by 7; thus Zz is the class of all prime ideals « such that, for some £, 


Br. 
Lemma 5. If A and B are classes of prime ideals, then 
(A U B)e=Azc U Be and (A U B)y= Ay U By. 


Proof. From Definition 3. 


LemMa 6. If A is a class of prime ideals, then Ay =A if and only tf 
A=A, and Ay=A and only if A=A. 


Proof. By Definition 3 and Lemmas 3 and 4. 
LemMa 7. If ais any element of a projective algebra, then (a A tr) S ae. 


Proof. Since (a A ir) Sa, we see by C1 that (a A te)e Sas. Since 
iz) Siz, we see by C8 that (a A = (a A tx). Hence the lemma. 


Lemma 8. For any prime ideal a, the following conditions are equivalent. 


(i) ae; 
(i1) 
(iii) tea. 
Proof. It is obvious that (i) implies (ii). 


To see that (ii) implies (iii), let ae Zz. Then there exists a prime 
ideal 8 such that «= By. Since B, we conclude that iz € a. 

To see that (iii) implies (i), suppose that 12¢«. In order to show that 
%=¢,- it suffices (since «@ and a are prime ideals) to show that ¢ Ca. Let 
abe an arbitrary element of a. Then, for some 0 in #, bea. Since beg, 
and, by hypothesis, a, we have (b A tz) and hence, by Lemma 7, 
brea. Hence, since be Sa, we have ae @, as was to be shown. 
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Lemma 9. For any prime ideal a, the following conditions are equivalent 
(i) a—ay; 
(ii) ely; 
(ili) wea, 


Proof. Similar to the proof of Lemma 8. 


LemMA 10. If a is any prime ideal, then @rz = % and Gy = 4y,. 


Proof. By Lemmas 8 and 9, since Tz and a Ly. 


Lemma 11. If A is any class of prime ideals, then Ace = Ax and 
Ayy = Ay. 


Proof. By Lemma 10 and Definition 3. 


Definition 4. By ao we shall mean the set of all elements wu of the 
projective algebra such that po =u, where po is the atom mentioned in P2 
and P6. By P» we shall mean the class whose only member is 7». 


Remark. It is readily seen that 7 is a prime ideal. 
Lemma 12. If @ is any prime ideal, then ary = Gy2 = mo. 


Proof. To show that ay = 7o, it suffices to show that po € @zy. But since 
tea, we have and hence tzy S therefore, using P2, po € ay, a 
was to be shown. The proof that az =» is similar. 


LEMMA 13. Tey Tye Fo 


Proof. By Definition 3 and Lemma 12. 


Definition 5. If « and are prime ideals such that we Jz and Be 
then we denote by « X 8 the set of all elements wu such that, for some v in 2 
and w in B, u=(vAtr) O (wAt). We denote by « OB the set of all 
elements u such that, for some v in «MB, 


Lemma 14. If and B are prime ideals such that ae Tez and Be Ty then 
a ©] B is an ideal. 


Proof. To show that condition (i) of Definition 1 is satisfied, suppose 


( 
( 
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that (« and B). Then there are elements a; and az of 2, 
and elements 0, and bz of 8, such that 
[(a Ate) O (i AY) Su 
[(a2 A te) O (b2 A ty) S ue; 


alent 


from this we conclude immediately that 


(1) {[(a Ate) A ty)] A [(a2 A te) (b2 A ty) J} S (us A ue). 


From Cil, since a; a2 tg Siz, and AySh, 
we see that 
(2) {L(a Ate) A (a2 Nie) ] O A ty) A (b2 A ty) 
= {[ (a, A iz) D ty) A [(az2 A tz) (b2 A iy) ]}. 


and 


It is clear, since we are dealing with a Boolean algebra, that 


A iz) A (a2 A ic) = [a A ae A ie] 


the 


1 P2 iy) /\ iy) | = [by bg ty]. 


From (1) we conclude, by means of (2), (3), and (4) that 


(5) [(a Adz Ate) O (br A b2 A ty) S A U2). 


Since (a; /\ a2) © @ and (b, A bz) © B, we see that 


ince 


A az A iz) O A A ty) ] 


28 


is in . Hence, from (5), u; A Ue is in as was to be s 7 
isin Hence, f A as to be shown 


It is obvious that condition (ii) is satisfied. 
To see that condition (iii) is satisfied let us consider the implications 
of the assumption that Oe @) 8. Then by Definition 5 we conclude that 
0ea {I B, and hence that there is an element a of « and an element b of B 
such that (a /A iz) O (bAty) =0. By CY we conclude that either 
a/\iy=0 orb Ai,=0. By Lemmas 8 and 9, ize and tye hence since 
@and B are ideals, (a \ iz) ea and (b At,) ef. Thus we see that either 
0ea or 0c 8, which is absurd in view of the fact that # and @ are ideals. 


hen 


Definition 6. If a and B are prime ideals such that eeZz and Bey, 
then by «0 8 we shall mean the class of all prime ideals y such that 
(«© B) Cy. If A and B are classes of prime ideals such that A C Jz and 


Ty, 

n % 

all 
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BCT, then by A O B we shall mean the union of all classes « O £8 of prime 
ideals, where ae A and Be B. 


LemMA 15. If A and B are non-empty classes of prime ideals, such that 
ACI, and BCIy, then AO B is not empty. 


Proof. Let ae A and Be B. By Lemma 14, «OB is an ideal. Since 
every ideal is contained in a prime ideal, we see from Definition 6 that 
#0 is not empty. Since «0 8 is contained in AO B, we conclude, 
finally, that A 0 B is not empty. 


Lemma 16. Jf A and B are classes of prime ideals such that A CI; 
and BC Iz, then (AUB) OL=(AOI,) U(BOL,). If A and B ar 
classes of prime ideals such that ACI, and BCI, then Iz 0 (A UB) 
=(J,0A)U OB). 


Proof. By the second part of Definition 6. 
LemMaA 17. If aeTIz, then (« O 


Proof. Since a is a prime ideal, and « © zp» is an ideal, it suffices to 
show that «CaO 7. Suppose, then, that a is an arbitrary element of «. 


Since, by Definition 4, poem, we see by Definition 5 that [(a/ iz) 
0 (po Aty)Je(¢ Om). By C6 we have po A ty = po, and by C16 we see 
that(a A iz) 0 po= (a A iz). Thus we conclude that (a A iz) © (@ Om). 
Since a /\ tg Sa we therefore have ae (# H) 7), as was to be shown. 


Lemma 18. If then «0 m= 


Proof. It is clear, by Definition 6, that ae (« 0 2) since, by Lemma 17, 
(aE) 7). Now let B be any prime ideal belonging to «Om. Then 
«fim C£, and hence, by Lemma 17, aC 8. Since @ and B are prime 
ideals, we therefore conclude that B =a, as was to be shown. 


Lemma 19. If ael,, then O a= {a}. 
Proof. Similar to the proof of Lemma 18. 
Lemma 20. O Po=Ie and Oly 
Proof. By Lemmas 18 and 19. 


LemMMA 21. Let ael, and Bely, and suppose that ye (a0 B); then 
and yy= Bf. 
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Proof. To show that yz =a, it suffices to show that «Cys. Let a be 
an arbitrary element of a. Since iyeB we have [(a/A iz) Otley, and 
hence [(a /\ iz) ye. By P5 we then have (a / iz) ye; and hence, 
since (a /\ tz) Sa, @€ yz, as was to be shown. 


The proof that yy = is similar. 


LemMA 22. If ACACI;z and AC then (AO B)c=A and 
(AD B)y=B. 


Proof. The inclusion (A 0 B)z CA follows immediately from Lemma 
21. To see that AC (A 0 B)z, suppose that «¢€ A; we wish to show that 
ae(1 OB). Since, by hypothesis, B is not empty, let Be B. Since «0 B 
is not empty, let ye (2 OB); then Since A, and A Clz, 
we see that ae J,. Similarly, Be 7, Thus a, 8, and y satisfy the hypothesis 
of Lemma 21, so we conclude that Thus ee Since 
(0 8) (AO B)z, we conclude finally that «e (A O B)z, as was to be 


shown. 
The proof that (A O B),=Bé is similar. 


LemMA 23. If a is a prime ideal, and if wea and vea, then 
(ue O vy) 


Proof. Since wea and vea, we have (u/\v)ea. By C10 we have 
(uAv)S[(uAv)cO (uAv),], and by C4 and C9 we see that 
[uA (uA v)y] S (uz O vy); hence (u Av) S (uz O vy), so that 
(ur 0 vy) € @, as was to be shown. 


LemMA 24, If @ is any prime ideal, then ae (a 0 ay). 


Proof. To prove the lemma it suffices to show that (#, O a) Ca, and 
hence it suffices to show that (a, KX a) Ca. Let, then, w be an arbitrary 
element of a Ka. By Definition 5, there is an element wu in @;, and an 
element v in ay such that w= (uAiz) 0 (v At). By Definition 2, there 
are then elements u, and v; in @ such that (wi)2Swu and (v)ySv. By 
Lemma 23 we see that (v1)y]e%. Since, by C2, (ui)2 Site and 
St, we have and hence, by C9, 
[(w:)2 O (v1)y] Sw, so that wea, as was to be shown. 


Lem 25. If A, B, and C are non-empty classes of prime ideals such 
that Cp =A and Cy=B, thenCC (A OB). 


11 
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Proof. Let « be any member of C. Then ace A and ae B, and hence 
(%Ow)C(AOB). But, by Lemma 24, ae(a,O a). Heng 
ae (A OB), as was to be shown. 


THEOREM I. The class of all classes of prime ideals of a projectivs 
algebra is a complete atomic projective algebra under the operations of union, 
intersection, complementation (with respect to the class, I, of all prime ideals) 
and the operations Az, Ay, and A 0 B introduced in Definitions 3 and 6. 


Proof. It is clear that the algebra is a complete atomic Boolean algebra, 
From Lemmas 5, 13, 6, 11, 22 and 25, 20, and 16 (respectively) we see that 
Everett and Ulam’s postulates P1,- - -,P% are satisfied. 


26. If bSaz and (bOw) Aa=0, then b=0. 


Proof. Since (6 O iy) \a=0, we have aS (b Ow)’; and hence, by 
C21,aS (b’ A iz) Oty. Hence, by C1, A iz) Diyle. We then 
conclude by P5 that (b’ Atv). Thus 6SarS SO’; and 
hence b = 0, as was to be shown. 


Definition 7. If a is any element of a projective algebra, then by F(a) 
we shall mean the class of all prime ideals « such that ae a. 


Remark, Thus, to say that «e F(a) is equivalent to saying that ae« 


LemMA 27. If a is any element of a projective algebra, then F (az) 


=[F(a)]e. 


Proof. Suppose first that «e[F(a)]z. Then there exists a prime 
ideal B such that Be F(a) and Then and hence 
azea. But means that ae F(az). Hence [F(a) ]eC Faz). 

Now suppose, on the other hand, that ae F(az). Let 8 be the set of all 
elements of the form (uO t,) a, where wea and uSiz. B is not empty, 
since [(a2 Oty) Aale®. 

Moreover, we notice that 0¢ 8. For otherwise there would be an element 
u of « such that (u O ty) \a=0. Then, by C9, [(uA ar) 0 ty] Aa=0, 
and hence, by Lemma 26, u A az =0. Since uS tz, we have, by C8, uz =4, 
and hence Since «e F (ar), we have az ea, and hence, making use oi 
P4, Thus (u A ar) or 0€ 4%, which is absurd in view of the 
fact that a, is a prime ideal. 

We notice next that if u,¢ 8 and u.e B then (wu; A uz) © B. For suppose 
that u, =[(v, Aa] and w—([(v. Oty) Aaj, where v2 €4, 
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v: <tr and v, Siz. Then, making use of C11, we have uw, A w2=([(v1 A v2) 
o%,| Aa, and hence (uw; A ws) € B, as was to be shown. 

We now define y to be the set of all elements w such that, for some 
element v of 8, vSu. From what has been proved about 8, it is easily seen 
that y is an ideal. Let 8 be any prime ideal such that y C6. 

Since we see that ize, and hence [(i2 Oty) A ale Hence, 
by C10, we conclude that a is in 8, and hence in 8 Hence Se F(a). To 
complete our proof, it will therefore suffice to show that «—8,. Since 82 
and a are both prime ideals, however, it is sufficient to show that a C 82. 

Suppose then that wea. Since ize¢a, we have (u/Atc) ea. Hence 
[(u A ic) O iy] Aa is in B, and hence in 6 Hence (uw A iz) O ty is in 4, 
and hence [(w A iz) is in 82. Hence, by PS, (uAiz) is in 82, 
and hence wu is in 82, as was to be shown. 


LEMMA 28. If a ts any element of a projective algebra, then F(ay) 


[F (a) 


Proof. Similar to the proof of Lemma 27. 


LemMA 29. If a; and az are any elements of a projective algebra (with 
and az Sw), then F(a, az) = F(a,) O F (az). 


Proof. If a, = 0, then, using C7, F(a, 0 az) = F(0) =A—=AO F(az) 
=F(a,) O F(a). Similarly if az Hence we shall take a, ~0~ az. 


Now suppose first that «e F(a,) O F(az). Then there is an a, € F(a,) 
and an € F(a.) such that O ; and hence such that Ca. 
Since a, € @, and dz €@s, we therefore conclude that (a, 0 a2) € a, and hence 
that ee F(a, O az), as was to be shown. 

Now suppose, on the other hand, that «e F(a, O a2). Then (a; O az) €@, 
and hence (a; or Similarly Thus F(a,) 
and aye F (a2); and hence, by Definition 6, (#2 0 ey) C [F(a.) O F(az)]. 
By Lemma 24, on the other hand, ae (a 0 a). Hence we conclude that 
ae [F(a,) O F(az)], as was to be shown. 


THEOREM II. Every projective algebra is isomorphic to a subalgebra of 
a complete atomic projective algebra. 


Proof. Let K be any projective algebra, and let T be the corresponding 
algebra of prime ideals over K. By Theorem I, [ is a complete atomic 
projective algebra. Let A be the class of elements A of T such that, for 
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some ain K, AF (a). It follows from the results of M. H. Stone ® that 
whenever =F (b) then a—b, and that 


F(a b) = F(a) F(b) 
F(ab) = F(a) U F(b) 
F(a’) =I—F(a). 
Moreover, from Lemmas 27, 28, and 29 we have 


F(az) = [F(a) 
F (ay) = [F(a)]y 
F(aQOb) =F(a) O F(b). 


Thus A is a subalgebra of I, and is isomorphic to K. . 


From Theorem II, together with the results of Everett and Ulam, we 
obtain the following. 


THEOREM III. Every abstract projective algebra is isomorphic to a 
projective algebra of subsets of a direct product. 
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THE ARITHMETIC OF BELL AND STIRLING NUMBERS.* 


By H. W. Becker and JOHN RIorDAN, 


1. Introduction. The Stirling numbers of the title are those intro- 
duced by HE, T. Bell [3] and are derived from ordinary numbers of the 
second (or first) kind by repeated matrix multiplication: thus 


(1.1) S(c, r,s) = S(c¢,1,s— t)S(1, 1, 


where the summation is over all values for which the numbers exist. The 
Bell numbers introduced in Bel] [2] are Stirling numbers summed on ¢, i.e.: 


(1. 2) B(r,s) = 3c r,s) = S(t, 7, t) B(t, s — 
the last as a consequence of (1.1). 


The notation adopted here, which is an innovation, is intended to suggest 
the exhibition of the Stirling numbers in three dimensional lattices, c for 
column, r for row and s for stack or index. 

The interesting thing, aesthetically, in the arithmetic of these numbers 
is their periodicity modulo p, a prime. For the Bell numbers of index 1, 
fairly complete results are known and are reviewed in 2. In 3 we give a 
generalization of these to numbers of index s, proving that the period is 


pe 1, <= s 


Similar results for the simpler Stirling numbers (index 1) which can hardly 
be new are given in 4, while 5 treats the general case. 
Our treatment, following Bell, rests essentially on the Lagrange identical 


congruence 
(1.3) =a? —a, (p), 


(t)» being the Jordan, [6] and [7], factorial notation ; 


()»—a(e—1) (w@—p+1) =%S(i,p,— 


Of its many extensions, Bell [2], we need only the following 


(1. 4) (2? — x) = (x? 3; S(t, 7,1) 
= 9 (1, 7,1) (x) 


* Received June 25, 1947. 
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Here and from now on all congruences are taken modulus p, a prime, without 
explicit indication. 
For use of these in the sequel, it is worth noting that the instances 
=—1 of (1.1) and (1.2) may be written more concisely as 


(1. la) S(c, 1,8) = [S(c, »s+1)],, 
(1. 2a) B(r,s) = [B( ,s+1)]>, 


In these the terms on the right are to be interpreted symbolically using the 
conventions of the Blissard or umbral calculus: v° = 2, with blank 
spaces indicating the variable so treated; thus 


[S(c, 1)], = 38 r, — 1) [8(e, + 
3,8(i,r, —1) S(c,i,8 +1). 


For concreteness, a table of the Stirling numbers of general index for 
the first few rows and columns appears below. 


TABLE I. 
Stirling Numbers S(c, ¢ + 7, s) 


2 3 
s(3s — 1) /2 s(2s — 1) (8s —1)/2 
s(9s — 2) 5s (3s — 1) (4s — 1) /2 
5s (6s — 1) 15s(4s — 1) (5s — 1)/2 
5s (15s — 2) 35s (5s — 1) (6s — 1)/2 
35s (9s —1)/2 70s (6s — 1) (%s—1)/2 


4 
s(45s? — 65s? + 30s — 4) /6 
3s (225s° — 235s? + 80s — 8) /6 
21s (225s* — 185s? + 50s — 4) /6 
14s (1575s* — 1070s? + 240s — 16) /6 
126s (630s? — 365s? + 70s — 4) /6 


S(c,c+1,s) =enC2s; S(c,¢ + 2,8) = + 1)s — 2]/4 
S(c,c + 3,8) =c,C.s[(¢ + 1)s—1][(e + 2)s—1]/2 
S(c,¢e+ 4,8) = caCss[15(c + 3) 38° — 20(3c? + 12¢ + 11)s? 

4+ + 2)s — 32]/48. 


For any s, S(c,r,s)=0, c>r, c<0 or r<0; S(c,¢,s) =1, 
8(0,7,s) =0, and S(c,r,0) = 8(c,r), the Kronecker delta. Similar 
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results for Bell numbers, which are used later, are obtained by summing on 
diagonals; thus B(1,s) =1, B(2,s) =1-+s, and so on. 


2. Exponential integers. <A brief résumé of the arithmetic of the Bell 
numbers of index 1, due mainly to Bell [2], Touchard [8] and Hall [4], 
but rediscovered by Williams [9], is given here for the light it casts on the 
general case. 


From 
[B( ,1)], = B(r, 0) 


which is an instance of (1.2a), and (1.4) with m=1 and z°=B(r,1), 
the Touchard congruence 


(2.1) B(p + 1,1) =B(r+1,1) + B(r, 1) 


follows at once. Regarded as a difference congruence, this has the charac- 
teristic equation * 


(2.2 Ef, + I, 
EF, of course being a shift operator such that #,B(r,1) = B(r+41,1). 


Congruence (2.2) implicitly ‘contains the whole of the arithmetic of 


these numbers since 

(2. 3) Ey‘ =F, +4, 
(2. 4) (EF, +1) acp, 


Writing B(r,1) = B, for brevity, the last corresponds to 


(2.6) Brot = U(B + i)“ Br, 


where the right hand side is symbolic. 
If aj =1 for 1—0 to p—1, 


[p] =1+p+p?+--: prt = (p?—1)(p—1)* =P, 


1Thanks are due Marshall Hall for a long communication to one of us showing 
the elegance of the characteristic equation in deriving the period of the exponential 
numbers given in his unpublished paper [4]. 
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and 

(27) B,.p = Br\(B + 1)(B+2)-+-(B+p—1), 
= Br( Be — B), 
= B,, 


which is Hall’s result (rediscovered by G. T. Williams [9]) that P, or some 
divisor of P of course, is the period of the exponential numbers. The result 
used in the second line is a consequence of Lagrange’s congruence. 

3. Bell numbers. By (1. 2a) and the instance m —1 of (1.4) with 
x replaced by the umbra B( ,s +1): 
(3.1) +1) =% S(i,7,1)B(p 
The characteristic equation corresponding to this is 


(3. 2) = Bea = 
where 
E;B(r, s) >i B( i+ 1, 7) 


that is to say, the shift operator E; operates on the Bell number of corre- 
sponding index in the second form of equation (1.2). 
Equation (3.2) with the boundary relation: Hy = 1 leads by iteration to 


(3. 3) 
so that 


EY = EP + +° + +1, 


and finally, provable by induction: 


s 


(3.4) Ee + thea + °° + 


The formula for the congruence of a general Bell number, index s, with 
r arbitrary in the scale of p is similar to (2.5)—with H, + 7% replaced by the 
right of (3.4)—and need not be written out in full. But we should note, 
for verifications, the congruence corresponding to (3.4) namely: 


J 


For r= 0, S(k, 0,7) =1, k =0, and zero otherwise, so that 


Ww 


in agreement with Bell [2], 4.5. 


For r= 1, 8(0,1,7) =0, S(1,1,7) =1, and 


Ome 

rith 3, ( j )e i+1) ( 


in agreement with Bell [2] eq. 4.6. The next three results of the same 
kind (not given explicitly by Bell) are as follows: 


(3. 8) + 2,8) = B(2,s) 


(3.10) B(p'+ 4,8) = B(4,s) 


+ (9s? + 10s + 3) 


s—2 


where 


B(2,s) =s+1, 
B(3, 8) 3 


B(4s)—=s+1+13(* 47) +18 


A more interesting use of (3.4) is in determining the period of the 
numbers. Note first that the coefficients on its right are those in 


(1—2)*=3%; ro 


Hence for i= p, it may be reduced by the congruence (Hardy and Wright 
[5] Theorem 76) 


For s << p and q = p’, 
= Eg, 


and 


(3.11) B(q+r—l1,s) =B(r,s). 
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The period of B(r,s) is then p?—1 for all s less than p. B(r,1) of 
course has the smaller period, 2, (py? —1)(p—1)-. For specific values of p, 
smaller periods may appear. We have no results on these but have verified 
that B(r,2) has its full period 26 for p= 3. 

For pSs < p’, and 

+ Esp + Es-op +° 
E,w”=E,, 
by a repetition of the preceding argument, so that the period for ps < p° 
is —1. 
The general result for the period is 


(3.12) p™ss< 


This may be proved as follows. First the persistence of the period over 
the interval is evident from the results given above. In (3.4) putts =p"; 
then since 


= 0 otherwise, 
all terms of (3.4) vanish, save the first and last, and 
(3. 13) = Ey +1, Q= pe", 
or 
(3. 14) B(Q +1, p") =B(r+1,p") + B(r, p™). 
This reduces to Touchard’s congruence (2.1) for m0. Also 
EO = 


or 
(3. 15) B(Q? + r—1, p™) =B(r, p™). 


Hence the period for s = p™ is Q? —1 or p?”™" —1, as in (3.12). 


4, Stirling numbers of the second kind. Though strikingly similar to 
that of Bell numbers, the arithmetical structure of the generalized Stirling 
numbers is sufficiently different to warrant a preliminary study of a simple 
case, the Stirling numbers of the second kind, for orientation. 

Using (1.4) with m=—1 and 2” replaced by S(c,r,1), or for brevity 
S(c,7r), and the instance s=0 of (1.1a), a congruence which sums to the 
Touchard congruence, (2.1) above, is obtained at once: 
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of (4.1) S(c,p+r) =S(c,r+1) + 3:8(i,r)8(c, p +4), 
or 
fied S(c,p +r) =S(c,r+1) + 8(c—p,r). 


Note that S(c,r) =0, c< 0. 


Then 


<p, 


and in this range of c the numbers have period p—1. For other values of c 
it is convenient to replace r by c+ r since S(c,r) =0, r<c; this squares 
off the triangular matrix of values. From (4.1) it is apparent that the 
residues may be treated in rectangular blocks of p by p—1 and each block 
is the sum of the block above and the block on its left; hence 


(4. 1a) 


(2) = (4) 


Here i and j are positive integers or zero and the ranges of c and r are 1 to p 
and 0 to p—2, respectively. The arithmetical structure then follows from 


that of the binomial coefficients. 
The characteristic equation corresponding to (4.1) is 


(4.3) + Ey 


with both operators working only on the row index as with Bell numbers: 
ES (c, r) = 38 (i, r)8(c,t +1) = S(c—1, 1). 
By iteration of (4.3), 


(4. 4) Bye =F,+ +: Ee, 
so that 


S(c,r + =S(c,r +1) + 8(c—p,r) 


Note that the left has 7+ 1 terms in concordance with the Bell number 
congruence £,?'=F,+%. For c< p, all but the first term on the left are 
vacuous; for pc < p? all but the first two are vacuous and so on. It 
follows at once from this that the period of the numbers is 


P= pi(p—1), 


for in this range of ¢ both S(c,r-+ p/) and S(c,r-+ pi*1) have the same 
congruence. This may be improved slightly since, from (4.2), the period 
for c= pi is pi(p—1). 


(4. 5) paced", 
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5. Generalized Stirling numbers. For the generalized Stirling number 
S(c, r,s), the fundamental characteristic equation is 


(5. 1) + 
By iteration, and equation (4.3), this leads at once to 
(5. 2) =H; + + 


and to the more general result 


This congruence plays the same role in the arithmetic of Stirling numbers 
that (3.4) does for Bell numbers. In non-symbolic form it reads: 


(5. 4) S(c, p +18)=2 j S(k, 7, 7)S(c,k +1,s—j) 
j= 
) S(c— pij,r,s). 
Hence it may be used for specific results and for periodicity. 
For the former note first the instance r 0, for which 


(5.5) 


(5. 6) 8(c, pi), e>1. 


As instances of the last, verified by Bell ([3], equations 4.2, 4.14, 4. 18, 
respectively) note that 


S(c,p',s) =0, l1<c<p, 
S(c, p, 8) =8(c, p), 
S(c, p®, 8) = 88(c, p) + 8(¢, p*). 
It is convenient to exhibit results for two conditions : ¢ and p greater 


than r+ 1 and less than r+ 1. For the former 


(5.7) => S(c— pj,r,s). 
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For the latter the results corresponding to those given for Bell numbers 
may be conveniently exhibited in the table below, where for brevity B*, is 
written for B(pi+r,s—1) and Si; for 7,8) 


B*, 
2B*, S2B*, B*, 
3B*, + + 3B*, + S2sB*o 
Turning now to the period, results similar to those for Bell numbers 
(and in form similar to those of Stirling numbers of the second kind) may 


be obtained by a similar method. We first state the general result: writing 
qm = p?”, then the period for the general Stirling number S(c,1r,s) is 


(5. 8) Pes = (qm —1), 
p® < Qm'p®. 
For orientation, the case s = 2 deserves notice as the simplest available. 
Here, by equation (5.3), 


and 
p’, 


since all terms after the first are vacuous in the given range of c. For 


(5. 10) = 


for the same reason. Continuation of the process leads to 

Now put 1s = p™ in equation (5.3); then 

(5. 12) = + 


by the binomial congruences used for the Bell numbers. By the process used 


above, it appears at once that 


(5. 13) Eypmam' < < 


in accordance with (5.8). 


r/e 1 2 4 
0 B*, 
| 
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For t= p™, s= p™+ 1, 

(5. 14) = FE, +- E,™, 

and for i=p", s=p™+h 

(5. 15) = E, + 


and (5.8) follows from a detailed application of the process illustrated 
for s = 2, 
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ON A THEOREM OF MILLOUX.* 


By PuHiLip HarrMan. 


1. In the system of linear, homogeneous differential equations, 
(1) A(t)z, (’=d/dt), 


let ¢ denote a real variable, A(t) an n by n matrix of functions (possibly 
complex-valued) and z a vector with n components. An asterisk will denote 
the complex-conjugate transpose for square matrices, vectors or scalars. The 
main theorem to be proved is 


(i) Jf A(t), where0OSt < is a continuous matrix function having 
the property that 
(2) lim | 2(¢)| exists for every solution 2 = z(t) 


of (1), then necessary and sufficient for the existence of at least one solution 
vector 2(t) satisfying 


(3) lim |z(t)| =0 
t-0o 
1s 
t 
(4) nf trace A(s)ds—>— © o. 
0 


It is possible to state criteria in terms of the coefficient matrix A(¢) 
which assure that the system (1) has the property (2). In this direction, 
a result of Wintner [2], pp. 557-559, on non-linear systems implies 


(ii) Jf A(t), where OSt < ©, is a continuous matrix function such 


that the Hermitian matrix 
(5) A(t) + A*(t) is non-positive definite for 0 =t< o, 
then every solution vector z(t) of (1) satisfies 


(6) | z(¢)| is non-increasing ; 
hence (2) holds. 


While conditions (4) and (5) together imply the existence of at least 


* Received January 10, 1948. 
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one non-trivial solution of (1) satisfying (3), they do not imply that all 
solutions of (1) satisfy (3), see 2 below. If, however, the “averaged con- 
dition ” (4) is replaced by 


z*{A(s) + A*(s) as 

then every solution of (1) satisfies (3); cf. Wintner [2], p. 557. 


2. The assertions (i) and (ii) imply the following theorem ‘of Milloux 
[1], p. 49: 


(iii) Jf f(s) is a real-valued, continuous (scalar) function which, for 
large s, 1s monotone and satisfies 


(7) f(s) > asso, 
then the differential equation 

(8) Z+f(s)e=—0 (-=d/ds) 
possesses at least one non-trivial solution x =2x(s) 0 satisfying 

(9) r(s) >0 ass> 


The question of the existence of such a solution was first raised by 
Biernacki, cf. Milloux [1], p. 49. The proofs of (i) and (ii) furnish a 
simple proof of (ili), in contrast to the very complicated proof of Milloux. 

An example given by Milloux [1], p. 50, shows that not every solution 
of (8) must satisfy (9). Although, in his example, the coefficient function 
f(s) is a monotone step-function, this function can be modified? so as to 


1 When f(s) possesses isolated discontinuity points, by a solution = a(s) of (8) 
for s < s < © is meant a function which possesses, on s, < s < ©, a continuous first 
derivative and, at every continuity point of f(s), a second derivative, which is con- 
tinuous and satisfies (8). 

The required modification of Milloux’s example f(s) ean be obtained as follows: 
The non-decreasing property of f(s) implies that every solution © =—~a(s) of (8) is 
bounded (as s>%). It follows, therefore, that if'g(s) is a function (with isolated 


discontinuities) satisfying 
f | 9(8)| ds < %, 


then every solution w=-2(s) of (8) satisfies (9) if and only if every solution 
y=y(s) of 
(8 bis) 9 + (f(s) +9(s))y=0 


tends to 0 as s> ©; Wintner, [3], (iv), p. 267. (This theorem is stated and proved 
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furnish a smooth f(s). The modified example shows that (4) and (5) do not 
imply that every solution of (1) must satisfy (3) ; cf. the deduction of (iii) 
from (i) and (ii) below. 


38. Proof of (ii) and (i). In order to prove (ii), suppose that (5) holds. 
If z==2(¢) denotes an arbitrary solution vector of (1), then the derivative 
of | z |? = 2*2 is 


+ 2*(A + A*)z. 


loux 


Hence, by the assumption (5), the derivative of the non-negative function 
|2(t) |? is non-positive. This proves (6) and (ii). 

In order to prove (i), suppose that (2) holds. Let Z(¢) denote a funda- 
mental matrix of (1), that is, a non-singular matrix in which the j-th column 
isa solution vector z= 2;(t) of (1) for 7—1,---,n. If is an arbitrary 
constant vector, then the vector 


for 


(10) z=2(t) =Z(t)c 


isa solution of (1); furthermore, (10) is a non-trivial solution whenever 
c#0. The squared length of (10) is the positive definite Hermitian form 


(11) | z(t) |? = c#Z*(t)Z(t)ec. 


The elements of the matrix Z*(t)Z(t) are the scalar products 2;*(t) z(t). 
By applying (2) to the solutions 2;(¢) + and 2;(t) + of (1), 
it is seen that the scalar products 2;*(¢)z:(t) tend to limits as [—> 0. 
Hence, the Hermitian matrix Z*(¢t)Z(¢) tends to a limit matrix, say H, and 
the corresponding limit belonging to the function (10) is the non-negative 


Hermitian form 
(12) c*Hc = lim | z(t) |?. 
t-00 


The proof of (i) will be complete if it is shown that (4) is necessary 
and sufficient for the existence of a vector ¢=40 for which (12) vanishes. 
Since HT is a non-negative definite Hermitian matrix, the existence of such 
a vector ¢ is equivalent to the vanishing of the determinant of H. Clearly, 


loc. cit. for the case where f(s), g(s) are continuous, but it is clear that the proof also 
holds for the type of functions at hand.) Hence, (8 bis) possesses a solution y = #(s) 
violating (9), since the same is true of (8). Now, if f(s) is the function in the 
example of Milloux, an absolutely integrable function g(s), with a sequence of isolated 
discontinuity points, can be constructed such that f(s) + 9(s) is monotone, tends to 
infinity and is continuous (or even differentiable). 
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det H = lim det{Z*(t)Z(t)} =lim| det Z(¢) |*. 
t-00 t>00 
Hence, the Jacobi identity for fundamental matrices, 


det Z(t) = det Z(0) exp trace A(s)ds, (det Z(0) 
0 


shows that (4) is necessary and sufficient for det H = 0. 
This completes the proof of (i). 


4. Proof of (iii). Let sso be chosen so large that f(s) is positive 
and monotone non-decreasing for s > 8. In what follows, only s-values 
satisfying s = So occur. 

Suppose, for a moment, that f(s) possesses a continuous derivative, 
f(s) 20. If the new independent variable 


(13) t= 1(s) = AM(s)ds 
is introduced, the differential equation (8) becomes 
(f/f34) a" +a=—0, 


where the prime denotes differentiation with respect to ¢ and the argument | 
of the function occurring in the coefficient of 2’ is s == s(t), the inverse of 
(13). The last differential equation is equivalent to a system (1), where | 
n is 2, the vector z is (x,z’) and the coefficient matrix is 


. 4x(4) — (° 0. 
A(t) —=(_ ; hence, A(t) + A*(t) = 
What remain to be verified are conditions (4) and (5) of (i) and (ii), [ 


respectively. Clearly, (5) holds, since (= 0. Also the integral in (4) 3 
at 
< J (f/f%) dt = — f (f/f)ds = — log f(s) + const., 


by (13). Hence, (7) implies (4). This proves (iii) if f(s) possesses 4) 
continuous derivative. : 

If f(s) does not have a continuous derivative, this proof can be modified : 
along the following lines: Let = (s) be any real solution of (8) and le : 
Zo(s) denote the “ conjugate energy,” 


(14) @o(s) = 2°(s) + {4*(s)/f(s)}. 
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Then, in virtue of (8) and the monotony of f(s), 

dx) (s) = x?(s)d(1/f(s)) S90, 
where the differentials are to be interpreted in the sense of Stieltjes inte- 
gration; ef. Wintner [3], p. 257. Since (14) is non-negative, it follows that 


lim Z(s) 
8-0 


exists and is non-negative for every real solution x= 2(s) of (8). Clearly, 
the proof of (i) can now be applied to the present situation, where the vector 
z becomes (2, «/f?). 
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THE SET ON WHICH AN ENTIRE FUNCTION IS SMALL.* 


By R. P. Boas, Jr., R. C. Buck, and P. Erpés. 


Let f(z) be an entire function and M(r) the maximum of | f(z)| on 
|z|—r. We give some results on the density of the set of points at which 
| f(z)| is small in comparison with M(1r) ; although simple, these results seem 
not to have been noticed before. 

If # is a measurable set in the z-plane, we denote by Dr(E) the ratio 
m(zeE,|z|<R)/rR? and by and the upper and lower 
densities of H, that is the superior and inferior limits of Dr(E) as Ro. 
For a fixed function f(z), let E)\ be the set of points z for which log | f(z)| 
<= (1—A) log M(|z|). Our results may be stated as follows. 


THEOREM 1. For any A> 1, there is a number K, the same for all 
functions f(z), such that D(E,) SK. Moreover, 0< KSA. 


In particular, for A—2, the upper density of the set where | f(z)| 
<1/M(|z|) is at most 1/2. Much stronger results are known for entire 
functions of small finite order. The interest of Theorem 1 is that it holds for 
all entire functions and that, contrary to what might be expected, K is 
strictly positive. We shall show that a lower bound on XK is given by 
8?/(1-+8)? where 8 is the positive root of 6(2+8)*=—1. For A=, 
this can be improved to .1925; the same method will yield better values for 
other choices of A. For lower density, the following is true. 


THEOREM 2. As A> ©, D(E)) =0(A*). 


It might be conjectured that this also holds for the upper density, and 
for the numbers K = K(A). 


We first prove that A is an upper bound for D(E£,). Consider the : 


integral 


I = (1/27) M(r) —log | f(re#*) |}d0. 


Let f(z) ='2’9(z), g(0) #0. Then, by Jensen’s theorem 


* Received July 28, 1947. 
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functions f(z), we investigate a special function. Consider the product 
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I = log M(r) — p log r — (1/27) f “bg | g(re*9) | dé 
< log M(r) — p log r —log | g(0)|. 
Let Hy, be the set of values of 6 for which log|f(re)| is less than 
(1—A) log M(r). By applying to the integral J the identity f (x) dx 


om f ‘Y(r)dr where ¢(x) = 0 and y(r) is the measure of the set on which 
0 


¢(x) =r, the integral J may also be expressed as 
I = log M(r) f m(Hr,y) dd. 
0 
Hence, writing C = log | g(0)|, we have 
logr+C 
H,,)dasi— 
(1) (1/2m) m(Hra)d 1— 
Choose Ry so that M(r) > 1 for r= Ryo; then 


R 
EB, Ro <|2|<R) ff m(Hr.x)r dr. 
Ro 


Integrating this with respect to A and using (1), we have 


(2) 1 — Ry?/R? — f° 


where is with the circle | z |S Ro deleted. 


We may suppose that f(z) is not a polynomial. (In this case, it is 
easily seen that D(H,) —0 for all A>0.) Since log M(r) is convex in 
logr, it follows that log r= o(log M(r)) as r tends to infinity, and hence 
that the right side of (2) is 1+ 0(1) as R-> oo. As X increases, the sets 
decrease and Dr(£,*) is monotone for fixed R. Thus, ADR(E)*) 


ff, De(Ex*)aa and letting R increase, we have AD(E,) <1. 
0 


The proof of Theorem 2 also falls out of the inequality (2). Letting 
R tend to infinity, we have 


oO 
f, 
0 
and since the integrand is monotonic, lim A D(E,) = 0. 
\>00 


To obtain a lower bound on K, the least upper bound of D(Ej) for all 
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oo 
f(z) = (1—2/a")”, a>b>1, 
which defines an entire function of order log b/loga. Put 
co 
$(z) =| f(z) | M(r)* =I {| |(1 + 
k=1 
Suppose that z lies in the region S described by 
(3) |1—2/a"| (1+ S=B<1. 
Let r/a” be less than y for all z in S. Then, 
II (1 +- go" TT (1 + r/ak)do* 
k<n k>n 


S (Ayar*) (Ayan?) exp {Aya" (b/a)*} 
k>n 


and 


d log Ay rb log a hy 
As b and a tend to infinity in such a manner that b- log a and b/a approach 
zero (e.g., @=b?), the bracket approaches log 8 which is negative. Thus, 
for any 8 <1 and for suitable a and b, ¢(z) < 1 for all z in S, = for the 
special function that we have constructed, S C F). 

There is a set of type S enclosing each of the points za". We now 
estimate the upper density of the union of these sets, and hence the upper 
density of Ey. We may take B=1. Put w=—2z/a"= the set 


corresponds to the set S* bounded by the curve |1—w + ppt =1. 
+ 8)**=1 lies in S*. The ratio 


The circle 


Dy.53(S*) is at least 8/(1 + 8)? a since this is independent of n, this | 
number is a lower bound for K(A). A better bound can be obtained by 
computing the radius po for which Dp,(S*) = m(we S*, | w | S po)/mpo" 8 F 
greatest. This number is then the desired lower bound. In the special F 


case A= 2, numerical integration gives the value .1925 for this ratio. 


With reference to generalizations, we observe that the relations (1) and 


(2) hold with p=0 with any subharmonic function v(z) replacing the 


function log |f(z)|, and with p(r) = max, v(re) replacing log M(*); 
provided that C= v(0) is finite. In addition, there is equality instead of fF 
inequality in (1) and (2) if v(z) is a harmonic function without singularities F 
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CONCERNING NON-APOSYNDETIC CONTINUA.* 


By F. Burton Jones. 


Introduction. During the past thirty years considerable attention has 
been given to the topological properties of compact continua. But until 
recently very little has been done to fill the gap between indecomposable con- 
tinua and continuous curves.*_ The work of Whyburn ? and Wilder * on semi- 
locally-connected continua is a step in this direction. In many ways semi- 
locally-connected continua strongly resemble continuous curves. So there 
still exists a gap between them and indecomposable continua. This paper is 
devoted largely to a beginning of the study of the internal properties of 
continua lying in this gap. ‘These continua are non-aposyndetic and are 
studied from that point of view mainly because of its simplicity. The other 
characterizing notion is the weak cut point property. A continuum which 
is totally non-aposyndetic must contain at least one weak cut point. And 
such points are everywhere dense in a continuum which is not semi-locally- 
connected anywhere. It is well known that every point of an indecomposable 
continuum is a weak cut point of it. 


1. Definitions and preliminary theorems. Let space be metric. A 
circular region with its center at the point p and its radius equal to « > 0 
will be denoted by U(p,e). A point p of a continuum M is said to be a 
weak cut point of M provided that M— p contains two distinct points x and 
y such that every subcontinuum of M containing «+ y contains p. Under 
these conditions p is said to cul « from yin M. A point p of a continuum M 


| is said to be a strong cut point (or a separating point) of M provided that 


M—p is not connected. Under these conditions p is said to separate x 


from yin M. If M is a set, by an open subset of M is meant a subset of M 


*Received June 10, 1947; Presented to the American Mathematical Society, 


November 29, 1946, and December 30, 1947. 


*See R. L. Moore’s Foundations of Point Set Theory, Karl Menger’s Kurventheorie, 
and G. T. Whyburn’s Analytic Topology. 
*G. T. Whyburn, “ Semi-locally-connected sets,” American Journal of Mathematics, 


} Vol. 61 (1939), pp. 733-749. 


*R. L. Wilder, “Sets which satisfy certain avoidability conditions,’ Casopis pro 
Pestavani Mathematiky a Fysiky, vol. 67 (1938), pp- 185-198, and “ Property S,,” 
American Journal of Mathematics, vol. 61 (1939), pp. 823-832. 
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which is open relative to M. A circular open subset of M with center p of 
and radius e will also be denoted by U(p,¢) when no confusion results. 

Let M be a continuum and let z and y be distinct points of M; if M 
contains a continuum H and an open subset U such that M—y > H OU Dz, 
then M is said to be aposyndetic at x with respect to y. Let x be a point ofa 
continuum M; if for each point y of M—z, M is aposyndetic at x with 
respect to y, then M is said to be aposyndetic at z.* A continuum M which is 
not aposyndetic at a point x of M is said to be non-aposyndetic at x or more 


briefly, non-aposyndetic. A continuum which is non-aposyndetic at each of | 
p 


its points is said to be totally non-aposyndetic. 


A continuum J is said to be semi-locally-connected at a point x of M ! 


provided that for each open subset U of M containing z there exists an open 
subset V of M such that U \ Vz and M—LU is contained in the sum 
of a finite number of components of 1J—V. A continuum which is semi- 
locally-connected at each of its points is said to be semt-locally-connected.> 


THEOREM 0. In order that a compact continuum M be semi-locally- 
connected at a point p of M, it is necessary and sufficient that M be aposyn- 
detic at each point of M—p with respect to p. 


Theorem 0 may be established with the help of the Heine-Borel Theorem. | 


THEOREM 1. Suppose that M is a continuum and that L1, Le, B,*° 


and Y2, Ys," are sequences such that (1) for each i, is a point of 


and y; is a point of (2) 21,22, converges to a point x and 
Y15 Y2, Ys, * * converges to a point y distinct from x, and (3) for each 4, M 
is not aposyndetic at x; with respect to y;. Then M is not aposyndetic at 4 
with respect to y. 


Proof. If M were aposyndetic at x with respect to y, M would contain 
a continuum H and an open subset U such that M—y > H DU Oa. Henet 


for some integer i, M—y; ~ H DU xj, and M would be aposyndetic at 


x; with respect to y; contrary to hypothesis. 


THEOREM 2. If x is a point of a continuum M and K is the set of all} 


points y of M —~- such that M is not aposyndetic at x with respect to y, then 


K+<2 is closed. 


‘F. B. Jones, “ Aposyndetic continua and certain boundary problems,” Ameria 


Journal of Mathematics, vol. 63 (1941), pp. 545-553. 
5G. T. Whyburn, loc. cit., p. 734. For the definition of other terms and pines 


the reader is referred to Moore’s book. 


— 
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THEOREM 3. If y is a point of the compact continuum M and L is the 
set of all points x of M—y such that M is not aposyndetic at x with respect 
to y, then L + y ts a continuum. 


TuHeorEM 4, Jf M is a compact continuum, the set N of points of M 
at which M is non-aposyndetic is the sum of a countable number of closed 
sets (i.e., N is an Fo-set). 


Proof. Let 7 denote a positive integer and let N; denote the set of all 
points x of N such that for some point y of M—a, M is not aposyndetic at x 
with respect to y and 8(z,y) 21/1. Let a denote a simple sequence of 
distinct points of NV; converging to a point 2. For each z of @, let y denote 
a point of M such that M is not aposyndetic at x with respect to y and 
8(z,y) 21/i, and let 8 denote the sequence of these points y. Let 41, yo, 


yz," * * denote a subsequence of 8 converging to a point yo of M and let 
1, * denote the corresponding subsequence of Evidently 2, 
Z3,° * * converges to the point a and %~ yo. By Theorem 1, M is not 


aposyndetic at hence N; is closed. But N=3Ni, 1—1,2,3,---. 


THeorEM 5. Jf M is a compact continuum, the set of points of M at 
which M is not semi-locally-connected is the sum of a countable number of 
closed sets. 


Theorem 5 may be established with the help of Theorem 0 and an 
argument similar to that used for Theorem 4. 


THEOREM 6. Suppose that (1) M is a compact continuum, (2) D is an 
open subset of M, and (3) Mo is a closed subset of M such that D- M,= 0. 
Suppose further that for each point x of D, there exists a point y of M, 
such that M is not aposyndetic at x with respect to y. Then if z is a point 
of M— Mp, there exists a point 2 of D and a point yo of Mo such that yo 
cuts from z in M.° 


Proof. Wet z denote a point of M — My, and let D, denote an open subset 
of M such that D> D,, D,- (My +2) =0, and 8(D,) < 4. Let K, denote 
the set of all points y of My such that for some point x of D,, M is not 
aposyndetic at x with respect to y. The set K, is closed and is the sum of a 
finite collection G, of closed subsets each of which has diameter less than 4. 
For each element g of G;, let L(g) denote the set of all points x of D, such 
that for some point y of g, M is not aposyndetic at x with respect to y. For 


*The hypothesis of Theorem 6 may be weakened in many respects without affecting 
the validity of the conclusion. For instance, D may have points in common with M,. 
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each g of G,, L(g) is closed and D,; = L(g). Hence for some element ¥, 
of Gi, L(M,) contains an open subset of D,. Let Vi denote an open subset 


of M containing M, such that V,- (D, + 2) =0 and 8(V,) < 3. The com. 


ponent C, of IJ — V, which contains z does not contain an open subset of ¥ 
containing a point of L(M,). Hence L(M,) contains an open subset D, 
of M such that D.-C,=0 and 8(D.) < 

Let K. denote the set of all points y of J, such that for some point ¢ 
of D2, M is not aposyndetic at x with respect to y. The set K2 is closed 
and is the sum of a finite collection G, of closed sets each of which has 
diameter less than 4. For each element g of G2, let L(g) denote the set of all 
points z of D. such that for some point y of g, M is not aposyndetic at z 
with respect to y. For each g of G2, L(g) is closed and D, = L(g). Hence 
for some element M, of G2, L(M-) contains an open subset of D2. Let J; 
denote an open subset of M containing M, such that V; > V2and 8(V2) <} 
The component C. of 1/—V-, which contains z does not contain an open 
subset of M containing a point of Z(M/2). Hence L(M_2) contains an open 
subset D; of M such that D;-C,—= 0 and 6(D;) < 1/8. Continue this process. 
Let = TID; and let Evidently is a point of D and 
yo is a point of Mo. Furthermore y cuts x from z in M, for if it did not, 
then IJ — y, would contain a continuum from 2 to z, and hence for some t, 
would have belonged to Cj. 


TuHerorEM 7. The topological product of a nondegenerate continuum M; | 


with a nondegenerate continuum M, is aposyndetic at each of its points.’ 


Proof. Suppose that (a:,a2) and (b;,b2) are points of M, X M, such 


that M, D a, + b1, M2 D a. + bo, and a,~d,. Let (¢1,c2) denote a pomt 
of M, such that a,c, and a, bz. Let Ms(bi) denote 
the set of all points (2,22) of M, X Mz such that Since M2(b:) 
is a continuum, M, X M; contains an open set U containing (di, a2) such 7 
that U-M.(b,) =0. Now let M,(c.) denote the set of all points (21,2) 
of M, X Mz such that 2, = M,(c2) is a continuum not containing 
Let H, be the set of all points (a, 72) of MW, X Mz such that for some point 
y2 of Ms, (a1, y2) belongs to U. The set Ho is closed, contains U, but does F 
not contain (0,,0.). Let H denote Evidently H is a con 
tinuum containing U but not (61,02). Hence M; X Mz is aposyndetic at | 
(a1, 42) with respect to (01,02). It follows that M, Mz is aposyndetic al 


each of its points. 


7Cf. G. T. Whyburn, loc. cit., Theorem 4, p. 735. 
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CoroLLaRy. No non-aposyndetic continuum is the topological product of 
two nondegenerate continua. 


2. Indecomposable continua. An indecomposable continuum M is non- 
aposyndetic. That such a continuum possesses this property very strongly 
is shown by Theorems 9 and 10. 


THEOREM 8. In order that a compact continuum M be decomposable 
it is necessary and sufficient that M contain two points, x and y, such that 
M is aposyndetic at x with respect to y. 


Proof. The condition is necessary. For suppose that M is the sum of 
two proper subcontinua HZ and K. Let x be a point of /—K and y be a 
point of M—H. Then M—yOHOM—KO vz. Since H is a sub- 
continuum of I and JJ — KX is an open subset of M, M is aposyndetic at x 
with respect to y. 


The condition is also sufficient; for in this case M contains a continuum 
H and an open subset U such that M—yOHOUO«. If M—H isa 
connected set V, M is decomposable because M—H-+V. If M—H is not 
connected, then JJ — H is the sum of two mutually separate sets A and B. 
Since H is a continuum, H + A is connected and so is H+ B. Hence M 


is decomposable because (H+ A)+ (H+ 8B). 


THEOREM 9. In order that a compact continuum M be indecomposable 


_ tis necessary and sufficient that there do not exist two distinct points x and y 
| of M such that M is aposyndetic at x with respect to y. 


THeEorEM 10. Jn order that a compact continuum M be indecomposable 


| itis necessary and sufficient that M contain an open subset D of M such that 


if x isa point of D and y is a point of M—z, then M is not aposyndetic at x 


| with respect to y. 


Proof. The necessity of the condition follows from Theorem 9 by 


| letting D be The condition is also sufficient; for suppose that M may 
| be decomposec » the continua H and K. Obviously M is aposyndetiec at 


each point «* ' -K with respect to a point (any point) of M—4H; and 
conversely, ace D-[(M—H) + (M—K)|=0. Therefore D is a 
subset of H-+ Let x be a point of D and y a point of M—H. Then 


and M is aposyndetic at with respect to y. This is 


a contradiction. 


Example 0. Let H and K denote compact, plane, indecomposable 
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continua whose common part is an are 7’ and let M—=H+K. If wisa 
point of 7’ and y is a point of Jf —z, M is not aposyndetic at x with respect 
to y. But M is decomposable. Hence in the hypothesis of Theorem 10 the 
stipulation that D be an open subset of M may not be replaced by the stipv- 
lation that D be a continuum. 


3. Fundamental cut point existence theorems. Continua which are 
totally non-aposyndetic or approximately so must contain one or more weak 
cut points. The more nearly a continuum approximates an indecomposable 
continuum in its non-aposyndetic properties, the more nearly it approximates 
the cut point properties of one. 


THEOREM 11. Jf z is a point of a compact continuum M and D is an 
open subset of M —z such that (1) M is non-aposyndetic at every point of D 
but (2) M is aposyndetic at each point of D with respect to z, then D contains 
a point x and M contains a point y such that y cuts x from z in M. 


Proof. There exists an open subset D, of M such that D> D,. Let « 
denote a positive number and let K(e¢) denote the set of all points = of D, 
such that for some point y of M, M is not aposyndetic at x with respect to y 
and 8(z,y) =«. Let « denote a sequence of points of K(e) converging toa 
point There exist a subsequence 22, of and a sequence 4, 


ys," °° of points of M converging to a point ¥ of M such that for each 1) 


8(xi, yi) 2e but M is not aposyndetic at x; with respect to yi. Obviously | 
8(%,9) 2c and ~¥. It follows from Theorem 1 that Z belongs to K(¢).| 
Hence K(e) is closed (if it exists). Since for each z of D,, there is some « 
such that K(e) contains z, it follows that D, = 3K(1/n), n =1, 
So for some e, K(e) contains an open subset of M and, in particular, contains) 
an open subset D. of M such that 8(D.) < te. Let My denote the set of all 
points y of M such that for some point x of Dz, 8(x,y) Ze but M is noth 


aposyndetic at x with respect to y. Obviously D.- My = 0, and z is a 
of M—M,. Hence, by Theorem 6, there exist a point x of D. and a point){ 
of M, such that y cuts x from z in M. 


THEOREM 12. If D is an open subset of a compact continuum M sucht 


that M is non-aposyndetic at every point of D, then D contains a point 2) r 


and M contains points y and z such that y cuts x from z in M. 

Proof. In case M is indecomposable the conclusion to Theorem 12 easil 1 
follows since (1) each composant of M is dense in M and (2) any pointi> 
of M cuts x from z in M if x and z are points of different composants of 4 ; 
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Qn the other hand, if WM is decomposable, then, by Theorem 10, D contains 
a point p and M — p contains a point z such that M is aposyndetic at p with 
respect to z. Hence M contains a continuum H and an open subset U such 
tht M@—z 0. HOU p. Let D=D-U. It follows from Theorem 11 
that D’ contains a point 2 and M contains a point y such that y cuts x from z 
in M. 


CoroLLtARY. A totally non-aposyndetic compact continuum contains at 
least one weak cut point. 


Figure 1. 


oint 


ity 


Example 1. While a totally non-aposyndetic compact continuum must 


tain at least one weak cut point, it need not contain more than one. To 


uch 
it 


silt 


it 


, aposyndetic at p with respect to each point of C — p. 


see this let M be a plane continuum composed of a circle C together with a 
bundle of rays (emanating from a point p on C), whose cross-section is a 
Cantor discontinuum and which is wrapped back and forth (as indicated in 
Figure 1) so that each ray has C as its limiting set. This continuum has 
no strong cut point at all and only one weak cut point—namely, p. But M 
'§ Non-aposyndetic at each point of M— p with respect to p, and M is non- 
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THEOREM 13. Suppose that (1) D is an open subset of a compact 
continuum M and (2) for each point p of D, there exists a point o of M—p 
such that M is not aposyndetic at o with respect to p. Then D contains 
distinct points x, y, and z, such that y cuts x from z in M. 


Proof. Let D, denote an open subset of M such that DO D,. For 
each positive integer n, let M, denote the set of all points p of D, such that 
for some point gq of M, M is not aposyndetic at q with respect to p and 
8(p,q) 21/n. Since D, = 3M, and, for each n, Mn is closed, it follows 
that, for some n, M, contains an open subset of M. Hence there exist a | 
point A and a positive number « such that for each point p of the circular | } 
open subset U(A,e) of M (and of M,) there exists a point q of M—U/(A,e) , 
such that M is not aposyndetic at q with respect to p. Let U(A,«/4) and 
U (A, «/2 —«/4n) denote circular open subsets of M, and let Ri = U (A, €/4) 
and R, = U(A, —«/4n) — Rai, n=2 Let Ro = U(A,€/2). 


Now assume Theorem 13 to be false. It follows from this assumption 
and Theorem 6 that R, contains a point x, such that if y: is a point of Le 
Roo —R,, M is aposyndetic at 2, with respect to y;. There exist a finite} @ 
sequence H,1,Hi,:-+,Hivi,:++,Hin, of continua of M and a finite 
sequence U1;, Uin, of open subsets of M such that for each point 
of Roo — R,, there exists an integer (1S so that M—y, 
DU.; D2. Let V, denote a circular open subset of M (of radius les | 
than 4e) such that Vi; > Since there is a point of M—U(4,) & 
at which M is not aposyndetic with respect to 7,, M— V; is the sum of two 
mutually exclusive closed sets Qi and W, each of which contains a point of 


M—U(A,«). Hence each of the sets W; and Q: contains a point of F: - 
Again it follows (from assuming that Theorem 13 is false) that there exiss)} " 
a point of R.-W, such that for each point of Roo — (Ri 

M is aposyndetic at x2 with respect to y2. There exist a finite sequentt ) e 


>, +,Hen, of continua of M and a finite 
U22,° Uon, of open subsets of M such that for each point 4 off 
— (Ri + there exists an integer (LSjSnz), so that oy 
> H.; > U2; 22. Furthermore there exists a continuum H, such 
(1) for some j, H; = H,;, and (2) H, does not contain Let V2 denoty 
a circular open subset of M (of radius less than }e) such that (M— H:) “Rh: ie 
> a2. Since there is a point of M—U(A,e) at which M is foll 
aposyndetic with respect to x2, M— V; is the sum of two mutually exclusit? F 
closed sets Q2 and W. such that (1) Q» contains 2 and (2) each of the st 

Q. and W, contains a point of M—U(A,e). Hence each of the sets W: cut 


| 
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and contains a point of R;. Furthermore  H; ~ V, and consequently 
contains and W, contains Ws. 

This process may be continued. Hence there exist a point y of the 
boundary (with respect to I) of Ro and infinite sequences (these are possibly 


subsequences of those chosen in the above process) : 7,42, %3,° * * of points 
of M, Vi, V2, of open subsets of M, and H,, Hz, H3,--- of sub- 
continua of M such that (1) and V;, converge to 


(2) for each 1, Ro © Vi, (3) for each i, M— Vin. 0 Hi 0 Vi ai, and 
(4) for each 1, I’ — V; is the sum of two mutually exclusive closed sets Wi 
and Q; so that each contains a point of M—U(A,e) and W;, contains Vis 
but not 2-1. It follows from (3) and (4) that for each 1 (c= 2), W, lies 
in W;-, and contains a point of 8, the (relative) boundary of U(A,e).- Let 
z denote a point of W;. Evidently for each 1 (i= 2), Vi separates x1 
from z in M. It follows from (1) that y cuts x, from z in M. 


THEOREM 14. Suppose that M is a compact continuum such that for 
each point p of M, there exists a point q of M such that Mis not aposyndetic' 
at q with respect to p. Then the set of weak cut points of M is dense in M. 


Theorem 14 follows immediately from Theorem 13. The reader should 
compare Theorem 14 with the Corollary to Theorem 12. To emphasize the 
differences between Theorems 12 and 18, the following theorem may be 


| established with the help of Theorems 0 and 13. 


THEOREM 15. If a compact continuum M is not semi-locally-connected 
at any point of an open subset U of M, then the set of weak cut points of M 
is dense in U. 


CorottaRy. If a compact continuum is not semi-locally-connected at any 


of its points, then the set of its weak cut points is dense in it. 


4. Totally non-aposyndetic continua which contain only one weak 


| cut point. The example following Theorem 12 shows that continua exist 


(even in the plane) which are totally non-aposyndetic but contain only one 
weak cut point. While this example appears special, it is nevertheless general 


in some of its properties. Two of these properties are pointed out in the 
4 following two theorems and a third is contained in Theorem 15. 


THEorREM 16. If the nondegenerate continuum M has only one weak 
cut point, the composant of M containing P is M. 
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Proof. Let x denote a point of M distinct from p, and let y denote a 
point of M— (p+ 2). Since y does not cut z from p in M, M — y contains 
a continuum containing p+ 


THEOREM 17. If the compact continuum M is totally non-aposyndetic 
but has only one weak cut point p, then M is non-aposyndetic at each point 
of M—p with respect to p. 


Proof. Suppose, on the contrary, that M is aposyndetic at a point z of 
M — p with respect to p. Then M contains a continuum H and an open 
subset U such that M—pOH OU Oz. Evidently M-is aposyndetic at 
every point of U with respect to p. It follows from Theorem 11 that some 
point y of M/—p cuts p from a point of U. This is a contradiction. 


CoroLuary. If the compact continuum M is totally non-aposyndetic but 
has only one weak cut point p, then M is not semi-locally-connected at p. 


Example 2. Let p be a point in a Euclidean 3-space. Let G bea 
collection of circles all of equal radii and perpendicular to the same plane £ 
such that (1) the intersection of any two elements of G is p, (2) F contains 
p, and (3) H-G*—p is a Cantor discontinuum (G* is the sum of the 
elemerts of G@). Now let M=—G*. The continuum M is compact and has p 
as its only cut point. Furthermore M fails to be semi-locally-connected only 
at the point p. But M is aposyndetic at no point except p. In Example 1 
(where M is non-aposyndetic at every point) M fails to be semi-locally-con- 
nected at some point other than its one cut point p. However, the reader 


will notice considerable similarity between Examples 1 and 2. The author | 
feels that this similarity is not accidental but is a consequence of some general | 


decomposition theorem which is as yet not known. 


5. Continua containing no weak cut point. Two fundamental theorems 
concerning the existence of points in a continuum at which a continuum }' 
aposyndetic or at which a continuum is semi-locally-connected follow almost 
at once from the preceding theorems. These will be stated with only 4 
reference to the theorems helpful in their proof. 


THEOREM 18. If a compact continuum M contains no weak cut poini, 


then the set of points at which M is both aposyndetic and semi-locally} 


connected (simultaneously) is a dense inner-limiting set (i.¢., @ Gis-set)- | 


simple 


"Theorem 18 is a sort of converse to Theorem 6.21 of Whyburn’s “ Semi-iocally 
connected sets,” loc. cit. In connection with his paper, “Some characterizations of | 
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Theorem 18 may be proved with the help of Theorems 4, 5, 12, and 15. 


THEOREM 19, If the open subset U of the compact continuum M con- 
tains no weak cut point of M, then U contains a point at which M is semi- 
locally-connected. 


Theorem 19 follows from Theorem 15. 


Of course, a continuum which contains no weak cut point néed not 
be aposyndetic although from a certain point of view it is nearly so. 


Example 3. Let M be a continuum in the Euclidean number plane 
consisting of: (1) a rectangle R whose corners are (0,0), (1,0), (1,1) and 
(0,1), (2) those vertical intervals joining a point of the Cantor discontinuum 


(0,1) (1,1) 


(0,0) (1,0) 


Figure 2. 


in the base of R to a point on the opposite side, and (3) infinitely many 
S-curves joining the base of R to the opposite side as indicated in Figure 2. 
The continuum M is both aposyndetic and semi-locally-connected at each 
point of an S-curve and at each point of the top and bottom of FR not in its 


Cantor set but nowhere else. Obviously, M contains no weak cut point. 


THE UNIVERSITY oF TEXAS. 


simple closed curves,” American Journal of Mathematics, vol. 70 (1948), pp. 497-506, 
R. H. Bing raised with me the question: Does a compact continuum containing no weak 


4 ut point have to contain a point at which it is aposyndetic? Theorem 18 answers this 
| Westion in the affirmative. 
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THE CONFIGURATION OF SCHUR QUADRICS AND THE PARA. 
BOLIC CURVE OF THE TRINODAL CUBIC SURFACE.* 


By S. BisHara and A. Y. AMIN. 


1. Introduction. It is a known property of the general cubic surface 
that corresponding to every configuration of 12 lines of the surface forming 
a double-six as e. g., 

A, 


bi 


there exists a unique quadric called the “Schur quadric” of the double-six 
with respect to which corresponding lines of the double-six are polar recip- 
rocals, i.e., it reciprocates a, into b,, a2 into be, ete. This quadric passes 
through the 24 parabolic points of the 12 lines of the double-six and it 
reciprocates the cubic surface containing these 12 lines into the cubic envelope 


containing the same lines. A Schur quadric depends for its determination | 


only on three pairs of corresponding lines. In fact there exists a unique 


quadric which reciprocates a skew hexagon into itself i.e., reciprocates every 


edge into the opposite edge. 
Since the general cubic surface contains 36 double-sixes it follows that 


there are 36 Schur quadrics for the general cubic. These quadrics play af 
important réle in the theory of the cubic surface. They group themselves: | 


I. Either into triads corresponding to three associated double-sixes 3 


for example those indicated by: 


2b 1b 11 


in which every line occurs in two of them and these quadrics have the 


following properties: * 
(i) They satisfy the invariant relation @@’ = 4AA’ for any pair. 


(ii) The three quadrics are inscribed in a common developable, i.¢, 
their tangential equations are linearly connected. 


OW 


* Received May 12, 1947. 

1A. L. Dixon, Journal of the London Mathematical Society, vol. 1 (1926), pp- 1b 
175 and Proceedings of the London Mathematical Society (2), vol. 26 (1926), pp. 351: 
362 
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SCHUR QUADRICS AND THE TRINODAL CUBIC’ SURFACE. 


(iii) The Hessian can be expressed in the form: 


where S,, S2, Ss are the three Schur quadrics, H is the Hessian, y the cubic 
surface and z the polar plane with respect to the cubic surface of F123,” the 
point through which pass all planes cutting the cubic surface in cubic curves 
which are met by a1, d2, a; in three points forming an apolar triad on the 
plane cubic of section. 


II. Or in pairs corresponding to double-sixes of the type: 


A, 101 C23Co4Co5Cr¢ 


in which two lines of the upper row (or lower row) of the first are corre- 
sponding lines of the second and these have the characteristic property that 


they satisfy the invariant relations 0’ 


One of the main objects of the present paper is to investigate the con- 


, figuration of Schur quadrics for the trinodal cubic surface, their mutual 


relationships and their characteristic properties. 


2. The Schur quadrics of the trinodal cubic surface. Let the: three 
nodes of the trinodal cubic surface be taken for vertices A, B, C of the tetra- 
hedron of reference and let the fourth vertex D be the point in which the 
three stationary tangent planes along BC, CA, AB intersect. The equation 


of the trinodal cubic surface can then be put in the form: 


y = + 3d,t’x + 3d,t?y + 3d3t?z + 6sryz = 0. 


The 27 lines of the general surface reduce for the trinodal cubic into 12 


| owing to the following coincidences: 


p. 134, 


p. 12. 


C35 = = = C15 = Cig == Cos = C265 C1g == C14 = Cos = Come 


*W. P. Milne, Proceedings of the London Mathematical Society (2), vol. 21 (1921), 


*S. Bishara, Journal of the London Mathematical Society, vol. 6, Part I (1931), 
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The equations of the 12 distinct lines of the surface are as follows: 


Line Equations 
C35 == Cas C30 = r=0, t=0 
Cis = Cie = Co5 = Cre y=0, t=—0 
Cis Cis = Cos = Cog z=0, t=—0 
Ci2 dt+ 3d.y + 3d:z2=0 
C34 y=0, dt-+ + 3d3z2 = 0 
Cs6 z=0, dt+ + 3d.y = 0 
a; = dt + 3d.y + 3d32=0, = 3d3k,z 
b,=b. dt + + 3d3z2=0, t = 
a3 =, dt + + 3d32=—0, t = 3d,k,x 
bs = bz dt + 3d,2 + 3d,.z=0, = 3d,hor 
ds = dt + 3d,4 + 3d.y=0, t= 
bs = de dt + + 3d.y=0, t = 


where k, and k, are the roots of the quadratic: 
ky {ds (d?s* + 


and 
kz = {ds — (d*s? + 18sd,d.d3)*}/9d,deds. 


The 36 double-sixes of the general cubic surface reduce for the trinodal / 


cubic into 14 distinct double-sixes owing to the coincidences of the lines | 


referred to. The equations of the Schur quadrics for these double-sixes are | 


as follows: 


The standard double-six: 
Its Schur quadric is: 
G = (d*s — 9d,d2d3) t? + 6s8(3d2d,yz + + 3d,d.ry + dd,zt 
+ ddzyt + ddzzt) = 0. 


The group of 15 double-sixes obtained by taking any two lines of the upp?) 
row (or lower row) of the standard double-six for corresponding lines: [> 


The double-six: 


0101 C23CosCo5Coe 


ve 


[| 
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Its Schur quadric is the nodal cone at A namely: 
+ 2syz =0. 


The double-six (a@3,a,) has for its Schur quadric the nodal cone at B 


namely 
dot? 2szx = 0. 


The double-six (a;,a¢) has for its Schur quadric the nodal cone at C 
namely 


dzt? + 2sry = 0. 
The double-six (a:,a;) has for its Schur quadric the plane pair: 
t(dt + 6d,z) =0. 
The last double-six represents in fact 4 coincident double-sixes defined by: 
(41,43) 3 (41,44) 3 (a2, as). 
Similarly the double-six (a3,@;) has for its Schur quadric the plane pair: 
t(dt + 6d,r) = 0 


and it represents 4 coincident double-sixes defined by: 


nodal (d3,45)3 (a4, de). 
we : Finally the double-six (a:,a5;) has for its Schur quadric the plane pair: 
| t(dt + 6d.y) =0 

and it amounts to four coincident double-sixes namely: 

(d1,45); (@2,d5)3 a6). 
The group of 20. 
The Schur quadric for the double-six (a;, C23) or (a1, C24) is a cone with 
: vertex B containing the lines BC, BA given by: 

uppe | dt? — 18d,d,k,ex + 6d,et — 0. 


and the Schur quadric for the double-six (b;,¢2s) or (01, ¢24) is a cone with 
vertex B, also containing the lines BC, BA given by: 


dt? — 18d,dsk.zx2 + 6d,at + 6d32t 0. 


41% 
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Similarly for the other two pairs of Schur cones whose vertices are at 


A and C. 
Finally the double-six (a:,¢3;) has for its Schur quadric the plane of 
the nodes taken twice over i.e. #0. This double-six amounts to 8 coinc- 


dent double-sixes namely: 


(Qi; C36) 3 (G1, Cas) 3 Cas) 5 


(01, Cse) (01, Cas) 5 (bi, Cac). 


The following results are obtained: 


I. The genuine Schur quadric G of the standard double-six (a, b;) 


can be expressed in the alternative form: 
9(d,?sx? + d.*sy? d3*sz* + — s(3d,x + 3d2y + 3d3z 4+ dt)? =0 


i.e. as the sum of five squares showing that the five faces of the Steiner- 


trihedral pair consisting of: 


(i) the three stationary tangent planes of the cubic surface, 


(ii) the plane of the nodes together with the tritangent plane containing | 


C34, Coe 


form a self-conjugate pentahedron for the quadric Schur surface. 


II. It is known that if two lines J, and lz intersecting at O are polar | 
lines with respect to a given quadric S then S passes through O touching § 
the plane of J, and lz, the generators of S through O being harmonic cot- | 


jugates with respect to 1, and I». 


Again if the vertex of a cone lies on a given quadric then if the cone 
regarded as a locus is apolar to the quadric regarded as an envelope, the 
two generators of the quadric at the common point harmonically separate 
the two generators of the cone lying in the tangent plane to the quadriy 


at the common point. 


For let the quadric be: 


(1) vt = y2; 
its tangential equation is: 
(2) lp = mn. 


Let the cone be: 


(3) by® + cz? + 2fyz + 2gzx + 2hry = 0 


| 
| 
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| quadric G. Hence the two Schur planes through AB are the two planes 
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whose vertex is D. (2) and (3) are apolar if 
(4) f=0. 
Hence DB, DC are conjugate lines with respect to the two generators 


of the cone in the plane CDB. 


From the above results it follows that the two generators of G at the 
node A harmonically separate a, and 6; which are the lines of intersection 
of the nodal cone at A with the tangent plane to G at A. Hence the nodal cone 
at A as a locus is apolar to G as an envelope. Also the nodal cone at A as an 
envelope is apolar to G as a locus since @ passes through A. 


Hence 


This is in conformity with the result mentioned in 1. 


III. The two Schur cones of the double-sixes (a1, ¢23) and (01, C23) 
namely : 
dt® — 18d,d3k,za + 6d,rt + = 0 
and 
dt? — 18d,d3k.z2 + 6d,at + 6d32t = 0 


have in common the four generators: 


z=0, dt+ —0. 


But the Schur quadric of the double-six (a3,a;) is the plane pair 


t(dt + 6d,v) =0 and that of (a1, a3) is t(dt + 6d,z) =0. 


Hence the two Schur cones at B (other than the nodal cone at B) 


| Intersect in four straight lines namely the lines of intersection of: 


(i) the Schur plane pair whose edge is AB with the plane DBC. 
(ii) the Schur plane pair whose edge is BC with the plane DAB. 


IV. The Schur quadric of the double-six (a:,a;) is the plane pair 


6d ,z)=0. The two planes t=0, dt+6dsz=0 harmonically 
) Separate the two planes a,b; and a3b;. But from the apolarity of this Schur 


quadric with the quadric G, it follows that the two Schur planes through 
AB harmonically separate the two tangent planes drawn from AB to the 
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which harmonically separate the pair of planes a,b; and asda and the pair 
of tangent planes from AB to the quadric G. 


3. The locus of parabolic curves of a pencil of trinodal cubic surfaces, 
The locus of parabolic curves of a pencil of cubic surfaces of general character 
through the nine lines of intersection of a pair of conjugate Steinerian 
trihedra is a desmic quartic surface * possessing 12 nodes. These nodes fall 
in three sets of tetrads of points which are quadruply in perspective i.e, 
every straight line joining a node of the first set to a node of the second 
must pass through a node of the third. 

We consider in this connection the locus of parabolic curves of the pencil 
of trinodal cubic surfaces through the nine lines: 


Ci2 Ci4 Cis 
C32 C34 C36 
C52 C54 C56 


The pencil of trinodal cubic surfaces through these nine lines is given by 
y = dt? + 3d,t?x + 3det?y + 3d3t?z + 6sryz = 0. 


The various members of the pencil are obtained by assigning arbitrary 
values to the parameter s. The Hessians of the various members are given by 


H = t?(d,?2a* + d.?y? + — 2d2dsyz — 2d,d,2za — 2d,d.ry) 

+ sxyz(dix + doy + d3z dt) =0. 
The locus of parabolic curves of the pencil is obtained by eliminating s } 
between H and y. This is a quartic surface T given by: 
T= t2(d2t? + 12dedgyz + 12dzd,zx + + 4dd,zt 
+ 4ddzyt + 4dd,zt) =0 


consisting of the plane of the nodes taken twice over and the quadric P where: | 


4dd.yt 4dd,zt 0. 


The quartic T can also be expressed in one of the following forms: 


(i) T= t(dt + Gdyy) - t(dt + 6dsz) + t(dt + 6dgz) t(dt + 64,2) 
+ t(dt + 6dyx) t(dt + 6dey) = 


4S. Bishara, Proceedings of the London Mathematical Society, Ser. 2, vol. 3 ’ 
(1933), p. 241. 


| 
P= dt? + 12d.dgyz + + 12d,d.ry + 4dd,2xt 
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ie, it is expressible in terms of the Schur quadrics of the double-sixes 
defined by: 
(a, as) (as, as) 3 (as, a;). 


(ii) r=(at?2+ G) =0 


ie. it is also expressible in terms of the Schur quadrics of the double-sixes 
(4,01); (01, ¢35); (@1,¢35). From this we obtain the following results: 


I. The quadric P is a cone whose vertex L is the point of intersection 
of the three planes: dt + dt + 6d.y = 0, dt + 6d3z = 0 


i.e. 
(1/d,, 1/d2, 1/d3, — 6/d). 


II. The quadric cone P has ring contact with the quadric G, the plane 
of contact being the plane of nodes t= 0. 


III. The polar plane of the vertex L of the cone P with respect to the 
trinodal cubic surface is the plane d,v + d.y+d,;z=0, i.e. the plane 
joining D to the line of intersection of the plane of C12, C34, Css with the 
plane ABC. 


IV. The plane joining the node A to the line ¢iz i.e. (A,¢i2) is 
3d.y + 3d3z + dt =0 which goes through LZ. Similarly the planes: 


(B, ¢34) = 3d3z + 3d,2 + dt=0 and (C, =3d,r + 3d.y + dt =0 
go through Z. Hence L is the point of intersection of the three planes: 
(A, ; (B, Css) (C, Cse)- 


V. The harmonic conjugates of the plane ABC with respect to the 
pairs of planes (a:, (a3, 01); (aa, 0s), (ds, bs) 3 (1, 0s), (ds, 61) all pass 
through Z i.e. the Schur quadrics of the double-sixes @3), (ds, as), (ds, 41) 
all pass through L. 


VI. The vertex L of the cone P possesses also the following charac- 
teristic property : 


Of the pencil of trinodal cubic surfaces through the nine lines: 


| 
Ci4 Ci6 
Cae C34 C36 
vol. 3 C52 C54 C56 
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there is only one member having a fourth node (i.e. a quadri-nodal cubic 
surface). The fourth node is the vertex Z of the cone P. The nodal cone 
of the quadri-nodal cubic member at the fourth node (other than A, B, () 
is the cone P. 


We conclude with the following results: 


I. The twelve lines of the trinodal cubic surface are bitangents to 
[r=t?P=0. Three of the lines lie in the plane of the nodes. The nine 
remaining lines are tangents to P. P goes through A, B, C. The tangent 
plane at A to P is the plane (a,b.). The tangent plane at B is the plane 
(asbs). -The tangent plane at C is the plane (asb.). The vertex L is there- 
fore the point in which the planes (a,b2), (a3b4), (@sbe) intersect. These 
three planes are however identical with the planes (A, ¢i2), (B, css), (C;, ¢se) 
since Ci2 lies in the plane (a,b2) ete. 

The lines ¢i2, Css, C56 are tangents to the cone P. Its point of contact 
with ci. is the point (0,1/d2,1/d3,—6/d) which lies on AL. 


II. The quartic surface T can be expressed in the form: 
+ + d3z + dt) — 3H. 


The plane d,z + d.y+ d,;z-+dt—0 is identified as the polar plane 
with respect to the cubic surface of the point D in which the three stationary 
tangent planes along BC, CA, AB intersect. D is the point F435 i.e., the 
point through which pass all planes cutting the cubic surface in cubic curves 
which are met by 4, a3, ds in three points forming an apolar triad on the 
plane cubic of section. The polar plane of the point F(a, b1,¢35) with § 
respect to the trinodal cubic surface is the same as the polar plane of the [ 
point F'(a1, a3, ds). 


FarouK I UNIVERSITY, 
ALEXANDRIA, EGYPT. 
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ON THE IRREDUCIBILITY OF POLYNOMIALS WITH LARGE 
THIRD COEFFICIENT.* 


By ALFRED BRAUER. 


Introduction. Perron’ was the first who obtained criteria for the irre- 
ducibility of polynomials depending on the comparative size of the coefficients. 
In particular, he proved that a polynomial 


(1) f(a) =a" + ay (an #0) 


with integral rational coefficients is irreducible in the field of rational numbers 
P if 


la,|>1+]a, +:--+ ]an|. 


It follows from a theorem of Berwald ? that the weaker condition 


is sufficient for irreducibility in P. This was noticed by Lipka.* Nagell ¢ 
proved that (1) is irreducible in P if 


| | > 1 | An-2An | | | | | | 


In the following, we consider polynomials with large third coefficient. 
Perron * obtained the following results for such polynomials. 


I, Set and 


P = | a,/iVaz + an/(iVa2)" 


* Received July 17, 1947. 

*O. Perron, “ Neue Kriterien fiir die Irreduzibilitit algebraischer Gleichungen,” 
Journal fiir die reine und angewandte Mathematik, vol. 132 (1907), pp. 288-307. Cf. O. 
Perron, Algebra, vol. II, 2nd ed. Berlin, 1933, pp. 34-35. 

*L. Berwald, “tber einige mit dem Satz von Kakeya verwandte Sitze,” Mathe- 
matische Zeitschrift, vol. 37 (1933), pp. 61-76. 

*St. Lipka, “ Tébbtagiak Irreducibilitasurol,”’ Mathematischer und Naturwissen- 
schaftlicher Anzeiger der Ungarischen Akademie der Wissenschaften, vol. 54 (1936), 
pp. 349-357. 

*T. Nagell, “ Uber einige Irreduzibilitiitskriterien,” Det Kongelige Norske Videns- 
kabers Selskab Forhandlinger, vol. 5 (1931), pp. 121-125. 

Loc. cit., 3. 
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If a2 > 0 and if at least one of the following conditions 
Va,(1— PV) 44 $(24—1)8, 
Vae(1— PV) 21+ {4(4 +1) —| |} 

is satisfied, then the polynomial (1) ts irreducible in P. 

THEOREM II. Assume that 4a,—a,* >0. Set 


b =—a,/2 + 1(4a2 


and 
Q = | a3/b? + as/b* + - an/b"|. 
If 
(4a2 —a,”) /a,? > Q?/"/(1— 


and if at least one of the inequalities 


Va2(1—Q¥") > $ + —1)8, 
Va2(1—Q¥*) >1+ G(4+1)—|al|} 
is satisfied, then the polynomial (1) is irreducible in P. 


TueorEM III. Set The polynomial 
(1) is irreducible in P if az = 4°"-*s? or if a2 = (7/2)*"? for nZ 5. 


Perron’s results were improved by Lipka ® in two papers. 
TurorEeM IV. The polynomial (1) is irreducible in P if a2 > min {9s°/?, ; 
2(1+s)?}. | 


THEOREM V. The polynomial (1) is irreducible in P if a,=0 and 


ae > 3s. 
In the following, these results will be improved furthermore. 


THEOREM 1. Let 
(2) f(z) =a" + (an ~0) 


be a polynomial with integral coefficients. Let m be the minimum of the : 
partial sums of the series : 


* St. Lipka, “ ther die Irreduzibilitat von Polynomen,” Mathematische Annalen, vol. | 
118 (1941-1943), pp. 235-245 and loc. cit.*. 
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and m* the minimum of the partial sums of 


Set 

(5) [an]. 

If 

> max (t, a;2/4 + | m* | ) for a, 20, 
(6) > max (t,a,?/4 + | m| ) for a, S0, 


then f(x) ts irreducible in P. 


It is obvious that this result is sharper than Theorem III and IV since 
|m|Ss— and | m*|<s—J|a,|. For instance, let us consider the 


ay 
polynomials 
f(r) — + Ko’ + 42? — 27 — 2 


with positive K. Theorem III is applicable if K > 3,242,700 and Theorem IV 
if K > 338. It is often tedious to see whether Theorem I and II can be 
used. Here they are certainly not applicable if K < 100,000 and K < 100, 
respectively. 

* It follows from Theorem 1 that f(z) is irreducible if K = 5 since t =3 
and m= 0. From the sharper Theorem 1a (see 3) we obtain irreducibility 
for K = 4, and f(x) is reducible for K —3 since x —1 is one of the zeros. 
Therefore our results are the best possible for this special case. 

A much more general case in which Theorem 1 gives the best possible 
result are the polynomials 


where all the av are non-negative, a, > 0, and 
ay? S4(a, + a3 an). 


Here we have m ~0, t= 4a,2, and s=t-+41. From Theorems III and IV 
we obtain irreducibility if 


= (7/2)*-?(¢ +1)? for n=5 and a, = 2(t 4+ 2)?, 


respectively. These bounds for az are very large if ¢t is large. It follows from 
Theorem 1 that f(x) is already irreducible if a2 >t since ¢ = max (t, $a,’ 
+ |m|), and for a,=t the polynomial is reducible because 2 = 1 is a zero. 


Theorem V will be improved as follows. 
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THEOREM 2. The polynomial (2) is irreducible in P if a; = 0 and az >t, 


Similar results hold if the coefficient dn-2 is large. 


1. A lemma. 
Lemma. Let 


be a polynomial with integral rational coefficients. Let m be the smallest 
partial sum of the series 


where c1—=0. Then we have forx>1 
g(x) = ma, 
Proof. It follows from (7) that 
(8) ms 0. 


Since the coefficients cx are rational integers, we may write each positive } 
term cx«r* as the sum of cx terms z* and each negative term cxz* as the sum [ 
of | cx | terms —z*. Assume that r is the greatest integer such that 


We consider the terms + with O Spr. For r—=—1 such terms | 
do not exist. Since m was the minimum of the partial sums of (7), it [ 
follows from (8) and (9) that to each positive term 2** with OSa<r f 
we may assign a negative term —2*8 witha< Br. Then 


(10) gk-B > 0) forz>1 


and the sum S of all these pairs of corresponding terms is certainly not ; 
negative. By (8) and (9), we have exactly | m| such negative terms more | 
than positive terms. Therefore exactly | m| negative terms do not belong 
to one of the pairs (10). Hence by (8) 


(11) Dd cork? = § —| m| = 


This proves the Lemma if r—k. 


Assume now that r<k. We consider the terms + with r <p Sh. 
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It follows from (9) that to each negative term — x*° with r< 8k we mav 
assign a positive z*-7 with r<y< 8. Hence 


(12) > 0 for >1 
and the sum extended over all the pairs (12) is positive. Hence 


k 
(13) > > 0 for 1 and r< k. 


p=r+1 
Adding (11) and (13) we obtain our Lemma for r < k. 


CoroLuary. If g(x) does not vanish identically, then 
gis) for 2 > 1. 


Proof. The statement follows from (11) and (13) if r<k. Assume 
now thatr =k. If at least one of the cp > 0 where pr, then S > 0. Other- 
wise m <0, hence for z >1, S—|m|2* > mk**, and the proof follows 
from (11). 


2. Proof of Theorem 1. We shall use the following theorem of Berwald.’ 


Let 
F(x) =coa" + Cn 


be a polynomial with real coefficients, p an integer such that 0S pn, and 
l=max (p,n—p). If 


t 
| Cn-p| >> | Cn-per + Cn-p-r | 
=1 


where ceo = 0 for <0 and >n, then F(z) has exactly p zeros inside the 
unit circle and no root on its contour. 


Proof of Theorem 1. Since by (5) and (6) 


it follows from the theorem of Berwald for p= n— 2 that f(z) has exactly 
n—2 roots inside the unit circle and the two remaining roots a and 2: lie 
in the exterior. 

If f(x) is reducible in P, then z, and 22 must be real numbers. Other- 
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wise they must be conjugate complex numbers and therefore roots of the 
same factor of f(z). All the roots of the other factor lie in the interior of 
the unit circle and are different from 0 since an40. Hence their product 
cannot be a rational integer. 

Therefore we only have to prove that x, and zz are complex numbers. 
It follows from (5) that 


By (3), either m =0, or there exists an integer v = n such that 


hence 


(16) |r| 
It follows from (6), (15), and (16) that 

(17) 

In exactly the same way we obtain 


We set 


(19) g(x) + +--+ -+an, 


h(x) =— + agv™* — +--+ -+ (—1)"an. 


It follows from the Lemma, by (3) and (4), that for r>1 


(20) + g(x) = + = | m| ) 
(21) asx"? + h(x) = + = (a,— | m*| 
(22) —h(r) S (—a. + | m* | 


We want to prove now that f(x) has no positive root > 1. We have to 
distinguish between two cases. 

1) a, = 0. 
By (2), (19), and (20) we have 


(23) f(é) + + arg + g(€) = & 4+ + (a2—| m 
= |a,|é*+ (a,—|m|)&? > (1+ 


| 
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hence by (17) 
f(é) >0 for é>1. 


2) a, < 0. 


Here it follows from (2), (19), and (20) that 


ams ( £2 + + a, — | m |). 


The discriminant a,2—4(a2—|m|) of the quadratic polynomial in paren- 
theses is negative by (6). Hence the quadratic polynomial is positive definite 
and f(€) is positive for € > 1. 


Therefore in both cases f(x) cannot have a positive root €> 1. 


Now we assume that §<—1. We set 6=—vy. Here we have to dis- 
tinguish between 4 cases. 


1) m is even and a4, =0. 


We have by (19) and (21) for» >1 


(25) f(€&) =f(— 9) = 9" — aon”? + h(n) 
= — ayy + (a2 — | m* = — ain + a2 — | m* |) >0 


since the quadratic polynomial in parentheses is positive definite by (6). 
Hence f(é) is positive for §< —1. 


2) mis odd and a,= 0. 


It follows from (19) and (22) that 


(26) f(€) =f(—9) = — H+ — aan”? — h(n) 


— (4? — ain + a2 — | m*|) <0 


since the quadratic polynomial in parentheses is again positive definite. In 
this case f(é) is negative for é << —1. 


3) mn is even and a, < 0. 


We have by (25) 


f(é) =f(—n) 2 — + (a2 — | m* |) 


| 
|. 
— 
) 
m 
14 
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Since a, < 0, it follows that 


(27) f(€) + | ay | (dz — | m* 
> (1+ 
hence by (18) 
f(é) >0 for é<—1. 


4) mis odd and a, < 0. 
Here we have by (26) 
=f(—2) S— + aay — (a2 — | m* 


(28) =— —|a + (a2—| m* 
+ | | + a2 —| 


and by (18) 
f(é) <0 foré< —1. 


Therefore f(é) #0 for <—1 in each case. This proves our theorem. 


8. Corollaries. If instead of (6) we only assume that 
=t 2 a,7/4+ m* for a, 20, 


then Berwald’s theorem does not hold anymore. The polynomial f(a) may 
have roots on the boundary of the unit circle and may be reducible in P. 
Examples of such polynomials were given already in the introduction. 


If instead of (6) we assume that 


a, =a,"/4+ | m*| for ai 20 
or 
= a,"/4 | m | for ay 0, 


then again f(x) may become reducible in P. This can be seen by the examples | 


+ + b? with |b] >2. 
Here we have m= m* =0 and t=1-+ | 2b | < b? =a,’/4, hence 
Gz = b? = max (1 + | 20 | , b?) = max (t, a,°/4). 
But the polynomial is irreducible in P if n >2. We have 


THEOREM la. If the polynomial (2) satisfies the condition 


rem. 


may 
n P. 
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= a,?/4.4 | m*| >t fora 
or 
a2 =a,7/4+|m|>t fora, S0 


where t, m, and m* are defined by (3), (4), and (5), and if n> 2, then 
f(x) ts irreducible in P. 


Proof. It is easy to see that the inequalities (23), (27), and (28) 
remain correct here. Therefore in these cases 


(29) f(€é) for é>1 and for é< —1. 


The discriminants of the quadratic polynomials of (24), (25), and (26) vanish 
now. But since n > 2, the polynomials g(x) and h(a) are not identically 
zero, and we obtain 


+. g(x) > + ma”? = (a,— | 
a,c"? + h(x) > ae”? + = (a2 — | m* 
instead of (20) and (21) by the Corollary of the Lemma; therefore 
> + a.—|m|) 20, 
> (4? — ay + a2 — | m* |) 20, 
<— a"? (4? — aay + a2 — | m*[) S0 


instead of (24), (25), and (26), respectively. Hence (29) remains correct. 
We are now able to prove Theorem 2. 


Proof. For n= 2, the theorem is trivial since a polynomial of form 
+ a, with a2 > 0 is irreducible in P. Let us assume now that n > 2. 
It follows from Theorems 1 and 1a that f(z) is irreducible if a, >¢ and 
Ao = | | 


On the other hand, we have by (17) 


(30) |m|S1i+¢t 
and by assumption 

(31) a2 >t, 
hence by (30) 

(32) a21+t=|m| 


since a, and ¢ are integers. Now Theorem 2 follows by (31) and (32). 
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THEOREM 3. Let 
(33) f(z) = At" + + + An (doAn 0) 


be a polynomial with integral rational coefficients. Denote the minima of 
the partial sums of 


O + + + + + 


and 
+ + (== + (— 1) "aan"? 


by wp and p*, respectively. Set 
n 
| | An-1 + | +2 | | . 


If 
An-2n > max (7, An-1?/4 + | |) for > 0, 


An-2n > MAX (7, An-17/4-+ |p|) for ana <0, 


then f(x) is irreducible in P. 
Proof. We set 


— Anz, 
and 


G(y) = an" F(x) = + + + + + aoan™. 


It follows from Theorem 1 that G(y) is irreducible in P. Hence F(x) and 
f(x) are also irreducible in P. 
In the same way we obtain from Theorem 2 


THEOREM 4. The polynomial (33) is irreducible in P if dns and 
An-24n > T. 4 
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ELASTICITY BEYOND THE ELASTIC LIMIT.* | 
By M. REINER. 


1. Theories of elasticity have so far presupposed the existence of what 
Love (Art. 76) called a “state of ease” of “perfect elasticity” in which 
“a body can be strained without taking any set”; that state ranging between 
an “ initial,” “unstressed ” and “unstrained” state (Art. 64) on one hand 


and the “elastic limit’ on the other. Recent technological progress has 
gradually reduced, absolutely and, still more, relatively, the field in which 


this assumption holds good. Not only has increased accuracy of measure- 
ments of permanent sets lowered the elastic limit until in many cases as, for 
instance, annealed copper, it has nearly disappeared. More important, in 
materials which do show a definite elastic limit as, for instance, mild steel, 
deformations in most practical applications go beyond that limit. In addi- 
tion, one has to consider elastic materials such as bitumen or cement-stone 
showing creep: their elastic potential gradually disappears through relaxation. 
Finally, there are such materials as rubber which can be caused to undergo 
very large deformations, a certain part of which will always be non-recoverable. 
It therefore becomes necessary to consider elasticity beyond the elastic limit. 
If we define elasticity with Love as “the property of recovery of an original 
size and shape,” there would in all these cases be no question of elasticity 
because the original size and shape is not recovered. However, some of the 
deformation is always recovered: but which part of it is recoverable, becomes 
apparent only when all external forces, gravity included, have been removed. 
We may denote as the ground-position that position of the body which is then 
reached. To every deformation there corresponds a ground-position of its 
own, which generally will not be the initial position from which the deforma- 
tion started. Let us denote by deformation a change of size and of shape in 
general, whether recoverable or not, and by strain that part of it which is 
recovered when all external forces have been removed. Generally, the strain 
will differ from the deformation not only in magnitude, but also in the 
orientation of the principal axes. 

The ground-position is accordingly an unstrained and unstressed state, 
but it is not an undeformed state. A general theory of elasticity, then, has to 
relate the strain as now defined to (i) the stress produced by it and (ii) the 


* Received October 12, 1947. 
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external forces necessary to equilibrate the stresses in the body in accordance 
with d’Alembert’s principle; while the classical theory of the “state of ease” 
refers to the special case when the strain is identical with the deformation. 
The considerations of the present paper are, however, also applicable in the 


latter case. 


2. The classical theory was brought to completion by Murnaghan when 
considering finite strain. He derived the relation between the stress tensor 
Tr* and the strain tensor ers from a formula connecting the elastic potential ¢ 
with the stress tensor.*. That formula itself was derived by considering the 
virtual work of the stresses across a closed boundary of a portion of the 
material. This method is inapplicable in our case. If we write the funda- 
mental law of thermodynamics for isothermal processes in the form of the 
Gibbs-Helmholtz equation 
(2.1) Sw = + pdy 


where w is the strainwork per unit volume, ¢ the intrinsic free energy-density 
and y the bound energy-density (compare Weissenberg, 1931), not only will 
y in our general case not vanish, but what is more remarkable, as Taylor and 
Quinney have shown in a metal which is subjected to cold working, part of 
the free energy is “latent” and not recoverable mechanically. We therefore 
must apply that other method used in the classical theory for the derivation 
of the stress-strain relation (e.g. by Stokes) which is a-generalization of 
Hooke’s law, writing 


(2. 2) fast) 


and developing the function f by means of tensor analysis, as was done by 
Reiner in the analogous case of viscosity. The equation will then express 
a law of elasticity if « indicates the strain defined above as the recovered part 
of the deformation and if the relation connecting 7" and ¢s” is unequivocal. 
From the last condition there follows, that we can also write 


(2.3) af = {(T."). 


In the experimental determination of the relation one would have in principle 
to proceed as follows: Subject a material to external forces and let it undergo 
a process of deformation of a certain type,” arrest the deformation and record 


1 We shall use in the present paper wherever possible Murnaghan’s notation. 
2 For “type” compare Love (Art. 73). 
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the magnitude of stress; * mark a sphere of unit radius in the material around 
some selected point; remove all external forces: this will induce relative dis- 
placements in the material changing the sphere into an ellipsoid called the 
reciprocal strain ellipsoid; wait until this movement dies out; measure the 
axes of the ellipsoid: they will provide a measure of strain; repeat this 
experiment reaching different magnitudes of the same type of deformation 
in a gradually increasing or decreasing order; record the strain, as deter- 
mined, against the stress: provided the relaxation of the stress is negligible, 
the result is an empirical relation for (2.3) depending upon the type of 
deformation.* For instance, in the usual tensile test for metals in the work- 
hardening range, when the volume of an element of the material can be 
assumed as constant and the deformation has axial symmetry, only one axis 
of the ellipsoid need be measured viz., either along or across the test piece 
and the empirical formula relates the axial traction pzz to the axial strain ezz. 


3. In the first stage of our investigation we need not fix the measure 
of strain. Denoting the three axes of the above mentioned ellipsoid by 1; 
(i running over 1, 2, 3) or, what is sometimes more convenient, the axes of 
the strain ellipsoid by Aj 1/1]; “one may use (as Weissenberg (1946) 
pointed out) any function of the elongation ratios (A;) in the direction of the 
main axes choosing the function to suit the particular field of investigation.” 
One would, naturally, require that all these functions are reduced for infini- 
tesimal strain to the Cauchy measure 44—1. This is the case with the 
Kirchoff-measure which is based upon $[(Ai)?—1] and the Murnaghan- 
measure based upon $[1— (1;)*]; it is also so with the measure In (Ag) 
=—AIn(l;) originally proposed by Roentgen for rubber and, since syste- 
matically introduced by Hencky, now widely in use. We may also mention 
the measure (A; —/;) proposed by Wall. All these measures comply also 
with a second requirement, viz. that the strain vanishes for Aj =1=j. 
It is clear that a linear stress-strain relation in one measure will be non-linear 
in every other and the desire for linearity is often one of the motives behind 
the introduction of one or the other of the measures mentioned, our enum- 
eration being far from complete. 


4. Starting from (2.2) or (2.3), we follow the reasoning applied by 
Reiner, as has already been mentioned, in the analogous case of viscous 


* It is necessary first to arrest the deformation as, generally, part of the stress will 
be due to viscous resistance, depending upon the velocity of deformation. 

*“Tf ... the stress-strain relations can be found experimentally, the strain-energy 
function can be calculated ” (Sokolnikoff, p- 89). 
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resistance. We note that on the left side there stands a mixed tensor of 
rank two. Then in a development of either function f or f all terms on the 
right side must also be mixed tensors of rank two. The right side can 
therefore consist only of sums of mixed tensors of rank two multiplied by 
scalars and of inner products of such tensors which again are reduced to 
tensors of rank two. The general term of a development of the function f 


will therefore be of the form ¢q’g%e,*- - -«s\-f(I), where f(Z) is a function 
of the three invariants: and we can therefore write 
(4. 1) T's? = fo8s" + fies” + foea”es® + 


This would mean an infinite number of such terms. However, in view of 
the Cayley-Hamilton equation of matrix theory, the following relation holds 
good 

(4. 2) = — + eg’es*] 


where J, JZ and III are the first, second and third invariants respectively. 


Therefore 


(4. 3) €q" €p%e Peg? = 11 — 
= §,"7- es’ (III —I- IT) + eq’es¢(I? — I) 


and similarly with respect to higher terms. This enables us to write 


(4. 4) is = F'8s" + Fyes" 
and analogously 
(4. 5) €3" = F ods" + F oT 


where the F are functions of the three invariants J,, IJ, and III, of the strain-, 
and the ¥ functions of the three invariants J7, II7 and IIIr of the stress- 
tensor. Prager has recently derived equations built up in a manner similar 
to (4.4) and (4.5), but subject to specializations due to certain simplifying 
assumptions. Our equations are general and express nothing more than that 
both stress and strain are tensors of rank two, the principal axes of which 
coincide ; and that the functions F and § are scalars. We may call a material 
in such a state isotropic. 

However, we also require that in the ground-position, when the stress } 
removed, the strain should also vanish, and vice versa. Therefore 


5 These developments are entirely analogous to those of Reiner for the viscous 
liquids, but it was thought desirable to make the present paper self-contained. 
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(4. 6) Po = Pole + + Foslll 
(4. 7) Fo = + F oll + 


where the new F and # are again, in general, functions of all three invariants 


I, IT and III. 


The functions F are moduli of elasticity, the functions ¥ coefficients of 
elasticity ; the latter, generally, not the reciprocals of the former. There are 
therefore, generally, five of each kind, each one possessing o* values in 
accordance with the values which the invariants may have in every particular 
case. In the expressions for / and & as functions of the invariants, there 
will appear a number of parameters, which are the elastic “ constants” of the 
material. The F and # may, of course, themselves be constants; in special 
cases some of them may vanish, in other cases they may not be independent ; 
and this would reduce their number from five to less. 


The F and # can be given physical interpretations only when a definite 
measure of strain is assumed and we shall examine what consequences the 
adoption of any such measure may have. 


5. Before dealing with the problem in a general way, it will be useful 
to examine the special case of simple shear dealt with by Love in Art. 37. 
This is given kinematically by the equations 


(5.1) sy; =Y;5 = 2. 

Putting 

(5. 2) s= 2 tana, 

Love calculates 

COS & COS 


and he proves that the directions of the principal axes of strain are the 
bisectors of the angle (7/2) +a with the z-axis, and the angle through 
which the principal axes are turned is the angle a. The stress caused by the 
strain will have the principal components 7,, T2, T; which from (4.4) and 
(4.6) are 

(5. 4) Ti = Fol + Fool! + FosllI + Pie + Frei’. 


The components of stress with respect to the system 2, y, z will be from Love’s 
equations, Art. 49: 
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Ter = 3(T,+ T.) —3(T1—T:) sing 

Tw = 3(Ti + T2) +3(T1—T:2) sine 
(5. 5) 

22 = Ts 


Try = —T2) cos @; T yz = Tz = 0. 


Introducing the expressions for the principal stresses from (5.4) into (5.5) 
gives 
=> Fo3lII 4{Fi[ (a €>) — (e, — sin a| 
(5. 6) Fol Pali (a (e, — €2) sin a| 
+ F.[(e? + + (4? —«”) sin 
Try = + F2(e? — cosa. 


We now assume definite measures of strain. If Jp is a length extended in 
simple elongation by Al to 1, the measure of the extension may relate Al to 
either J, or 1, or it may relate an element of elongation dl to the instantaneous 
length J. These three possibilities correspond to the Kirchhoff-measure. 


(5. 7) eK — 
the Murnaghan-measure 
(5. 8) eM = 3(1—1,?) = 3(1—1/X’) 


and to the logarithmic or Hencky-measure 
(5. 9) = = — Ink. 


Introducing the expressions A; from (5.3), we find the principal strain- 
components, the strain-invariants and the stress-components in the z, y and z 
directions as entered in the following Table: 
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In infinitesimal strain we may neglect (tan a)* and introducing tana=—¢ 
= 5/2 all three measures give the same €2 = — «, = 8/2, Try = F 18/2, while 
normal tractions 7',2, T'yy and T:; vanish. In this case simple shear is accom- 
panied by a shearing stress only. In finite strain such a simple relation is 
not possible, whatever the values of the elastic moduli. We may in the 
Kirchhoff measure make Fo, = 2F'; and Tz: vanishes. We may in addition 
make F,—0 and 7'y, will vanish. But there must remain a tension in the 
direction z which is Tz = 2F, (tan «)* and we cannot put F', = 0 because then 
Ty also would vanish. Alternately, we may put F, = — 2F,/[1 + 4(tan a)?] 
which would make vanish, but leave a pressure Tyy = — 2/’,(tan a)?/[1 
+ 4(tana)*]. Conditions are similar in other measures. In an isotropic 
material finite simple shear is accompanied by either a tension in the direction 
of the displacement or compression in the direction of its gradient or both. 
Weissenberg (1947) has demonstrated the existence of such stresses in elastic 
liquids in a series of striking experiments. 


6. The present theory is distinguished from the usual theory of elasticity 
of finite strains mainly by the appearance of the modulus F,. In the usual | 
theory, Equation (5.4) would be 


(6. 1) Ti = Fo + Fig 


which constitutes three equations with two unknowns, viz., the moduli F, 
and F,. In order that these equations should be consistent, certain relations | 
between 7; and ¢; must be satisfied. The matrix of the coefficients is of rank | 
two. The augmented matrix 
(6. 2) k= 
1 


must therefore also be of the rank two. This requires the determinant 


iu 
(6. 3) 1e T,| =0 
le T; 
or 
€; €2 — €3 €3 —— 


Equation (6.4) has been proposed by Weissenberg (1947) as a law of elas 
ticity. As has, however, been shown here, it is not general enough and is notf 
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independent of the measure of strain. For instance, should experiments 
show that simple shear is accompanied by a tension in the direction of dis- 
placement, the Murnaghan measure could not be used. On the other hand, 
should experiments show that it is accompanied by compression in the direction 
of the gradient of the displacement, the Kirchhoff measure could not be used. 
In the form of Equation (5.4) the law of elasticity is independent of the 
measure and does not prejudice the outcome of experiment. 


7. Considering that, by including the modulus F» (or the coefficient #2), 
we are independent of the measure of strain, we may for our further investi- 
gation assume any measure. We shall select the Hencky-measure for two 
reasons : 

(i) Because of Indi, & =Ai/Ai. Denoting by the principal 
“velocity-extension ” of hydrodynamics, we accordingly get = «, provided 
the principal axes do not rotate. Therefore in pure strain, in the Hencky- 
measure, to use Murnaghan’s words “the variation of the strain tensor 
(is equal) to the space derivative of the virtual displacement vector.” This 
is of advantage, especially if we consider that it may be possible in many 
cases to arrange “ the removal of the external forces ” (compare 2 and 3 above) 
in such a way that the axes do not rotate and the strain is acordingly pure. 


(ii) Secondly, from 


(7.1). V/Vo As, 
there follows 


2) €y = In(V/Vo) = Indz Inds = €3 = 


_ Therefore, in the Hencky measure, and only in that measure, the cubical 
| dilation is equal to the first invariant of the strain tensor.® Accordingly, only 
_ in this measure has the resolution of the tensor in an isotropic and a deviatoric 


component physical significance. 


8. By carying out the resolutions 


where 
(8. 2) To*=3T, = &,*=0 


we get from (4.4) and (4.6) 


This is, of course, also the case in infinitesimal strain. 
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T =F, Foe + 
= Fye’s" + + 8s") 


(8. 3) 


and from (4.5) and (4.7) 


(8 4) €= Foil + Foll’r + F osl 
where the accents indicate the deviator and the F and ¥ are now functions 
of the invariants of the deviator, different from the functions F and # 
appearing in (4.4) to (4.7). 
If we introduce e's” from (8.4) into (8.3), considering that 8,”, 7’," 
and 7’,"T’;* stand for the zero, first and second powers in the stress com- 


ponents, we find 


(8. 5) Pi= | — Fl 
F F 1? + F 2” 
| as above | 


The moduli of elasticity F are therefore generally not the reciprocals of the : 


coefficients of elasticity F. 


We now carry out in imagination a series of experiments such as men- | 


tioned at the end of Section 2. 


(i) Firstly, we apply a uniform hydrostatic pressure; here the stress 


tensor is a scalar tensor 
(8. 6) T = — pds" 


where p is what is commonly called “ pressure ” and the stress invariants are | 


(8. 7) Tu—p, 


and T’,"T’s*, therefore, vanish and the second of (8.4) gives 


while the first yields 
(8. 8) e = — pFoi(T, 0,0). 


This defines a coefficient of volume elasticity 


(8. 9) — 8e/p == 


7 For the derivation compare Reiner. 
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Considering that JI’. and IJI’, vanish, the first of (8.3) gives 


(8. 10) = p=€F 
This defines the modulus of compression 

(8. 11) k=— p/3e= Fy, /3 
and k’ = 1/k. 


(ii) In the second experiment we apply a tangential stress 


(8. 12) Tr O || 
so that 
(8. 13) T=(0; 
and 
(8. 14) T oy? 01 
00 0 
This makes (8. 4) 
= — o2(0, 0) 
(8. 15) 0 1 0 
|} 1 0 0 + F2(0, 0) = eu 
00 0 O 


and defines three coefficients of elasticity, viz. 


= = — Foe 
(8. 16) = 2F, 
== — 2F./s. 


The coefficient ¥, connects shearing stress with shearing strain and is 
accordingly a generalized coefficient of shear elasticity or of rigidity. The 
isotropic component of the strain, «, is a measure of the cubical dilation. 
If & does not vanish, a simple shearing stress will produce an increase (or 
decrease for negative 8’) of the volume measured by §’7'x?.8 


*It is remarkable that Sir William Thomson (Lord Kelvin) should have foreseen in 
1875 the possible existence of such a phenomenon on purely theoretical grounds, vide the 
following quotation: “It is possible that a shearing stress may produce in a truly 
isotropic solid condensation or dilatation in proportion to the square of its value; and 
it is possible that such effect may be sensible in india-rubber or cork, or other bodies 
Susceptible of great deformations or compressions with persistent elasticity.” Footnote 
p. 34, Math. & Phys. Papers, Vol. III, London, 1890. Weissenberg has observed negative 
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Accordingly, & may be termed the coefficient of (elastic) dilatancy (com- 
pare Reiner). Should & vanish, but not @’, then a simple shearing stress will 
produce (in the case of a positive «) an extension normal to the plane of 
shear (in our case the z-direction) which is equal to «’Tzy?, together with two 
lateral contractions equal to #/2-T2,?, so that the volume is not changed. 
If 8 should not vanish, there will be superposed a change of volume. We may 
call & the coefficient of cross-elasticity. 


(iii) If we force upon the material a tangential strain, we shall 
similarly find three moduli of elasticity 


(8.17) pom Fi 
a= — F,/6 


of which p» is a generalized shear modulus or modulus of rigidity. 8, the | 
modulus of dilatancy, will measure a hydrostatic tension necessary to maintain 
simple shear; and a, a modulus of cross-elasticity, measures a stress produced | 
by simple shear, in the direction normal to its plane. | 
(iv) Simple pull, in infinitesimal elasticity employed to determine 
Young’s modulus and Poisson’s ratio, gives us - 


0 0 
(8. 18) Tra 100 0 
0 0 
so that 
0 0 
0 0 2 
and 
(8. 20) Il’; = — T;,7/3; IIT’ = 2723/27. 
This makes 


10 0 
T 22/3(k’/3 4: T..8 (27 22/9) Fos) 0 1 0 
001 


+ —@T 2) |} 0 —1 0 
0 0 2 


® Note that a simple shear is measured traditionally by twice the tangential com g P 
ponent of the strain-tensor. ; 


E 
0 1% 
[| 0 0 
(8. 21) 
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and defines a generalized Youngs’ modulus 
(8.22) = + pl + 8’ —0") + (27 Fe] 
and a generalized Poisson-ratio 


+ (8 — + (20 Fos 


Either E or o can be used to determine a further coefficient of elasticity 


(8. 24) B’ = 2F 03/9. 


(8. 23) €xa/€zz 


Summarizing, we can now write (8.4) as follows: 


(8. 26) (p’/2) 3(a’/2) 211’ 7/3 53") 


and (8.3) as follows: 


p =— ke, + 481’. — (98/2) III’. 


where p is the hydrostatic pressure and e the cubical dilatation, ¢’s” the 
deviator of strain and 7”’,” the deviator of stress, &, 6, 8, », « moduli of elas- 
ticity and k’, 8’, B’, vw’, « coefficients of elasticity. These are generally func- 
tions of all three invariants of stress and strain respectively, but may also 
degenerate to constants. A hydrostatic tension will cause a cubical dilation 
and vice versa; but a cubical dilatation may also be caused in the absence of 
a hydrostatic tension by either simple shearing stress or traction. Likewise, 
a hydrostatic pressure may be required to maintain simple shear or a volume- 
constant simple extension. Finally, a simple shearing stress may not only 


“ sideways ” a volume- 


produce a corresponding shearing strain, but also 
constant extension. Likewise simple shear may require for its maintenance 
not only a corresponding shearing stress but also “ sideways ” a traction. The 
general elastic body has accordingly three additional properties absent in 
classical elasticity, namely dilatancy of two kinds, (shear- and tractional 
dilatancy) and cross-elasticity. It is not so much the property of dilatancy 
predicted by Kelvin as early as 1875 and observed as a permanent set by 
Reynolds as early as 1885, which is challenging, but the cross-elasticity, which 
is connected with the functions #2 and F. respectively. We, therefore, 
consider this property again from a different aspect. 


9. Let n be the normal to an element of interface in the interior or of 
surface on the boundary of the body under consideration. Let the traction 
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Tn be resolved into three orthogonal components T'ng where q runs through n, 
t and c; ¢ being the direction parallel to the face and ¢ the direction cross- 
wise to n and ¢, so that 


(9. 1) P'ne — 0. 

Let en be resolved in the same directions. We find, then, from the second 
of (8.4) 


the term following within brackets disappearing because r4 s(n c). Now 


As (9.2) is not affected by an isotropic stress component, T’nc vanishes also 


and this reduces (9.3) to 
(9. 4) nal” ac T'ntT’ te. 


Now on the right side of (9.4) T7’ne does not vanish, by definition; and if 
one imagines in the standard cube which defines T rz etc., 2, y, z replaced by 
n, t, c, it is clear that T’+- will, in general, not vanish. Therefore e’nc is finite. 
This brings out very strikingly a consequence of the existence of #2 and 
supports the designation “ cross-elasticity.” We have, however, shown that 
J. (or F,) can generally not be omitted without prejudicing experimental 


results. 


TEL AVIV, PALESTINE. 
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LOCALLY COMPACT RINGS.* 


By Irvine KAPLANSKY. 


1. Introduction. In this paper an account is given of some results in 
the structure theory of locally compact (= bicompact) rings. We begin by 
recapitulating, in somewhat generalized form, the known results on locally 
compact connected rings (Theorem 1). The theory of locally compact rings 
without nilpotent ideals is shown to be reducible to the totally disconnected 
case (Theorem 2). In 3 the hypothesis of boundedness is added, and a 
complete result given for the semi-simple case (Theorem 4). This section 
concludes with remarks on a class of rings including both compact rings and 
discrete rings with descending chain condition; it is shown that the known 
structure theorems for these two cases can thus be unified. The next two 
sections are devoted to maximal ideals, the existence and continuity of 
inverses, and the effect of chain conditions. A principal tool in this investi- 
gation is the fact (Lemma 4) that a locally compact totally disconnected ring 
has compact open subrings; this makes it possible to apply the structure 
theory for compact rings given in [11]. The final section assembles some 
results on locally compact primitive rings. 


2. The component of 0. We shall use the definition of boundédness in 
[11]: a subset S of a topological ring A is right bounded if for any neighbor- 
hood U of 0 there exists a neighborhood V such that V-SCU (by V-S 
we mean the set of all products of elements of V by elements of 8). Bounded- 
ness means both right and left boundedness, the latter being analogously 
defined. 

The following theorem contains various known results as special cases; 
ef. [2], [5], [8], [11, Th. 8], [14], [15]. The proof is virtually the same 
as that in [11] but we repeat it for completeness. 


THEOREM 1. Jf A is a locally compact ring with C the component of 0, 
and Bisa right bounded subgroup of A, then CB=0. 


Proof. For any fixed character f of A, let I(f) denote the set of all 
aeA with f(aB) =0. Then I(f) is clearly a subgroup of A; if we show 
it to be open it will contain C and we will have f(CB) =0 for all f, so that 


* Received August 12, 1947. 
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CB =0. Choose neighborhoods U, V of 0 in A with f(U) < 1/2, V-BCU, 
Then for ze V we have nxBCU for any integer n, and hence f(nzb) 
= nf(rb) < 1/2 for all be B. Hence f(xb) =0, VCI(f), Z(f) is open. 


We now quote the structure theorem [18, p. 110] which asserts that A 
is the direct sum (in the topological group sense) of a vector group N and 
a group in which the component P of 0 is compact. Since P is compact it is 
bounded [11, Lemma 10]. Hence we have the following corollary. 


CorRoLLARY. With the above notation P? = PN =NP=0. 


Before proceeding to the next theorem, we make a ren.. *k on direct sums. 
If A is a topological ring and B, C are closed ideals with Bf] C=0, 
B+ C=A, then A is the direct sum of B and C in the ring-theoretic but 
not necessarily in the topological sense. However in a more special case 
we are able to assert that we have a direct sum in both senses: if B has a 
unit element e. For if the directed set a; approaches a, then ea; approaches ea, 
i.e., the B-components of a; approach the B-component of a. By subtraction 
we get the same result for the C-components, and this verifies that we have 
the Cartesian product topology in B+ C. 


THEOREM 2. A locally compact ring with no algebraically nilpotent? 
ideals is the direct sum of a connected ring and a totally disconnected ring. 
The former is a semi-simple algebra of finite order over the real numbers. 


Proof. In the notation of the Corollary to Theorem 1 we must have 
P=0, since P is a nilpotent ideal. Then N becomes the component of 0 
and is an ideal. Any nilpotent ideal in N would generate a nilpotent ideal | 
in A; hence N has no nilpotent ideals. Also N is not only a vector space but 
an algebra over the real numbers; this requires only the verification of the 
appropriate associativity condition [cf. 8]. Thus N is a semi-simple algebra 
over the reals and has a unit element. We form the Peirce decomposition | 
with respect to the latter, and we have A—N-+S where S=A—VN is 
totally disconnected. 


3. Bounded rings. We begin with certain remarks valid for any 
bounded rings. 


1A set 8 is algebraically nilpotent if for some n, S*= 0. We have prefixed the 
term “algebraic” in order to distinguish between this and the topological nilpotence f 


defined on p. 162 of [11]. 
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Lemma 1. Ina bounded ring the quasi-inverse * is uniformly continuous. 
Proof. We use a’ to denote the quasi-inverse of a. The identity 
a’ —b’= (1+ a’) (b—a) (1+ 0’) 


shows that in a bounded ring, a’ — b’ can be made arbitrarily small by choosing 
a—b sufficiently small. 


THEOREM 3. In a complete bounded ring, the quasi-regular elements 
form a closed set. 


Proof. Suppose the directed set a; converges to a and that a’; exists for 
every 1. Lemma 1 shows that a’; is a Cauchy directed set. Its limit a’ is the 
quasi-inverse of a. 


From [11, Th. 4] we derive the following corollary. 
CoroLtuaRY. The radical of a complete bounded ring is closed. 


The following lemma gives a new proof of Jacobson’s result [10, Th. 26] 
that a two-sided ideal in a semi-simple ring is semi-simple. 


LemMMA 2. If B is a two-sided ideal in a ring A, we have R(B) = R(A) 
() B, where R denotes the radical in each case. 


Proof. First on the mere assumption that B is a right ideal, we prove 
R(B) D R(A) () B. Let ee R(A) [) B; then z has a quasi-inverse y which 
is in B since y=—a—vzy. Hence R(A) {) B consists of elements which 
are quasi-regular in B, and since it is an ideal in B, it is contained in R(B). 
Conversely suppose 2 e R(B), where B is now a two-sided ideal in A. Then 
for any ae A, — (va)* is in R(B) and is quasi-regular, say with quasi- 
inverse z. Hence — za has the quasi-inverse zaoz, and xe R(A). 


The following structure theorem reduces the study of locally compact 
bounded semi-simple rings to the discrete case, since compact semi-simple 
rings are completely known [11, Th. 16]. 


THEOREM 4. A locally compact bounded semi-simple ring is the direct 
sum of a compact semi-simple ring and a discrete semi-simple ring. 


Proof. It follows from Theorem 1 that A is totally disconnected. 
Since A is bounded and locally compact, it has a system of ideal neighborhoods 
of 0 [11, Lemma 9]. In particular we have a compact open ideal B, which 


* The terms quasi-inverse, radical, semi-simple, and primitive are used as defined by 
Jacobson in [10]. We also use the notation xvoy=aext+y+ ay. 
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is semi-simple by Lemma 2. B has a unit element [11, Th. 16], and we may 
use the Peirce decomposition to write A = B+ C, with C= A—B discrete 
since B is open. That C is semi-simple follows from another application of 
Lemma 2. 

The presence of a compact open ideal may be used to obtain results 
without the assumption of semi-simplicity. The following is an example. 


THEOREM 5. A commutative locally compact totally disconnected 
bounded ring is the direct sum of a compact ring with unit, and a ring 
which modulo its radical is discrete. 


Proof. Our assumptions imply the existence of a compact open ideal J, 
which in turn [11, Th. 17] is the direct sum of a compact ring B with unit e, 
and a radical ring D. We form the Peirce decomposition A = B + C, with 
B= Ae and C the annihilator of e. Now D is an ideal in J, which is an ideal 
in A. By two applications of Lemma 2 we have R(D) = R(A) [) D, i.e. 
DC R(A). Since R(A) = R(B) + R(C) and DCC, we have DC R(C). 
Now C—D= (B+ C) — (B+ D) =A--1 is discrete. Hence C — R(C) 


is discrete. 


We shall conclude this section with some remarks on a still more special 
class of rings. These rings satisfy the following three conditions: (1) local 
compactness, (2) boundedness, (3) the descending chain condition for right | 
ideals which contain a fixed open two-sided ideal. Special cases are compact 
rings and discrete rings with the descending chain condition on right ideals. 
We shall now briefly indicate how the classical results in the latter case, and | 
the results for compact rings in [11], may be thus unified and generalized. | 

First we consider the semi-simple case. Theorem 4 is applicable and | 
condition (3) shows that the discrete summand has the descending chain 
condition, and accordingly is a direct sum of a finite number of matrix rings | 
over division rings. The result may be restated thus: a semi-simple ring | 
satisfying (1), (2), and (3) is the Cartesian direct sum of matrix rings 
over division rings, all but a finite number of the components being finite. 

In the general case let R be the radical of a ring A satisfying (1), (2) [ 
and (3). By the Corollary to Theorem 3, R is closed. The arguments of § 
[11, p. 163] may now be repeated virtually verbatim, and we have that 2 
is the union of all (topologically) nil left and right ideals, and in the totally | 
disconnected case is itself topologically nilpotent. The idempotents of A—F Ff 
may be transferred to A as in [11, Lemma 12] and this yields the analogues 
of Theorems 17 and 18: if A is commutative it is the direct sum of primary ’ 
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rings and a radical ring, and a primary ring is the ring of matrices over a 
completely primary ring. 


4, Quasi-inverses. We repeat from [11] the following definition: a 
topological ring is a Q,-ring if the right quasi-regular elements form an open 
set, a Q-ring if the quasi-regular elements form an open set. It suffices 
[11, Lemma 2] that there be a neighborhood of 0 consisting of (right) quasi- 
regular elements. Moreover [11, Lemma 4] in a Q-ring, the quasi-inverse 
is continuous wherever defined if it is continuous at 0. 


LemMA 3. Let B be a closed two-sided ideal in the topological ring A. 
Then A is a Q-ring with continuous quasi-inverse if and only tf both B and 
A—B are. 


Proof. Suppose that A is a Q-ring with continuous quasi-inverse. If x 
is near 0 in B, then x has a quasi-inverse y= —2—vy necessarily in B, 
which, being near 0 in A is also near 0 in B. Again, for any element z near 
0 in A—B, we may pick an inverse image in A near 0 in A. The image 
of the latter’s quasi-inverse provides us with a quasi-inverse of z near 0 in 
A—B. 


Conversely suppose that both B and A —B are Q-rings with continuous 
quasi-inverse. For x near 0 in A the coset 2+ B is near 0 in A—B. The 
quasi-inverse of z + B is a coset having a representative y near 0 in A. Then 
voy is in B, and being small, has a small quasi-inverse z. Then soz is the 
desired quasi-inverse of 2. 

We shall now apply Lemma 3 to locally compact rings. First we dispose 
of the connected case. 


THEOREM 6. A connected locally compact ring is a Q-ring with con- 


| tinuous quasi-inverse. 


Proof. In the notation of the Corollary to Theorem 1, P is a closed 
two-sided ideal which is certainly a Q-ring with continuous quasi-inverse in 
virtue of P?=0. Next A—P is an algebra of finite order over the reals. 
It can be normed [1, Th. 4] and hence [11, Lemmas 3, 5] is a Q-ring with 
continuous quasi-inverse. The result now follows from Lemma 3. 


The treatment of the totally disconnected case is based upon the following 
lemma. 


Lemma 4. A locally compact totally disconnected ring A has a system 
of neighborhoods of 0 which are compact open subrings. 
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Proof. We know that A has subgroup neighborhoods of 0. Let U be 
such a compact open subgroup, and select an open subgroup V such that 
VCU, VU CU (this is possible since U is bounded). Define W = V+ V? 
+V*+---. Then W is a compact open subring of A and WC U.° 


For later use we note the following refinement. 


LemMa 5. Let A be a locally compact totally disconnected ring having 
a unit element 1 such that the closed subring C generated by 1 1s compact. 
Then A has a compact open subring containing 1. 


Proof. If U is any compact open subring, the desired subring is U + (. 


We remark that the hypothesis of Lemma 5 is of course satisfied if A 
has finite characteristic. Another case where the hypothesis holds is where A 
has a compact open subgroup U containing an element a such that the | 
mapping z—>za is a homeomorphism (for example, A may be any non- | 
discrete locally compact totally disconnected division ring); for then C is 
homeomorphic to Ca which is compact. An example where the hypothesis 
fails is the ring of integers under the discrete topology. 


LEMMA 6. A compact ring A which is not a Q-ring contains a set of | 
non-zero idempotents with cluster point 0. 


Proof. If the radical R of A is open, A is clearly a Q-ring. Hence we 
suppose that R is not open, which means that A —R is infinite. By [1], 
Th. 16] we may find in A —R an infinite set of idempotents having only 0 
as a cluster point. We may build [11, Lemma 12] idempotents e; in A | 
mapping on these. The set e; has a cluster point e, necessarily an idempotent, | 
and necessarily in Ff since it maps on 0 mod #. But the negative of an idem- 
potent is right quasi-regular only if it is 0, and so e=0. 


We now prove the principal result of this section. It provides for the . 
locally compact case an affirmative answer to the question raised in [11] asf 


to whether any Q,-ring is a Q-ring. 


7. A locally compact ring A is a Q-ring with continuous 
quasi-inverse if and only tf A is a Qr-ring. 


Proof. In the light of Lemma 3 and Theorem 6, it will suffice to treat 
the totally disconnected case. Then by Lemma 4, A has a compact opetf 
subring B. We assert that B is a Q-ring, for otherwise by Lemma 6 there 
are negatives of non-zero idempotents arbitrarily near 0, which is impossble} 
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ina Qr-ring. It then follows that A is a Q-ring. That the quasi-inverse is 
continuous is a consequence of Lemma 1. 


We may now prove Theorems 21 and 22 of [11] without countability 
assumptions. 


THEOREM 8. A locally compact ring without divisors of 0 is a Q-ring 
with continuous quasi-inverse. 


Proof. The proof is like that of Theorem 7, except that the presence 
of idempotents near 0 is now ruled out by the remark that the only possible 
idempotents are 0 and 1. 


We prove one further result of this kind. 


THEOREM 9. A locally compact ring with the ascending or descending 
chain condition on closed right ideals is a Q-ring with continuous quasi-inverse. 


Proof. Assuming that the usual compact open subring is not a Q-ring 
we again find an infinite set of idempotents; but this time we arrange, as is 
clearly possible in the light of [11, Th. 16], that eve; = eje; =e; for i= j or 
17 according as we have the ascending or descending chain condition. In 
the former case {e;A} is an ascending set of closed right ideals. But if 
eA =ej;A for 1 then e; = and left-multiplying by e; gives e; = eja 
= ¢;, a contradiction. The argument is similar for the descending case. 


In Theorems 7, 8 and 9 we have generalized Otobe’s result [16] that 
the inverse is continuous in a locally compact division ring. These do not 
exhaust the possible hypotheses that are adequate. We mention one more: 
assume no nilpotent ideals (so that Theorem 2 is applicable), and assume 
outright that there is a neighborhood of 0 free of non-zero idempotents. 

At the end of 5 we shall give an example of a locally compact ring in 
which the quasi-inverse is not continuous. 

We conclude this section with the following supplement to Theorem 9. 


THEOREM 10. A semi-simple Q-ring with the descending chain condition 
on closed right ideals has the descending chain condition on all right ideals. 
Hence a locally compact semi-simple ring with the descending chain condition 
on closed right ideals is the direct sum of a finite number of matrix rings 
over locally compact division rings. 


Proof. We shall use Jacobson’s structure theory of semi-simple rings 


Vy? 
| 


454 IRVING KAPLANSKY. 


[10, pp. 310-312], sharpened by the use of Segal’s notion of regular ideals. 
We may summarize the facts that we need as follows: the regular maximal 
right ideals M; in A have intersection 0. We form for each 7 the ideal 
P, = A) =the set of all ce A with Ax C Mj. By the use of right 
multiplications the primitive ring A—P;—Q; may be represented as a 
dense ring of endomorphisms in the vector space A —M,. 


Now in our topological context we note further that M; is closed 
[17, Th. 1.6], and from this it follows readily that Pi is closed. Let 
21,%2,° * * be linearly independent elements in the vector space A — M, in 
which Q; acts, and let J, denote the set of elements (i.e. linear transforma- 
tions) annihilating 2%,- --,@n. It is easy to see that the I’s form a properly 
descending chain of closed right ideals. Since this chain must terminate 
A — M; is finite-dimensional. Next we note that a finite number of the M’s 
already have intersection 0. From this we can conclude that A is the direct 
sum of a finite number of simple rings (cf. the argument at the foot of p. 314 
of [10]). In the locally compact case we use Theorem 9 to get that A isa 
Q-ring, and thus verify the second sentence of the theorem. We remark 
finally that the direct sum and matrix representations involved hold in the 
topological as well as in the algebraic sense, as can be seen by persistent 


use of idempotents. 


5. Maximal ideals. The results in this section will be obtained by 
further exploitation of the existence of compact open subrings. We begin 
with two preliminary results. 


Lemma 7. Let e be an idempotent in a topological ring A, such that 
eAe is a Q,-ring. Then any maximal right ideal M containing {a — ea} 1s 
closed. 


Proof. Suppose on the contrary that the closure of M is A. Then M 
contains e + x with z arbitrarily small, say so small that eve is right quasi- 


regular, ereoy=0. Then M contains z= (e+ 2) (e+ ey), also ez—z, and 
hence ez. A computation shows that ez = e, so that Mf contains e and all of 4, | 


a contradiction. 


Lemma 8. Let e be an idempotent in a topological ring A, such that 


eAe isa Q,-ring. Then if x lies in every closed regular maximal right ideal F 


of A, ex is in the radical of A. 


8 A right ideal J is regular if there exists a left unit e modulo /, that is, an element : 


e such that ex — axel for all az. 


~~ 


c 
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Proof. Consider: the right ideal J generated by {a— ea} and e- ze. 
If J is a proper ideal it can be expanded to a maximal right ideal M excluding 
e, which is closed by Lemma 7, and regular since e is a left unit. Then ze M, 
zee M, ee M, M =A, a contradiction. Hence J =A, and we must have 


b+ (e+ 2e)(e+d) =e 
where be {a—ea}, de A. Left-multiplying by e we find ereoed =0. Thus 
(ex)e is right quasi-regular and hence so is e(ex) = ex (cf. the last identity 
on p. 154 of [11]). Since zc is also in every closed regular maximal right 
ideal for every c, we likewise have exe right quasi-regular, and hence ez is in 
the radical. 


THEOREM 11. A locally compact ring which is not a radical ring has a 
closed regular maximal right ideal.* 


Proof. First we consider the totally disconnected case. We find a 
compact open subring B. If B is a Q-ring, so is A, and (unless A is a radical 
ring) we know that A has regular maximal right ideals which are closed. 
Otherwise, let R be the radical of B. In B—R we select a primitive idem- 
potent, and we find in B an idempotent e mapping on f. Now we know that f 
annihilates a neighborhood of 0 in B—R. Hence for a suitable neighborhood 
U of 0 in B we have eUe C R. This shows that eAe is a Q-ring, and Lemma 7 
then provides us with the desired closed regular maximal right ideal, namely 
any right ideal containing {z— ex} and maximal with respect to exclusion 


of e. 


In the general case let C be the component of 0 in A. If A—C isa 
radical ring it is a Q-ring, so is A (Lemma 3 and Theorem 6), and we are 
finished. Otherwise by the first part of the proof A —C has a closed regular 
maximal right ideal., We take its inverse image in A. 


THEOREM 12. Let A be a locally compact totally. disconnected ring with 
aunt element 1 such that the closed subring generated by 1 is compact. 
Then the intersection S of the closed regular maximal right ideals in A is 
the closure R’ of the radical R of A. 


Proof. That S contains R’ is clear, since S is closed and contains RP. 
Conversely suppose xe S. We select (Lemma 5) a compact open subring B 
containing 1; let 7 be the radical of B. In B—T we may find a directed 
set f; of idempotents of finite rank approaching 1 (an idempotent of finite 


‘Concerning this question of the existence of closed maximal ideals, R. Arens has 
remarked that his ring L® [3] has no closed maximal ideals at all. 
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rank is the sum of a finite number of primitive idempotents) ; this is an 
immediate consequence of [11, Th. 16]. We build idempotents e& in B 
mapping on f; [11, Lemma 12]. Then {e;} has the cluster point 1, for such 
a cluster point is necessarily an idempotent mapping on the unit element of 
B—T, and 1 is the only element fulfilling these conditions. By Lemma 8, 
ewe R and it follows that re R’. 


The significance of a result like Theorem 12 is as follows. Suppose that 
A is a locally compact semi-simple ring. Then R = R’ = 0, and under the 
hypothesis of Theorem 12, S=0. We then immediately deduce a represen- 
tation of A as a subdirect sum of locally compact primitive rings, the point 
being that only with closed maximal ideals is a topology inherited by the 
components of the sum. It need hardly be added that if A is a Q-ring, the 
assumption about the unit element is superfluous. Whether it is in any 
event superfluous I have not been able to determine. 

We give an example now of the kind of subdirect sum that can arise in 
locally compact rings.® Let Fy denote the p-adic numbers, Jp the p-adic 
integers. Let A be the set of all sequences {a;} of elements of F>, with all 
but a finite number of components in J»; let B be the subset with all com- 
ponents in J». The topology is as follows: neighborhoods of 0 in B are taken 
to be neighborhoods of 0 in A, and B is given the Cartesian product topology. 
Then B is compact so that A is locally compact. Continuity of addition 
and multiplication in A are readily verified. A is semi-simple: in fact the 
sequences with 0 at a designated place form a closed maximal ideal, and 
these ideals have intersection zero. A noteworthy feature of this ring is that 
the (multiplicative) inverse is not continuous. The elements }; with p in the 
i-th place and 1 elsewhere approach the unit element of A (the sequence of 
all 1’s), but 6;* does not approach the unit element since the difference 


does not even enter B. 


6. Primitive rings. As was observed earlier, Theorem 12 provides a 
partial reduction of locally compact semi-simple rings to the primitive case. 
Thus an important step in the theory would be accomplished if locally compact 
primitive rings were classified. It follows from Theorem 2 and [10, Lemma 4] 
that only the totally disconnected case need be studied. 

The most important result so far obtained is the structure theorem of 
Jacobson [9]: any non-discrete locally compact division ring admits a valua- 
tion and is an algebra of finite order over its center. There have been three 


’This kind of construction is closely related to certain group-theoretic results of 
Braconnier and Dieudonné [7]. 
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later contributions: Otobe [16] removed the countability assumption in 
Jacobson’s proof, Braconnier [4] announced a proof based on Haar measure, 
and a new proof is given in [12]. The latter proof leans strongly on the 
following result. 


LemMMA 9. A locally compact topological linear space over a non-discrete 
locally compact division ring is finite-dimensional. 


The connected case is a classical result of F. Riesz. The general case 
was announced in [6] and a proof is given in [12]. In the characteristic 
zero case a proof was already given by Jacobson in [9], and we wish to 
record here that the characteristic zero case also follows from a theorem of 
Mackey [13]. 

We turn now from division rings to primitive rings. Jacobson [9, Th. 
5.3] gave the following result: a non-discrete locally compact simple * ring 8 
of characteristic zero is an algebra of finite order over the p-adic numbers. 
However there appears to be a gap in the proof that is not easy to supply: 
the tacit assumption (especially on p. 440) that multiplication by p™ is 
continuous, so that p"G is open where G is a compact open subgroup of 8. 
The more general statement is made on p. 442 that if S is a locally compact 
p-group * which is an algebra over the rational numbers, then S is an algebra 
of finite order over the p-adic numbers. That this statement is in error is 
shown by the following example: let S be the set of all sequences of p-adic 
numbers with the proviso that in each sequence there is a bound to the negative 
powers of p. Let 7 be the subset of S consisting of those sequences with 
all components p-adic integers. We give T the Cartesian product topology 
and make it open in S. Multiplication is ruled out of the picture by setting 
S*=0. Then 8S is locally compact and a p-group, but it is infinite-dimen- 
sional over the p-adic numbers. It goes without saying that multiplication 
by p* is not continuous, and consequently S is not a topological linear space 
over the p-adic numbers. 

If we add to the hypothesis of simplicity the existence of a unit, then 
p™ becomes a member of S and multiplication by it will be continuous. How- 
ever a somewhat shorter proof is made possible by the assumption of a unit. 


THEOREM 13. A non-discrete locally compact simple ring A of charac- 
teristic zero with unit element is an algebra of finite order over its center. 


We first note the following lemma. 


A simple ring here means one with no proper ideals, and not merely no proper 
closed ideals. 


A p-group Is one in which every element satisfies p"a > 0. 
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LEMMA 10. For any compact commutative totally disconnected group G, 
there exists a prime p and an element a0 in G such that p"a—0. 


The assumption of the first axiom of countability in Jacobson’s proof 
[9, Lemma 4.4] can be avoided without difficulty. A brief proof can also 
be based on character theory: the character group H of G is a discrete group 
with all its elements of finite order. The elements of H with order a power 
of p form a direct summand H, which must be non-zero for some p. The 
annihilator Gp of H — Hy is easily seen to be a p-group. 


Proof of Theorem 13. The center of any simple ring with unit is a field. 
Hence the center Z of A is a locally compact field. If we show that Z is 
non-discrete, then by Lemma 9 [A:Z] will be finite. Now for any p the set 
of elements a in A such that p"a— 0 forms an ideal Ap. By Lemma 10 this 
ideal is non-void for some p, and Ap =A since A is simple. In particular 


p":-1—0, Z is non-discrete. 


We present another result that can be proved in a similar way. 


THEOREM 14. Let A be a non-discrete locally compact primitive ring 
and suppose that A is of characteristic zero and has minimal ideals. Then A ts 
an algebra of finite order over its center. 


Proof. Let eA be a minimal right ideal. Then eA is a locally compact 
topological linear space over the locally compact division.ring eAe, and A 
is represented as a dense ring of endomorphisms on this linear space. Again 
we have only to prove that eAe is non-discrete, for this will make eA finite- 
dimensional. By Lemma 10 we have a non-zero ideal J consisting of all a with 
p"a—>0. By [10, Th. 29], e is in Z. Hence eAe is not discrete. 


We shall conclude with an example showing that in the characteristic p 
case, it is possible for a locally compact primitive ring to be infinite-dimen- 
sional over its center. Let K be a finite field and A the set of all infinite 


matrices a= (aij), aij ¢ K, which are “ultimately triangular”: for any 4 f 
there exists NW = N(a) such that ai; =0 for j >i>N. Let B be the subset [ 
of matrices which are actually triangular: ai; =—0 for 7 >i. We topologize 
B with the weak topology, a general neighborhood of 0 in B consisting of all 
matrices with the first n rows zero. This makes B compact, and by declaring [ 
that B is open in A we make A locally compact. That A is primitive is clear { 
and incidentally it has a unit element and minimal ideals. The one point f 
needing serious verification is the continuity of multiplication, a verification [ 


which we omit. 


This ring is not simple: the linear transformations with finite-dimen- 


t 
gz 


LOCALLY COMPACT RINGS. 459 


sional range form a proper ideal in A. However A is simple in the sense 
that there are no proper closed ideals. It seems unlikely that a locally 
compact ring with minimal ideals could be simple in the strong sense, since 
completeness appears to require the presence of linear transformations with 
infinite-dimensional range. 


UNIVERSITY OF CHICAGO. 
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ON THE PARTIAL PRODUCTS OF INFINITE PRODUCTS 


. 207%, line 18: 2 should be 80°. 


ADDENDUM TO “A MATRIX DIFFERENTIAL EQUATION 


Professor J. Radon has called my attention to the fact that the presen- 
tation of the Legendre equation of a problem of Lagrange as a matrix | 
differential equation of Riccati type, and the fundamental theorems on the | 
integration of such an equation, are given in two earlier papers of his } 
[“ Uber die Oszillationstheoreme der konjugierten Punkte biem Probleme von : 
Lagrange,” Miinchner Sitzungsberichte (1927), pp. 243-257; “ Zum Problem fF 
von Lagrange,” Abhandlungen aus dem Mathematischen Seminar Hamburq, 
vol. 6 (1928), pp. 273-299]. In particular, the results of Sections 3 and 4 
of the indicated paper of the author are contained in these papers of Radon. 
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CORRIGENDA. 


OF ALEPHS. 


By F. BAGEMIHL. 
207, line 10: the second « should be z. 
208, line 19: I] (I]a,,,,) should be II (ILa,,,)- 
™ E<A ™ 


210, line 16 should be TI pp —2 > yp, 


OF RICCATI TYPE.’* 


WILLIAM T. REID 


* This journal, vol. 68 (1946), pp. 237-246. 
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ON THE ASYMPTOTIC PROBLEMS OF THE ZEROS IN WAVE 
MECHANICS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. In the homogeneous, linear differential equations to be considered, 
the coefficient functions, parameters and integration constants, hence all the 
solutions, will be assumed to be real-valued, and the trivial solution (= 0) 
will not be called a solution. 

In the one-dimensional wave equation 


(1) + A =0, 
let f= f(s) be given and continuous for 0 << s < ©, and suppose that 
(2) f(s) > @ as 0. 


Then the coefficient, { }, of ¢ in (1) tends to — oo for every fixed A. It 
follows, therefore, from a theorem of A. Kneser [7] that there belongs to every 
Aa solution ¢ = ¢)(s) satisfying 


while every solution linearly independent of this particular solution tends to 
or —o. Hence, by Sturm’s separation theorem, 


(4) $,(s) asso. 


It also follows that a solution cannot be bounded unless it tends to 0, i.e., 
that (3) is implied by 
(5) lim sup | dx(s)| < 0. 


Finally, if two solutions which differ only in a constant factor (0) are 
considered as identical, the fact mentioned after (3) implies that, it is possible 
to speak of the bounded solution of (1) for every fixed A. 

It is easily realized that, since (2) implies that (1) is ultimately 
“majorized” by the differential equation ¢”—C*¢—=0, where C is any 
given positive constant, the bounded solution of (1) is ultimately majorized 
by e-©s, This implies that the bounded solution of (1), besides satisfying (3), 
must satisfy the (Z*)-condition 


* Received December 30, 1947. 
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(6) f or7(s)ds << 


But (6), where A is arbitrary, cannot of course be interpreted by saying that 
“every A is an eigenvalue,” since eigenvalues are selected only by a boundary 
condition assigned for s=0; a boundary condition which, depending on the 
behavior of the potential or f(s) near s 0, can be either of a type such as 


(6:) J < or limsup | ¢,(s)| << ©, 


+0 


or of the Sturm-Liouville type, e. g., 
(62) 0) =0 or 0) =0. 


But this issue will not enter into the following considerations, since the results 
will concern the behavior of the bounded solution of (1) for an arbitrary 4; 
so that a boundary condition at s = 0 need not even be mentioned. If such a 
boundary condition ts assigned, the results will be applicable to the particular 
A-values which are eigenvalues, but not of course to these A-values only. 


2. This situation is implied by the nature of the results to be proved. 
In fact, the main result can be formulated as follows: 


THEOREM. For0<s< o, let f(s) be a continuous function which tends 
to © as s—> © and has, for large s, a continuous second derivative satisfying 


(7) 20 
and 
(8) f’(s) = off’ (s) 


(this o-condition, apparently of a Tauberian nature, actually involves just a 
certain regularity in the growth of f(s), as illustrated by the fact that (8) 
is satisfied by every logarithmico-exponential function subject to f(0) = %; 
ef. [4], pp. 34-37.) 


By virtue of the assumption f(0) = 0, the differential equation 
+ {A—f(s)}o=0 
has, for every \=const., one and (to a constant factor) only one solution 
¢=¢ (8) which tends to 0 as so. This solution does not vanish as 
s—> © and, if s=s*(A) is, for large positive », the greatest zero of $n(8)) | 
the asymptotic form of s*(A) can, without solving the differential equation, q 
be determined from | 
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(9) (A) — (A) ) 38, (A> 


where f-* denotes the inverse function of the function f and ¢ is an absolute 


constant, 
(10) 1.85575°--. 


The latter is defined as the least positive root of Airy’s case of the cylinder 
functions, 1.e., 


(11) U(c) =0 but ¥(t) >0 if <y 
where 
(12) v(t) = f cos + rt) dr. 


0 


Needless to say, the existence of the inverse function f* (for large values 
of the argument) is assured, since (7) and (2) imply that f(s) is strictly 
monotone for large s. . 

The assertion of the Theorem is known for the case of certain particular 
coefficient functions f(s) in the differential equation (1). For instance, if 
(1) is a Bessel differential equation, (9) reduces to a result of Watsoa 
({11], p. 521). In addition, Watson’s treatment of this particular case, 
when combined with the complex-analytical method of steepest descent, 
suggests the asymptotic relation used since Kramers [8] in quantum theory. 
Along these lines, Zernike [13] has proved (9) for the case in which (1) is 
Hermite’s differential equation.1 But Watson’s device of “trapping” ([{11], 
p- 520), employed by him and Zernike in the case of Bessel and Hermite 
functions respectively, presupposes a certain amount of explicit estimates 
which are not available in the general case. 

In the proof of the Theorem, this difficulty will be avoided by introducing 
a new element into the asymptotic consideration, namely, by having recourse to 
the general existence theorem of A. Kneser [7]. A substantial part of the 
latter theorem has already been stated above, after (2). 


3. A problem related to that of the Theorem was t”eated by W. E. Milne 
[9]. His asymptotic formula, replacing (9), supplies the number of zeros, 


* With \=n, where n is an integer. But this restriction of A actually is super- 
fluous in Zernike’s calculations, since it is introduced only for the sake of a boundary 
condition which, in accordance with the remarks made above in connection with (6), 
(6,), (6,), has no substantial réle in the problem. This means that Zernike’s result 
concerning Hermite polynomials can be extended, without any modification of the proof, 
to the case of the functions of the parabolic cylinder, where \ is not an integer, n. 
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say NV (A), of ¢,(s), rather than the greatest zero, s*(A), of r(s), as A> 
Milne’s result is contained in, and is substantially equivalent to, the statement 
that, if f(s) is continuous on the closed half-line 0 =s < ©, the relation 


(13) aN (A) ~ f {A — f(s) }4ds, as A> ©, 


holds precisely * under the assumptions of the above Theorem. 
By using the Tauberian restriction (7), it would be possible to deduce 
(13) from (9), along the lines of the procedure applied by us [6] in the 


problem of a function NW similar to, but somewhat easier than, that of the NV 


which occurs in (13). On the other hand, the converse deduction, that 
passing from the accumulated function N(A) to the sharp function s*(Q), 
is hardly possible. 

This suggests that (13) can be deduced under conditions less strict than 
those needed in the proof of (9). What is less obvious is that the degree of 
relaxing the restrictions proves to be very considerable. In fact, it can be 
concluded from the result of [6] that (13) remains true if only (2) and the 
convexity of f(s) are retained, while (8) is omitted entirely. Incidentally, 
not even the absolute continuity of f’(s), and still less the existence of a 
continuous f(s), will be needed. 

As all of this has nothing to do with the proof of (9), the proof of (13) 
under the relaxed conditions will be deferred to the end of the paper. 


4. Corresponding to the circumstance that the content of the condition | 


(8) actually is just a condition on the “regular growth” of f’(s), a direct § 
handling of (8) is inconvenient in the proof of the Theorem. More adapted | 


to the use of a “regular growth” is the following set of conditions, which 
will be referred to as Conditions (*). 


ConpiTIons (*). The function f(s) is continuous for 0 << s < o, tends 
to © as s—> oo and has, for large s, a continuous first derivative satisfying 


(14) 8/3 < pS oa, 


where « and p are defined by (10) and 


* Actually, Milne’s presentation involves the third, rather than just the second, | 
derivative of f(s), but he points out ([9], footnote on p. 908) that this can be avoided. q 
Such a presentation of Milne’s result (11) is that given by Titchmarsh [10], pp. 125-128. ] 
Curiously enough, Titchmarsh’s presentation, too, assumes not only the existence of 4 | 
continuous f”(s) but the restriction (8) as well. In the latter regard, cf. the comments E 


in the text below. 


i 
| 
| 
3 
3 
if 
q : 
¢ 
j 


nt 


ASYMPTOTIC PROBLEMS OF THE ZEROS IN WAVE MECHANICS. 465 


(15) p = lim inf f’(s)s°, 


8-00 


respectively ; finally, if h(s,r), where r is independent of s, denotes the ratio 


(16) h(s,r) =f'(s + 
then 
(17) h(s,r) ~lass—>o 


holds uniformly on every closed bounded r-interval contained in the portion 
—p<r<o of the o. 


The possibility of using these restrictions on f(s) is due to the fact that, 
on the one hand, 


(i) Conditions (*) are satisfied by every f(s) which is continuous for 
0<s< _o and has, for large s, a continuous second derivative satisfying 
(7) and (8), 


and that, on the other hand, 
(ii) Conditions (*) are sufficient for the truth of (9). 


Since the Theorem is a corollary of (i) and (ii) together, only (i) and 
(ii) will have to be proved. 


5. Needless to say, (i) has nothing to do with differential equations. 


Proof of (i). According to (2) and (7), f(s) is positive and f’(s) 
non-negative, hence (for reasons of convexity) f’(s) is positive, if s is large 
enough, say s= 8». It will be assumed that ss < oo. Then, since f’(s) 
is non-decreasing, = f’(so) > 0. Since this implies that f’(s)s*—> oo 
as s—> 0, it follows that (15) satisfies (14), with »= oo. Hence, in order 
to prove (i), only that part of Conditions (*) remains to be ascertained 
which concerns (16) and (17). 

If a is any positive constant, it is clear from the existence of the above 
8) that (16) defines a function on the half-strip (ss Ss << ©, —aSrSa), 
where sq is a certain function (< ©) of a. Hence, what remains to be 
ascertained is that (17) holds uniformly for —a Sr Sa, if a> 0 is arbi- 
trarily fixed. But this is sure to be the case if both 


(18) h(s,—a)—->1 
and 


(19) h(s,a) >1 
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hold as s—> oo. In fact, since f’(t) is non-negative, hence f(t) is non- 
decreasing, when ¢ is large enough, it is clear from (16) that, if s is large 
enough, h(s,7) is between h(s,—a) and h(s,a) for every r contained between 
r=—aandr=a. Hence, (18) and (19) suffice in order that (16) be true 
uniformly for —aSrSa. 

It is seen from (16) that, if s is large enough, h(s,—a) is positive and 
that its (real) logarithm is representable in the form 


where u=1u(s) is defined by 
u—s—a/{f’(s)}4; u=u(s) <s. 


Since u—> co as s— oo, and since (8) is assumed, it follows that 


logh(s,—a) —o(1) 


as s—> oo. But f’(t) is non-decreasing as t—> «©. Consequently, the last 
integral is majorized by (s —u) {f’(s)}3, which, by the definition of u, is the 
constant a. Hence, the expression in the last formula line is 0(1)a = 0(1) 
as s—> oo. This proves (18). 

On the other hand, it is clear from the proof of the-last formula line 
that, as s —> 0, 


log h(s, a) = 0(1) f dt, 


where, corresponding to the definition of wu, 
v=s+a/{f(s)}3; v=v(s) 


But f’ is non-decreasing, and so 


f (t)}4 dt S (v—s) {f'(v) 


Clearly, the last three formula lines imply that, as s> 0, 
log h(s,a) = 0(1) {f(v) }8/{f’ (s) }3 = 0(1) {h(s, a) }8, 
h being defined by (16). 
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The last o-estimate of log h(s,a) can be written in the form 
{log h(s, a)}/{h(s, a)}3—>0 (s—> 0). 
The latter makes it clear that 
(20) either h(s,a) 1 or h(s,a) > ©, 


Hence, in order to complete the proof of (19), it is sufficient to rule out the 
second of the possibilities allowed in (20). 

It is sufficient to decide the alternative (20) under the assumption that 
f(s) > © ass—> ©. In fact, since f’(s) is ultimately positive and monotone, 
the negation of f’( co) = oo implies the existence of a finite limit f’(«) >0. 
But (19) is then clear from (16) alone. In the remaining case, where 
= the proof proceeds as follows: 

If j(s) and &(s) are positive, monotone functions satisfying 


j(s)ds < 


and k(0oo) = , respectively, it follows from a classical lemma of Borel, 
applied by him to the theory of entire functions, that the inequality 


k(j(k(s)) +8) <1+ K(s) 


is satisfied by a “ majority ” of s-values and so, in particular, at every s = Sn 
contained in some sequence S2,° which tends to This corollary of 
Borel’s lemma was applied by Biernacki [1] to a question concerning differ- 
ential equations of the form 2” + A(s)z 0, where A(oo) =o. In order 
to apply it to the present question, choose 

j(s) =ae*> and k(s) = log f’(s). 


Then the conditions required of j(s) and k(s) are satisfied, f’(s) being mono- 
tone and f’(0) Hence, there exists a sequence s;,$2,° satisfying 
Sn—> © and 


log f’ (Sn + a/{f" <1 + log f’(sn). 
In view of (16), this means that 
h(sn,a) < e, where n~1,2,: - - and ©. 
Hence, (19) follows from (20). 


This completes the proof of (i). 
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6. The proof of (ii) will be made to depend on facts which can be 
derived from Kneser’s considerations, referred to above. It will be convenient 
to formulate the facts relevant in this respect in the form of a 


LemMa. For 
(21) 0St<o 
and for every » contained in a range of the form 
(22) Ao SAK &, 
let F(t,A) be a continuous function of t satisfying 
(23) F(t,A) S0 
and having the property that the limit function G(t) = F(t, ©) exists and 


the limit relation 
(24) F(t,A) > G(t), where A> 


is uniform on every bounded t-interval of (21). Then the differential equation 
(25) F(t,A)o—0 


has, for every X contained in the range (22), a solution w= (t) satisfying 
the inequalities 
(26) o,(t) > 0 and forO St < 


and this solution w(t) ts unique to a positive constant factor, which can be 
normalized by 
(27) w,(0) =1. 


In addition, if y(t) =weoo(t) denotes the corresponding solution of the 
limiting case, X= 0, of (25), that is, if y(t) is that solution of 


(28) 
which satisfies the inequalities 
(29) y(t) > 0 and y(t) <0 for0St< 


and is normalized by 


(30) y(0) =1, 


(a solution y which exists and is unique), then, corresponding to (24), the 
limit relation 
(31) w(t) > y(t), where A> 0, 


holds uniformly on every bounded t-interval of (21). 
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First, if f(¢) is any function which is continuous on (21) and satisfies 
there the inequality 


(32) f(t) S09, 
then the differential equation 
(33) f(t)o=0 


has on (21) a bounded non-trivial solution, and this solution of (33) is 
unique if it is normalized by 


(34) =1 


((7]; ef. also [3], pp. 42-46 and [12], p. 95, and, for a still simpler proof, 
[5], § 38, footnote). But (33) means that, if #(¢) is any (real-valued, 
non-trivial) solution of (33), then the graph of ¢=@(t) must always turn 
its concavities away from the t-axis. Hence, if ¢(¢) is that solution of (33) 
which is bounded as f—> o and is normalized by (27), then, since its graph 
runs within the upper half-plane initially, it must always stay there and so, 
for reasons of convexity, it must satisfy both inequalities 


(35) $(t) > 0, d(t) $0 for0 St < a. 


Next, (35) and (34) become (26) and (27) or (29) and (30) according 
as (33) is identified with (25) or with (28). These identifications are 
possible, since, on the one hand, (23) means that (32) is satisfied by 
f(t) =F (t,A) and, on the other hand, (23) and (24) imply that (32) holds 
for f(t) = G(t) also. 


7. Accordingly, the Lemma will be proved if it is shown that the limit 
relation (31), along with the uniformity of (31), holds on every bounded 
t-interval. To this end, recourse will have to be had to the assumption not 
fully used thus far, namely, to the limit relation (24), along with the 
uniformity of (24) on every bounded ¢-interval. 

In the proof, two additional facts, listed below as (I) and (II), will be 
needed for the differential equation (33) in which f(t) is any continuous 
function satisfying (32) on (21). 


(I) If t, t. is any pair of distinct points of the half-line (21), and 
if $1, $2 is any pair of values, the points (t1,¢1), (t2,¢2) of the (t, @)-plane 
can be joined by exactly one solution arc, ¢ = (ft), of (33). 


_ (i) _ If a solution of (33) is defined by the initial conditions ($)+-0—= 1, 
($)t=0 = $0, it will have exactly one or no zero on the half-line (21) according 
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as — 0 or Sd. < where $(0) denotes the initial 
slope of the unique solution curve satisfying (34) and (35). 

Ad (1). Since (32) is sufficient for the non-existence of “ conjugate 
points,” the truth of (I) is contained in the corresponding classical argument 
concerning Jacobi’s equation (cf., e.g., [2], pp. 58-59). 

Ad (II). Since (32) implies that every (non-trivial) solution of (32) 
has at most one zero on the half-line (21), the correctness of the Dedekind 
cut claimed by (II) can readily be seen from the convexity argument which 
led to (35) [correspondingly, (II) can be read off from the proof, even though 
not from the wording, of Kneser’s theorem; cf. loc. cit.]. 


From (I) and (II), it will now be concluded that 
(36) lim inf #,(0) > — oo. 


Although (36) is just the roughest approximation to (31), it turns out to be 


the crucial step in the proof of (31). 
First, (23) and (I) imply that there belongs to every A on the half-line 


(22) a unique solution » ~w(t,A) of (25) satisfying 
(37) #(0,A) =1 and o(1,A) = 0. 


Similarly, since (23) and (24) imply that G(¢) =0, hence G(t) —e < 0 if 
e > 0, it follows from (I) that the differential equation 


(38) 6+ {G(t) 
has a unique solution 6= 6(t;e) satisfying 
(39) 6(0,¢) =1 and 0(1,«) 0. 


Since the coefficient functions in (25) and (38) are non-positive, no non- 
trivial solution of either of these differential equations can have more than 


one zero, and so (37) and (38) imply that 
o(t,A) > 0 and 0(t,e) > 0 for O< t< 1. 
Next, if « > 0, then, since (24) is supposed to hold uniformly on every 
fixed interval 0 = ¢ = const., the inequality 
F(t,A) > G(t) —e, where 


holds whenever A is large enough (with reference to e). Clearly, the last two 
formula lines imply that the integral 
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1 


f {F(t, A) — G(t) + e)w(t, A) dt 


0 


is positive. But if (25) and (38) are multiplied by @ and w, respectively, a- 
subtraction, when followed by a quadrature, shows that this integral is identical 
with the difference 

[6 (t, e)w(t, A) —o(t,A)O(t, €) 


Accordingly, this difference is positive (if A is large enough with reference 
to a givene > 0). 
Since (37) and (39) reduce this difference to 


{0 — 0} {6(0, e)1 — d)1} — 6(0, €) + w(0, 


it follows that 
&(0,A) > 6(0, €). 


On the other hand, (II) implies that 


> o(0,A), 


since w= w(t,A) and » —«)(t) are two solutions of (25) the first of which 
has, and the second fails to have, a zero on the half-line (21), as shown by 
(37) and (26) respectively. But the last two formula lines imply that 
(if A is large enough with reference to e) . 


(0) > 6(0, €), 


whence the assertion (36) follows (by choosing, for instance, «= 1). 


8. It is easy to improve (36) to the assertion that 


(40) lim o,(0) exists 
(as a finite limit). as 

In order to see this, suppose that (40) is false. Then, since (36) and 
the second of the inequalities (26) imply that (0) is bounded as A> ©, 
there exist two sequences, say A:*,A2*,- and A,**,A.**,- - -, which tend 
to co and have the property that, as n > oo, the value of o,(0) tends to p* 
or to w** according as A = An* or A = An**, where »* and p** are two distinct 
limits. Since the initial condition (27) is independent of A, the boundedness 
of the initial condition (0) also implies that, if An* and An** are suitably 
chosen, the solutions ,(¢) belonging to A=An* and A= An** will, by equi- 
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continuity, form sequences which tend, along with their first derivatives, to 
limit functions, uniformly on every bounded portion of the half-line (21). 

Let w*(t) and w**(t) denote the respective limit functions. Then, 
since (24) is supposed to hold uniformly on every bounded portion of the 
half-line (21), both py=wo*(t) and y=o**(t) are solutions of (28). 
Furthermore, both of these solutions of (28) satisfy (30), by (27), and they 
are bounded as t > «, by (27) and the second of the inequalities (26), but 
they are distinct solutions, since o*(0) —p* and o**(0) = p»**, where 
p* ~y**, Accordingly, (28) has two distinct bounded solutions satisfying 
(30). But this is impossible, since, as mentioned before (34), a differential 
equation (33) satisfying (32) cannot have more than one bounded solution 
normalized by (34). This contradiction proves (40). 

It is clear from this proof that ,(¢) tends, as A— ©, to a limit function, 
uniformly on every bounded portion of the line (21), and that this limit 
function is bounded as t—> © and satisfies both (28) and (30). But (28) 
cannot have more than one bounded solution satisfying (30). Consequently, 
the limit function must be identical with that solution of (28) which occurs 
on the right of the limit relation (31), claimed by the Lemma. The proof 
of the Lemma is therefore complete. 


9. It will now be shown that the Lemma readily supplies a 


Proof of (ii). Suppose that f(s) in (1) satisfies Conditions (*). Then, 
since (15), (14) and (10) imply that f’(s) is ultimately positive, and since 
the same is true, by (2), of f(s) itself, it is possible to choose an so so large 
that 
(41) f(s) >0 and >0 for s Ss <o. 


In particular, if s—=/f'(A) denotes the inverse function of the function 
A =f(s), then f"(A) exists, is positive and has a positive, continuous first 
derivative, if Aj =A < ©, where Ay (So); and 


by (2). It will always be assumed that s, A exceed So, Ao, respectively. 


In particular, (16) defines a positive, continuous function h(s,7r) on that 
portion of the (s,7)-plane which is determined by the inequalities 


(43) s=%, r= 


On the other hand, by (14), there clearly exists a positive number, say 4, ; 
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having the property that the inequalities (43) are satisfied whenever s is 
large enough and 


(44) — (8h +8) <r< oa, 


t being the constant (10). It will be assumed that so is chosen so large as 
to make (44) and s = s, together suffice for the second (hence, for both) of 
the inequalities (43). 

For any fixed A, replace s in (1), and in any solution ¢ = ¢(s) of (1). 
by a new independent variable, t —as + }, as follows: 


(45) t= {f(f7(A)) (8 Ss< 0). 
Then (1) appears in the form (25), where 
(46) = (A) — (A) + (F(a) ) }4)} 


and 


(47) w(t) = + 


¢(s), w(t) being a corresponding pair of solutions of (1), (25). 


By the above choice of the bounds Apo, so, the function on the right of (46) 
is defined for 


ho ZA< and fA(A)} St < 


(at least). In particular, it is defined whenever A and t —r satisfy (22) and 
(44) respectively. Since, if tr, the half-line (44), where « > 0 and 6> 0, 
contains the half-line (21), it follows that (46) defines F(¢,’) whenever f, A 
are on the respective half-lines (21), (22). 


10. On the (t,A)-region (21)-(22), assumption (23) of the Lemma is 
satisfied. In fact, since (41) implies that the function f, and therefore its 
inverse function f-', is positive and increasing, (23) follows from (46). 

It will now be verified that the remaining assumption of the Lemma, 


that concerning (24), is satisfied by G(t) =—¢. This will prove that the 
Lemma is applicable, with 
(48) ~—ty =0 


‘as the limiting case, (28), of (25). 


First, since A is independent of t, differentiation of (46) with respect 
to ¢ gives 


F(t, A) =—h(f*(a), 


to 
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h(s,r) being defined by (16). But Conditions (*) are assumed, and so their 
requirement (17) shows that 


h(f-*(A), t) ~1 as 


holds uniformly on every bounded ¢-interval contained in the half-line (44), 
where r=t. Since the latter half-line contains the half-line (21), where 

=r, it is now clear from (42) and from the last two formula lines that, as 
A— o, the limit relation /'(t,4) -~—1 holds uniformly on every bounded 
t-interval of (21). Hence, in order to conclude that the same is true of the 
limit relation F(t, A) > —t (i.e., of (24), where G(¢) = — it is sufficient 
to apply a quadrature and to observe that the integration constant, F'(0,X), 
of this quadrature vanishes for every A. In fact, (46) shows that the value 
of the integration constant is 


F(0,) = (A) )}, 


and this shows that F(0,) =0, the second { } in the last formula being 0 
in view of the definition of f-* as the inverse of f. 

This proves that the Lemma is applicable when (28) and the coefficient 
function of (25) are (48) and (46) respectively. 


Remark. Although the wording of the Lemma merely states that (31) 
holds uniformly on every bounded ¢-interval contained in the half-line (21), 
it is clear from the proof of the Lemma that (31) holds uniformly on every 
bounded ¢-interval on which (24) is assumed to hold uniformly. Hence, in | 
the present case, (31) holds uniformly on every bounded interval of the half- : 
line (44), where r=¢. In other words, (31) holds now uniformly not only 
on every bounded ¢-interval contained in the half-line (21) but on the (fixed, 
bounded) #-interval 
(49) — (34.48) <t<0 
as well. 

The proof of the assertion, (9), of (ii) is now straightforward. 

First, if Y(t) is defined by (12), then, as is well-known (cf. [11], pp. 188), 


(50) y(t) = 34t)/¥(0) 


is that solution of (48) which is bounded as t—> and is normalized by (30). | 
It follows therefore from the preceding Remark that, by virtue of the linear | 
substitution ¢ = a,s + b) defined by (45), the limit relation (31) belonging | 
to (50) holds uniformly on the s-range, the t-image of which is the interval | 
(49). Cf. (47), where the arbitrary solution, ¢(¢), of (25) is now chosen | 
to be the particular solution ¢,(¢) specified in the Lemma. | 
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On the other hand, since (11) means that (10) is the least positive zera 
of (12), the function (50) has a greatest (real) zero, which is ¢ = —3-h < 0. 
Since a (real-valued, non-trivial) solution of a (real) linear, homogeneous 
differential equation of second order can vanish at a point only by changing 
its sign at that point, and since (31) holds uniformly on the ¢-interval (49), 
where 6 > 0, it follows that 


(I) ifA is large enough, »,(¢) has at least one zero on the interval (49), 
and that 


(II) the largest zero of ,(t) on (49) tends to —3-h& as A> o. 


In addition, since (31) holds uniformly not only on (49) but on every 
bounded interval of the half-line (21) as well, it is clear that 


(III) if A is large enough, the largest zero of »,(¢) on (49) is the 
largest real zero of (tf). 


Finally, if ,(s) is defined by placing 
(51) $\(s) = in virtue of (45), 


it is clear, from the definition of o,(¢) in the Lemma and from the fact that 
(1) is identical with (25) in virtue of (45), that ¢,(s) is a solution of (1) 
satisfying the requirements specified after (8) and before (9). But s*(A) 
in (9) denotes the largest zero of this ¢,(s). Hence it is seen from (51) 
and (45) that the three facts, listed before (51) as (I), (II) and (III), 
imply the truth of (9). 

This completes the proof of (ii). Since (i) has been verified before, 
and since the Theorem is a corollary of (i) and (ii), the Theorem follows. 


Appendix. 


In this Appendix, (13) will be proved under the assumptions announced 
after (13) and even under somewhat more general assumptions. This add® 
tional generalization, which assumes the continuity of f(s) only on the open 
half-line, 0 << s < 0, is essential from the point of view of the applications. 
For, on the one hand, the integral (13) is quite sensitive if f(s) is irregular 
enough as s—>0 and, on the other hand, s usually corresponds to a radius 
vector, and f(s) is determined by a potential, in the quantum-mechanical 
problem. Thus, on the one hand, care must be taken of the behavior of f(s) 
near s=0 and, on the other hand, f(s) cannot reasonably be bounded near 
’=0. Correspondingly, what will be proved is the following form of 
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Tue “ AVERAGED” VARIANT OF THE THEOREM. On the open half-line 
(1) 0<s< oa, 


let f(s) be a real-valued, continuous function satisfying ° 


(2) lim inf f(s) >— © as s>0 
and 
(3) f(s) © asso, 


and suppose that, if s is large enough, the graph of 


(4) f =f(s) is convex from below. 
Then if 6=¢(s) denotes any real-valued solution of 


(5) + {A—f(s)}o = 0, 


$(s) has a finite number of zeros on the half-line (1) whenever X 1s large 
enough and, if N(A) denotes the number of these zeros, the asymptotic form 
of N(A) can a priori be calculated from f (and from the inverse function, f", 
of f), as follows: 

(6) zN(A) f as Ae. 


0 


It should be noted that, while (4) (along with either (3) or the con- | 
tinuity of f) implies the existence and the monotony of right- and left-hand | 


derivatives D*f(s) everywhere, as well as the identity of the latter nearly 


everywhere, not even the additional assumption D*f(s) = D-f(s), which is | 


known to be equivalent to the existence of a continuous derivative f’, suffices 
for the absolute continuity of D*f. This implies that, although the first 
derivative of D*f or f’ exists, by monotony, almost everywhere, f” is, in general, 
quite useless in connection with any problem involving asymptotic integral 
estimates. In the sequel, f(s) will denote either D*f(s) or D-f(s) (if s is 
large enough, so large that (4) is true). 

According to (4) and (3), it is possible to choose an so so large that 


(7) f’ (so) >0 
and 
(8) df’(s) Z0 ifs Ss < ow, 


hence, again by (4), 


(9) f(s) >0 if sSs< 
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Put »=f(s.). Then f(A) exists (as a unique continuous function) for 
Furthermore, 


(10) fi(A) as 
by (3). 

It was proved in [6] that if g(s) is a continuous, non-negative function 
possessing a continuous derivative g’(s) on the closed half-line 


(11) 0Ss< a, 
and if 
(12) g' (s) = 0{9(s) as s> 
then 
& 

(13) m(s) ~ f {g(r) }4dr as s—> ©, 

0 
where, if ¢ = ¢(s) is any (real-valued, non-trivial) solution of the differential 
equation | 
(14) + 9(s)o=0, 


n(s) denotes the number of those zeros of ¢ which are between 0 and s. Since 
(as observed loc. cit.) the assumption (12) prevents the boundedness of the 
integral (13) as s—> ©, it is immaterial whether the zeros possibly situated 
at 0 and/or at s are or are not included in the definition of n(s). 

Suppose that (14) is replaced by 


(15) $” + 9(s,A)¢ = 0, 


where A is a parameter varying, for instance, over the half-line p< A< oo. 
Let the assumptions of the theorem just quoted be satisfied by g(s) = g(s, A) 
when Xd is fixed, and suppose that assumption (12) is satisfied uniformly for 
BAK i.e., that 


(16) lu.b. | 9’(s,A)| / | 9(s,A)| 430 as s> 
oO 


(where f’ = 6f/ds). Then the A-form of (13) holds uniformly in A, i.e., 


(17) leu.b. | {9(1,d) > 0 a8 


This is clear from the proof given in [6] for a fixed A. 
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On the portion (OSs < of the (s,A)-plane, define a 
function g(s,A) by placing 


(18) (8,4) —A—F (f(A) —8) if OSs SMP) —s 
and 
(182) g(s,A) =A—f (So) if —H<s< om, 


where f(s) is the function occurring in (5) and sp is the constant defined by 
(7), (8). It is seen from (18,) and (18.) that, while g(s,A) is continuous 
throughout, it has only right- and left-hand derivatives, D*g(s, A), with respect 
to s. But the latter are monotone throughout and are identical (and con- | 
tinuous) nearly everywhere, and so it is clear from the proof, given loc. cit., 
that (17) remains true if the uniform o-assumption is meant in the sense | 
that (16) holds when f’ denotes D*f. : 

It is easy to see that, in this sense, (16) is satisfied for the function 
g(s,A) defined by (18,)-(18.). In fact, from (18,), 


(19:) g(s,A) —s) if OSsSf (A) — 5 | 
and, from (18:2), 
(192) g' (8,4) =0 if —s<s< 


cf. (7), (8) and (9). Since f(s) is absolutely continuous for s Ss < ©, it 
follows from (18,), (191) and (9) that, if 0<sSf?(A) —5», : 


(rar, 
f-1(A)-8 
hence, by (8), . F 


| 9(s,A)| #2 — 8) sh, 
and so, by (19;), 


| 9(s,a)| (fF (FA) — 8) 
and therefore, by (7) and (8), 


(20) | | 9(s,A)| (s0) 


While this proof of (20) holds only under the proviso, 0 <s f(A) | 
— 8, of (19), it is seen from (192) and (7) that (20) is trivial if this [ 
proviso is negated. Hence, (20) holds without any proviso. But (20) | 
implies (16). 4 

Consequently, (17) is applicable. Hence, if ss) is any function of A : 
satisfying 
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(21) S. > as A>o, 
then 
8) 
(22) mn(s,,’) ~ f {g(r, A) }3dr as A> 
Choose 
(23) 8, = — So. 


Then (10) shows that (21) is satisfied. 


If (23) and (18,) are substituted into the integral on the right of (17), 
it is seen, by introducing the new integration variable ¢ =f *(A) —r, that 
the integral on the right of (22) is identical with 


{A — f(t) }2dt. 


80 


Hence, if ¢ is now denoted by r, and if (23) is substituted on the left of (22), 
it follows that (22) can be written in the form 


(24) {1 — f(r) (A 0). 


Finally, it is clear from (18,) that, if ¢(s) is a solution of (15) on the 
s-interval 0S s Sf*(A) — 5%, then $(f*(A) —s) is a solution of (5) for 
S& SsSf7(A). It follows therefore from the definitions of N(A) and 
n(s,A) that, with a possible error of + 1, the difference 
(25) N(A) —n(f*(A) — 60, 


represents the number of zeros of a (real-valued, non-trivial) solution of (5) 
on the interval 0<s< so. Since so is a fixed positive constant, it is now 
seen from the assumption (2) that the difference (25) is asymptotically equal 
to 1/m times A2sy and, therefore, to 1/m times 


Har, 


a A> oo. In view of (25), this completes the proof of (6). 
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LEBESGUE, FRECHET AND KEREKJARTO VARIETIES.* 
By J. W. T. Younges.' 


1. Introduction and general theory. 


1.1. This paper deals with certain equivalence relations defined over 
the totality of mappings (— continuous transformations) from a given Peano 
space (locally connected continuum) into a fixed metric space. The 
relations in question are immediate generalizations of concepts employed by 
Lebesgue, Fréchet and Kerékjarté in the study of surface theory, but before 
dealing with these specific concepts in detail it is convenient to develop the 
discussion on a general level. 


1.2. For a fixed pair, (X,Y), where XY is a Peano space and Y is 
metric, there is a class, @, consisting of the totality of mappings, f, from X 
into Y. If # is an equivalence relation over 6, then it partitions @ into 
mutually exclusive equivalence classes known as H-varieties, and the totality 
of H-varieties forms a class €. It is convenient to make a distinction between 
an E-variety considered as an element in € and an H-variety considered as a 
subset of @. In the former case the symbol E will be employed, in the 
latter E. There is a natural transformation from @ onto €; namely 


o: BoE 


defined by the requirement that ¢(f) —E if and only if fe Z. (The double 
arrow indicates that the transformation is onto €.) 


1.3. So far nothing has been said about topologies on @ and €. As 
for @, if p is the metric in Y,-then it can be metrized by the rule 


pil fifo} — sup p{f(z), fo(z)}. 


(It is to be noted that though @ is now a metric space it is not compact.) 
In asking for a topology on € all that is expected is a limit topology making 
€ an L-space. (In other words, the class of convergent sequences and their 
respective limits is designated and satisfies two requirements: a) If En —> E, 
and {E,,} is a subsequence of {En}, then En,—>E,. b) If E,—E), 
n= 1,2,3,--+-, then E,—E,.) On the other hand, € is generated by an 


* Received August 2, 1947. 
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equivalence relation over @, consequently it is only natural to demand more 
than a mere topology on € in that this topology should have some connection 
with the topology on @. These demands are that: 


1° ¢ be continuous; that is, fn—fo imply $(fn) > (fo). 
2° Each convergent sequence in € be covered by the image of a con- 


vergent sequence in @; that is, E,—>E, imply that there is a convergent 
sequence {fn} with limit fo, and $(fn) = En, n =0,1,2,---. 


1.4. There is, of course, no reason why an equivalence relation £ 
over @ should generate a class € which can be topologized so as to fulfill 
the above requirements. (Indeed, it will be observed that of the three 
equivalence relations to be considered in detail, one leads to a class € which 
is not subject to such a topology.) In the event the class € can be topologized 
in conformity with requirements 1° and 2° of 1.3, it is said to be properly 
topologized. 

1.5. Two questions are of immediate interest in connection with the 
general system considered in the above paragraphs: 


1° If € can be properly topologized, is the topology unique? 


2° What conditions on £ are necessary and sufficient for the existence 
of a proper topology on €? 


1.6. It is quite clear that the answer to the first question is in the 
affirmative, simply as a consequence of the powerful character of the 
restrictions in 1.3. In fact, it will be shown that E,-—>E, if and only if 
OAlimE,C 

First suppose E,-—>E,. Then there is a sequence fn—>fo such that 
(fn) =En, n=0,1,2,--- by the covering requirement (1.3). Conse- 
quently, Now if gn—go, gne En, n=1,2,3,--- then 
(gn) > (go) by the continuity requirement (1.3). But ¢(gn) = Ey, 
therefore go¢ and 0 ~lim C £). 

Conversely, if 0Aiim £, C E, then there is an fne En, n =0,1,2,° °° 
such that fn—>f. Consequently, $(fn) > by the continuity require- 
ment (1.3), that is E, 


1.7%. As to the second question, suppose that the proper topologization 
(1.4) of € is possible. Then, fn—fo, gn—> go and fn gn, n—=1, 2,3," °° 
implies that $(fn) >$(fo), > (Jo) and n=1,%, 
3,: °°. Consequently, =¢(go), that is, fo go. 

Conversely, suppose # has the property that fn— fo, gn—> Jo and fn E go, 
n= 1,2,3,---imply fo go. Define E, — E, if and only if0-~ lim En C Eo. 


| 
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This rule designates the class of convergent sequences in €; it is necessary 
to check that the limit of a convergent sequences is unique. If #)~ lim Ep 
~0-~Alim C then there is a mapping fne En, n —1, 2,3,° such 
that and a mapping gne Ln, n=—1,2,3,--- such that 
gn—> But fre En 3 gn implies fn # gn and therefore fy # go. Conse- 
quently Ey) = EH’, and limits are unique. 

Now suppose —> Eo, that is, 0A lim C and {En,} is any subse- 
quence of {E,}. Then 0 lim En, Clim £,, C EF, and E,, > E>. It is even 
simpler to see that if E, = Eo, n =1,2,3,---, then En —>E,. This shows 
that the class of convergent sequences and their respective limits designated 
above makes € an L-space (1.3). It remains to be shown that the topology 
is proper (1.4). 

If fn— fo, it must be shown that $(fn) > ¢(fo). Suppose that fre La, 
n=0,1,2,---, then foclim Ey. If gre En, n=1,2,3,° and gn— Jo; 
then as fn gn, n =—1, 2, 3,- it is true that go and goe Ey. Conse- 
quently, 0A lim F, C E, and E,—E,. The result follows on observing that 
o(fo) = E,, n=0,1,2,---. 

Finally, suppose E,, > Eo, then 0 Alim FE, C EF, and there must there- 
fore be mappings f, ¢ n = 0,1,2,- such that fn —>fo. But (fn) = En, 
n=0,1,2,-- + and so the covering requirement is fulfilled. 


1.8. In accord with the usual terminology, it will be said that the 
equivalence # generates an upper semi-continuous decomposition of @ if and 
only if fn—> fo, gn > Jo and fn E gn, n= 1, 2,3,- - imply fo go. The results 
developed above can now be stated in the following manner: The collection € 
can be properly topologized if and only if the equivalence E generates an 
upper semi-continuous decomposition of @; moreover the proper topologiza- 
tion of € is unique. (These results may be compared with those of Raddé- 
Youngs [9] ?). 


1.9. This concludes the topological portion of the general theory. A 
few comments are to be added along what may be called analytic lines. For 
the contemplated applications of these topological concepts it is convenient 
to consider a transformation 


A: 


where P is the non-negative linear continuum compactified by the addition 
of a point at infinity. It is not assumed that A is continuous, but rather, 
in line with the theory of Lebesgue area, that it is lower semi-continuous ; 
that is, fn—>f, implies lim inf A (fn) = A(fo). 


* Numbers in brackets refer to the bibliography. 
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1.10. A particular pair, (A,#) consisting of a lower semi-continuous 
transformation A: @ — P and an equivalence relation # is said to be coherent 
if and only if f£g implies A(f) —A(g). Under these circumstances one 
can define a transformation Ag: €—P by the rule that Ag(E) = A(f) for 
any f in Z. Moreover, if € can be properly topologized, then Az is a lower 
semi-continuous transformation. For suppose E, — Epo, then for each n there 
is a mapping fre HL, such that Consequently, lim inf Az(E,) 
= lim inf A(fn) = A(fo) = 


1.11. To make a concluding general remark, if # and F are equivalence 
relations over 6, define £ < F to mean f Fg implies fg. Now suppose E 
is any E-variety, then there is an F-variety, F, such that ZC F. Consequently 
the class ” may have members, or representations, which are not in £, and 
as the desirability of having “good” representations needs no apology, the 
equivalence F may be considered to be superior to the equivalence £ simply 
because F can certainly do no worse (and perhaps do much better) than £ 
at producing equivalence classes with “good” representations. So much for 
this discussion at the moment; it is time to observe how these general ideas 
apply to some equivalence relations due to Lebesgue, Fréchet and Kerékjarté. 


2. Lebesgue varieties. 


2.1. A mapping f: X—Y (=from X into Y) is said to be Lebesgue 
equivalent to a mapping g: X — Y if and only if there is a homeomorphism 
h: XX (=from X onto X) such that f—gh. (See Lebesgue [5].) 
The notation to be employed is f Lg. It is quite obvious that the binary 
relation Z is an equivalence over @ (see 1.2). Suppose that the L-varieties 
constitute a class & (see 1.2). The general result of 1.8 will readily check 
the possibility of a proper topologization (1.4) of ¥&. 


2.2. It will be observed that a proper topologization of & is impossible 
as Lebesgue equivalence does not generate an upper semi-continuous decom- 
position of @. To see this suppose X and Y are the same space, namely the 
closed unit interval, and let 


= 
qn] 


(e—1)+1if4S7=1 


0 if0<2z<} 
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It is easy to see that there is a homeomorphism hy» such that go=— on 
in fact, since fui is a so is and go = fnfn', n = 1, 2, 
Therefore fn L go, n =1,2,3,: On the other hand, fo L go is 
since fy is not a homeomorphism while go is. But fn—> fo and go, Jo; Jo.’ ** > Jo 
hence if Lebesgue equivalence were to generate an upper semi-continuous 
decomposition of @ then fy Lg. would be mandatory. 

This shows that in general the class & cannot have a proper topologization. 


2.3. The term equivalence is of course not employed by Lebesgue 
(nor, for that matter, by Fréchet or Kerékjart6). He states a condition 
under which two mappings are not to be considered as different, and this 
condition is, in the present terminology, the requirement that the two 
mappings be Lebesgue equivalent (see Lebesgue [5, p. 301]). 

On the other hand a little later on, Lebesgue defines convergent sequences 
and limits in the class & by a device which may be interpreted to be the 
following: L,—> L, if and only if there is an fre In, n=0,1,2,° such 
that fn— fo. Now it is clear that Lebesgue does not wish to permit a con- 
vergent sequence {L,} to have two distinct limits, that is, he does not wish 
to tolerate a situation in which fake gn, N= 1,2,3,---°, In—> Yo 
but fo L Jo is false. Consequently, one concludes that what Lebesgue ultimately 
has in mind is a generalization of what has here been defined to be Lebesgue 
equivalence, a generalization which will guarantee an upper semi-continuous 
decomposition of @. But for a generalization of Lebesgue equivalence to 
stand any chance of having this property it must at least be true that if 
fn L gn, fr—>fo and gn—> Qo, then fp and go are equivalent 
in the generalized sense. It is interesting to note that this minimum 
requirement, this necessary condition, is also sufficient. 


2.4. Define f Mg if and only if there are sequences {fn} and {gn} such 
that gn—>g and fnL gn, n=1,2,3,-- +. To show that M is an 
equivalence the transitivity property alone needs to be checked in detail. To 
this end, suppose f, fae There are {ifn} and {2fn} such that 
fry fe and ifn ofn, N= 1,2,3,- There are also 
and {sfn} such that and ofnL sfn, n= 1, 2, 3,° 
The last statement means that for each n there is a homeomorphism hn»: X => x 
such that afn = ofnlin. Define sfn = 2fnhn, nm =1,2,3,---. Now ofnLDsfn 
and as ifn LD ofn, afn L sfn since L is transitive. Consequently, f; M fs if it 
can be shown that 3fn—>f;. Notice that 


fs} = pr{sfn, + prlofns fs}. 
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But 
pr{sfn; sfn} sfn} pr{ofn, sfnlin™*} 
ofn} = pilofns fo} + pilfe, ofn}. 


(The second inequality is justified in virtue of the fact that if f: YY, 
g: X—Y and h is a homeomorphism from X onto itself, then 


9} = pilfh, gh} 


because of the definition of the metric on @ (see 1.3).) Hence 


pr{sfn; fs = pr{efn, fo} + prlofn, fo} + piles fs} —>0 


and ste fs. 


It is obvious that f L g implies f M g, in other words L < M (see 1.11). 
Now suppose fn M gn, n=1,2,3,--- while fu—>fo, gn—>Qoe Then for 
each n there are sequences {nfx} and {ngx} such that nfr—>fn, ngx—> Qn and 
aft L nGe; k=1,2,3,---. Since @ is metric, for each n one can select 
a subscript such that pif{fn, << 1/n > nGk,}- Consequently, 
nh kn — fos nJin—> Jo 200 nGJiny = 1, 2,3,- - ; that is, fo M go. Hence 
M generates an upper semi-continuous decomposition of @ and the class, I, 
of M-varieties, M, can be properly topologized (1. 5-1. 8). 

These comments will be touched upon later when M is compared with 
Fréchet equivalence, the next concept to be defined. It should be stated here, 
however, that an examination of the viewpoint of Lebesgue has been the 
subject of several conversations with Rado. 


3. Fréchet varieties. 


3.1. A mapping f: XY is Fréchet equivalent to a mapping 
g: X—Y if and only if, for every « >0 there is a homeomorphism 
he: X= X such that p, f, ghe} <. (See Fréchet [1].) The notation to be 
employed is {F g. It is easy to see that this binary relation is an equivalence 
over @ and L < F (see 1.11). The crucial question concerns the possibility 
of properly topologizing the class, ¥, of F-varieties, F. 


3.2. THEOREM. Fréchet equivalence generates an upper semi-continuous ° | 
decomposition of &. 


Proof. Suppose fn F gn, n=1, 2, while fy —> fo and gn—> go. For 
any e > 0 there is a homeomorphism hn: X= X such that, pi{fn, gnhn} < €/2. 
Now there is an mo such that n > mo implies pi{fn, fo} < €/3 > pif{gn; Jo} and 
in view of the fact that pi{gnhn, gon} = pi{gn, Jo} it follows that pif{fo, gohn} 
pilfos fn} + prlfns Gulin} + pr{Gnlin, Jolin} <«. Consequently fo F go. 
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3.3. A stronger theorem than the above, however, is possible. An 
equivalence # over @ is said to generate a continuous decomposition of 6 
if it generates an upper semi-continuous decomposition, and, in addition it is 
true that fn— fo E go implies there is a sequence {gn} such that gn—> go and 
gn, 1, 2,3,° °°. 


THEOREM. Fréchet equivalence generates a continuous decomposition 


of &. 


Proof. It is only necessary to show that if fn— fo F go then there is a 
sequence {gn} such that gn—> go and fn F gn, n=1,2,3,°-* +. Since fo F 9p, 
for every n there is a homeomorphism hn: X > X such that pif{fo, gon} < 1/n. 
Define gn = fnhn. Then gn F fn and Jo} = pr{ Jon} = pr{f ns Jorn} 
S pilfny fo} + p{fo, Jolin} < pi{fn, fo} + 1/n. Therefore gn— go. 


3.4. The class # can therefore be properly topologized by the general 
methods of the introduction (1.5-1.8). A fact which makes Fréchet equi- 
valence a highly convenient concept, however, is that the proper topologization 
of ¥ metrizes it. This will be shown by making use of the fact that the 
proper topologization of ¥ is unique, (1.6). 


3.5. If F, and F. are elements of ¥ define 
p2{F,, F,} = inf fo} 


where the infimum is taken over mappings f; and f. such that f,¢F while 
fee F.. To show that p2 is a metric'on # it is only necessary to check the 
triangle inequality and the assertion that p.{F,, F.} —0 implies F; = F,. 

Concerning this last statement, suppose p2{F:,F.} =0. Select fie F:, 
i=1,2. For any «>0, there is a mapping fie Fi, 11,2, such that 
pi{fi; fo} <€/3. From the definition of Fréchet equivalence there is homeo- 
morphism hy: X such that ps lfisfels} <«/3, i=1,2. Consequently, 
= pilfils, f fe} + foho} < Hence 
<eand fi F fo. This shows that F, = F;. 

Relative to the triangle inequality, suppose F,,F. and F; are elements 
of #. Given « > 0 there is a mapping f;e Fi, i= 1, 2, such that p2{F,, F.} 
> piffi, fo} —e/3 and a mapping fie Fi, i=2,3 such that Fs} 
> prffes 7) 2/8. But there is a homeomorphism h: X 3X such that 
pilfe, < €/3. Now e2{ Fi, Fs} + p2{F2, > prlfi, fo} + fs} — 2/3 
> pilfih, for} + fo} + fs}—e = fa} = po{Fi, Fs} —e. 


Consequently the triangle inequality is satisfied. 


It remains to be shown that this metric on # is a proper topology (1.4). 
Suppose fn—> fo, then po{$(fn), } S prlfn, fo} since Fn = (fn) implies 
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fre F, (see 1.2). Hence $(fn) > (fo) and ¢ is continuous. Next, suppose 
that F, — Fo, that is p2{Fn,Fo}—>0. Let foe Fo, then for each n there is an 
fut Fn and ofne Fy such that pi{fn, fr} S 2p2{Fn, Fo}. Moreover, there is a 
homeomorphism hy: such that pif{fo; <1/n, n=1,2,3,-- >. 
Consequently, prlfuhn, fo} of nhn} + Prlofnln, fo} < 2p2{Fn, Fo} + 1/n. 
Tf fn = then fre Pn, n =1,2,3,- +--+, and fr—>fo. Hence the covering 
requirement of 1.3 is fulfilled and the metric topology of # is proper. 


3.6. In view of the conclusion above and the fact that there is precisely 
one proper topology on # the general method of topologization in 1.6 is the 
topology of the metric p2. This metric is known, by the way, as the Fréchet 
metric and is defined essentially in the same manner as in Fréchet’s paper [1]. 


3.7. Of interest in comparing the results of Lebesgue with those of 
Fréchet is the following 


THEOREM. Fréchet equivalence is the same as the generalized Lebesgue 
equivalence of 2. 4. 


Proof. If f Fg then there is a homeomorphism hn: X=3 X such that 
pilf, gan} <1/n, n=1,2,3,---. That is, ghn—>f. But, by definition, 
g Lghn while 9,9,9,-°*—>g. Hence fM 


It fM g, then there are sequences {fn} and {gn} such that fn LD gn, 
nm=1,2,3,---, and fn—f, gn—>g. Hence there is a homeomorphism 
hn: XX such that fn = Onlin, n = 1, 2,3,- -. Now piff, ghn} S pilf, fo} 
+ prlfny gnhin} + pil 9nhn, ghn} = pilf, fn} + pi{gn,g}—+>0. This guarantees 
that f Fg. 


3.8. It is of historical interest to remark that (with a suitable inter- 
pretation of some of his remarks) it is apparent that Lebesgue eventually 
applies the equivalence M to the analytic problems he has in mind and 
topologizes 9 in the manner of 1.6. On the other hand, Fréchet works 
with F and metrizes § essentially in the manner of 8.5. The preceding 
paragraphs have shown that %=¢ when considered both as partitions 
of @ and as spaces. There appears to be a real advantage, however, to a 
direct definition of a metric on # rather than a topologization in the manner 
of 1.6, in spite of the fact that from the topological point of view they are 
the same. Certainly, in the history of the subject of area, salient advances 
were made after Fréchet defined the metric which now bears his name, and 


though it would no doubt be an error to attribute this to the neater form of 


a topology by means of a metric, it appears safe to consider that this feature 


vs 
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did play some part in the rapid subsequent development of the theory of 
surface area. 


4, Kerékjarto varieties. 


4.1. The definition of Kerékjarté equivalence requires a theorem on 
factorization of a mapping. (See Whyburn [11]) If f: XY is a 
mapping, then there is a Peano space Mt, a montone mapping m: X = Mt and 
a light mapping /: Yit— Y such that f= Im. The composition, or product, 
lm, is said to be a monotone-light factorization of f with middle space Vt. 
If l:m, is a monotone light factorization of f with middle space Yt,, then 
there is a unique homeomorphism h: M&M, such that hm—m, and 
l= 


4.2. Two mappings f:: and f.: are Kerékjarté equi- 
valent if and only if for each monotone-light factorization lim; of fz with 
middle space Iti, i = 1, 2, there is a homeomorphism h: Mt,— Mt. such that 
11h. (See Kerékjarté [4].) The notation to be employed is f, K f2. It 
is not difficult to see that if J;m; is some particular monotone-light factorization 
of f; with middle space Mti, i—1,2, and there is a homeomorphism 
h: M423 M. with the property that then fi: Kf. Thus it is a 
simple matter to prove that f; K f. if and only if there is a monotone-light 
factorization Im; of f; with middle space Mt,i1 1,2. (For details one should 
consult Radé [7]). 


4.3. There is no strain in showing that the binary relation K justifies 
the terminology employed on its behalf and is, indeed, an equivalence; it is 
not so easy to prove that the resulting decomposition of @ is upper semi- 
continuous. Before passing on to the proof of this statement it is necessary 
to consider a few preliminary ideas stated in the following paragraphs. 

4.4. If: 1° gn: X—Y is a mapping, n= 0,1, 2,- - -; 2° gn—> 
3° X¥,C X, n=—0,1,2,-- 4° lim Xn— then lim gn(Xn) = go(Xo). 
(The space X need only be a compactum.) 

4.5. If: 1° ma: X—Y is a mapping, n—0,1,2,---; 2° mn is 
monotone for n>0; 3° mn—> mo; 4° mna(X) =Mh, n—0,1,2,°° 
then my is monotone if and only if Mn converges to Wtp O-regularly (Whyburn 
[10]). 


4.6. Suppose that Z is the space consisting of the real numbers 


0,1,4,- - - and for future convenience, let zo = 0, zn = 1/n, n= 1,2,8,---. 
Then the product space (X XZ) is a compactum, it has a denumerable 
number of components (X X zn), n= 0,1,2,---, and each component is 


Peanian. 
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4.7%. If {fn} is a sequence of transformations fz: X > Y, n=—0,1, 
2,° °°, then it generates a transformation F: (X X Z)—Y defined as 
follows: for re X, 2n) =fn(x), n=0,1,2,- +--+. (Nothing is assumed 
about the continuity of these transformations; when continuous they are 
called mappings.) Conversely, if F: (X XK Z)— Y is a transformation, it 
generates a sequence {fn} of transformations fn: X Y, 
defined in the following manner: for xe X, fn(x) = F(a, zn), n = 0,1, 

4.8. If fn—f> and all the transformations are mappings, then F is 
likewise a mapping. 

4.9. If F is a mapping, then f,— f> and all these transformations are 
mappings. 

4.10. Now suppose that fx is a sequence of mappings fn: X > Y, 
n= 0,1, 2,- - - such that fn—>fo. Then the generated mapping F: (X X Z) 
— Y has a monotone-light factorization LM with middle space Mt. (The 
space X need only be a compactum for the truth of the statements in 4. 1.) 
Moreover, it is easy to see that Yt is a compactum consisting of a sequence 
{Mn} of components where Mt, is the image of (X X zn) under the mapping 
M and is consequently Peanian, n = 0,1,2,°°-. 

4.11. Consider the sequence {m,} of mappings mn: X > Mt, n =0,1, 
2,: ++ generated by the mapping M: (X XZ) M. It follows that: 


1°) ma: XSMn, n=0,1,2,- (see 4.7 and 4.10.) 

2° mn is monotone, n =0,1,2 (see 4.9 and 4.10.) 

3° mn—> (see 4. 9.) 

4° lim M, — Mt, and the convergence is 0-regular (see 4. 5.). 


4.12 Suppose Dtn—> Y is the mapping L: restricted to 
n=0,1,2,---. It follows that 


1° If gn: X>Mn is monotone, go: X—>M is a 


mapping and gn—> go, then go: X= Mo, go is monotone and Ingn— logo | 


(By 4.4, go(X) =lim gn(X) and by 4.11 this is lim Mt, = Mt. Since the 
convergence is 0-regular the mapping go is monotone by 4.5. The trans- 
formation G: (X X Z) >M generated by the sequence {gn} is continuous 
by 4.8, hence LG: (X XZ) > Y is continuous. But {Ingn} is the sequence 
generated by LG. Hence Ingn—>lTogo by 4. 9.) 


2° If Xn C Mn, n=0,1,2,-- and lim%,—=—X, then lim In(%n) 


=1)(X). (Notice that L, LZ, L,- LZ and apply 4. 4.) 
3° 1, is light, n =0,1,2,- - - (Z is light.) 


ire 
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4° n=0,1,2,--- (F = DM.) 


4.13. With this introduction the principal theorem of this section can 
now be proved. 


THEOREM. Kerékjarté equivalence generates an upper semi-continuous 
decomposition of 


Proof. Suppose fn‘ — fo’, 1,2, and fr? K n = 1, 2, It 
will be shown that K 


4.14. In a manner which has been indicated in the preceding para- 
graphs, the sequence {fn‘} gives rise to the sequence {mn‘*} of monotone 
mappings mn*: X Wn‘ and the sequence In‘ of light mappings In*: Wtnt > Y 
connected by the formula ft n=0,1,2,°°-, +=1,2. (It is 
recalled that to‘, - - are the components of a compactum Mit, 
1,2.) 

Since fri K fn? there is a homeomorphism hn: QtnI=> Mtn? such that 
= n = 1, 2,3,°--. 


4.15. Assertion. The sequence {hnmn*} is equicontinuous. 


Remark. The above statement has the flavor of a fundamental lemma 
of Radé [7, p. 425]. He shows that if a sequence {/mn} is equicontinuous, 
where myn: X= X, n=—1,2,3,--- and 1: is light, then {mn} is 
equicontinuous. 


4.16. If the assertion is false, then it may be assumed that there is an 
«> 0 and a couple of sequences {tn} and {yn} such that —> yn and 
(tn U yn) } > n= 1, 2,3,- But m,! by 4.11, 3°, hence 
lim mn1(an U yn) = by 4.4. Consequently, U yn)} > 0. 
Moreover, lim = + and the convergence is 0-regular (see 4.11, 4°). 
Hence for each n = 1, there is a continuum such that Cn} 
U yn), and — 0. Consequently 

lim = mo? (20). 

Notice that ©,? = hn(€n?) D hamn* (an U yn) and so d(Gn?) n= 1, 
2,38,---. Select a convergent subsequence {@,,?} from the sequence 
{G,?}. If lim ©,,2—)?, then d(G?) and ©,? is a continuum. 
Now lim Jn,?(Gn,?) = 1o2(Co2) by 4.12, 2°, but In,?(Cn,?) = (Gn,7) 
= 1, 2,3,: by 4.14. On the other hand, lim 
=1,'(lim ©,,7) by 4.12, 2° and ©n,?) = = Hence 


= fo" (Xo). 


But this is in contradiction to the lightness of Jo? since ©)? is a non-degenerate 
continuum. 
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4.17. To complete the proof of the theorem, since {Anmn'} is an equi- 
continuous sequence it is a classical result that it contains a convergent 
subsequence in @, see 1.2. For the purpose in mind, there is no loss of 
generality in assuming that the sequence itself is convergent, that is, 


In = hnmn' > Jo 


In virtue of 4.12, 1°, go: XM. go is monotone and In?gn—> I7go. 
But In? Gn = ln? Mn fa Therefore fo and as 
fo? = 197m” the mappings fo? and fo” are Kerékjarté equivalent by 4. 2. 


4.18. Now as it is certain that the equivalence K generates an upper 
semi-continuous decomposition of @, the general theory of 1.5-1.8 shows 
that there is a proper topologization of the class K of K-varieties K. It is 
not known whether the proper topologization of K yields a metric space or not. 


4.19. It will be recalled that Fréchet equivalence generated a continuous 
decomposition of 4, and it is interesting to compare this state of affairs 
with the situation which occurs under Kerékjarté equivalence. It will be 
shown that Kerékjarté equivalence does not generate a continuous decom- 
position of @. Consider a polar coordinate system (r, 4) in Euclidean 3-space. 
The space X is the totality of points (r,@) such that r= 1, while the space 
Y is the totality of points (r,6). Consider mappings fn: X > Y, n=1,?2, 
3,° defined as follows: 

(—rsin 6+ 1/n, 6), 
(rsiné + r/n, 6), 


and a mapping fo: X — Y given by the formula 


6) = (—rsin 6, —rs6=0, 


It is clear that fn—>fo. Now consider a mapping go: X—>Y defined as 


follows 
go(r, 6) — (rsinér—0), OSrX1. 


It is obvious that fo K go since each of these mappings is monotone and 
fo(X) =go(X), (4.2). On the other hand, suppose that there is a sequence 
{gn} of mappings gn: X — Y such that gn K fa, n= 1, 2, 3,° and Jn — 
For convenience, let gn be the mapping gn restricted to the circumference, X, 
of the circle X, n=0,1,2,---. The notation fn has an analogous meaning. 
It is important to notice that, since gn K fn and fn is a homeomorphism from 
the closed 2-cell X onto a closed 2-cell fn(X), gn must be a monotone mapping 
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onto the closed 2-cell fn(X), n = 1, 2,3,- Ccnsequently gn is monotone 
and gn(X) == f,(X), n== 1, 2, 3,° - + (see Whyburn [11, pp. 165 and 173]). 
Now suppose that XY and Y are given the standard counter-clockwise orien- 
tations, and consider the mapping gn, n = 1,2,3,:--. It follows that the 
index of gn is the same integer k ~ 0 at each point of the bounded component 
of But gn — Jo, hence gn— go, a situation which implies that 
the index of go is also & at each point of the two bounded components of 
¥—go(X). On the other hand, the definition of go shows that go has an 
index 1 at each point of one of the components in question, and —1 in the 
other. This contradiction shows that Kerékjarté equivalence does not generate 


a continuous decomposition of &@. 


4.20. This section is concluded with the statement of a theorem which 
is of considerable historical interest and will be employed in the next section. 


TueorEeM (Kerékjarté). If fF g then f K 9. 


Remark. Kerékjarté [4] proved this in case XY is a 2-sphere. His 
method was employed by Youngs [13] in generalizing the result to the case 
in question. Radé [7] gives the most satisfactory proof using a key lemma 
which has already been mentioned in 4.15. Kerékjart6 was under the 
impression that the converse is true if Y is a 2-sphere; in fact it is false, 
see Youngs [13]. In this condition it should be mentioned, however, that 
if iK g, where both f and g are mappings from a 2-sphere, and, in addition, 


satisfy a certain homology condition, then f F gq. 
5. Surfaces and Lebesgue area. 


5.1. The discussion in this section is concerned with a special class, 
4, of mappings, f: YY, and a lower semi-continuous transformation 
A: @-—>P (see 1.9). The particular transformation to be considered has 
the property that each one of the three pairs (A, bY, (A, F) and (A, R) is 
coherent (1.10). Consequently, transformations Ar: —>P, Ar: F>P 
and Ax: K — P can be defined as in 1.10. In view of the fact that # and K 
can be properly topologized (3.4 and 4.18) the transformations Ar and Ax 
are lower semi-continuous (1.10). Thus it would appear that ¥ and K 
display certain advantages not enjoyed by ¥&. Moreover, Lebesgue equi- 
valence implies Fréchet equivalence (8.1), which in turn implies Kerékjarté 
equivalence (4.20); hence, in the terminology of 1.11, : <P <k. In 
other words there is evidence to indicate that Kerékjarté equivalence is 
" superior ” (1.11) both to Fréchet and Lebesgue equivalence. On the other 
hand it will be seen that from the point of view of applications there are 
strong reasons for preferring Fréchet equivalence. 
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5.2. The first point of specialization to consider is the class @. To 
this end, the pair (.Y, Y’) is considerably restricted; in fact X is understood 
to be a 2-cell (or 2-sphere) while Y is Euclidean 3-space. The restriction 
on Y to Euclidean 3-space rather than Euclidean n-space is not essential; 
the restriction on X is of definite importance. With this understanding as 
to the pair (X,Y), an L-variety will be called a Lebesgue surface, an F- 
variety, a Fréchet surface, and a A-variety, a Kerékjarté surface. 

5.3. The special transformation 4: @—P now to be considered will 
lead to the Lebesgue area of Fréchet surfaces. The definition of A has been 
covered in some detail elsewhere, see Radé [6] or Youngs [12 and 13] and 
a précis of the ideas should suffice here. A special class, P, of mappings, 
p: A —Y, known as polyhedral mappings is defined. There is no general 
agreement in the literature as to the precise content of the class P, but on 
the other hand there is no need for such agreement, see Huskey [3]. For 
the purposes of this paper, a mapping p: 1 — VY is in the class ? if and 
only if there is a triangulation T of X such that Ae T implies 1° p is one-to- 
one on A, 2° p(A) is a rectilinear triangle in Y. 

5.4. It is to be noted that p may be in ? by virtue of more than one 
triangulation of the above character. If pe P, let E(p) = , | p(A)| , where 
T is a triangulation of the type in 5. 3, and | p(A)| is the dete of the triangle 

p(A). It is not difficult to see that H(p) depends only on the mapping 
p: X— Y and is independent of the triangulation 7. This number, F(p), 
is called the elementary area of p. | 

5.5. The crucial point is the obvious one that P is dense in 6, 
consequently if fe @, there is a sequence {pn} such that px—>f. With this 
particular sequence {pn} there is associated an element of P; namely 
lim inf H(pn). The infimum of these elements, lim inf E(pn), with respect 
to the totality of sequences {pn} such that pn—f is again an element of P. 
It is this element which is defined to be A(f) ; in short 


A(f) = inf [ lim inf F(p,) ]. 


5.6. The non-trivial statements that pe implies A(p) = E(p); 
justifies speaking of A(f) as an area, in fact, A(f) will be called the Lebesgue 
area of f. An immediate consequence of this definition is that A is a lower 


semi-continous transformation. 


5.7. It is now an easy matter to check that (A, L) is a coherent pait 
(1.10) in other words, that fZg implies A(f) =A(g). With but slight | 


| 
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additional effort it follows that (A, F) has the same property. On the other 
hand, the proof that (A,K ) is a coherent pair is decidedly involved, see 
Radé [7], Helsel [2] and Youngs [13]. 

The fact that & cannot be properly topologized (2.2) is unfortunate 
though it is possible to define a transformation Ax: €— P using the device 
of 1.10. The fact that ¥ and K can be properly topologized (3. 4 and 4. 18) 
gives added content to the transformations Ar:  >P and An: K—>P 
defined as in 1.10, for these transformations are known to be lower semi- 
continuous by the general theory of that paragraph. The number Ar(F) 
is known as the Lebesgue area of the Fréchet surface F, while 4x(K) may 
be called the Lebesgue area of the Kerékjarté surface K. 


5.8. Other things being equal, the general remarks of the first section, 
in particular 1.11, indicate that Kerékjartd equivalence is to be preferred 
to Fréchet equivalence simply because F {| K ~0 implies FC K and hence 
the class K may contain a representative with a particularly desirable property 
which is enjoyed by no representative of the class Ff. On the other hand, 
in the study of surfaces, there is good reason to continue to deal with Fréchet 
surfaces rather than change to those of Kerékjart6. To begin with, the 
proper topology on # makes it metric and while the same may be true of XK, 
no definite information is available on this point. The fact that (A, R) 
is a coherent pair should, for esthetic reasons, come early in the theory— 
as things stand, this is not the case (see 5.7). There is also another objection. 
Suppose K is a Kerékjarté surface, the space X being a closed 2-cell. There 
are strong analytic reasons for requiring that if f and g are representations 
of K (that is, f and g are mappings in K) then f(X) = 9(X) where X is the 
boundary of A. Under the definition of Kerékjart6é equivalence however, 
it is entirely possible for f K g but f(X) M g(X) =0 as Radé [7] has shown. 
Thus for quite compelling analytic reasons it would be necessary, in case Y 
is a 2-cell, to modify Kerékjarté equivalence so as to generate the above 
property on the boundary of X. This can be done in a perfectly obvious 
manner, but it does not appear to be a particularly fruitful step. These state- 
ments may, by omission, give the impression that for Kerékjarté surfaces 
where XY is a 2-sphere there is no corresponding analytic objection. On the 
contrary, if K is such a Kerékjarté surface then there is at least one important 
function defined over the representations of K which should be, but is not 
independent of the representation. The function referred to is V(f), the 
Volume enclosed by a mapping from a 2-sphere into Euclidean 3-space (see 
Rad6 [8]). Suppose that Z is a geometric 2-sphere in Y; let S be the bounded 
component of Y —Z and | S| its 3-dimensional Lebesgue measure. Suppose 
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that Yt is a space consisting of two tangent 2-spheres. Let XY be a 2-sphere, 
and select orientations on X and Z. It is easy to see that there are two 
monotone mappings, m,: XM and mz: XM, and a light mapping 
1: MZ such that Der (Jm,) = 0 and Der (Im2) = 2. If fi =lmi, t= 1, 2, 
then V(f,;) =0 while V(f2) =2|S8]|. On the other hand, f; and fs are 
Kerékjart6 equivalent. Such a situation does not arise for Fréchet equivalent 


mappings. 


5.9. <All in all, therefore, the analytic aspects of surface theory indicate 
that Fréchet equivalence occupies a happy middle ground between Lebesgue 
and Kerékjart6 equivalences. It is a fortunate property too, that there is a 
certain amount of inevitability about the concept—an equivalence relation at 
least as extensive as Lebesgue equivalence appears mandatory, and now if 
proper topologization of the resulting class of varieties is required, Fréchet 
equivalence (at least) is inevitable (2.3). 
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SOME CHARACTERIZATIONS OF ARCS AND SIMPLE CLOSED 
CURVES.* 


By R. H. Brine. 


1, Introduction. This paper uses the notion of cuttings to give some 
characterizations of arcs and simple closed curves. We make a distinction 
between cutting and separating as given in the following definitions: 


DEFINITIONS. The set R separates A from B in the connected set M if 
M—M-R is the sum of two mutually separated sets containing A and B 
respectively. If ./ contains a continuum intersecting both A and B and R 
is a set containing neither A nor B but intersecting each continuum in M 
intersecting both A and B, we sav that R cuts A from B in M. If a set 
separates (or cuts) two points from each other in ./. we say that it separates 
(or cuts) J. 


A continuum is a closed and connected set. It is irreducible from H to K 
if it intersects 7 and K but contains no proper subeontinuum doing so. It is 
irreducible about R if it contains R but none of its proper subcontinua does. 

The theorems of this paper hold in a metric space. In fact, they hold 
ina Moore space, that is in a space satisfying Axiom 0 and the first three 
parts of Axiom 1 as given in R. L. Moore’s Foundations of Point Set. Theory. 

J. R. Kline has shown [3] that for the plane, a nondegenerate continuum 
is a simple closed curve if it remains connected on the omission of any 
connected subset. This characterization is similar to the definition by R. L. 
Moore which defines [5] a simple closed curve to be a nondegenerate compact 
continuum which is separated by each pair of its points. However, the sepa- 
rating of a continuum by a pair of its points is not the same as the cutting of a 
continuum by a pair of its points. Every pair of points of a compact indecom- 
posable continuum cuts it but no pair of points separates it. Therefore, the 
above mentioned characterizations by Kline and Moore differ from Theorem 11 
of this paper which states that a nondegenerate compact continuum is a simple 
closed curve if it is cut by no one but by each pair of its points. 

C. Kuratowski has shown [4] that if no subcontinuum of a nondegenerate 
bounded continuum C cuts it, then C is a simple closed curve. One of the 
results (Theorem 10) of this paper proves that instead of assuming that no 


* Received September 25, 1947; Presented to the American Mathematical Society, 
November 28, 1947. 
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subcontinuum of C cuts C, we need only assume that no point cuts C and no 
subcontinuum of C separates it. 

If a point separates a continuum, it separates two open subsets of the 
continuum from each other. Hence, to assume that a point cuts a continuum 
between two open subsets is a weaker hypothesis than to suppose that it 
separates the continuum. Some known results may be strengthened by 
replacing the notion of separation by the idea of cutting between two open 
subsets. For example, Corollary 2 is stronger than the known result that 
every compact continuum contains two points neither of which separates it 
and Theorem 9 is stronger than the known result that a compact continuum 
is a simple closed curve if every pair of its points separates it. 


2. Cuttings. The five theorems of this section do not depend on each 


other. Most of them are used in later sections. 


THEOREM 1. Suppose that a, b, and c are three points of the continuum 
M which is irreducible from a to 6b. A necessary and sufficient condition that 
c separate a from b in M 1s that for each point p of M—c there bea 
continuum in M— p containing c and intersecting a+ b. 


Proof. We shall prove only the sufficiency case of this theorem. 


Suppose that for each point p of 14 —c there is a continuum in M—p 
containing ¢ and intersecting a-++ b. Let \ be the set of-all points p such 
that some continuum in M— p contains c+ 0 and let Y be the set of all 
points p such that some continuum in MW —p contains c+ a. Each point of 
M—c belongs to XY + Y. We note that contains a and Y contains 0. 
Since M is irreducible from a to b, no point belongs to both XY and Y. 

For each point p of X there is a continuum in M — p containing c +) 
and there is a domain containing p but no point of the continuum. Each 
point of M in this domain is a point of Y. Hence, XY is open in M. Also, 
Y isopenin M. Then X and ¥ are mutually separated sets. Since ¢ separates 


X from Y, it separates a from b. 


Example. Theorem 1 would not be true if instead of assuming that for 
each point p of M —c there is a continuum in VM — p containing ¢ and inter- 
secting a ++ b, we only assumed that no point of — (a+ b-+ cuts from 
both a and b in M. To demonstrate this, let MV be the closure of the graph 
in polar coordinates of p=1-+ 1/0 (@=7); let a, b,. and c be the points 
whose polar coordinates are (1+ (1/7),7), (1,7), and (1,0). 

We shall make use of the following definition: 
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DEFINITION. A set M is aposyndetic [1] at the point p if p belongs to 
M and for each point x of M distinct from p, there exists an open subset of M 
which contains p and belongs to a connected and relatively closed subset of M 
lying in 


THEOREM 2. The compact continuum M which is not separated by any 
of its subcontinua is locally connected at the point p if it is aposyndetic at p. 


Proof. Let D be an open subset of M containing p. For each point q 
of M — p there is a continuum C(q) lying in M —q and containing an open 
subset of M which contains p. Denote M—C(q) by D(q). Since M—D 
is compact, there are a finite number of points q:,q2,° ° *,@n such that 
D(q:) + D(qz) +: -+ D(qn) covers M— D. 


Since no continuum separates M, D(qi) is connected and its closure 
D(qi) is a continuum in M—~p. We shall show that p does not cut D(qi) 
from D(qj) in M. Assume that this is not the case. Then M— [D(qi) + D(q;)] 
is not a connected set, for if it were, the closure of this connected set would 
be a continuum in WV separating qi from qj. Let M—[D(qi) + D(q;)] be 
the sum of the mutually separated sets Y and Y where Y contains p. Since 
neither D(qi) nor D(q;) separates M, D(qi) + ¥ + D(q;) is a continuum. 
Hence, p does not cut D(qi) from D(q;). 

Since p does not cut any two of the continua D(q,), D(qz),- D(qn) 
from each other in ./, there is a continuum F in ./ — p containing the sum 
of D(q:), D(qz),- >, and D(Qn). The complement of is a connected 
open subset of D containing p. This demonstrates that M is locally connected 
at p. 


THEOREM 3. Jf D and E are mutually exclusive open subsets of the 
compact continuum M and R is a subset of M—(D+E) which cuts D 
from E in M, then the sum of the components of M— (D+ E) which inter- 
sect R separates D from E in M., 


Proof. Let E,,F2,:-: and D,,Ds,--- be sequences of open subsets 
of M such that 32; = FE, 3D; = D, Di., contains Dj, and Ej,, contains Ej. 
Then M is the sum of three mutually exclusive sets V;, Yi, and Z; where Y; 
is the sum of all components of M— (D,;-+ E;) intersecting R, X; is the 
sum of Dj; and all components of M— (D; + £;) that intersect D but not R, 
and Z; is the sum of and all components of — (Di -+ that intersect 
£ but not R. Now IY; is the sum of the components of M— (D+ E) that 
intersect R and M— IIY; is the sum of the mutually separated sets 3X; and 
22; which contain D and E respectively. 
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CoroLtuary 1. Jf a point cuts between the open subsets D and E of the 
compact continuum M, then a continuum in M—(D+E) separates D 
from E in M. 


THEOREM 4. Jf D and E are mutually exclusive open subsets of the 
compact continuum M and R is a subset of M—(D+E) which cuts D 
from E in M, then the sum of the components of M— (D+ E) which inter- 
sect R separates D from E in M. 


Proof. Let N be the sum of the components of M— (D+ E) which 
intersect & and X be the set of all points p of JJ —N such that some continuum 
in M —N intersects both D and p. We shall show that / —N is the sum 


of two mutually separated sets one of which is XY. 


Now & is a subset of ¥ + N; for let pi, po,- - > be a sequence of points 
of X converging to a point p and denote the component of I — (D+ E£) 
containing pi by Ci. The limiting set C of Ci, C2,- - + is a continuum inter- 


secting both p and D. Now C is a subset of N or XY according as it does or 
does not intersect NV. Likewise, the closure of JJ — (NV +1) is a subset of 
M—X. Therefore N separates VY from M—(N-+) in M and hence 
separates D from 


THEOREM 5. For each proper subset R of the compact continuum M 
there 1s a point p of M—R such that the sum of all continua that lie in 
M — p and intersect R is dense in M. 


Proof. Let N be a subecontinuum of M irreducible about R. First 
consider the case where M=WN. Let p be any point of N—R. Assume 
that NV contains an open subset F of itself such that each subeontinuum of V 
intersecting both # and R contains p. Then each component of N — F which 
contains a point of RP also contains p. Then there is a continuum in V —£ 
containing RF contrary to the assumption that N is irreducible about R. 


Next, consider the case where M4 N. Since M is completely separable, 
there is a sequence of open subsets D,, D2,- - - of M —WN such that if D is 
an open subset of Jf — N containing a point q, then there is an integer 7 such 
that D; contains g and is a subset of D. 

If an open subset of a proper subcontinuum of M contains N + D,, let 
Nz be such a subcontinuum; otherwise, let N2 be NV. If some proper sub- 
continuum of M has an open subset which contains VN, + Dz, let N; be such a 
subcontinuum ; otherwise, let N; be N.. Similarly, we obtain Ny, 
If SN; is dense in M, a point of M — Nj is the required point p. 
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Suppose that NV; is not dense in WM. For convenience, suppose that 
3Vi=N. Then N does not belong to any open subset of any proper sub- 
continuum of JM. 

Let Li, be the component of JJ — D; containing N and F; be the closure 
of W—£;. Since H;-F; does not contain any open subset of MJ, the 
Theorem of Baire assures us that some point p of JJ — N does not belong to 
3H: Fi. Li Fi+ N were the sum of two mutually separated sets X and Y 
where X contains NV, N would belong to an open subset of the continuum 
XY+F;. Hence, Fi; + N is a continuum. Let Gi be the one of the continua 
FE; or Fj + N that does not contain p. Although 3G; is dense in M, it does 
not contain p. 


COROLLARY 2. Hach nondegenerate compact continuum contains two 
points neither of which cuts between two open subsets of the continuum. 


3. Characterizations of arcs. Using the facts that a compact con- 
tinuum J/ is an arc between its points a and b if every point of M— (a+b) 
separates a from } in M, we have the following theorem as an application of 
Theorem 1. 


THEOREM 6, A necessary and sufficient condition that the compact con- 
tinuum M which is irreducible from the point a to the point b be an are from 
ato b is that for each pair of points p, q of M there is a continuum in M — p 
containing gq and intersecting a + b. 


It is to be noted that p is allowed to be either « or b. As is shown by 
the example following Theorem 1, the result would not be true if we restricted 
the range of p to M— (a+b). 


THEOREM 7. The compact continuum M is an are between its points 
aand b provided each pair of points of M— (a+b) cuts a from b in M 
and cuts an open subset of M from a+b in M. 


Proof. Since M is irreducible from a to b, a does not cut M or else 
some two points which it cuts from b would not cut an open subset of M 
from 6. Also, b does not cut M. As neither a nor 6b cuts M, we have by 
Theorem 6 that M is an are if no point of M — (a+b) cuts any point from 
a+bin M. We shall show that the assumption that 1 — (a + 6) contains 
points p and q such that p cuts qg from a+ b leads to the contradiction that 
P+ q does not cut any open subset of M from a + b. 
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Suppose that p + q cuts the open subset D of M froma-+b. Let ab be 
an arc from a to 6 such that ab: M=a-+b. The arc ab is not necessarily 
in the space containing M. By Theorem 3 there are continua H and K in 
M —D such that H contains p, K contains g, X contains ab, and M + ab is 
the sum of two closed proper subsets X and Y such that X-Y—H+K. 

Let F and G@ be the components of J/ - XY containing a and 6b respectively. 
Each intersects H + K but not both intersect the same one of H, K or else 
some pair of points of Y does not cut a from 6 in M. But p does not cut q¢ 
from a or from 0 according as K intersects F’ or G. 


THEOREM 8. The compact continuum M is an arc between its points a 
and b provided each pair of points of M— (a+b) cuts an open subset of M 
from an open subset of M containing a + b. 


Proof. Assume first that some subcontinuum N of M is irreducible from 
a to b and is not an are. Then by the preceding theorem, N — (a+ b) con- 
tains two points p and q whose sum does not cut any open subset of NV 
from a+b in N. However, p+ q cuts between two open subsets D and £ 
of M in M where F does not intersect N and D contains a+ b. 


By Theorem 3, there are two continua H and K in M— (D+ E) whose 
sum separates D from F in M and such that H contains p and K contains 4. 
Suppose that If — (H + K) is the sum of two mutually separated sets S(D) 
and S(£) which contain D and F respectively. By Theorem 5 there is a 
point r of S(#) —S(£)-N that does not cut any open subset of S(#) from 
H+K-+N in M. 

If S(D) is not a subset of NV, by Theorem 5 there is a point ¢ oi 


S(D) —S8(D)-N that does not cut any open subset of S(D) from H +K | 
+ Nin M. Then r+ ¢ does not cut any open subset of M from N and hence [ 


does not cut any open subset of M from a-+ b. 
We shall show that in case N contains S(D), there is a point ¢t of S(D) 


that does not cut either H or K from any domain containing a+) in 
N+H-+K. Then ++ ¢ will not cut any open subset of M from an open | 


subset of W containing a+ b. 


If N were indecomposable, we could use any point ¢ in S(D) belonging ‘ 
to a composant of N not intersecting a+b+p-+q. Hence, suppose that | 
it is decomposable. Then either a or b does not cut p from a+b in N. Also, 
either a or b does not cut g from a+b. Ifa (or 6) cuts neither p nor 4 


from 6 (or a), then there is a domain containing a (or 6) such that any 


| 
t 
I 
( 
A 
C 


CHARACTERIZATIONS OF ARCS AND SIMPLE CLOSED CURVES. 503 


point of S(D) —a (or S(D) —6) im this domain will serve as ¢. Hence, 
suppose that a cuts p from Db and 6 cuts q from a in N. 

Let D,,D2,- - - be a sequence of open subsets of NV closing down on a 
where D, does not intersect p-+gq and let Cp, and Cy, be the components of 
N — D; containing p and q respectively. Cy, does not intersect Co, for any 
integer 1 because there is an integer j such that Cy, contains b. Let F be an 
open subset of S(D) containing a but no point of Cq,. Since the limiting set 
of Cq,,Ca,° °° is n, there is an integer k such that Co, intersects F. Then 
no point ¢ of F- Cy, cuts g from b and p from any domain containing a in N. 

We have shown that the assumption that there is a subcontinuum of M 
irreducible from a to 6 which is not an arc leads to the contradiction that 
some pair of points r, ¢ of M—(a-+b) does not cut an open subset of M 
from an open subset of M containing a+b. Hence, every subcontinuum of. 
M irreducible from a to 0 is an arc. Let ab be one such arc. We shall show 
that if M is not ab, then there are two points of M— (a+b) whose sum 
does not cut any open subset of M from any open subset of M containing a + b. 

Let X be the collection of all continua 2 such that z is the closure of a 
maximal continuumwise connected subset of 1/—ab. The sum of a count- 
able subcollection of XY is dense in 4—ab. If this countable subcollection 
failed to cover two points of Jf —ab, this pair of points would not cut an 
open subset of M from ab in M. 

Since a countable subcollection of X covers M—ab, some element 2; 
of X contains an open subset of 1f— ab. First, consider the case where 2; 
covers IM —ab. If x, contains ab, no pair of points of ab — (a+b) would 
cut an open subset of J/ from an open subset of M containing a+ 6b for, if so, 
each open subset of WM would intersect the maximal continuumwise connected 
subset of M —ab whose closure is 2;. If r is a point of ab— (a+ b) not 
belonging to x, and ¢ is a point of 14 —ab not cutting any open subset of M 
from ab (Theorem 5) then r+ ¢ would not cut any open subset of Mf from 
a+bin M. 

If z, does not cover M—ab, there is another element x, of X which 
contains an open subset of 1Z—ab. Let Ci (i =1,2) be the closure of the 
sum of ab and all elements of Y other than 2;. By Theorem 5 there is a 
point pi of M 
Any subcontinuum of J irreducible from p; to ab is a subset of 2;. Then 
Pi + pe do not cut any open subset of M from ab in M. Hence, M is ab. 


C; that does not cut any open subset of M from C; in M. 


4. Characterizations of a simple closed curve. We shall now use 
cuttings of continua to give some characterizations of a simple closed curve. 
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THEOREM 9. The compact continuum M is a simple closed curve if each 
pair of its points cuts between two open subsets of M. 


Proof. No subcontinuum N of M separates M because if 14 —N were 
the sum of two mutually separated sets Y and Y, then by Theorem 5 there 
would be points p and q in X and Y respectively such that continuumwise 
connected subsets of N + Y¥—~p and N + ¥ —gq would contain N and be 
dense in N+ X and V+ Y respectively. Then p+ q would not separate 
any two open subsets of M from each other. 


If the points p and q cut between two open subsets, then by Theorem 3 
there are, subcontinua // and K of M such that J — (H + K) is the sum of 
two mutually separated sets Y and Y. Since no subcontinuum of M separates 
it, ¥ is ireducible from H to K or else the sum of H, K, and a proper sub- 
continuum of X is a continuum separating M@. By Theorem 7% we find that 
every point of XY separates H from K in J/ + ¥-+ K. Then some two points 
separate M. Reapplving Theorem 7, we find that .V/ is the sum of two ares 
between these points and is in fact a simple closed curve. 


THEOREM 10. A nondegenerate compact continuum is a simple closed 
curve if it is neither cut by any point nor separated by any one of its 
subcontinua.' 


Proof. Let M be such a continuum. It has been shown [2] by F. B. 
Jones that a compact continuum which is not cut by any of its points is 
aposyndetic on a dense subset. Using this result and Theorem 2, we find that 
M is locally connected at two of its points a, b. 


Let D,, - and - be sequences of connected domains closing 
down on a and Bb respectively such that D, does not intersect E,. Now 
M— (D,+ £;) is the sum of two mutually separated sets Y; and Yj, for 
if it were connected. it would be a continuum separating a from b in M. No 
proper subcontinuum of D; + X;-+ #; contains both Di and £; or else a 
subcontinuum of M separates a point of X; from Yj. Also VY; is irreducible 
from D; to £;. Suppose that Xi,, intersects X;. Then X; is a subset of 
Now M is the sum of two continua a+ 3X,+5) and a+ 3Yi+) 
and it follows from Theorem 6 that each of these is an arc from a to b. 


1 By modifying our arguments we could have strengthened Theorems 2, 6, 10, 11, 
and 12 by weakening the hypotheses of these theorems by supposing the sets to be 
locally peripherally compact instead of compact. 
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THEOREM 11. A nondegenerate compact continuum is a simple closed 
curve if it is cut by no one but by each pair of its points. 


Proof. Suppose that M is such a continuum. It will follow from 
Theorem 10 that W is a simple closed curve if we can show that none of its 
subcontinua separates it. 


Assume that MV contains a continuum H such that 1/—H is the sum 
of two mutually separated sets XY and Y containing points p and q respec- 
tively. We shall show that this assumption leads to the contradiction that 
p+q does not cut any point of WV from H in M. 


Assume that p-+q cuts the points a of X from H in M. Since no 
point cuts M, there is a continuum C in M—p containing a+ H. Now 
C—C-Y is a closed set in M—(p+q) containing a+ H. Also, it is a 
continuum, for if it were the sum of the mutually separated sets R and S 
where S contains H, then C would be the sum of the mutually separated sets 
Rand S+C-Y. Also, p+ q does not cut any point of Y from H and 
therefore does not cut J. 


THEOREM 12. A nondegenerate compact connected space which is cut 
by no one of its points is a simple closed curve if each of its proper subcontinua 
is cut by each interior point of this subcontinuum. 


Proof. Assume that the complement of the continuum H is the sum 
of two mutually separated sets XY and Y and let p be a point of XY. Then p 
does not cut the continuum H + X because it does not cut the space. Hence, 
no continuum separates the space and Theorem 12 follows from Theorem 10. 


THEOREM 13. The nondegenerate compact continuum M which is cut 
by no one of its points is a simple closed curve provided that for each three 
points a, b, p of M there is a point q such that p+ q cuts a from b in M. 


Proof. Again we show that no subcontinuum H of M separates it. 
Assume that 1f—H is the sum of two mutually separated sets X and Y. 
Let a and b be two points of a continuum K in X and let p be a point of Y. 
If there were a point g such that p-+q cuts a from b, then q belongs to K. 
But there is a continuum in M —q containing a + H and another continuum 
in M—q containing b + H. The sum of these two continua is a continuum 
in M—(p+q) containing a+b. Hence, no subcontinuum separates M. 
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Example. We give an example to show that a compact continuum which 
is cut by no point need not be a simple closed curve even though for each 
pair of its points there is another pair of points cutting between these two in 
the continuum. Let the continuum be the sum of the graph of y = sin(1/z) 
(0 <2 4) and the square with opposite vertices at (0, 2) and (4,— 2). 


THE UNIVERSITY OF WISCONSIN. 
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ON THE DIMENSION OF PARTIALLY ORDERED SETS.* + 


By Horace Komm. 


1. Introduction. A partial order P is a set of elements S together 
with a binary relation R(z,y) which may hold between any two elements 
z and y of S, and which satisfies the two conditions of asymmetry and tran- 
sitivity; i.e. (1) if R(x, y) then not R(y, x), and (2) if R(a,y) and R(y,z) 
then R(x, z). 

In what follows we read R(z,y) as “x precedes y” and write “a < y,” 
or alternately as “ y follows x” and “y > 2x.” Two distinct elements x and y 
of S are comparable in P if either x< y or y< ax. Otherwise z and y are 
non-comparable, and we will write “x ¢@y.” If a and y are the same element 
of S we will write ey. From (1) it follows that R(«,z) never holds. 


The most familiar example of a partial order is that furnished by the. 
set of all subsets of a given set with set inclusion as the ordering relation. 
It may be mentioned here that, conversely, any partial order is similar to a 
family of sets ordered by set inclusion. For, if P is defined on S, let S(x) 
consist of x and all ye S such that y< az in P. It is easily seen that the 
partial order P’ defined on {S(a)} for all 2 in S by means of set inclusion is 
similar to P, where the correspondence is between z and S(zx). By similarity 
between P defined on S and P” defined on S’ is meant the existence of a 1—1 
correspondence between S and S’ which is order preserving; i.e. 2’ << y’ in 
P’ if and only if « < y in P, where 2’ and y’ are the elements of S’ corre- 
sponding to « and y of S. If P is similar to l” we shall write P~ P”. 

A partial order P defined on a set S is a linear order if every distinct 
pair of elements of S is comparable; i.e. if R(x, y), in addition to (1) and 
(2). satisfies (3) if ey, then either R(z,y) or R(y,z). Hf P is a partial 
order on a set S, and ZL is a linear order on S, then LZ will be called a linear 
ettension of P provided « < y in L whenever «<y in P. For example, 
let S be the set of points in the plane given by 0S aS1,0Sy<1, P the 
partial order defined on S by the condition that (21,41) < (a2, yz) if and 
only if a, <a, and L the linear order defined on S by the condition that 


7 Submitted in partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in the University of Michigan. I would like to express here my very great 
indebtedness to Professor Dushnik and the late Professor E. W. Miller. 

* Received July 5, 1947. 
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(21,91) < (#2, y2) In L if < or if 7; = 22 and < ys. Clearly, L is 


linear extension of P. 


Now, let K be a collection of linear orders on a set S, and P the partial 
order on S obtained by putting x < y in P if and only if « < y in every linear 


HORACE KOMM. 


order of K. The partial order P thus defined is said to be realized by K. 


An immediate consequence of this definition is that if P is a partial 
order realized by a collection & of linear orders, then, for every non-com- 
parable pair of elements x and y of P, there exists a linear order L, of X 


in which « < y, and a second linear order L. of K in which y < 2. 


More generally, let S be any set, and {Za} (@# < B) a series of linear 
orders, each Lg being defined on a set Sg. Let {fa} (@ < B) be a series of 
single-valued functions, each with a single-valued inverse, such that fa(S) © Sq. 
We define the partial order ? on S by specifying for any two elements x and 


y of S that x < y in P if and only if fa(x) < fa(y) for alla<B. If Pis 


defined in this way it is realized by {fa}. 


Finally, we define the dimension of a partial order P as the smallest 
cardinal number a such that P is realized by a linear extensions [1]. 


dimension of P will be denoted by dim P. 
The following results have already been obtained. 


THEorEM [2]. Kvery partial order P possesses a linear extension 
L. Moreover, if x and y are any two non-comparable elements of P, there 
exists an extension L, in which x < y and an extension Lz in which y < z. 


THEOREM [1]. 


If P is any partial order on a set S, then there 


exists a collection K of linear orders on S which realize P. 


1,3. Turorem [1]. Let P be any partial order on a set S. If 8 is 
finite, then the dimension of P is finite. 


nality of S and m is a transfinite cardinal, then the dimension of P is Sm. 


1. 4. 


finite), there exists a partial order, defined on a set of power 2m. whose | 


THEOREM [1]. 


dimension is m. 


For every cardinal number m (finite or trans- 


In 3.1 we define in an obvious way two partial orders (denoted by 
P, and P’,) on the set of all finite or denumerable sequences (depending on ). 
With the help of these the following main results are obtained: (1) Every 
finite or denumerable partial order is similar to some subset of Pn» (or P’n): 


* Numbers in brackets refer to the references cited at the end of the paper. 


(2) By a modification of the definition of the dimension of a partial order | 
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(see 4) it is shown that this result applies also to the wider class of partial 
orders whose A-dimension is = No. (3) dim P, = dim P’n = n, n finite or No; 
A-dim P’n = No, A-dim P, = c¢, for finite n, where c is the power of the con- 
tinuum. (4) A characterization of those subsets of the euclidean n-space 
for which Py and P’, have finite A-dimension is obtained. Finally, we have 
the results somewhat unrelated to the rest, that the dimension of the 
partial order P(a) on the set of all subsets of a set of power a is a, and 
A-dim P (No) = No. 


2. The dimension of P(a). A simple example of a partial order (which 
is also a lattice) is provided by the set of all subsets Yt of any set WM, with set 
inclusion as the ordering relation. Denote by P(a) the partial order defined 
on the set of all subsets of any set of power a (finite or transfinite) with 
respect to the relation of set inclusion. We have the following theorem. 


2.1. THrorem. The dimension of P(a) is a. 


Proof. Let P(a) be defined on Wt, the set of all subsets of a set M of 
power a. For each x in M, denote by az the subset of 2 whose only element 
is x. Let Mt’, be the set of subsets of Jf which are non-comparable with or 
less than (of the latter there will be only the null set) a, in P(%); and 
let Mt’, be the set of all subsets of 1 which are greater than a, in P(a). 
Denote by P’, the partial order (with respect to the relation of set inclusion) 
on M’,, and by P”, the partial order on Mv” 
extension of and any linear extension of For each in M, define 
the linear extension L, of P(a) by specifying that L’s<ar< Ls in Ly. 
Consider the set {Zz} — K of linear extensions of P(a), where x runs over all 
the elements of M. Clearly, K =a. Further, P(a) is realized by K. For, 
suppose A and A’ to be any two subsets of J which are non-comparable in 


2 Finally, let Z’z be any linear 


P(a). Then there exists an element 2 of A which does not belong to 4’, and 
an element y of A’ which does not belong to A. Now, dz SA and az ¢ A’ 
in P(a), so that A’ <a, A in Ly; while A’ and a, dA in P(a), so 
that A<aySA’ in Ly. Therefore, P(a) is realized by {Zr}, and 
dim P(a) Sa. On the other hand, let cr and cy denote the complements 
of ay and a, in M., Suppose that c, << dr and cy < dy in the same linear 
extension of P(a). Then cr < dz < ¢y < ay which contradicts the fact that 
My <¢e in P(a). It follows that in order to realize P(a) it is necessary to 
have a linear extension for each 2 in M, and therefore, the dimension of P(a) 
cannot be less than %f. This proves the theorem. 
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3. The dimension of P, and P’,. Let £, be the set of all sequences 
of real numbers {zx}, k= 1,2,-- -,n where n= Ny. When n is finite we 
shall consider the sequences {2%} as being the points of the euclidean n-space, 
also denoted by En. This section deals with two partial orders, Pn(Mn) 
and P’,(Mn), defined on subsets Mn of En. The significance of these partial 
orders from the point of view of this paper lies in the fact that every finite 
or denumerable partial order of dimension n is similar to Pn(Mn) for some 
M,C En. In 4 this result is strengthened to include every partial order 
which can be realized by an at most denumerable set of linear extensions 
each of which is similar to a subset of the linear continuum. 


3.1. Definition. Let Mn be any subset of Ln. If a= {xx}, b = {yx} 
are any two points of M, put a<b in P»(Mn) if and only if x<y 
for all k; and puta <b in P’,(M,) if and only if 7; < yx for all and 
there exists an 71 such that xj < yi. 

We shall now prove the following theorem. 


3.2. THeorEM. If P is a denumerable partial order of dimension n, 
there exists a subset Mn of En such that P~Py(Mn). 


Proof. Let P be a partial order of dimension n defined on a denumer- 
able set S. It follows that n=, [Theorem 1.3]. Let {Zi} be a sequence 
of linear orders on S which realize P. Since every denumerable linear order 
is similar to a subset of the rational numbers ordered with respect to 
magnitude, there exists a sequence of single-valued functions {fi}, each 


with single-valued inverse, such that f;(S) C R, where FR is the set of rational | 
numbers, and fi(a) < fi(b) if and only if a<6 in Li. We also have | 


fi(a) < fi(b) for all i if and only if a<b in P since {Z;} realizes P. | 


Now, define y(S) =M,CEn by w(a) = {fx(a)} for ae S. Then, if | 
a<b in P, fi(a) < fi(b) for all i and y(a) <y(b) in Pr(Mn). If add) 


in P, then fi(a) < fi(b) for some i, fj(b) <f;(a) for some j 1%, and 
y(a) in Pr(Mn). It follows that P~ Pn(Mn). 
As immediate consequences of Theorem 3.2 we have 


3.21. Corottary. If P is a finite partial order, then there exists a} 


finite positive integer n, and a subset My of En such that P ~ Py(Mn). 


3.22. Corottary. If P is a finite or denumerable partial order, there 
exists a subset M of the rational points of Ey, such that Py,(M) ~P. 


3.23. CoROLLARY. 3. 2, 3.21, 3.22 remain true when P’, is substituted ) 


for Pn. 
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ON THE DIMENSION OF PARTIALLY ORDERED SETS. 


We can now prove the following. 
3.3. THEOREM. The dim Pn(En) =n, where nS Wo. 


Proof. To prove that the dimension of Pn(Hn) is at least n it is 
sufficient to show that P,(£n) contains a partial order whose dimension is n. 
By 3.2 and 3.21, it is sufficient to show that, given any cardinal n= No, 
there exists a finite or denumerable partial order having dimension n. This 
follows from 1.4, and, therefore, dim Pn(En) = n. 

To complete the proof we exhibit n linear extensions of Pa(En) which 
realize it. If a and b are any two distinct points of En, put a <b in Lné if 
(1) or if (2) 4 and >2;, where j is the 
first subscript for which 2; s42;. The order Zn‘ is linear. Obviously, 
every two points of EH, are ordered in Ln’. To show that transitivity holds let 
a,b,c be any elements of #, such thata<b,b<cin Int. If 4 < a 
and 2; or and 2; < the result is immediate. 
If 2; and 2;°) 2; there exist such that 2; > 2;, 
>a, and 2, for l<j, s<k. It follows 
that if j Sk, >2; and a1 for 1 < j; or if j > k, > 
and 2, =a, for 1<k. In either case a<c. Further, {Zn*} realizes 
P,(En). For, if a<b in Pa(En), <a, for all i, and a< b in Dnt 
for all i. If agb in P»(En), either (1) for some or (2) 
te <a, for some k and 21 >a, for some 14k. If (1), since 
there exists a first 7 such that either <2; or 
c2;%,a<b in anda>bd in If 259 >2;, a>5 in 
anda<b in If (2),a<b in L,* and a>b in Therefore, 
{In*} realizes Pn(En), and dim Pn(En) =n. 


3.4. THEOREM. The dim P’n(En) =n, nSNo. 


The proof of 3.3 applies here also if, for the realization of P’n(En), 
is chosen the series of linear orders {Z,‘} on EF, defined by putting a < b in 
if (1) or if (2) =a; and 2; < where j is 
the first subscript for which 2;@ ~a;. 


4, The A-dimension of a partial order. In this section, in order to 
strengthen the results of the last section, we introduce the notion of the 
a-dimension of a partial order, and, as a particular case, the A-dimension of 
a partial order. 


4.1. Definition. The a-dimension of a partial order P is the smallest 
cardinal number a such that P is realized by a linear extensions each of 
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which is similar to a subset of a set of order type « Such linear extensions 
will be called a-extensions. In particular, when «=A, the order type of 
the linear continuum, the z-dimension will be called the A-dimension. 

What follows is restricted mostly to a consideration of the A-dimension. 
An example of a partial order which does not have A-dimension is furnished 
by the linear order defined on the ordinals of the first and second classes with 
respect to magnitude. An even more obvious example is any partial order 
defined on a set S whose power is greater than c, the power of the continuum. 

The following theorem establishes a simple criterion for determining 
whether a given partial order has A-dimension. 


4.2. THEOREM. In order that a partial order P defined on a set S have 
A-dimension, it is necessary and sufficient that P have a d-extension. 


Proof. The necessity of this condition is obvious. To prove the con- 
dition sufficient assume that P has a A-extension K. If P contains no non- 
comparable elements the theorem is trivial. Therefore, let a and 5 be any 
two elements of S such that a¢b in P, and suppose a<b in K. To prove 
the theorem it is sufficient to show that there exists a second A-extension K’ 
of P in which a> b. 

Since K is a A-extension of P, there is a single-valued function f, with 
single-valued inverse, such that f(K) C Z, where ZL is the linear continuum. 
Let f(a) =1,, f(b) where and 7, are real numbers and 1, < and 
let 

A=EH[xeS8,a< 2 in P and 7, < f(z) < re]. 


B=E{[xeS8, «<b in P and < f(z) <r]. 
C=E[xeS, in P and < f(r) < re. 
D=E[zxeS, f(x) 


E=E[zeS8, f(r) > 12]. 


Clearly, f(A) + f(B) + f(C) = f(S)- (7.72), and f(4A)-f(B) =f (B)-f(0) 


=f(A)-f(C) =0. Let & be a constant greater than rp 


f'(B) =f(B) —k, f(C)=f(C), f(D) =f(D) —k, =f(£) +4 


Now, define the linear order K’ on S by putting 2 < y in K’ if and only if 


f(r) < f’(y), where x and y are any two elements of S. Since r, <1 | 


r;, and define the 
function f’(S) CZ as follows: f’(a) =, =f(A) +4 


f’(a) > f’(b), so that a>b in K’. To show that K’ is an extension of P, 
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~ consider any two elements p and,qg of S such that p is comparable to q in P. 
of There are the following non-trivial cases: (1) peC,qeB. Then < pin P, 
for otherwise p<. q<b in P. Therefore, f(q) <f(p) and f’(q) < f’(p), 
ims so that q< pin K’. (2) peC, qe A. Then p<q in P, for otherwise 
hed | a<q<pinP. Therefore, f(p) <f(q) and f'(p) <f’(q), so that p<q 
vith Fin K’. (3) pe A,qeB. Then q < p, and we have the same result as in (1). 
= Therefore, K” is a A-extension of P in which a > 6, and P has A-dimension. 
um. 
ing 4.21. Coronuary. Any partial order P which has d-dimension n (finite 
| or No) is similar to Pn(Mn) for some Mn C Ep. 
vave | 4.22. Corotuary. Jf P is any finite or denumerable partial order, P has 
A-dimension; and the dimension of P 1s the same as the A-dimension of P. 
con- Proof. This is an immediate consequence of the fact that any linear 
non- | extension J of P is similar to a subset of the rational numbers ordered with 


any : respect to magnitude and is, therefore, a A-extension of P. 


K’ It should also be remarked here that the A-dimension of a partial order, 
1 

if it exists, is greater than or equal to the dimension of the partial order (see 

th 4.5 for an example of a partial order whose A-dimension is greater than its 
wi 
dimension). 

A generalization of Theorem 4.2 may be stated on the basis of the 
and | 

following definition. 


4.3. Definition. <A linear order L of type a will be called homogeneous 
if either (1) every closed interval of Z contains at most a finite number of 
elements, or (2) every closed interval of Z contains a proper subset of order 
type 


4.4. THEorREM. In order that a partial order P have a-dimension, where 
_ %18s any homogeneous order type, it is necessary and sufficient that P have an 
a-ertension. 


The proof of 4.2 with a slight modification is applicable here also. The 
f(C) | modification consists of translating the sets A, B, C, D, FE purely in terms 
ie the of order, but this is possible because of the homogeneity of the order type a. 
+k. 
nly if 
a : 4.5. Haample. Let A be any set of power §;. Define the partial order 
Pon A by two single-valued functions with single-valued inverses, f and f’, 


The question arises as to whether, given a partial order P whose A- 
dimension exists, the A-dimension is always equal to the dimension of P. 
The answer to this question is in the negative, as the following example shows. 


| 
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in the following way: (1) f(A) CL, where LZ is the linear continuum, 
(2) f(A) CW, where W is the linear order, with respect to magnitude, 
of the ordinals of the first and second classes. The mapping f is possible since 
8, = cc, where c is the power of the continuum. 

The dimension of P is 2, and P has A-dimension by Theorem 4.2, 
Suppose that the A-dimension of P is n, for some finite n. Then, by Corollary 
4,21, P~P,(Mn) for some M,C Ey. Since Mn—8,, My contains a non- 
denumerable set of condensation points. Denote the set of condensation points 
of Mn by M’n. Now, Pn(M’») is not chaotic; i. e., Pn(M’n) contains at least two 
comparable points a,b e M’n. Supposea <b. Then 2%) >0,k Sn. 


Choose « = $miv ’») —a;,), and denote by S(a,e) the interior of an | 
open n-sphere of radius « with a as center. Since a is a condensation point | 


of M,, S(a,e) contains a non-denumerable subset Mn of Mn. If c¢ is. any 
point of Mn, we have +e< a +43 min (2, 
< ax + a, —a,, Therefore, Mn <b in Pn(Mn). It follows that the 
element p of A corresponding to b of M, is preceded in P by a non-denumerable 
subset M of A, and, therefore, f/(M) <f’(p). This, however, is impossible 
due to the nature of W, so that the A-dimension of P is not finite and differs 


from the dimension of P. 
5. The A-dimension of P,(E,) and P’,(E,). 


5.1. THroreM. The dA-dimension of P’n(En) exists-for every finite n. 


Proof. By Theorem 4. 2, it is sufficient to show that P’n(Hn) has a d- 
extension. A A-extension of P’,(En) may be thought of as a real-valued 


function, -,@n), of n real variables, which is monotonic increasing | 


in each variable, and which is single-valued and has a single-valued inverse. 
We exhibit such a function. 
Consider the set of values [y] of the function y(z) defined by 


Qa 
y(t) = oF, ; An ; Bn = 2" 


n=0 


for x > 0, where Enz is the largest integer S nz. This set was defined by 


von Neumann [3, p. 135] and has the following properties which are useful | 
in the present context: (1) Any finite subset of [y] consists of numbers) 


which are algebraically independent, i.e., F(a:,- - -,ax) =0 if and only iff 
is identically 0, where F'(a,,---,ax) is any polynomial i 
with rational coefficients [3, p. 136]. (2) w(a) is monotonic) 
increasing [4, p. 17]. (3) [yw] contains a perfect subset K [4, p. 18]. 
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Let Ki,: Kn be n mutually exclusive perfect subsets of K. Hach Ky; 
contains a subset K’; which is similar to the linear continuum [5, p. 101].? 
Denote by D; the subset of En which consists of all {2} where 2,0 for 
kt and a; assumes all real values. It follows that there exists a single- 
valued, monotonic increasing function gi, with single-valued inverse, such that 
gi(Di) = K’;. For convenience, write gi(0,0,- 


Now, for any point of En, let f(21,° >, =D 
i=1 


Since each g; is single-valued and monotonic increasing in xi, f(21,° * *,2n) 
is single-valued and monotonic increasing in each of its variables. Also, if 
- an) ++, an) for two points a and of En, 


then [gi(zi™) — gi(zi)] =0. Since every finite subset of [y] is 
i=1 


algebraically independent, and K’;-K’;—0 for is<j, it follows that 
= gi (ai), n. But each gi has a single-valued inverse, so 
that i <n. Therefore, f has a single-valued inverse, which 
completes the proof of the theorem. 


5.11. Corotzary. The d-dimension of Pn(E,) exists for every finite n. 


The proof of this follows immediately from the preceding theorem and 
the fact that any extension of P’n(F,) is also an extension of Pn(Fn). 
We now prove the following theorem. 


5.2. THEOREM. The A-dimension of P’.(E2) is Xo. 


Proof. It was shown in the proof of 5.1 that one A-extension of P’,(E2) 
is of the form f(x,y) =g(x) +h(y), where (z,y) is a point in Ez and 
the values of g and h lie in mutually exclusive subsets of [y]. Consider now 
the function fipq(x,y) = pg(x) + qh(y), where p and q are any positive 
integers. The funtion fp, is monotonic increasing in each of z and y, since 
pg and qh are, and fg is single-valued. Furthermore, by the same reasoning 
as in 5.1, fpqg has a single-valued inverse. Hence, for any pair of integers 
p and q, is a A-extension of P’.(E2). 


We will now show that the countable totality of functions fq for all 
possible pairs of integers p and q realizes P’,(H.). To see this, let (2:,y:), 
y2) be any two distinct points of which are non-comparable in P’2(E2). 
Since (21,41) y2) either (1) and y2<y; or (2) <2, and 
Yi < In case (1), [h(y:) —A(yz)]/[g —g(21)] is always defined 
and greater than 0. Therefore, for any pair of non-comparable points (1), 


Every perfect set contains a subset which is similar to the linear continuum. 
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it is possible to choose two pairs of integers p,q and p’,q’ such that 
< —h(y2) — 9 (a1) < But (a2, < (#1, 91) 
in fog, for pg(t2) + gh(yz) < pg(ti) + gh(yr), and (a, 91) < (2, y2) in 
fora’, for p’g (ti) + < pg (tz) + Vh(y2). Tf (a1, 91), (22, ye) satisfy 
case (2), a consideration of [h(y2) —h(y:)]/[g(a1) —g(a2)] will lead to 
the same conclusion for pairs of non-comparable elements of this type. 
Now, suppose that the A-dimension of P’:(H:2) is finite, and equal to n, 
Let >, fn be n A-extensions of P’,(£2) which realize it. If p= (2, 
= (22, y2) are points of L,, and 2, < 22, then we shall say that q lies to the 
right of pin #.. Let Ay = £,[pe £2 and p < Q in fx, where Q is the set of 
all points g which lie to the right of p in H.]. We shall call a vertical in £, 
any set of points (z,y) for which z is constant and y takes all real values. 
Denote the set of all verticals in EF, by V. We remark that if ve V contains 
a point a of Ax, then all the points of v which precede a in P’2(E£:) also belong 
to Ax. Let V;i;C V be the set of verticals each of which contains at least one 
point of A;. Suppose Vx to be non-denumerable, and consider on each v e Vx 
a pair of points belongings to Ax (each vertical of Vx will certainly contain 
at least two such points). This non-denumerable set of pairs of points 
determines, in fx, a non-denumerable set of non-overlapping intervals; for, 
if p, q is a pair of points on ve Vz belonging to Ax, and p’, q’ is another such 
pair of points on v’e Vx, where wv’ lies to the right of v in FE, and p>4q, 
in P’.(E-), then fi(q) < fx(p) < fe(q’) < fi(p’). This contradicts 
the assumption that f; is a A-extension of P’.(H#2), and; therefore, Vx is 
countable. 
Now, consider V’ = V,. If V’, then no point of v’ belongs 
to Let p= (%, be a point of v’. Then there exist points q%, 
k -+,n, to the right of p in such that < fe(p). Let 
g = (2, ye) be a point to the right of p such that q < qx in P’2,(F2), k Sn 
Then fi(q) < fx(p), and q <p in P’,(E:). This, however, is impossible, 
since 7; <a». Therefore, the A-dimension of P’,(H.) is not less than No, and | 


the theorem is proved. 
5.21. Corornary. The A-dimension of P’n(En) is So for every finite n. 


Proof. That the A-dimension of P’,(#n) is not greater than No follows | 
from a repetition of the first part of the argument, extended to n variables, | 
used in 5.2. To see that A-dim P’,(E£,) = &o, we need merely remark that 
P’,(E2) can be mapped by a similarity transformation on to a subset of | 
P’,(En) ; namely by the mapping which assigns to each point (2,y) of B: ; 
the point (z,y,0,0.- --,0) of Bn. 


| 
| 
| 
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We now prove a corresponding theorem for P2(L2). 


5.3. THrorEM. ) =c, the power of the continuum. 


Proof. Since A-dim Sc. Now, suppose that A-dim 
P,(E2) <c, and that, P,(E2) is realized by the set of A-extensions F = [f], 
where F< c. Let V be any set of verticals in FL. of power c, and consider 
in F, the intersection of V with two horizontal lines yy, and y= y2. 
Let U be the set of upper points of this intersection, and LZ the set of lower 
points; and denote by w and 1, where we U, le L, corresponding points on 
the same vertical v. Since A-dim P.(H#:) < ¢, there exists an fe F' such that 
f(u) < f(1) for a set of pairs u, 1 of power c. This, however, implies that f 
contains a non-denumerable set of non-overlapping intervals. For, if v’ les 
to the right of v, and u,lev, w,l’ev’ are such that f(u) <f(l) and 
f(w’) < fv’), then f(u) < < fw’) < This contradicts the assump- 
tion that f is a A-extension of P.(/.), and, therefore, A-dim P2(H#.) =e. 


5.31. A-dim for every finite n. 


Proof. Since =c, A-dim Pr(En) Sc. That dA-dim =e 
follows from the fact that P.(/:) can be mapped by a similarity transforma- 
tion on to a subset of P»(H,) ; namely, by the mapping which assigns to each 
point (a,y) of the point (a, of En. 


6. Subsets of E,, for which P, and P’, have finite \-dimension. The 
question arises as to whether there exist subsets M, of Hn for which the 
A-dimension of P»(M,) or P’n(Mn) is finite and greater than n. The 
purpose of what follows is to show that this question is to be answered in 
the negative. We restrict ourselves here to the case in which n is finite. 


For terminological convenience, we shall, in what follows, call any set v 
in E, a vertical parallel to the aj-axis if for any two points a and b of », 

The following theorem provides a characterization of those subsets of En 
for which the A-dimension of P, and P’, does not exceed n. 


6.1. THEOREM. Let My be any subset of E, which, except for a denumer- 
able set of verticals, has at most one point in common with any vertical. Then 
the A-dimension of Pn(Mn) or P’n(Mn) is at most n. 


Proof. We prove the theorem first for P’n(Mn). Let Ni be the pro- 
jection of M, on the 2x;-axis, and let N; be a linear order defined by means 
of NV; as follows. A point a of N; which is the projection of a single point 
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of M, goes over into a point wu of N;. A point 0 of N; which is the projection 
of more than one point of Mn goes over into an interval v of Ni. The order 
relation of the points u and the intervals v in N; is the same as the order 
relation of points @ and T in Ny. 


It is clear that Ni, as an ordered set of points (when the points of the 
interals v are considered), is similar to a subset of the linear continuum. 

We now transform M, into a subset Li of Ni as follows. Any point 
of M, whose projection is a point % (in N;) goes over into the corresponding 
point u; all the points of M, whose projection is the same point ¥ go over 
into a similar subset of the interval v (“ below ”-“ above ” among such points 
of Mn goes over into “left ?-* right ” in this subset of v). It is clear that 
LT; is a A-extension of P’n(Mn), and that the set of extensions Z,,-- -, Ix 
realize this partial order. Thus, if a and 6b are any two points of M» such 
that <2; and 259% (is4j, then the image of a 
precedes the image of 6 in LZ; and succeeds it in Lj. 

For the case of Pn(Mn) the proof of this theorem is almost identical 
with the above, except that the phrase: “below ”-“ above” goes over into 
“left ”-“ right ” is replaced by the phrase: “ below ”-“ above ” goes over into 
“ right ”-“ left.” 

We now show that every subset of £, which does not satisfy the conditions 
of Theorem 6.1 does not have finite A-dimension. 

Let An be any subset of Ln which has two points in common with each 
of a non-denumerable set of verticals V. Without loss of generality we may 


consider the set of verticals V to be parallel to the z-axis of Hn. For any | 


two distinct points 7 and wu of An which lie on the same vertical of V, and 
such that 2,0 <2,™), call J the lower point and wu the upper point. We 
prove first 

6.2. Lemma. For every d-extension f of P’n(An), there exists a non- 
denumerable subset A’ of An, such that A’ =U’+ TL’, and f(L’) < f(U’), 
where U’ is the set of upper and L’ the set of lower points of A’. 


Proof. Let f be any A-extension of P’n(An). Consider the function 


g(u,l) = f(uw) —f(l), where we denote by (u,1) a pair of points which lie | 


on the same vertical of V. Since in P’n(An), f(u) > and 


g(u,l) > 0 for every pair (u,1). Therefore, g(u,1) > 0 for a non-denumer- [ 


able set of values. 


Now, let M; be the set of pairs (u,/) for which g(u,l) >1/i. Since | 


> M; = An is non-denumerable, there exists an M; which is non-denumerable. | 


| 
| 
| 
| 
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Let U; be the set of upper points of My. Since f(Ux) is non-denumerable, 
all but a denumerable set of points of f(Ux) are condensation points of f(Ux) 
both from the right and from the left. Delete this denumerable set and call 
the rest f(Ux). Let f(u:) be a point of f(Ux). Consider an interval Np iu, 
about f(w:) which is of diameter 1/2k. Let f(Ux) - Nera, =f(U’), and let 
L’ be the set of lower points corresponding to U’. Now U’ + L’ = A’ is non- 
denumerable, and we assert that f(L’) < f(U’). Suppose this is not the case. 
Then there exists f(/) f(L’) such that But, since f(u), where 
u is the upper point corresponding to /, also belongs to N¢,u,), it follows that 
f(u) —f(l) <1/2k. This, however, contradicts the fact that f(u) —f(l) 
> 1/k since u, 1 are points of M;. 


6.3. THEOREM. A-dim P’n(An) = No. 


Proof. By Corollary 5.21, A-dim P’n(An) =o. Suppose that the 
A-dimension of P’n(An) is finite and that this partial order is realized by the 
A-extensions Then, by Lemma 6.2, there exists a non-denumer- 
able subset A’ of An such that A’ = U’ + L’, and f,(L’) < fi(U’). Applying 
the lemma to A’, there exists a non-denumerable subset A® of A’ such that 
A*=U*+ L?, and f.(L*) < f.(U*), ete. Therefore, there exists a non- 
denumerable subset A” of An such that A™=U™"-+ LZ", where U™C U™ 
C.---CIL’, and < fs(U") (tm). This, 
however, implies that ZL” << U™ in P’n(An), which is clearly impossible. : 


6.4. THEOREM. A-dim Pn(An) —c, the power of the continuum. 


Proof. By Corollary 5.31, A-dimPn(An) Sc. Suppose that A-dim 
P,(An) <c, and let Pn(An) be realized by the set F of A-extensions [f], 
where F <c. Then there exists an fe F such that f(u) < f(l) for a non- 
denumerable set of pairs (w,1), each pair lying on the same vertical. Using 
the same argument as that in 6.2 it follows that there exists a non-denumer- 
able subset A’ of A, such that A’=U’+L’, and f(U’) <f(L’). It is 
easily seen that there exist u and 1, u’ and I’, of A’, such that the i-th coordi- 
nate of u’ is greater than the i-th coordinate of 1. This gives f(u) < f(l) 
< f(u’), which contradicts the fact that f(U’) < f(L’). 


7. The A-dimension of P(S,.). It was shown in 2 that dim P(a) =a. 
We shall now discuss this partial order from the point of view of the A- 
dimension. Clearly, P(a), for a > No, does not have A-dimension (assuming 
the continuum hypothesis). Again, if a is a finite cardinal, then, by 4, 22, 
P(a) has A-dimension, and A-dim P(a) =dimP(a). It remains to con- 
sider the case a= No. 
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HORACE KOMM. 


THroremM. has A-dimension, and A-dim P(8)) = 


Proof. Without loss of generality, we may consider P(&o) to be defined 
on the set of subsets 3t of the set of natural numbers D. We show first that 
there is a subset Ms, of Ex, such that P(8o) ~P’s,(Ms,). If N is any 
subset of D, associate with N the sequence {zx}, where x; = 1 or 0 according 
as ke N or k¢ N. The sequences {2x} form a subset Ms, of Hx, It is 
obvious that the association is 1—1. Let N = {ni}, N’ = {ni}, where ni, 
n’; are integers, be any two subsets of D, with images {zx}, {z’x} in Ms. If 
{ni} < {n’;} in P(N), N CN’, and % 2’; for all k&. Since N is a proper 
subset of N’, there exists an n’;¢N, and 2n,<2'n,, so that {xx} < {2's} 
in P’s,(Ms,). If, on the other hand, {nz} ¢ {n’x} in P(N), there exist ni ¢ N’ 
and n’» ¢ N, so that {xx} in (Mx,). Therefore, P(So)~ P’x,(Ms,). 

To show that P’y,(My,) has a A-extension, associate each point a = {zx} 


of My, with the real number ra => 2i/3'. Define the linear order K 


on My, by putting a< b in K if and "ony if ra <1», where a and 8 are any 
two points of M;,. Clearly, K is a A-extension of P’s,(Mx,), for if a<b 
in P’s, (Ms,), then 25 Sa, (all i), and 2; =0, —1 for some j, 
so that ra <1». It follows that P(8,)) has A-dimension. 

By 2.1, dim P(&o) =o, so that A-dim P(N.) = No. On the other hand, 
a repetition of the argument of 2.1, where now L’z, DL”: are A-extensions of 
and will show that A-dim P(N.) So, which completes the proof. 
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SEMIGROUPS CONTAINING MINIMAL IDEALS.* 
By A. H. CLirrorp. 


The purpose of the present note is to extend to infinite semigroups S 
certain results of Suschkewitsch* concerned with what he calls the “ Kern- 
gruppe” K of a finite semigroup S. Rees? has pointed out that K may 
be described as the intersection of al’ two-sided ideals of 8. Although 
Rees extends Suschkewitsch’s determinacion of the structure of K to infinite 
“completely simple” A, he discusses (loc. cit., p. 392) the Kerngruppe of a 
non-simple S only in the case S finite. 

We replace finiteness by the condition that S contain at least one minimal 
left (or right) ideal; K is then a simple subsemigroup of S without zero. 
If S contains both minimal left and right ideals, K is completely simple in 
the sense of Rees. If S contains exactly one minimal left ideal and exactly 
one minimal right ideal, then K is the group of “zeroids”?® of S. 


1. The kernel (Kerngruppe) of a semigroup. By a semigroup we 
mean a system S of elements a,b,c,- - - closed under an associative binary 
operation: (ab)c=a(bc). By a left ideal of S we mean a non-vacuous 
subset 1 of S with the property SA CA, i.e. sae A for every se 8S, ae A. 
A left ideal is minimal if it does not contain any proper left subideal of S. 
Similar definitions hold for “right” instead of “left.” A (two-sided) ideal 
is a subset of S which is both a left and a right ideal. 

A semigroup S is said to be simple if it contains no proper two-sided 
ideal, except possibly one consisting of a single element z. Such an element z 
has the property az = za =z for all a in S, and is termed a zero element. 
If S contains no proper two-sided ideal at all, it is called a “simple semi- 
group without zero.” 

If the intersection K of all the two-sided ideals of a semigroup S is not 


vacuous, we shall call AK the kernel (Suschkewitsch’s Kerngruppe) of S. 


* Received October 3, 1947. ; 

* A. Suschkewitsch, “ Uber die endlichen Gruppen ohne das Gesetz der eindeutige 
Umkehrbarkeit,” Mathematische Annalen, vol. 99 (1928), pp. 30-50. 

*D. Rees, “On semi-groups,” Proceedings of the Cambridge Philosophical Society, 
vol. 36 (1940), pp. 387-400. 

* A. H. Clifford and D. D. Miller, “ Semigroups having zeroid elements,” American 
Journal of Mathematics, vol. 70 (1948), pp. 117-125. 
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522 A. H. CLIFFORD. 


If we say that a semigroup “has a kernel” we shall mean that K is not 
vacuous. An example of a semigroup not having a kernel is that of the 
infinite cyclic semigroup (the natural numbers under addition). K is of 
course itself an ideal, and is contained in every ideal of S. (We drop the 
modifier “two-sided ” for the rest of this section.) 

If a semigroup S contains a minimal ideal M then M is the kernel of 8. 
For if A is any ideal of S, the intersection A {] M is non-vacuous, since it 
contains the product AM. Since M is minimal, 4 {| M=M, i.e. MCA. 


THEOREM 1.1. Jf a semigroup S has a kernel K, then K is a simple 
subsemigroup of S without zero. 


Proof. Since K is an ideal it is a fortiori a subsemigroup of S. To show 
that it is simple without zero, let A be any ideal of K. KAK is an ideal of 8 
contained in K. From the minimality of K, KAK=K. But KAK CA, 
whence K = A, i.e. A is not a proper ideal of the semigroup K. 


K may consist of a single element, which is the case if and only if 8 
has a zero element. 


2. Semigroups having minimal left ideals. 


LemMMA 2.1. Jf L is a minimal left ideal of a semigroup S, and c ts 
any element of S, then Lc is also a minimal left ideal of 8. 


Proof. Lc is clearly a left ideal of S. Suppose that M is a left subideal 
of Lc. Let L,; be the set of all elements a, of Z such that aice M. If se8, 
sa,ce M, so that sa,e L,. Hence L, is a left ideal. Since ZL is minimal, 
[,=L. Hence Lc = M, and Lec has no proper subideal. 


LeMMA 2.2. A two-sided ideal A of S contains every minimal left 
ideal L. 


Proof. AL is a left ideal of S contained in LZ. Since L is minimal, [ 


AL=L. But AL CA, so that DCA. 


TueoreM 2.1. Jf a semigroup S contains at least one minimal left 


ideal, then it has a kernel K. K is the class sum of all the minimal left § 


ideals of 8. 


Proof. Let M be the class sum of all the minimal left ideals of 8. 
M is non-vacuous by hypothesis, and is clearly a left ideal of S. To show | 
that it is also a right ideal, let ce Sand me M. By definition of M, m belongs | 


| 
| 
| 
| 
| 
| 
| 


48 


523 


SEMIGROUPS CONTAINING MINIMAL IDEALS. 


to a minimal left ideal L of S, and mce Lc. By Lemma 2.1, Lc is also a 
minimal left ideal of S, and hence is contained in M. Thus mceM. 


By Lemma 2.2, M is contained in every two-sided ideal of S, and since 
it is one itself, it must be the kernel of S. 


THEOREM 2.2. Under the hypothesis of Theorem 2.1, every left ideal 
of K is also a left ideal of 8. 


Proof. Let A be a left ideal of K. Each element a of A belongs to 
some minimal] left ideal Z of S. Ka is a left ideal of S contained in LZ, 
whence Ka=JL. In particular, ae Ka. This implies AC KA, hence 
A=KA. But KA is a left ideal of S. 


It is clear from this theorem that every minimal left ideal of S is also 
a minimal left ideal of K, and vice versa. 


THEOREM 2.3. Under the hypothesis of Theorem 2.1, every left ideal 
of S contains at least one minimal left ideal of S. 


Proof. Let A be a left ideal of S. KA is a left ideal of 8 contained in K, 
and hence consisting of the class sum of certain of the minimal left ideals L 
of S. But KA is also contained in A. Hence A contains at least one L. 


A semigroup S will be called left simple if it contains no proper left 
ideal except possibly that consisting of the zero element only. If the latter 


possibility is also excluded, S is a “left simple semigroup without zero.” 
This is the case if and only if the equation ya=b is always solvable in y, 
for any given pair of elements a, b of S. 

We remark that a semigroup S which is both left and right simple and 


without zero is a group.* 


THEOREM 2.4. A minimal left ideal L of a semigroup S is a left simple 
subsemigroup of S without zero. 


Proof. Let a and 6 be elements of L. La is a left ideal of 8 contained 
in L, whence La = L by the minimality of Z. This implies be La, i.e., the 
equation ya = b is solvable for y in L. 


If S is a finite left simple semigroup without zero, then the solution of 
ya = is unique, and conversely uniqueness (if then y; = y2) 
implies existence. Such an S is called a “ Linksgruppe ” by Suschkewitsch. 


‘E. V. Huntington, “ Simplified definition of a group,” Bulletin of the American 
Mathematical Society, vol. 8 (1901-02), pp. 296-300. 
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For infinite S, it is of some interest to note that a left simple semigroup § 
without zero is a left group (i.e., ya = 0 is uniquely solvable) if and only if 8 
contains an idempotent element. The structure of such semigroups was 
determined by the author,® unaware of the earlier work of Suschkewitsch 
(which, however, applied only to finite semigroups). 


3. Semigroups containing both minimal left and right ideals. Needless 
to say, the results of the preceding section have obvious left-right duals, 
applicable to semigroups containing minimal right ideals. The following 
theorem is an immediate consequence of Theorem 2.1 and its dual, together 
with a repetition of Theorem 1.1. 


THEOREM 3.1. Jf a semigroup S contains at least one minimal left ideal 
and at least one minimal right ideal, then the class sum of all the minimal 
left ideals of S coincides with that of all its minimal right tdeals, and con- 
stitutes the kernel K of S. K is a simple subsemigroup of S without zero. 


The purpose of this section is to show that K is completely simple in the 
sense of Rees, and consequently of known structure. The proof is a slight 
modification of one suggested by R. H. Bruck for 2 of the paper cited in 
footnote 3. 

An idempotent f(f? =f) is said to be under another one e if ef = fe =f. 
An idempotent e is primitive if there is no non-zero idempotent under e. A 
simple semigroup S is said to be completely simple if (1) every idempotent 
element of S is primitive, and (2) for each ae S there exist idempotents ¢ 


and f in S such that ea—=af—a. Rees shows that every finite simple semi- | 


group is completely simple. 

In the following lemmas, & denotes a minimal right ideal and L a 
minimal left ideal of a semigroup 8S. The product RL is clearly a non-vacuous 
subset of the intersection R [) L. 


Lemma 3.1(R). [fae Rand be RL, the equation ar = b has a solution 


zin RL. 


Proof. aR is a right ideal of S contained in R, so that aR = R by the 


minimality of R. Hence aRL = RL. 


Lemma 3.1(L). IfaeLand be RL, the equation ya =b has a solution 


y nm RL. 


Annals of Mathematics, vol. 34 (1933), pp. 865-871. 


‘A. H. Clifford, “A system arising from a weakened set of group postulates,” : 
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Proof. La is a left ideal C.L, whence La = L and RLa= RL. 
LEMMA 3.2. RL is a group. 


Proof. RL-RLECRL-LCRL, whence RL is closed. Let a and 6 
be any two elements of RL. Since a belongs to both Rk and L, we conclude 
from Lemmas 3.1(/#) and (L) that the equations ax—b and ya=b are 
both solvable for 2 and y in RL. Hence RL is a group.* 

LeMMA 3.3. Let e be the identity element of the group RL. Then 
R=eS, L=Se, and L=eSe. 

Proof. Since ee RF, eS is a right ideal contained in FR, hence equal to R 
by the minimality of R. Similarly, Se—= ZL. Since R consists of all x in § 


such that ex =, and L of all y such that yey, R{) L consists of all w 
in S such that ew = we =e, that is, = eSe. 


Lemma 3.4. Rf) L—=RL. 


Proof. We need of course show only that R(V ZC RL. Letae Rf) 
and let e be the identity element of the group RL. By Lemma 3.1(R) we 
can solve ax =e for x in RL. If x is the inverse of 2 in RL, we have 
But ae eSe by Lemma 3.3, so that ae—a. Hence 
a(=27') © RL. 


Lemma 3.5. The identity element e of the group RL is a primitive 
idempotent. 


Proof. Suppose f were an idempotent under e, so that ef = fe=—f. 
By Lemma 3.3, fe Rf) L. By Lemma 3.4, fe RL, and since a group can 
contain only one idempotent, f =e. 


THEOREM 3.2. Under the hypothesis of Theorem 3.1, the kernel K of 
Sis a completely simple semigroup without zero. 


Proof. Each element of K belongs to exactly one minimal left ideal Z 
(since the intersection of two such is vacuous) and to exactly one minimal 
right ideal R, hence to exactly one of the groups R{) L. K is thus the class 
sum of the non-overlapping groups Rf) LZ. Each idempotent element of K 
must belong to one of these groups, and so must be the identity element 
thereof. By Lemma 3. 5, condition (1) for complete simplicity is established. 

Jach element a of K belongs to one of the groups R{) L. Let e be the 
identity element thereof. Then ea=ae—a. Hence condition (2) holds 
(with 
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4. Semigroups containing exactly one minimal left and/or right 
ideal; zeroid elements. In this concluding section we tie in the foregoing 
results with those of the paper cited in footnote 3, which we shall refer to 
as SHZE. As defined there, an element | of S is a left zeroid of S if, for 
any aeS, the equation za=I has a solution x in S. It is easily shown 
(1 of SHZE) that S contains a left zeroid if and only if it contains a “ uni- 
versally minimal ” left ideal Z, i.e. one contained in every left ideal of S, 
and that Z consists of all the left zeroids of S. Now it is an immediate 
corollary of Theorem 2.3 that if S contains exactly one minimal left ideal L, 
then Z is universally minimal. From these remarks, together with Theorems 
2.1 and 2.4, we conclude: 


THEOREM 4.1. A semigroup S contains a left zeroid element if and only 
if it contains exactly one minimal left ideal L. L consists of all the left 
zeroids of S, and is contained in every left ideal of S. L is a right as well 
as left ideal, being in fact the kernel of S, and is a left simple subsemigroup 
of S without zero. 


Combining Theorem 4.1 with its left-right dual, and using the remark 


preceding Theorem 2.4, we obtain: 


THEOREM 4.2. If a semigroup S contains exactly one minimal left | 


ideal L and exactly one minimal right ideal R, then the two coincide, and 
constitute the kernel K of S. K ts a group, and consists of all the (left and 
right) zeroid elements of S. 


This differs from Theorems 1 and 2 of 2 of SHZE only in its apparently | 
weaker hypothesis, that Z and R are “locally” rather than “universally” | 
minimal. It should be remarked, however, that the proof of Theorem 4.2 


makes no use of Theorem 3.2, although the result is a consequence thereof. | 
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FREE PRODUCTS OF GROUPS.* 


By B.-L. vAN DER WAERDEN. 


Some twenty years ago, I discussed with Artin and the late Schreier the 
existence of Free Groups and Free Products of Groups, and the difficulty 
of establishing the associative law in them. I suggested that it might be 
easier to define the elements of the free product not as words but as permu- 
tations of words, because the associative law is trivial for permutations. We 
agreed that this idea was correct, and that, if fully worked out, it would be 
substantially equivalent to the classical proof, due to Artin and Schreier.* 
After this, none of us thought of it any more. 

Quite recently, Artin published a new proof of the existence of free 
products.” In his proof, the associative law is trivial as well as in mine, 
but the main difficulties arise from the discussion of equality. Now I should 
like to publish my proof, in which neither the associative law nor the defini- 
tion of equality causes any difficulty. 

Let a set of groups H be given, and let a,b,. . . denote their elements. 
From these letters, words may be formed, with the convention that no two 
consecutive letters shall belong to the same group H, and that no letter be the 
unity element. A word may be empty, i.e. contain no letters at all. 

To any letter a (or b,...) let there be assigned an operation A (or 
B,. . .), operating on words and transforming them into words, as follows: 
If a word begins with a letter 6 from the same group H to which a belongs, 
the operation A consists in replacing 6 by the letter cab, omitting it if ¢ 
is the unity element. If the word is empty or begins with a letter from a 
different group H, the operation A consists in prefixing the letter a. 

If aand b are letters from the same group H and if ab =c, then AB=C. 
In other words, the operation B and A successively applied to any word, give 
the same effect as C. If the word is empty or begins with a letter from a 
different group H, this is obvious. If it begins with a letter d from the same 
group H, the operation AB replaces d by a(bd) = (ab)d = cd, which is just 
what C does. 


— 


* Received November 4, 1947. 

*O. Schreier, Abhandlungen aus dem mathematischen Seminar der Hamburgischen 
Universitdt, vol. 5 (1927), pp. 164-168. 

*E. Artin, American Journal of Mathematics, vol. 69 (1947), pp. 1-4. 
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As a special case, we have: If a is the inverse of b, A is the inverse of B. 
Thus, every operation A has an inverse operation A~*. Hence the operations 
A are permutations of words. 

These permutations generate a group of permutations. The elements of 
the group are finite products ABC: - -. If two factors arising from the same 
group H are consecutive, they may be replaced by one factor. So any product 
ABC: ++ may be written in a reduced form, in which no two consecutive 
factors belong to the same group and no factor is unity. Now we can prove 
the following statement: 


If two reduced products ABC: - + and A’B’C’: - - are equal, they must 
consist of exactly the same factors in the same order. 


Proof. Applying the operations ABC: - - and A’B’C’- - - to the empty 
word, we obtain the words abc: - - and a’b’c’) --. These two words must 
be equal, hence a—a’, b =D’, etc. 


Thus the group G of the reduced products ABC: - - has all the properties 
required of the free product of the groups H, viz.: 


1) G contains, corresponding to any group H, a subgroup isomorphic 
to H; 


2) Every element of G can be written as a reduced product of elements 
of these subgroups, in which no two consecutive factors belong to the same 
subgroup ; 


3) Two reduced products are equal only if they consist of the same 
factors in the same order. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON NON-CONSERVATIVE LINEAR OSCILLATORS OF LOW 
FREQUENCY .* 


By PuHitip HartMAN and AUREL WINTNER. 


1. In the differential equation 
(1) + f(t)e=0, 


let f=f(t), where < ©, be a positive, non-increasing, continuous 
function, 
(2) f>0 and df =0, 


and let 
(3) f(t) as 


By a solution of (1) will be meant a real-valued solution x = 2(t) which is 
not identically zero. A solution of (1) will be called non-oscillatory or 
oscillatory according as it possesses a finite or an infinite set of zeros; corre- 
spondingly, the differential equation (1) will be called non-oscillatory or 
oscillatory according as one (hence, every) solution is non-oscillatory or 
oscillatory. 

The object of this paper is a discussion of the boundedness of the‘solutions 
of (1). Subject to exceptions, there are two general patterns. First, if f(t) 
is “very small,” then the solutions of (1) are non-oscillatory and behave like 
the solutions of 2” 0; namely, some solutions are bounded and some are 
unbounded. Secondly, if the decrease of f(¢) to 0 is sufficiently smooth and 
so slow as to make the solutions of (1) oscillatory, then all solutions of (1) 
are unbounded. The following theorem describes the situation more fully: 


Let f(t), where 0 St < ow, be a continuous function satisfying (2) and 
(3). Then 


(i) at least one solution x=-2(t) of (1) is unbounded; 
(ii) there exists a non-trivial ($40), non-oscillatory, bounded solution 
of (1) if and only if 
oO 
(4) 
0 


* Received February 10, 1948. 
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in which case (1) possesses a pair of solutions, x=2,(t) and «x=—2,(1), 
satisfying the asymptotic relations 


(5:) x4,(t) ~1 and 2’;(t) =0(1) 
and 

(52) r2(t) ~¢ and v’.(t) ~1 
ast>o; 


(iii) the differential equation can be oscillatory and still such as to 
possess a bounded solution ($40) ; 


(iv) all solutions of (1) are oscillatory and unbounded when f(t) 
possesses continuous first and second derivatives satisfying 


(6) lim sup — f’/f?’? <4 

and 

(7) (—f/f)’ S09, 


so that the graph of 
(8) —log f(t) is concave downwards; 
(ivbis) if (7) in (iv) ts retained but (6) is relaxed to 


(6 bis) lim sup — f’/f*/? = 4, 
t—00 


then (1) need not be oscillatory ; 
(v) all solutions of (1) are unbounded if (4) ts violated and 
— log f(t) is of regular growth. 


2. In the proofs of these assertions, the central réle will be played by 


the “conjugate energy,” 
(9) X=X()=2() (0), 


1 The term “regular growth” is meant in the sense defined by Armellini [1], a8 [| 
follows: A non-decreasing function F= F(t), where 0=t < ©, is said to be of | 
“irregular growth” if, for every € > 0, there exists an unbounded sequence of numbers | 

satisfying 
m-1 
> (F(b,) —Fla,)) < © and limsup (a,,,—5,)/a, < 
n=1 n=1 
“Regular growth ” is defined as the negation of “irregular growth.” 


F 


by 
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associated with any solution x= «x(t) of (1). The differential equation (1) 
implies that 
(10) dX (t) = a(t) d(1/f(t)) 


if f(t) is not differentiable, the differentials in (10) are to be interpreted in 
the sense of Stieltjes integrations. In view of (10) and the second inequality 
in (2), 

(11) dX = 0. 


Consequently, if the solutions of (1) are oscillatory, (9) and (11) show that 
the sequence of amplitudes of the half-waves of the graph of z= 2(t) is non- 
decreasing; that is, the sequence of values of | x(t)|, corresponding to the 
points where 2’(t) = 0, is non-decreasing. 

This fact, when combined with a known refinement (cf. [11], p. 518) 
of the standard wording of Sturm’s comparison theorems, leads to the 
following lemma: 


(vi) Let f(t) be a continuous function satisfying (2). Suppose that 
(1) has a solution x=.2(t) 40 possessing three consecutive zeros, say 
ts. Let tz and ts, where th << << ts < ty < ts, denote the unique 
t-values at which x =0. Then the lengths of the t-intervals corresponding 
to four “ quarter-waves” satisfy 


— ty S the — thn, (j= 1,2,3), 
and, after the reflections and translations placing the abscissae of the mazi- 
mum ordinates in coincidence, the graph of «x =|x(t)| for a quarter-wave 
StStj. lies under the graph of x =| x(t)| for the next quarter-wave 


tins St in other words, 


| a(t)| S| 2(2t.—t)| fort; StSt, 
and 
| a(t)| S| a(t +t,—t)| for t,StSt. 


The proof of (vi) will be given for the case of the intervals (t2, ts) and 
(ts,t,), the other cases being similar. Suppose x(t) >0 for t2<t< ts; 
so that x(t) <0 for tz << t < ty. The statements to be proved are equivalent 
to 


(12) y(t) 2 2(t) fort, St Sts, 
where 


y(t) 


lo 

| 

as 
of 
bers | 
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In order to prove (12), notice that 
(13) y’(t2) (t,) =0 and 2’ (t.) = 0, 
while, in view of the remarks following (11), 

Its definition shows that y = y(t) is a solution of the differential equation 
(15) y’ +f(ts— te —t)y=0. 
Since it is assumed that f(t) is non-increasing, the coefficient functions of 
(1) and (15) satisfy 
(16) 
on the interval ¢, = ¢ S ¢*, where ¢ = ¢* is the least t-value (> ¢.) at which 
either x(t) or y(t) vanishes. Since z(¢) and y(t) are non-negative, it 
follows from (16) in, the usual manner that 

—2’y];, 20 for StS 

In view of (13), the contribution of = /?. to the last braeket is 0, and so 


ey fort, Sts t*, 


Since this means that the ratio y/x possesses a non-negative derivative for 
t, St < t*, it now follows from (14) that 


y(t) = (y(tz)/a(te) a(t) = a(t) 
for t,t t*. Hence, the least t-value (> at which a(t) vanishes is 
not less than the corresponding t-value belonging to y(t). Consequently, 


t* —t;. This proves (12). 


3. Proof of (i). Let e—<2(t) and =—2z(t) denote a pair of linearly 


independent solutions of (1). Their Wronskian is a non-vanishing constant, © 


(17) xz’ =cA0. 


| 
i 
| 


on 
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If (17) is divided by f# and Schwarz’s inequality is applied, it follows from 
the definition (9) that 
SX()Z(t). 


Since X(¢) and Z(¢) are non-decreasing, (3) now shows that at least one of 
the two functions 1 (¢), Z(¢) tends monotonously to infinity; say 


(18) X(t) ast>o. 


If the solutions of (1) are oscillatory, the proof of (i) is complete; in 
fact, (9) and (18) show that | x(t)|— o if ¢ tends to o through the values 
for which z’(¢) = 0. On the other hand, if the solutions of (1) are non- 
oscillatory, (i) is a consequence of (ii). 


4. Proof of (ii). Whether or not the continuous function f(t) satisfies 
(2) and (3), the limitation 
f tli@lat<« 


0 


is sufficient for the existence of solutions e—2,(t) and r—22(t) of (1) 
satisfying (5,)-(52). As pointed out in [13], p. 66, this fact can be deduced 
from the results of Bécher [3], § 4, by a suitable change of variables; for a 
simple proof avoiding successive approximations, cf. [13] and [14]. Hence, 
in order to prove (ii), it is sufficient to verify that the existence of a bounded, 
non-oscillatory solution z= a(t) of (1) implies (4). 

It can be supposed that x(t) > 0 for large t, say for ¢ = to, since other- 
wise a(t) can be replaced by —a(t). Then 2”’(t) SO for t= to, by (1). 
Hence, x(t) = 0 for t= to, since otherwise 2(¢) would possess a zero for 
t>to. Consequently, x(t) tends non-decreasingly to a positive constant, 
while x’(t) tends to 0, as > ©. 

On the other hand, from (1), 


= a(t) + as. 


Since z(t) tends to a positive limit and since f(r) = 0, it is now seen that 


f Cf )ds < 


to 
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On inverting the order of integration, which is permissible since f(r) = 0, 
the relation (4) follows. This completes the proof of (ii). 


5. Proof of (iii). The proof will consist of constructing a function 
f =f(t) satisfying (2) and (3) but having the property that (1) is oscillatory 
and possesses a bounded solution. For the sake of shortness, the function 
to be constructed will be a non-decreasing step-function, having a sequence 
of isolated discontinuity points which tend to ». Such a function can be 
modified so as to be continuous and to retain the desired properties. 

Let 
(19) 


be a sequence of numbers satisfying 
(20) o. 


Define a function f —f(t) by placing 


(21) f(t) = an? for baa St < be, 

where 

k=1 


If the vacuous sum denotes zero, (19)-(22) define, for OSt< ow, a 
function f(t) satisfying (2) and (3). Let ; 


(23) a(t) = cos dn(t—bn) for br. St < dn; 


so that x(t) is also defined for OS¢< o. Clearly, x(¢) possesses a con- 
tinuous first derivative for 0 ¢t< © and a continuous second derivative 
on each of the intervals bn+<t< bn. It is also clear that (1) is satisfied 
if t4bn, where n=0,1,:--. Finally, the function (22) is bounded and 
vanishes at t = + and at t + This completes the 
proof of (iii). 


6. Proof of (iv) and (iv bis). In view of (6), there exists a constant 
satisfying 


(24) 0<c<4 
and 
(25) — f’/f?/? <c for large t. 


An integration of (25) shows that 


— 


ant 
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< ct for large t; 
hence, 
lim inf ft? = 4/c? > 1/4, 


t-0o 
by (24). As shown by Kneser [8], this implies that (1) is oscillatory. 


If f(t) is defined, for 1 St < by 


f(t) = 1/40, 
then 
— f’/f/? =4 and (—f/f)’ =—2/#? <0; 


so that (6 bis) and (7) are satisfied. On the other hand, (1) is non-oscilla- 
tory in the case (26). This proves (iv bis). 

In order to complete the proof of (iv), it remains to show that all 
solutions of (1) are unbounded if (6) and (7) are satisfied. To this end, 


introduce the new independent variable 


t 


(27) S==3(t) f fa(r) dr. 
Then (1) becomes ; 
(28) (:=d/ds). 


This equation is readily verified to be equivalent to the linear system 
(29) = + Y = + Ay, 


where the coefficients aix—= dix(s) are defined by 


dy, = — f’/2f%”, = 1 
and 
= $(f"/P — f*/P) —1, = — 
It is seen from the definition of the matrix (ai) that the characteristic 
numbers ef the matrix (aiz + axi) are 


It follows, therefore, by the argument applied in [12], p. 558, that if the 
smaller of these roots satisfies 
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then 
(31) asso 


holds for every non-trivial solution of (29). 

It will first be shown that 2 is unbounded by virtue of (31). Suppose 
the contrary. Then (6) and the definition of a,;, imply that a: is bounded 
as s—> 0. Hence, the definition of ai2, the relation (31) and the first 
equation in (29) imply that x is unbounded. But 


a= x’ 


by (27). Consequently, the “conjugate energy” (9) is an unbounded 
function of s. Since (1) is oscillatory, it follows by the remarks following 
(11) that z is unbounded. This contradiction shows that x is unbounded 
by virtue of (31). 

It follows that in order to complete the proof of (iv), it is sufficient to 
verify (30). By (27), the relation (30) becomes 


Since 


— f2/P? = (f/f) z= 0 


in virtue of (7), the absolute value signs in (32) can be omitted. Conse- 
quently, an integration by parts shows that the integral in (32) is equal to 


t 
By (25) and (24), this expression is minorized by 


Hence, (32) follows from (24) and (3). This completes the proof of (iv): 


7. It is easy to see that (iv) has the following variant: 


(iv*) The assertion (iv) remains true if (6) and (%) are replaced by ] 
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(6*) f’ =o0(f?”) as 
and 

20, 
respectively. 


Proof of (iv*). Assumption (6*) implies (6) and, as shown in the 
last section, (6) implies that (1) is oscillatory. Thus, the proof of (iv) 
shows that (iv*) will be proved if it is verified that (6*) and (7*) imply 
(32). The integral in (32) is minorized by 


f at, 


in view of (7*). But an integration by parts shows that the last integral 
equals 


t 
or, by (6*), 


o(1)-+ 


Hence, (32) follows from (3). This completes the proof of (iv*). (Actually, 
the inequality 


lim sup — f’/f?/? < 4/5 
can replace the assumption (6*) in this proof of (iv*).) 


8. Proof of (v). Since (v) assumes that (4) is violated, it follows 
from (ii) that all solutions of (1) are unbounded if (1) is non-oscillatory. 
Hence, it is sufficient to consider the case in which (1) is oscillatory. The 
proof then becomes similar to the proof of a known dual of (v), a proof 
proposed by Armellini [1] and completed by Tonelli [10] (the nature of 
such “duals” will be explained below). The proof of (v) will, therefore, 
be omitted. 


9. Remarks. The assertions (i), (iii), and (v) have known duals, 
In fact, (i), (iii) and (v) remain true if the assumptions (2) and (3) are 


| replaced by 


(2*) f>0and df=0 
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and 
(3*) f(t) asto~, 


respectively, and “ unbounded solution ” is replaced by “solution tending to 
0 as t—> © ” in the assertions. In this sense, the dual of (i) was proved by 
Milloux [9], p. 49, in answer to a question raised by Biernacki; for a simple 
proof, cf. [4]. The dual of (iii) was also proved by Milloux [9], p. 50; 
the above proof of (ili) is based on the device used by Milloux. Finally, 
the dual of (v) is that referred to in the proof of (v). 

Since (3*), (6*) and (7*) imply that 


f(t + f(t)4)/f() as t> 


(cf. the method used in [7], §5), it follows from a theorem of Biernacki 
[2], p. 170, that the dual of (iv*) is true. [There can of course be no 
analogue of the theorem of Biernacki in which it is assumed that (2*), (3*) 
and f” = 0 hold, the latter condition being incompatible with (3).] 
Assumption (6*) of (iv bis) also occurs in other questions concerning 
asymptotic properties of solutions of equations of the type (1); cf. [5], [6], 


[7]. 


The corresponding analogue of (vi), when combined with the “ alternating 


series test,” shows that 


(vii) «if f(t), where OSt< , is a continuous function satisfying 
(2*) and (3*), then 


ao 


x(t)dt 


0 
is convergent for every solution x—-2x(t) of (1). 
The convergence of this integral is meant in the sense that 
lim x(t)dt 
T>0o a 


exists (as a finite limit). 
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THE RADICAL OF AN ALTERNATIVE ALGEBRA.* * 


By Roy DvusiscH and SAM PERLIs. 


Of the several equivalent definitions of the radical of an associative 
algebra, only one has been applied to the alternative case. This is the defini- 
tion in terms of properly nilpotent quantities used by Zorn * in his treatment 
of hypercomplex rings which yields an ideal 9%. In this paper we consider 
also the sum, ©, of all quasi-regular right ideals,* the radical, S, defined by 
Albert * (slightly generalized) and, for algebras with a unity element, the 
set MH, of all hk such that g +A is regular for every regular g.° 

The X-, Q-, and G-radicals are unaltered if a unity quantity is adjoined 
to M (see Section 5). Hence we consider alternative algebras with a unity 
and show, over a field containing more than two elements (this restriction 
enables us to use a theorem of Shoda which yields a very simple proof) that 
% is an ideal such that the R-radical of “{'—WR is zero. The subsequent 
proof that Jt = provides a new and simpler proof of Zorn’s results in this 
connection for the case of algebras. 

Finally we show that %.Q, and © are all identical, since after adjunc- 
tion of a unity quantity they all coincide with #.° 


1. The §t-radical. By use of the Theorem of Artin, an alternative 
algebra may be characterized as an algebra % obeying the following weakened 
form of the associative law: the sub-algebra YU <2,y > generated by an 
arbitrary pair of elements 2 and y of % is associative. 

An element x of % is said to be right quasi-regular in case there is al 
element y in % such that r+ y+2y=0:; y is then called a right quasi- 
inverse of x. 


* Received September 5, 1947. 

1 Presented to the Society November 27, 1943, under the title “On the radical of a 
non-associative algebra.” 

2Zorn [1]. 

Jacobson [1]. 

Albert [1]. 

* Perlis [1]. 

°M. F. Smiley has shown in a paper presented to the American Mathematical 
Soc’2ty on September 3, 1947 that Jacobson’s definition of the radical also applies to 
alternative rings of possibly infinite dimensions, thus also generalizing Zorn’s results 
[3] as well as our result on the Q-radical. 
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Lemma 1. If an element z.of an alternative algebra U has a right quast- 
inverse y, y is also a left quasi-inverse, is unique, and is a polynomial in @. 
Hence x, y, and an arbitrary element z will always obey the associative law 
for multiplication. 


Since Uf < x, y > is associative, the properties stated follow from familiar 
(and easily proved) properties of associative algebras. Now y is in 
< 2,2 >, whence the final statement holds. 

Right quasi-regularity is thus equivalent to quasi-regularity (in the 
case of alternative algebras), the same element y being at once the right and 
left quasi-inverse of 

If % has a unity element 1, z is quasi-regular if and only if 1+ 2 is 
regular. Then Lemma 1 is valid if “ quasi-inverse” is replaced everywhere 
by “inverse.” Note, also, that % <2,y,1> is associative for every x and 


y of 


LemMA 2. A product of regular elements g; and gz of an alternative 
algebra M is regular. Conversely, if gig2 is regular, so are g; and gp. 


For the inverses g,~' and gz"! of gi and gz lie in the associative sub-algebra 
91, 92,1 > >, whence the product has inverse 
Conversely, if has inverse g, g lies in < 91, 92 > so (9ig2)9 = 91(929) 
=1= (991) 92. 


Lemma 3. If the alternative algebra % has a unity element and the 
scalar field & has at least three distinct elements, every element of % is a sum 
of regular elements. 


Every z of %f is in an associative sub-algebra 9 < x, 1 > in which Shoda’s 
theorem * applies, yielding this lemma. 

Hereafter it is assumed that % is not the prime field of characteristic 
two unless % is specified as being arbitrary. 


Definition 1. If % has a unity element, the Kt-radical of YW is the totality 
of elements r of 9% such that g-+r is regular for every regular g of Y. 


THEOREM 1. Jf % is an alternative algebra with a unity element, the 
Ht-radical R of is an ideal. 


It is clear that the set 9 is a linear space. If g and gi are any regular 
elements of %, 


* Shoda [1], p. 254. 
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which is regular by a double application of Lemma 2. Hence gir is in 8. 
By Lemma 3 every a of has the form a= ar = gir. The fact that 
R is a linear space then implies that ar is in #. Likewise R contains every 1a, 
Rt is an ideal. 

Under the hypotheses and notation of Theorem 1 the following result 
is valid. 


THEOREM 2. The St-radical of 1 — is zero. 


For let [x] denote the coset modulo # of z in M. If [x] is any regular 
quantity of %—R, [x] [y] = [ry] = [1] for some y of MA, ry=1+7, rin 
Rt, ry is regular, and so are x and y by Lemma 2. Now let [a] be in the 
ft-radical of —R so [x] + [a] [x a] is regular, and hence z + a is 
regular. But z is an arbitrary regular quantity of Y, so a is in R, [a] = [0]. 


2. The %t-radical. Our fundamental result is given by 


THEOREM 3. The set MN consisting of all properly nilpotent elements 
and the element 0 coincides with ® (and is called the N-radical of A). 


For if z is nilpotent of index t, y=—a+a?+---+ (—1)* is 
the quasi-inverse of x. Let g be any regular element and wu be in 9%. Then 
x = gu is nilpotent, hence quasi-regular by the opening remark, so 1 + g™u 
is regular. Then g+w is regular by Lemma 2, so that aw is in R, NSH". 

Conversely, every r of Ht satisfies an equation 


Start: --+art—0 (a in 


with If a r would have an inverse — +: art"), 


But if a regular element g is in R, so is — g, and g + (—g) must be regular, 
which is impossible. Hence % contains no regular elements and % =0. 
Let 7 be the minimum subscript such that a; ~0; then 


(a; + ro)ri =0, To = 


ro is in R, g = a; + 7 is regular, and < g,r > contains = ri =0. 
Thus r is nilpotent. Since # is an ideal its elements are properly nilpotent, | 


REN, MN. 


We have now shown that 9 is an ideal, hence a nil ideal. Every nil right f 


ideal 8 of M consists of 0 and certain properly nilpotent elements, so 8 S%. 


Thus 9 may be described as the sum of all nil right (left) ideals of YW. 


: } 
| 
| 
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8. The Q-radical. We begin by making 


Definition 2. The Q-radical, Q, of & is the sum of all quasi-regular 
right ideals of % (right ideals all of whose elements are quasi-regular). 


Lemma 4. The Q-radical Q of MX of Theorem 1 over an arbitrary field 
is a quast-regular right ideal of %. 


Proof. It is clear that Q is a right ideal. If OQ; and Q: are any quasi- 
regular right ideals and g: + q2 an arbitrary quantity of their sum (01, D2) 
gi in Qi, 91 =1+ q is regular, 1 + qi + G2=91 + = (1 + Geogr") gi in 
the associative algebra  < qi, q2,1 >. Since is in Qe, g2 = 1 + 
is regular and so is gogi=1+4:+ 42 by Lemma 2. Hence qi+ q is 
quasi-regular. An obvious induction proves that the sum of any finite number 


of quasi-regular right ideals is quasi-regular, and thus every element of © 
is quasi-regular. 


4. The algebra of Theorem 1 has Q-radical MN. 


Proof. For each regular element g of 2% and each q of Q, qg™ is in Q. 
Hence 1+ qg™ is regular and so is g+q. Thus Q=. But 1+r is 
regular for each r of r is quasi-regular ; is a quasi-regular ideal; [= OQ; 
t=O. 


4. The G-radical. We make 


Definition 3. The S-radical S of M is the intersection of all ideals * B 


of & such that 9% —% is a direct sum of simple algebras. 


THEOREM 5. The G-radical of the algebra MX of Theorem 1 is F=*R 


Proof. Zorn has proved ® that 2{—M is a direct sum of simple algebras. 
Therefore, MN. Since 1 is not inN, A> NLHS. 


Since 
*Such ideals always exist when 9{ has a unity element for all non-associative 


algebras. See Albert [1], p- 897. 
Zorn [2], px 1. 
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where the 8; are? simple algebras with unity elements ei, each element z 


of 9 corresponds to a coset 


where the [2;] are properly nilpotent in 8; and %—S. As [x] varies over 
MN, [az] varies over an ideal Mi of Bi, so Ri —O or Ni — Bj. In the latter 
case is in Jt; whereas e; is not nilpotent. Hence each = 0, — S —0, 
N—G™S. 

That © = may also be proved by use of the fact that 2 =O. We 
already have Now is a quasi-regular ideal of 
For each x in [te] [x], | 
where [a;] in 8; varies over a quasi-regular ideal Q; of Bi as x varies over ©. 
If Q; is not 0, it must contain — e; (where e is the unity of 8;). But —e | 
is obviously not quasi-regular, so each Qi =0, O—G=0,NSES0. | 


5. Alternative algebras without unity elements. The preceding work 
has been concerned with an alternative algebra % with a unity element. The 
definition of the $t-radical requires a unity element, but the definitions of 
the OQ-, and G-radicals are meaningful for an arbitrary alternative 
algebra >. These radicals of Mf shall be denoted by No, Qo, and Go, and 
we shall show that they coincide with 9%, Q, and ©, respectively, for the 
algebra (%M,1) obtained by adjoining 1 to Wo. 


THEOREM 6. The M-, Q-, and G-radicals of any alternative algebra % 
over an arbitrary field % coincide, respectively, with the corresponding radicals . 
of the algebra = (Mo, 1). | 


For if a=a-+ a is in MN, in F, do in Wo, a* =O at + ay, a, in 
at a@,, Mo, MN consists of properly nilpotent elements of Mo, 

The converse is more difficult. If x is any non-zero quantity of %o, F 
az generates an associative sub-algebra 8 of Mo, x is properly nilpotent in %, 7 
whence, by familiar results for associative algebras, x is nilpotent. E 

If, in addition, y is any nilpotent quantity of %, < > 38 
associative, z is in the radical Ry of Bo, (x + y)t*—=at+ta,+---+a.+y' 
with in and yt for sufficiently large ¢. Thus (2+ y)*=z in Vo 
+y)—0. With this result we are able to prove that is 
properly nilpotent in YW. 


10 Albert [2], p. 709. : 
Tf the G-radical of 9{. as originally defined does not exist, we define it to be Io § 
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Let aa =a(1-+ be any quantity of not in Mo, in 
in Then for x in No, xa = 2+ ta) 2+ y is in Mo, y is nilpotent, and 
so is ~-+y by the result above. But then c-aa—a(zx-+y) is nilpotent, 
z is properly nilpotent in SM, No = N. 

It is easy to prove now the following result (if the field 3 contains at 


er 

™ least three elements) : 

0, Corotuary. The Y-radical of an alternative algebra Uo is the sum of 
all nil right (left) ideals of Mo. 

Ve To continue with the proof of Theorem 6 by showing Qo = &, note first 


of | that the proof of Lemma 4 may be used to show that Qo, which is a right 
ideal of and of %f, is quasi-regular in Mf, so 0. Let a—a+ay be 
in OQ, @ in d in MW. If a0, dy is in the ideal Q, 
ei bo in But then 1 + (—1-+ bo) = bo is regular in which is impossible, 

To show that S = Gy we prove the following more general result. 


rk 
he ; THEOREM 7. Let %o be an arbitrary non-associative algebra and 
of © W=(%,1). If S and So are the S-radicals of MX and Mo, respectively, 
9 
ive If > ©, then 
nd (a) G2Go. 
the (b) has a unity element. 
(c) if and only if Xo — So has a unity element. 
Since 9—%M, is simple, it follows that Suppose > SG. 
‘als 


The algebra — has the forms 


Where the %; are simple sub-algebras of %{— © and %,—S is an ideal of 
Y—S. Then GS —B, - where each Bj; is an ideal of 


%, so Bi = 0 or Bi = and at least one Bi Wi since >S. It follows 
that S=G. Since each M; has?* a unity element, (b) is true. 

js If — has a unity element [e], 

— = ([1], So) = ([1 —e], Mo — So) 

0) 

is = ({[1— e]) So) 
since [1 —e] is an idempotent orthogonal to the unity element of %o— Go. 
But ({1—e]) is a field and %,— G, is a direct sum of simple sub-algebras, 


** Albert [2], p. 710. 
** Albert [2], p. 709. 


No, 
No, 
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Thus Gp is one of the ideals of 2% whose intersection is S, G6 = S, SG, =G. 


The converse is trivial in view of (b), and the proof of (c) is complete. 
Apply Theorem 7 to alternative algebras, note first that every simple 
alternative algebra has** a unity element. Consider the case > 6G, 
Then — has a unity element, whence the theorem implies that = 6G. 
Now let %, = © and suppose %f, > Go. Then the last paragraph above shows 


~ 


that = S So = Mo, a contradiction. Hence GS. —G. 


SYRACUSE UNIVERSITY 
AND 
PURDUE UNIVERSITY. 
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SOME REMARKS ON THE DISTRIBUTION OF SEQUENCES OF 
REAL NUMBERS.* 


By F. A. BEHREND. 


Let 


be a sequence of real numbers and ¢n(x) = (1/n) %1. (1) is said to have 
p=1 


an asymptotic distribution $(z) if ¢(x) is a distribution function? and if 
on(z) > for all continuity points of ¢(2). 

This paper is concerned with the investigation of a sufficient condition 
for (1) to permit the term by term integration 


(2) lim = 

where f(z) is any continuous monotonic function, and with the modification 
of given sequences in such a way as to make them satisfy the condition 
obtained. 

By the Helly-Bray theorem,” (2) is valid if (1) is a bounded sequence. 
Tt will be shown that (2) remains valid if (1) is unbounded but does not 
increase too rapidly in a sense to be specified below (Definition (4), Theorem 
I). Such a sequence will be called normal. It will also be shown that any 
sequence with an asymptotic distribution can be normalized by a simple 
modification which does not alter its distribution function. In the case of a 
continuous distribution function ¢(2) the modification consists in the sup- 
pression of a subsequence, the number of terms suppressed from 21,° * *,2n 
being o(n) (Theorem II). This is a best possible result as, conversely, the 


* Received July 19, 1947. 


A monotonic non-decreasing function is called a distribution function if 


lim =0, lim = 1. 


2H. E. Bray, “ Elementary properties of the Stieltjes integral,” Annals of Mathe- 
matics, vol. 20 (1919), pp. 177-186; E. Helly, “tber lineare Funktionaloperationen,” 
Sitzungsberichte der Naturwissenschaftlichen Klasse der Kaiserlichen Akademie der 
Wissenschaften Wien, vol. 121 (1912), part IIa, numbers I to X, pp. 265-297. 
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validity of (2) can be destroyed by the insertion of such a sequence.* In the 
case of a discontinuous ¢(2) an intermediate step is necessary: Xn is replaced 
by a sequence Z, + &, where %,—0, and then a subsequence of 2; + % is 
suppressed (Theorems III, II’). 


1. Sequences with continuous distribution. Normal sequences. Let 


fn = Min (21,° Mn = max *,2n) and 
(3) = fin | p(x) —dn(z)| 


The sequence x, will be called normal if 


(4) €n = O(min 1 — (Mn) )). 


As this condition may be interpreted as giving a lower bound for pn and an 
upper bound for Mx, it restricts the rapidity of increase of the sequence 2p 
in terms of the approximation e,. It is the sharpest such condition that can 
be imposed ; for, considering lim (¢(2) — ¢n(x)) as pn—O or Mn +0, 
it is seen that = max (¢(pn), 1— 


Condition for term by term integration. 


THEOREM I. Jf 2p is normal, f(x) continuous and monotonic, then 


provided that the integral on the right hand side converges. 
Proof. As (2) is valid for f if it holds for —f or f + const. it may be 


assumed that f is non-decreasing and that f(7:) =0. Then f(x) = 0 for 
and f(x) =0 for Consider first the range (2, 0). 


(i) If M, is bounded, Mn <M, say, then $(2) =¢n(x) =1 for 


z=M and 
Sit Si don = f “fd (¢—dn) 30, 


by the Helly-Bray theorem.’ 


oo 
°E.g., if the term 2cn is inserted after the lim f adp, is increased by 
nN -00 


oo 
whereas f ado remains unaltered. 
e7 
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(ii) If Mn is unbounded, Mn— oo, then ¢n(v) =1 for >My and 


Mn 71 


for, f “td — 0, by the assumed convergence of f fd; and the other terms 
Mn 771 


tend to 0 as 
0<f(Mn)(1—¢(Mn) < f 
and 
| | by (3) 
= 0(f (Mn) (1—#(Ma)), by (4). 
As the range (— ©,2,) may be treated similarly, I is established.* 
Note. I remains valid if one of f “fas, fia diverges. This is an 
immediate consequence of Fatou’s lemma, ° 
| Normalization of a sequence. 


THEOREM II. By the suppression of a suitably chosen subsequence any 
sequence x, with continuous distribution $(x) can be transformed into a 
normal sequence Ym with the same distribution. 


Proof. As (x) increases continuously from 0 to 1 real numbers s;, 
exist such that 


(5) = 1— = 2%, k == 1,2,3,° °° 
where 

Define a sequence of integers nm, =0,1,2,-- +) such that mo =0 and, 
for k > 0, 

(7) > 2*nz-, 

and 

(8) én < 2* for n= nm, 


‘The proof is divided into the two parts (i), (ii) with a view to the extension 
below to discontinuous distributions ¢. The division is unnecessary for continuous ¢, 


: 
as in this case f dé ->0 whether or not M,, is bounded. 
Mn 


(12) | S | — + | — (m/n)Wm(x) | + 


550 F. A BEHREND. 


where e, is defined by (3). (8) can be satisfied as en > 0 by the following 
theorem due to If @ are distribution functions, dn ¢, and if 
¢ is continuous, then the convergence is uniform. 

The sequence ym is now obtained as follows: for each k (k = 1, 2,3,- - -) 
suppress those elements xy of the original sequence for which 


(9) Ney Kv Sm and ay < or tv = Sy. 


Let °°, Ym be those of which have not been suppressed, 
m == m(n) may be estimated as follows: let k be such that ne < nS muy; 
then 
m(n) = + — — — 4(8x)} 
+ — 


By (7), the first term is O(mx-.) = O(2*n,) = O(2*n). If, in the other 
terms, dn,, Gn are replaced by ¢ the errors made are at most €n,, €n Which are 
0(2~) by (8). Substituting the values of ¢ given by (5) we get 


(11) m(n) =n{1+ 0(2+*)}, ie, (n—m)/n=O0(2+). 


Let be the distribution of then 


Sen + (1/n)| — mm(x)| + ((n—m)/n) dm (2) 
Sen + (n—m)/n+ (n— m)/n = 0(2*) 


by (8) and (11). Asm—>o,n—- and k— @; hence ¥m(x) > for 
all xz, i.e., the sequence ym has the distribution ¢(r). By (9) and (6), all 
elements < sx. or = Sx: of the original sequence are suppressed; thus 
Skat S Yp < for »—1,2,- - whence 


and 


and by (12) 


5G. Pédlya, “Uber den zentralen Grenzwertsatz der Wahrscheinlichkeitsrechnung 
und das Momentenproblem,” Mathematische Zeitschrift, vol. 8 (1920), pp. 171-181, 
Satz I. 
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8m = fin | — | O( = O(min (d(vm), 1 


i.e. the sequence ym is normal. © 


2. Sequences with discontinuous distribution. In the definition of a 
normal sequence, formulae (3) and (4) have to be replaced by 


(3’) en = fin | — 0) —4n(e—0)| = fin | + 0) 0)|, 
(4) «n= O(min + 0),1—¢(Mn—0))). 


Theorem I can be obtained by obvious modifications of the above proof, 
but the proof of Theorem II is no longer valid as Poélya’s theorem is not 
available in the case of a discontinuous distribution and en is not, in general, 
a null-sequence. This case may however be treated using a generalization of 
Polya’s result: 


LemMMA 1. If n(x), 6(%) are distribution functions and if, for all 2, 


(13) lim = — 0) and (2 +0) 0), 


n-—>0O 


then (13) holds uniformly for all x, t.e. 0. 


Lemma 1 may easily be proved on the lines of Pélya’s original proof.® 
A sequence satisfying (13) will be called regular. 


THEOREM III. Jf xp is any sequence with asymptotic distribution $(x) 
then a null sequence a exists such that zr =—2n+ Gn is a regular sequence 
with the same distribution. 


The proof of Theorem III rests on the 


Lemma 2. Jf & is a discontinuity of the distribution function (x) 


of tn, and n= 0) then a subsequence ym of tn exists 


such that 
(14) lim Yn = é 
and 
(15) lim m(n)/n = 9, 
where m(n) is the number of y’s selected from *,%n. 


Proof of Lemma 2. The procedure is similar to that used in the proof 


*See F. A. Behrend, “The uniform convergence of sequences of monotonic func- 
tions,” Proceedings of the Royal Society of New South Wales, vol. 81 (1948), pp. 167-168. 


| 

ner 

| 


F. A BEHREND. 


of II]. For k=1,2,3,-- - continuity points sx, Sx of ¢(z) are chosen such 
that 
5’) 0S $(Sx) — << 2* 
where 
(6’) Sk and s, ~E— 0, E+ 0. 
Integers No = 0, m1, are defined such that, for k = 1, 2,3,-- -, 
(7) > 2*nx-1 
and 


(8’) | —Gn(sx)| 2%, | << for n= mn. 


The sequence ym is determined as follows: for k —1,2,3,-- - all those ay 
are selected for which 
(9’) Near <v Sm and S tv < Sy. 


(14) is an immediate consequence of (6’) and (9’). m(mn) is given by (10), 
and using (7) and (8’), (5’) instead of (8), (5), we get 


(11’) m(n) =n(y + O(2*)), 
whence (15). 


Proof of Theorem III. Put n(x) = (2+ 0) — ¢(x— 0), and let the 


discontinuities of ¢(a) be, in any order, &,&,€,° - +. By Lemma 2, there 
exists to any & (k =—1,2,3,- - a subsequence 
such that 

and 
(18) lim m(k, n)/n = n(é), 

n->0O 
where m(k,n) is the number of elements of (16) selected from 2%1,° - °,%m 


Omitting, if necessary, a finite number of terms, (16) may be so chosen that 


(19) | — | <2" for m 1, 2,3,° °° 
and 
(20) Pim Perm’ for k’ <k and all m,m’, 


so that the sequences (16) (k = 1, 2,3,- - -) are disjunct subsequences of 2» 
Zn is now defined by 
(21) Zn =n If nS prm for all k and m, 


Zn = & if nN = Prm- 
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rai It will first be shown that. @%—=%n—%n—>0. To any e>0, & exists 
| such that 2* <e. 


(i) If mA pim for all 1, m, then = Zn = — In = 0. 


(ii). If pim and 1= k, then | on | = 2n—2n | = | £1: —2pin | < <e, 
by (19). 


(iii) If n—pim and 1<k, then | a, |—| é:—2p,,, |<, provided that 


Nn == Dim > N(e). 


| Hence 0. 
| Let be the distribution of 2:,- +,2n. For each z 
| + 0) —Yn(w@—0) = + 0(1). 
For, if z is a continuity point of (x), n(x) =O and (22) is trivial; if 
a= &, then 2:,° contain at least m(k,n) terms whence 


+ 0) —0) = m(k, n) /n = + 0(1), 


he | by (18). 
re 


Let «>0, and N(e) be such that | an|<e for n>M(e). At most 

N(e) of the zy differ from the corresponding xv by more than e; hence, 

| $n — 2e) — N(e)/n'S S — 0) 

and 

Yn(a +0) Syn(a + €) S + 2) + N(e)/n, 

whence 

— 2e) — N(e)/n S — 0) = + 0) — + 0) — Yn — 0)} 
< $n( + +0(1) +N (0/2, 
hat 


by (22). Letting n > oo, 


—2e) Slim — 0) Slim — 0) S + 2) —n(z), 
provided that «— 2+ are continuity points of ¢(z); and as this 
condition may be satisfied for arbitrarily small «, 
| %(t—0) Slim —0) Slim — 0) S + 0) — a(x) = — 0), 

(23) lim = ¢(a—0), and similarly, lim + 0) = 0). 


} 
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It follows from (23) that yx(x) > ¢(x) for all continuity points of $(2); 
hence, the sequence zn =n -+ & has the distribution ¢(z) and is regular, 


by (23). 


THEOREM II’. By the suppression of a suitably chosen subsequence any 
regular sequence x, with distribution (x) can be transformed into a normal 
sequence Ym with the same distribution. 


Proof. The procedure is modelled on that of the proof of Theorem II 
with the following modifications. s;, Sx; are chosen such that 


—0) S2*S +0), 1— + 0) S — 0), 
where 


The sequence nx is defined to satisfy (7) and (8), and (9) is replaced by 
(9”) Ney Kv Sm and ay < or tv > Sx. | 


In (10) the S have to be replaced by S + 0 and the s by s—0, and (11) 
follows using (7), (8) and the estimates $(s;—0) =O(2*), (Sx +0) 
=1+0(2~) which hold by (5”). (12) holds with x replaced by +—0 
or « + 0, which shows that the sequence y» is regular; and using that, by (5”), 


2-* 2 min + 0). 1 — — 0) ) 
<= 2 min (d(vm 0), 1 — (Nun 


the sequence is shown to be normal. 
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NONLINEAR HYPERBOLIC DIFFERENTIAL EQUATIONS FOR 
FUNCTIONS OF TWO INDEPENDENT VARIABLES.* 


By K. O. FRIEDRICHS. 


The present paper is concerned with uniqueness, existence, and differ- 
entiability of solutions of the initial value problem of systems of hyperbolic 
differential equations for functions of two independent variables. Specifically 
we shall prove that a system of quasi-linear hyperbolic differential equations 


dy 
possesses in a neighborhood ® of a section & of the z-axis a unique 
solution {w'(a,y),°--,u%(2,y)} which assumes given initial values 
- on provided these initial functions possess con- 
tinuovs second derivatives with respect to x, and the coefficients a™", b”", 
and g” possess continuous second derivatives with respect to a, y,u',- uN, 


The solution is then proved to possess continuous second derivatives with 
respect to and y. If the a", b”", g” possess continuous third derivatives, 
the same is true for the solution {w"}. 

Before establishing these statements we shall prove theorems for linear 
equations and for “semi-linear ” equations, i.e., equations whose coefficients 
a", b™" do not depend on - -,w%, while the g” may depend nonlinearly 
on these variables. In these theorems we shall impose weaker differentiability 
conditions than for quasi-linear equations. 

We emphasize the fact that always the same properties will be established 
for the solutions that are required of the initial data, so that the values of 
the solution on any line y = y, > 0, y:; = const., could be used as initial data 
fur a continuation of the solution. Properties of initial data of this character 
may be called “persistent” or “continuable.”' Thus we can say, for 
example, that the property of initial data for the solutions of quasi-linear 
hyperbolic systems of first order to have continuous second (or third) deriva- 
tives is persistent. 

The investigations in the present paper are of a purely theoretical 
character. Nevertheless they throw some light on the question of numerical 


* Received October 30, 1947. 
* For the notion of “ fortsetzbare Anfangsbedingungen ” see [7]. 


| 
ys | 
‘| 
al 
II 
0), | 
| 
1) | 
0) 


556 K. 0. FRIEDRICHS. 


computation of solutions of hyperbolic equations. Such questions have 
recently attracted considerable attention among workers in the field of gas 
dynamics, in which hyperbolic differential equations play a prominent rdle, 
But even the questions of pure existence and uniqueness of certain hyperbolic 
differential equation problems are of considerable importance in the field of 
gas dynamics, see, e.g. [14]. The results of the present paper may be 
helpful in answering such questions.’ 

We have confined ourselves to considering systems of quasi-linear equations 
of first order. This is no serious restriction; for, it is well known that the 
initial problem for equations of higher than first order can always be reduced 
to the initial problem for a system of first order and that the initial problem 
for general nonlinear equations can be reduced by differentiation to a problem 
for quasi-linear ones, see, e.g. [13, Vol. II, § 7.2]. Also the restriction to 
taking the z-axis as initial curve is not serious since it can be removed by a 
coordinate transformation. 

For the general hyperbolic equation of second order for one unknown 
function the existence of a solution of the initial problem was first established 
by H. Lewy [1] in 1927 through reduction of the differential equation to a 
system of equations in characteristic form. In this form the equations are 
amenable to treatment by finite differences or iterations. The same procedure 
can also be used for systems of two equations of first order for two functions. 

In 1928 H. Lewy and the present author published a paper [2] about 
hyperbolic differential equations of higher order for one unknown function. 
In the first part of this paper we reduced the equation to a system of equations 
in characteristic form; in the second part we treated a certain type of differ- 
ential equations given in characteristic form. Unfortunately we overlooked 
the fact that the characteristic equations derived in the first part are not 
in general of the type considered in the second part.* Therefore the con- 
clusions stated in the paper are not justified. 

The difficulty met when one reduces the quasi-linear equation to char- 
acteristic form arises from the fact that only two of the N characteristic 
directions can be selected as new coordinate directions and that the equations 
involving other characteristic directions become quadratic in the derivatives 


* The investigations of the present paper were carried out in connection with work 
on gas dynamics done under contract No. N6ori-201, Task Order No. 1, with the Office 
of Naval Research. 

® We owe this observation to C. DePrima. After having ‘written this paper, the 
author became aware of the fact that M. Cinquini-Cibrario [15] has already made this 
observation and at the same time has given a new proof for the theorems in question. 
Her methods are quite different from those of the present paper. 
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in the two selected characteristic directions. In a sense one may say that the 
characteristic curves are rather sensitive to changes in the data of the problem * 
and, therefore, perhaps not so suitable as a basic working tool. This fact 
makes one wonder whether one can expect a good numerical approximation 
if such a reduction to characteristic form is used, together e.g. with the 
method of finite differences.® 

In the present paper the method of reducing the quasi-linear differential 
equations to characteristic form is abandoned. This reduction is, however, 
used for linear equations. The solutions of quasi-linear and semi-linear 
equations are obtained from solutions of linear equations by iteration processes. 
In order to prove that these iteration processes converge and yield sufficiently 
strong results it is necessary to establish sufficiently strong properties of the 
solution of linear equations. Our treatment is in several respects related to 
that of Perron [3], who has proved existence and uniqueness theorems for 
linear and semi-linear hyperbolic equations; his assumptions, however, are not 
weak enough to make the transition from linear to quasi-linear equations 
possible. 

Theorems on unique existence of solutions of the type considered here 
could be derived from the theorems concerning hyperbolic differential equa- 
tions for functions of several variables proved by Schauder [8], Frankl [9], 
Petrowsky [10], Christianovitch [11]. When the number of independent 
variables is specialized to be two, the theorems of these authors reduce to 
statements about unique existence in which stronger differentiability condi- 
tions are required than in the theorem proved in the present paper. Aside 
from this fact, however, it seems justified to give an independent treatment 
of equations for functions of two independent variables because of the con- 
siderable intrinsic interest such equations have. 


1. Basic notions. The differential equation which we shall investigate 
refers to a system {w"} of N functions --,uy, simply called “a 
function,” of the two variables 2 and y. The coefficients of the equation, 
given as square matrices 


a= {a™*}., b= m,n = 


‘Difficulties due to the sensitivity of the characteristics of one equation of first 
order were emphasized by Haar [4, 5,6], see also [12]. 
* A recent different approach by R. Courant to the problem of hyperbolic equations, 
indicated in [14,II,81] and to be published later in detail, leads to less pessimistic 
conclusions, 
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and the right member g = {g"} depend on x, y, and u. The equation can 


then be written in the form 
(1.1) N+ dus + bly = 9; 
subscripts x and y, here and in the following, signify partial differentiation with 


respect to z and y.. The variables x and y are restricted to domains & of the 
type characterized by 


2,525 0SySY(a), 
Y(x) being an appropriate non-negative continuous function defined for 
The value [w= of the function wu is prescribed on the 


initial segment 


cut out from by the axis y= 0. 
To express restrictions for the function w we introduce the * absolute 


value ” 
(1. 2) | y)| max | u*(z,9)| 


Then, with a given positive constant Q, we shall frequently restrict wu by the 
condition 
| w(a,y)| SQ. 


The domain of values x, y, and u, given by the condition that (a, y) be in & 
and | w| <2 will be denoted by 


Ro: (ay) in R, |u| Sa. 


The matrixes a and b, and the vector g are then supposed to be defined in | 


such a domain @& as continuous functions of x, y, and uw. In addition, the 
matrices a and 0 are to have continuous derivatives. 

The decisive property we require of the matrices a and b is that for each 
x, y, u in Rg the elementary divisors of the matrix a—xb, in which « isa 


parameter, are simple and that the eigenvalues k1,- - -,kN are real. More 
specifically, we require that there exist in @ o matrices p and q with non 
vanishing determinant such that 

0---0) 
0 1---0 


(1.3) pbq=1= 


Ses Xz, y = 0, | 
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0 k?-- -0 


(1. 4) pag=k= 


The differential equation (1.1) is called “ hyperbolic” if this condition 
is satisfied. 

The significance of the eigenvalues k” is that the N directions in the 
(t,y)-plane given by 
(1.5) dz = k"dy, n=1,---,N, 


are characteristic directions for the differential equation. These directions 
depend, of course, on the point (2,y) and on the value of w assigned to it. 
The fact, implied by our assumptions, that all &” are finite, expresses that 
a line y =const. never has a characteristic direction. 

The matrices p and q depend on z, y, and uw and it is, in addition, 
assumed that these matrices p and q can be so found that they possess con- 
tinuous derivatives with respect to 2, y, and u in Ro. 

The requirements formulated so far will in the following always be 
imposed tacitly; they will in general not be mentioned explicitly any more. 


2. Notations. It has been found useful to employ in the following 
quite a number of notations which we shall explain and compile in this 
section. For vectors f= {f"} and matrices {c””"} we introduce, in agreement 
with (1.2), the absolute value 


(2. 01) |f|—max|f*|,  max= max , 
n n n=1,...9] N 
(2. 02) max= max ,>=— 
m n m n=1,....N  n n=1 
Clearly, 
(2.03) lof 


If f or c depends on 2, y, U in Rg we introduce the “ norm ” 


(2. 04) | fll = max | f(z,y,u)|, max—= max 
Q Roa 2.y,uinRe 
(2. 05) || ¢ || = max |c(z, y,u)|. 
Clearly, 


(2. 06) leflSiel 
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On occasion we make use of the fact that the norm of f could also be charac- 
terized by 


(2. 07) || f | max max | f"(x, y,u)|. 
n Roa 


If f, or c, does not depend on u, the norm | f ||, or || c ||, is simply 
defined with reference to the domain @ instead of the domain &a. 

On occasion we shall find it convenient to employ a still simpler notation 
for the norms, setting 


(2. 08) Ifl—F 


and generally denoting by a capital Latin letter the norm of a quantity 
denoted by the corresponding small Latin letter. 

The pair of derivatives of a quantity f, with respect to x and y, will be 
denoted by 


(2. 09) 
its norm by 
(2. 10) || max{|l fe ||, fy I} = 


The matrix {f”,"} of derivatives of a quantity f= vita with respect to | 


the variables wu” will be denoted by 


(2.11) fu = {f"u"}. 
Its norm will be denoted by 
(2. 12) ll fu || = Pu. 


If f and g are vectors we introduce the vector fug by 


(2. 13) fug = f"wg"}. 


All these stipulations refer in obvious manner to matrices just as to | 


vectors. 
From the operator /\ which transforms a function wu’ into 


(2. 14) A =au', + 


see (1.1), we derive by differentiation the operator Nz» + (Aute,y) which 
transforms the function wu’ into 


(2. 15) Nay (Auttz,y) 
= + + + + + + tly tty}: 


For the pair of matrices a and b we introduce the norm 
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(2.16) 

For the derivatives of a and lb we set 

Clearly, we have by (2.10) 

(2. 18) [| | SA] vey | 

(2. 19) | (Autte,y) || S (Ar + 01. 


For the initial function we shall frequently use the expression 


(2.20) |a—a| = | u(z) —u(2)|, max = max 


Fin Zin d 
For the inverse matrix g~' we shall employ the expression 


(2. 21) | — || = max | y,u) — 0, u(z))!. 
Ro, & 
max = max 


Rod Ro, find 


and use the notation 


(2. 22 
or more generally 

Further we set 

(2. 24) J=|q'l ial. 


Incidentally, the inverse g~! of the matrix q will also be denoted by 


(2. 25) 
and we set accordingly 
(2.26) 


Finally, we note that all notations introduced with reference to first 
derivatives will be employed for second derivatives in an obviously analogous 
manner, 


3. Reduction to characteristic form. We first consider the case in 
which the matrices a and 6 do not depend on uw. The same is then true for 
P,q, and k. We introduce the N families of characteristic lines 


B": €), y=t, 
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the functions x”(t,é) being the solutions of the differential equations 


(3.01) =m (2, t) 
with the initial condition 
(3. 02) a= é for t=0, on &. 


Since the function k”(z,t) defined by (1.4), was assumed to possess con- 
tinuous derivatives for (z,¢) in ®, through every point c—é on & such 
characteristic lines can be passed and continued up to the boundary of the 
domain Moreover, the function 2” (t,é) possesses the continuous derivative 


(3. 03) = €) 


with respect to the parameter €, satisfying the differential equation 


and the initial conditions 

(3. 05) 1 for 

It then follows that 

(3. 06) ~ 0 in wherever defined. 


We must restrict ourselves to such domains ® which have the property 
that the N characteristic lines through any point in ® can be continued up 
to the initial segment & or, in other words, that every point in ® can be 
reached from the initial section by N characteristic lines.” Such domains & 
we shall refer to as “domains of determinacy.” It evidently depends on the 
_ matrices a, b or rather on the diagonal matrix k, as functions of a, y in &, 
whether or not # is a domain of determinacy. Later on we shall make use 


of the following 


Remark. Let ® be a determinacy domain. Let the point 2» lie on the 
initial segment & and the number « be such that the interval &’: | a, | Se 
lies in &. Let Y be a positive number. Then the domain 


R’: OSySY, sayin R 


is a determinacy domain. 


Here K k || =max| k” || is the norm of the diagonal matrix 


n 


Consider a boundary point of with y>O and the V characteristic 


directions through it with decreasing y. If P is a boundary point of R 


the N directions lead into @. If P is a boundary point of the triangle f 
|a—a)|+KySe, the N directions lead into the triangle because of | 
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| dx/dy|=|k"|=K. If P lies on y= Y, the N directions lead to y SY. 
As a result the N directions lead to the region common to &, the triangle, 
and ySY; i.e. to the domain #’. Any characteristic line through any 
point of 0’ when continued to the boundary of 02’, therefore, ends up on &’. 

To clarify the notion of domain of determinacy we contrast it with the 
notion of “domain of dependence” of a point (z,y) in ®@, which is the 
common part of all domains of determinacy containing this point.® It is clear 
that this domain of dependence is also a determinacy domain. Therefore the 
uniqueness theorems which we shall prove will also apply to the domain of 
dependence of a point. It will, therefore, follow that the value of the solution 
at this point is not affected if the data of the problem, i.e. the coefficients 
of the differential equation and the initial function, are modified outside of 
the domain of dependence. 

In the following we shall always assume that ® is a domain of 
determinacy. As a consequence the functions = 2"(y,€) possess inverse 
functions 
(3. 07) == (2, y) 


defined for every point (2,y) in ®. By virtue of (3.06) the function 
é"(z,y) possesses continuous derivatives with respect to z and y lies in &. 
The pair t= y, = £"(x,y) maps the domain ® on a domain 


7th), Ein &, 


of the (f, €)-plane, 7’ (€) being the value of ¢ > 0 for which the characteristic 
y=t meets the boundary of &. 

We now transform the differential equation A -u = auz + buy = g into 
characteristic form. To this end we introduce new functions v = {v"} by 


(3.08) Uu= qu, 


the matrix g having been introduced in 1 in connection with (1.3) and (1.4). 
Applying the matrix p to \- wg we obtain the characteristic form of the 
differential equation 

(3.09) kv, + ty =h, 


in which -h = {h"} is given by 


(3. 10) h = p(g —aqev — bqyv). 


If all eigen-values k" are different, the domain of dependence of a point is bounded 


by two “outer” characteristics through this point. If some of the eigen-values are 
equal at some places, this boundary may consist of sections of different characteristics. 
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This characteristic form of the equation can now easily be referred to 
characteristic parameters ¢. Introducing ¢ and € as new variables by 
2=a2"(t,é), y=t, equations (3.09) take immediately the form 


(3.11) ve" == h*, 


for the functions v" = v"(2"(t,é),¢) defined in P". 


4. Linear equations in characteristic form. In this section we con- 
sider linear differential equations which from the outset are given in 
characteristic form (3.09) without assuming that this form was obtained 
by a transformation (3.08) from the general form (1.1). Accordingly, we 
assume that a diagonal matrix k= {k"} is given as a continuously differ- 
entiable function in a region @, which is, of course, assumed to be a 
determinacy region. Further we assume that a matrix r and a vector s are 
defined as continuous functions in @. Finally a continuous function T(z) 
should be defined on the initial section & of R. 

For functions v = {v"} of x and y in @& we then consider the differential 


equation 

(4. 01) kve +r, +rv=sin 
and the initial condition 

(4. 02) v=Tin &. 


We introduce the new variables ¢ and € through the functions 
(4. 03) y =t, 


see Section 8, which have continuous derivatives with respect to x and y in 
P™ and satisfy the equation (3.01) r+" =k™(a™, t). 

Let v"(a,y), n=1,---+,N, be a set of N continuous functions in & 
such that the functions 


v*(2°(t, €), 


of ¢ and é in P” possess continuous derivatives with respect to ¢ and satisfy 


the equations 
(4. 04) ve" + (rv)" =s". 


Then we say that the function v = {v"} satisfies equation (4.01) kve+% 
+rv=s in the wider sense. If, in addition, the function v possesses cOn- 
tinuous derivatives vz, vy, it satisfies this equation also in the strict sense. 
Our basic tool will be estimates of the norm of the solution v of (4.04) 
in terms of the coefficients and the initial function. 
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Lemma 4.1. Suppose the function v in ® satisfies equation (4.01) in 
the wider sense and the initial condition v=T on & Then for any positive 
number A the estimate 


(4.05) [A—R] | ve | SAl 
holds, with R= || || , see (2.08). 

Proof. We observe that each component v"(a"(t,€é),¢). satisfies the 
equation v:” = — (rv)"-+ 8s"; hence the inequality 


| ve" | S |(rv)"| +] SS | | max | o™ | + | 8" | 
ne m 


is valid. After multiplying the right hand side by ee” = 1 we find 
| ve” | [max | | max max | | + max | J; 
ae m m 


hence, by integration, 
A| (an(t, €), t) — | 


< e[max | | max max | ve” | + max | ]. 
n m 


Using the notations (2.01), (2.04), (2.07), (2.02), (2.05) the last 
inequality can be written in the form 


or, using the inverse function é"(z,y) introduced in 8, see (3.07), 


From | v" (x, y)| S | (2, y) y))| + || we then obtain 


and, consequently, (4.05). 


Estimate (4.05) is sufficient for many purposes, but in addition we need 
later on a more refined estimate. Let qg(a,y) be a matrix which, together 
with its inverse g(x,y), is a continuous function of z, y in ®. Only later 
on shall we identify q with the matrix introduced in 1. Then we can derive 
an estimate which differs from (4.05) in that qv takes the place of v and 
the terms are multiplied by different factors. It is important for certain 
applications in the following that the ratio of the factors of || qve”|| and 
| Gv || approach the value 1 as A increases indefinitely. This requirement 


accounts for the slight complications in the formula given below and its 
derivation, 
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LemMA 4.2. Suppose that the function v in ® satisfies the equation 
(4.01) in the wider sense and the initial condition v==7 on & Then, for 
any positive number X and any matrix q with the properties just indicated, 
the estimate 
(4.07)  [A—JR] | | 

SA(1+ Go| +7 | Ge— | se | 
holds. Here the quantities J and Ly are defined by (2.24) and (2.23). The 
definition of || Gv— qv || corresponds to (2.20). 

Proof. We set w(@;2,y) = with arbitrary ind, 
z,yin #&. Using the functions é"(2, y) introduced in 8, see (3.07), we have 

| (a, y) — ew" (E32, y)| S| vw" (E32, y) —T"(E"(z, y) ) | 

+ | v(x, y) 
From this relation and (4.06) we deduce 


y) —w" (4; 2, y)| 


| 
| 


(x,y) — + | + | 


whence 

| eon (a, y) — w"(F32,y)| | | — 9) 9))| 
+2] y) — eg | | 9) 
+ qve™ || + | se |. 

Since £"(a,y) lies in the interval & we obtain 

A| y) (a, y) v(x. y) — | 

v(x, y) — 9) 


whence 
and, consequently, (4.07). 
An immediate consequence of Lemma 4.1 is the uniqueness 


THEOREM 4.1. There exists in ®@ at most one solution v of equation | 
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(4.01), kus + vy + in the wider sense assuming on & the given 
initial value v =T. 

We need only use relation (4.05) with 70, s=0, and A> RF for the 
difference of two solutions of (4.01). Another immediate consequence of 
Lemma 4. 1 is 


Lemma 4.3. Let r, s‘ be sequences of continuous functions in & 


such that the norms || r‘® || = R© remain bounded, R™ Sp, while || s©™ || 
approaches zero. Let v be a solution in the wider sense of 
(4. 08) kve + (F) = g (9) 


assuming the initial value v™ =0 on & Then |v | 

We need only choose A > p; then (4.05) yields 

[A—p] | < sew] 

and hence the statement 

Lemma 4.4. Let r,s be sequences of continuous functions in ® 
which converge uniformly in ® to continuous limit functions r, s: 
|r —r|_>0, | 30 as co Let v™ be a solution in the 
wider sense of the equation (4.08) assuming the initial value v™ =7 on &, 
independently of o, and which converges uniformly in ® to a continuous 
function v. Then v satisfies equation (4.01) in the wider sense. Incidentally, 


such a sequence v) always does converge uniformly in ®& to a continuous 
limit function. 


Indeed, by virtue of the transformation «=—2"(é,t), y= t, each com- 


ponent v)" is a function of ¢ and € in P” which satisfies the integral equation 


Hence the limit function v(t, é) satisfies 


whence the statement follows. 


To show that such a sequence v'%) always has a limit function as indi- 
cated we choose a number p such that || r® |p and a number A>o—. 
Inequality (4.05) then shows that || v@ || is bounded. Next we introduce 
for any o and 7+ the differences 


y (97) yo — (7), y (97) r (7), g go) 


ave | 
| 
ation 
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and observe that v7) satisfies in the wider sense the equation 


kv, (or) + + (o) (or) (or) yp (7) + g(or) 


and assumes the initial value zero. Lemma 4.3 then may be applied; it 
yields || || Consequently, converges uniformly in to a 
continuous limit function. 

The existence theorem of this section is 


THEOREM 4,2. There exists in ® a solution of the equation 
(4. 01) kve + vy +rv=s 


in the wider sense, assuming on & the given initial value v =T. 


Proof. We set up iterations. We construct a sequence of continuous 
function v in @ assuming the initial value beginning with (z, y) 
= (xr). Having found a continuous function v (2, y) we shall determine 
v'*)) as a solution of 


(4. 09) oD) 4 y, (01) — ry 4 5, 


The right member here is a continuous function of x and y in ® and becomes 
a continuous function of ¢ and € in P” after the transformation 2 = 2" (t, é), 
y=t. We now determine the component v‘%*")” as function of ¢ and é in P" 


through integration so that it satisfies i 
(4.10) (—rv© +5)" in Pr, — for t—0. 


The function v‘%*?)” so determined depends continuously on ¢ and € in P", 
as is well known, since the right member does. Now, by virtue of the inverse 
transformation (3.07) é"(z,y), ty, the component becomes 
continuous function of x and y in The function v(t) = {vy "}, 
therefore, is continuous in @, assumes the initial value v‘%*!) = T and satisfies 
in the wider sense the equation (4.09). The iterations can therefore be 
carried out. 

The differences Av = satisfy the equations 


(4. 11) + Avy) = — rAv©), o = 2,3,°°° 


in the wider sense and assume the initial values Av‘%*) =0 on & Applying 
Lemma 4.1 with 0 instead of r, and —rAv) instead of s, we obtain from 
(4.05) the estimate 


(4. 12) A || || = R || Ave 


We choose a positive number 6 <1. and a positive number A so large that | 
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(4. 13) R=|r| Sa. 
Then (4.12) gives 
| AvieMe™ | SO | Aver |, 


whence by induction 
|| Av ev |] S 9-2 |] Av@ ev || . 


The uniform convergence of ve” and, hence, of v to a continuous | 
limit function then follows. That this limit function satisfies equation 
(4.01) in the wider sense follows from Lemma 4.4, applied for r@ —0 
and = 4+ 5, 

We now formulate the first differentiability theorem, 


THEOREM 4.3. Suppose that not only the diagonal matrix k, but in 
addition the matrix r and the vector s, have continuous derivatives with 
respect to x and y in &, and that T has a continuous derivative with respect 
toxin & Then a solution of equation (4.01) in the wider sense assuming 
the initial value T possesses continuous derivatives with respect to x and y 
in &@. The function v satisfies equation (4.01) in the strict sense. The 
derivatives vz and Vy satisfy in the wider sense the equation 


(4. 14) k(v2y)e + (Vay)y + + = 


see (2.09), obtained by formal differentiation of equation (4.01). The 
initial value Vz of Vz is Ve—=Tr while the initial value vy of vy is to be 
determined from relation (4.01). 


The proof of Theorem 4.3 will be given as a corollary te the existence 
Theorem 4.2. It would be possible to give an independent proof, but the 
present procedure, in which we follow Perron [3], appears to be simpler. 

Consider the functions v as defined through iterations in the proof 
of Theorem 4.2. We maintain that they have continuous derivatives with 
respect to and y in ® under the assumptions of Theorem 4.3. This is 
certainly the case for v‘°) T(z). Suppose it were true for v%. Then the 
function — (rv) +s)", considered a function of ¢ and € in P® after the 
transformation «= .2"(t,é), y—=t, possesses continuous derivatives with 
respect to ¢ and é since this is the case for 2"(t,é). The same is then true 
for the function v‘%*)" of ¢ and € determined from (4.10). Returning to 
the variables x and y by the transformation é=é"(y,r), t= y, we see that 
v) has continuous derivatives with respect to x and y in ®. Thus it 
follows by induction that v@ has continuous derivatives for all o. 

From relation (4.10) it follows that the derivatives of v‘) with 
Tespect to ¢ and é satisfy the equations 
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(ve (o+1)n), — s) (v (ott) ng) (— ry s)". 
The derivatives 


Vy — (ort) ne (o+1) n + (o+1) mg 


therefore satisfy, in view of (3.04), the equations 


(vz + (o+1) n (— 4. s)a", 
(vy "Yet (o+1)n ry s),*. 


In other words, vz,,'%*") satisfies equation 
» Vz, q 


in the wider sense. The differences Avz,y(*) = vey") — vey" satisfy the 


equations 
k(Avey + (Avay™ )y + = — (rAv™ 


and assume the initial values zero. Hence Lemma 4.1 with kz,y instead of r 
and — (rAv?)),, instead of s can be applied to the pair Avz,y%*) (which 
embodies 2N instead of N functions) ; inequality (4.05) yields 


with K, =| R=| Bi ||. If now A is so chosen that 
(4. 16) R+R,S0(A—K;,), 
cf. (4.13), we find by combining (4.15) with (4. 12) 


It is clear that vz," together with v converge to continuous limit func- 
tions Vz ° and v™. It is also clear that vz, are the derivatives of v™. | 
It follows from Lemma 4.3 that v© and vz, satisfy equations (4.01) and 
(4.11) in the wider sense. Since v© assumes the value 3 on &, Theorem 4.1 
insures that v© = v. Hence v possesses continuous derivatives ve, vy satisfying | 
(4.11) while itself satisfies (4.01) in the strict sense. Thus Theorem 4.3 | 
is proved. | 

For later purposes we need a differentiability theorem which is somewhat 
sharper than Theorem 4. 3. 


THEOREM 4.4. Let q(z,y) be a matrix’ which together with its invers 
q?=4q(2,y) is a continuously differentiable function of x and y in &. q 


7In later sections q will be identified with the transformation introduced in 1. 
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Suppose that the diagonal matrix k and in addition the matrices r* and the 
vector s have continuous derivatives with respect to x and y in ®, and that 
v has a continuous derivative with respect to « in &. Then a solution v of 
equation 


(4.17) + vy + + Gqu)v + = 8 


in the wider sense assuming the initial value U possesses continuous derivatives 
Ury with respect to x and yin R. The function v satisfies equation (4.17) 
in the strict sense. This equation can therefore be written in the form 


The quantities G(qv)«,y satisfy in the wider sense the equation 


(4. 18) + (9(qv)ev)y 

+ (qv) + (Qu)e + (Gov) 

— (kge + Gy) (qv) eu + (7*0) = 
The initial values of (qv) are (GU), those of (qv)y are determined from 
(4.17). 

Theorem 4.4 does not simply follow from Theorem 4.3 because 
r=kqqe + Gq +7* need not possess continuous derivatives. Therefore, 
we first approximate g uniformly in ® by functions gq‘ which have con- 
tinuous second derivatives, such that also the first derivatives of q are 
approximated by those of g‘%, uniformly in #. By virtue of Theorem 4. 2 
a function v'? exists in @ which satisfies equation (4.17)% (in obvious 
notation) and assumes the initial value J on &. Since the coefficients 
+ gg, + 7* and s of (4.17)*% possess continuous deriva- 
tives, Theorem 4.3 can be applied. It yields that v‘% possesses continuous 
derivatives v,,(°) which satisfy by (4.14) equation 


= 
This equation can be written in the form 
(4.18)7 (G0) Jane + (G0 Jay)y 
key (c) (q® vy), kqe,y™ (qv), 
+ (q vy)» — + qy™) 
+ + 2090 = 


as is verified by straight differentiation. One observes that second derivatives 
of ¢) result only from the first term in the last equation. We apply Lemma 


of r | 
hich 
1 | 
that | 
I). | 
runc- 
and 
fying 
swhat 
verse 


572 K. 0. FRIEDRICHS. 


4.4 to the equations (4.18)° and (4.17)% for the system of functions 
g°(q@v©).y and v', Since the coefficients of these quantities corre- 
sponding to r‘%) in Lemma 4. 4 involve only first derivatives of q( and r*, 
they converge uniformly to limit functions. Lemma 4.4 is, therefore, 
applicable. It yields that 9° (qv). and v™ converge uniformly in 
to continuous limit functions wz, and wv‘, satisfying the differential 


equations (4.17)™ and 


(4. 18) k(wey)e + (Wey)y + keyWe + 
+ — + Gy) qwey + wey + (7*q) 


and assuming the initial values g(qv)2 and T on & Since (qv), are 
the derivatives of gv it follows that the functions qwz,y are the derivatives 
of qv®. From the uniqueness Theorem 4.1 applied to (4.17) we have 


and that the functions ¢(qv) 2, satisfy equation (4.18). Thus Theorem 4.4 
is proved. 


analogues to the lemmas of 4 for the linear differential equation 
(5. 01) A -u+cu=auz + bu -+cu=—f 
in which the matrices a and 6, ¢ and the vector f are continuous functions f 
of x and y in a domain &, and do not depeud on wu. In agreement with the | 
stipulations of 1 we require that matrices p and qg are given for which (1.3) 
and (1.4) hold and which, together with a and b, possess continuous deriva- | 
tives with respect to z and y in ®. The domain & is to be a determinacy 
domain. A continuous initial function a(2) on & is to be given. 
We say that a continuous function u(z,y) in ®@ is a solution of equation | 
(5.01) in the wider sense if the function 


(5. 02) v=q'u, 


cf. (3.08), is a solution in the wider sense of the equation 


(5. 03) + 
ef. (4.01), in which 
(5.04) r—=p(age + bqy + cq) = + + = peg, s = pf. 


We note that the diagonal matrix is continuously differentiable and that f 
and s are continuous in @@. The results of 4 can therefore be translated 10 | 
statements concerning the equation (5.01). j 


5. Linear equations in general form. We now proceed to formulate | 


v© =v. It is thus shown that qv possesses continuous derivatives (qv) zy 
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Identifying the arbitrary matrix q occurring in Lemma 4.2 with the 
specific matrix q now under consideration we have from Lemma 4. 2 
LemMA 5.1. Suppose the function u in ® satisfies the equation (5.01) 
in the wider sense and assumes the initial value i on &. Then u satisfies 
for every number X > 0 the inequality 


(5.05) [A—JR] | we | + La) + PO fe | 
in which J and Ly are defined by (2.23) and (2.24) while 


(5. 06) R= | p(aqe + bqy + cq) || S P(AQ: + CQ). 


The latter inequality follows from (2.06), (2.08), (2.10), and (2. 16). 
Theorem 4.1 goes over into the uniqueness 


~ 


THEOREM 5.1. There exists in ®& at most one solution u of equation 
(5.01) in the wider sense assuming on & the given initial value u =i. 


This theorem also follows immediately from Lemma 5.1. An immediate 
consequence of Lemmas 4.3 and 4.4 are their analogues: 


Lemma 5.2. Let c and f' be a sequence of continuous functions 
in & such that || c® || remains bounded while || f || approaches zero. Let 
u be a solution in the wider sense of equation 


(5. 07) A-u) + 
assuming on & the initial values zero. Then ||u™ || >0 aso—>o. 


LemMA 5.3. Let c and f be a sequence of continuous functions 
in R which converge uniformly in ® to continuous limit functions c and f. 
Let u' be a solution in the wider sense of the equation (5.07) assuming 
the initial value wu =i on &, converging uniformly in R to a continuous 
limit function u. Then wu satisfies equation (5.01) in the wider sense. 
Incidentally, such a sequence u' always does converge uniformly in R to a 
continuous limit function. 


From Theorem 4.2 we obtain the existence theorem 
THEOREM 5.2. There exists in R a solution of the equation 


(5.01) 


tn the wider sense assuming the given initial value u= i. 


Theorem 4.3 will lead to the differentiability theorem 


| 
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THEOREM 5.3. Suppose that not only the matrices a, b, p and q but 
also the matrix c and the vector f possess continuous derivatives in 0, and 
that the initial function i possesses a continuous derivative in &. Then a 
solution u of equation (5.01) in the wider sense assuming the initial values 
i on & possesses continuous derivatives us in R and satisfies equation (5. 01) 
in the strict sense. The derivatives usy in & satisfy in the wider sense the 
equation 


(5. 08) N+ + U+ + Coy = fey 


(using the notation defined through (2.15); note that yO here). The | 
initial value Ux of Ux is tix, while the initial value Uy of Uy 1s determined from | 
(5.01). (Note that the determinant of b = pq does not vanish since those 
of p and q are finite.) 

We first see that Theorem 4.4 may be applied since the function r given 
by (5.04) is of the form assumed in Theorem 4.4 and, by virtue of the 
assumptions of Theorem 5.3, the functions r* and s given by (5.04) are 
continuously differentiable and also 1 gq ‘i is continuously differentiable, 
As a result we have that v = q-*u and hence wu possesses continuous derivatives 
in Oe and that equation (4.18) is satisfied in the wider sense. This equation | 


is equivalent with equation 


(5.09) tery + + + + (peu) = (pf) 


by the definition of the wider sense of the operation A. In view off 
1—pbq and the relation au, + bu,+cu—f we see that this} 
equation is equivalent with (5.08). | 
Applying Theorem 5.3 to the pair wz, and equation (5.08) we imme | 


diately obtain 


THEOREM 5.4. Suppose that a, b, p, q, ¢, and f possess continuous | 
second derivatives in R, and that i possesses a continuous second derivative | 
in &. Let the function u in R be a solution of equation (5.01) in the wider) 
sense assuming the initial value i on & Then wu possesses continuous seconi 1 
derivatives Urz,ry,y in R. Equation (5.08) is satisfied in the strict sense. a 
and the second derivatives satisfy in the wider sense the equation . 


(5. 10) Use,cyyy + + U 


+ (CU) = 


The initial value tire of Ure is tier; the initial values Ury. Uyy Of Ury and Ue 


are determined from (5.08). 
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The combination of Theorems 5.1, 5. 2, and 5.3 corresponds to a theorem 
derived by Perron [3], who did, however, require the existence of continuous 
second derivatives of b-*a, b*c, and b-*f. Instead, we needed to require the 
existence of only first derivatives of these quantities owing to the special 
effort embodied in Lemma 4.4. This fact is quite essential for the application 
to nonlinear equations. 


6. Semi-linear differential equations. We call the equation 
(6. 01) + buy 


semi-linear or one with fixed characteristics if the matrices a and b are defined 
as functions of x and y in a domain @ while the right member g is a function 
of z, y, and wu in a domain &g. Of course, we again assume that a, b, p, 
and g are continuously differentiable in #@ and that ® is a determinacy 
domain. Of the function g(z,y,w) we assume that it has a continuous 
derivative gy, with respect to win ®a, cf. (2.11). The initial function i(2) 
on & is subjected to the condition 


(6.02) <a; 


it is here convenient to exclude the equality. 
We say that a continuous function u(z,y) in &g obeying inequality 


(6.03) 


satisfies equation (6.01) in the wider sense if it satisfies in the wider sense 
the linear equation that results when the function wu is inserted in g(z, y, u), 
thus producing a continuous function g(z,y,u(z,y)). Lemma 5.1 now 
yields immediately 


LemMa 6.1. If the function wu obeying inequality (6.03) satisfies 
equation (6.01) in the wider sense, the estimate 


(6.04) [A—JPAQ,] | we | + 
+ PQ || ge" | 


holds for any positive number \>0. We note that the norm || ge” || here 
refers to Rog. 


From Theorem 5.1 we shall derive the uniqueness 


THEOREM 6.1. There is at most one function u obeying inequality 
(6.03) satisfying pena (6.01) in the wider sense, and assuming the 
given initial value i on &. 


ry | 
this | 
H 
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To do so let uw and u) be two such solutions. We introduce the | 


function. 


(6.05) gu(z,y) = f, gu(x, y, au (x,y) + (1—a)u™ (a, y) )da, 


which is defined and continuous in & since aw®) + (1—a)u" obeys | 


inequality (6.03). Its significance results from the identity 
(6.06) g(z,y,u) —g(a,y,u™) = y)(u —u™). 
It is then clear that the difference wu =u?) — wu") satisfies the equation 


A Guu, 


which may be considered a linear equation. Hence Theorem 5.1 yields the 


statement. 


We now shall characterize a restricted type of domain for which we | 
shall prove the existence of a solution. First of all we choose a positive | 


number 6< 1. Then we say a domain & is “restricted ” if a number A >0 
can be so found that firstly 


(6. 07) < 6[A— 

the norm Gy = || gu || here referring to the domain ®g, and secondly, 
(6.08) al +7 POG < 
Y being the maximum the ordinate y attains in the hiinein fe. | 


To show that this restriction is not undue we make the 


Remark. In the neighborhood of any point 2» in & the “center,” aj 


restricted domain 


R’: |a—a|+KySe OSySY’, R 


can be found. That such a domain @&’ is a determinacy domain was stated | 


in the “ Remark ” in 8. q 
To prove the statement we first choose « and a value Y” such that they 


quantities L”) = || q ||” ||” and || referring to the corre 


sponding domain 0”, see (2.22), are so small that 
a” +I” |a—al” <a—| al”, 
which is possible by virtue of (6.02). Then we choose A so large that 


| 
| 
| 
( 
Bi. 
\ 
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the | and 
| il te J” | — G” 


' Finally we choose a positive number Y’ = Y” go small that 


In view of || |’ |” and (1—e”’)J’ + S (1 — J” + Lg 
‘ | we see that relations (6.07) hold with reference to the domain &’. Thus 
_ the statement of the Remark is proved. 

We now formulate the existence 


THEOREM 6.2. Jn a restricted domain ® there exists a solution of 
1 we} equation (6.01) in the wider sense obeying inequality (6.03) and assuming 
itive | the given initial value u= on &. 


>e The proof. proceeds by iterations. We shall construct a sequence of 
continuous functions vu‘? in # obeying (6.02) and assuming the initial 


values on &. We begin with Suppose were deter- 
mined; then g‘%) = g(..y.u'?’) is a continuous function and the linear 
_ equation in the wider sense 


has by Theorem 5. 2 a continuous solution w‘%*)) assuming the value u(*)) = @ 
on &. From Lemma 5.1 we have 


[A—JPAQ,]|] | SA(1 + Ly) | 
+ AJ PQ 
hence by (6. 08) 
| ween | 
whence 
(6.09) <a; 


it 
; | ie, wu’) satisfies (6.03). Therefore, the iterations can be carried out. 
COrTe 


We proceed to prove the convergence. 


The difference Au — —y( gatisfies in the wider sense the 
“linear” equation 
(6.10) due) Gy Au) in 


| and assumes the initial value zero on &. Here 


| 577 
beys 
the | 
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(6.11) gu (z,y) = gu(x, y, (x,y) + (1—a)ue™ (2, y))da 


is a continuous function of z and y with || gu || S || gu || = Gu, see (6.05) 
and (6.06). Therefore Lemma 5.1 yields the estimate 


[A— JPAQ,] |] | < POG, || |: 


‘hence by (6.07) 


whence 
|| || = 69-2 |] Au ev |). 


Consequently, the functions «'% converge uniformly in ® to a continuous 
limit function wu. From (6.09) relation (6.03) evidently follows. 
Clearly, the functions g = y,u) then also converge uniformly 
in to g(z,y,u). Now Lemma 5.3 with =0, can be 
applied. It follows that the function w satisfies equation (6.01) in the wider F 
sense. Theorem 6.2 is thus proved. 
Next we form the differentiability theorem 


THEOREM 6.3. Suppose that not only a, b, p, and q have continuow | 
derwatives in Oe, but that in addition g(x,y,u) has continuous derivatives | 


Jz,y, Ju in Rg and that % has a continuous derivative tz in & Let u be "| 
solution of equation (6.01) in the wider sense in ® obeying the condition 

(6. 12) <Q 


(note in comparing with (6.03) that the equality is omitted), and assuming | 
the value u=t on &. Then the function u possesses continuous derivatives | 
Uz, in WR and equation (6.01) is satisfied in the strict sense. These derivatives | 


satisfy in the wider sense the equations 


(6. 13) + Nay Jullz,y = 


The initial value Uz; of Uz is tir; the initial value Uy of uy is determined from) 
(6.01). 


For the proof of Theorem 6.3 we shall first impose the additional) 
condition that the derivatives gz,y and gu possess continuous derivatives with E 
respect to u in ®&g. Also we shall confine ourselves to establishing the state F 
ment first for a “restricted” domain 0. As a matter of fact, we modillf 
the definition of “ restrictedness ” somewhat by requiring : 


PQOGu 6[A— JP(AQ; + A,Q)] 


(6.14) 
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instead of (6.07). Clearly, the Remark about the existence of restricted 
domains is valid also for this modified restrictedness. 

In the restricted domain ® we set up the same iterations that were 
employed for the proof of the existence Theorem 6.2. The functions wu‘) 
satisfy in the wider sense the equation (6.01). If the function wu has 
continuous derivatives in #@ then it follows from Theorem 5.3, the assump- 
tions of which are then satisfied, that also w‘%*”) possesses continuous deriva- 
tives satisfying in the wider sense the equations 


We shall show that the functions uz converge to limit functions wz,y 
which are the derivatives of the function u in question. To this end we first 
apply Lemma 5.1 to (6.15) with c= (dz,y, bz) obtaining 


[A—JIP(AQ:i + ] || wey Me™ | 


SA(1 + Ly) || || + |] — | POC | gu |] |. 


By virtue of (6.14) we now obtain with an appropriate constant T —T), 
| SG || | + T, 
whence by induction, assuming T) so large that | we” |] =T/(1— 8), 
|| ev || = F/(1—8) or 
(6. 16) — | Ue,y = re’ /(1 6). 
Next we consider the differences Aut) = —y, Aug, 
= — They satisfy the equation 
Ault) == Gy) 
= AU AuOu, + Aur, y © 
in the wider sense; hence we have from Lemma 5.1 


[A—JPAQ,] || Au ev | <= POG, || Au e |] 
and 


[A— JP(AQ:— AiQ)] || ery 
| Attn | + PQ (Gur + | 


By Lemma 5.1 combined with (6.14) and (6.16) we obtain 


|| Aw || = |] | 
and 


<8 | | +Z Aw Me™ | 


)5) | 
tional 
with 
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with an appropriate constant Z—=Z). The first inequality yields 
|| Aw ev || = Boe? with B= || AuMev |. 
The second inequality yields, by induction, 


| | < + with By = || || . 


a 

Since 6° < and < o, it follows that || —u™)e” | 30 
o=0 o=0 

and || — )e || > 0 as o,r Therefore u™ and 


approach uniformly in continuous limit functions and Clearly, 
and are derivatives of It follows from Lemma 5.3 that 
and wuz,y* satisfy equations (6.01) and (6.13) in the wider sense assuming 
the initial values @ and Uz,y. Theorem 6.1 gives uw =u and hence Theorem 
6.3 is proved under the restrictive conditions first introduced. 

The combination of Theorems 6.1, 6.2, and 6.3 corresponds to a state- 
ment made by Perron [3]; also the proofs given above are similar to his. 
Perron requires, however, that g and a possess continuous second derivatives, 
assuming b 1. For the application to the quasi-linear equations in the next | 
section it is necessary to free oneself from these restrictions. The special 
efforts made to prove Lemma 4. 4 and hence Theorem 5. 3 made it unnecessary 
to require the existence of second derivatives of a or g. We now proceed to 
free ourselves from the restrictive condition, so far employed in the proof 
of Theorem 6.3, that the derivatives gz, gy should possess continuous deriva- ' 
tives with respect to wu. 

To this end we approximate the function g(z,y,u) with continuous gz, 
Jy; Ju uniformly in ®&g by functions g) (zx, y, u) possessing continuous deriva- 
tives geu', gyu’, guu in &. Inequalities (6.14) and (6.08) are then 
satisfied with g‘ instead of g, if necessary after omitting a finite | 
number of the’ functions g. Consequently, solutions of A-u 
=g(x,y,u) obeying (6.03) and assuming u@ on & exist in 
by Theorem 6.2. It is immediately seen that the functions wu‘ converge | 
uniformly in @ to the solution u of /\-u—g under consideration ; for, the | 
difference wu‘) — wu satisfies the equation | 


(ul) —u) — gu —u) = (x, y, u) — (2, y, 


with the initial value zero and therefore Lemma 5. 2 is applicable. 

On the other hand Theorem 6.3 as far as proved is applicable to ul, 
Consequently, possesses continuous derivatives which  satisly 
equations (6.13) with instead of g. The terms gzy (a, y,u() and 


/ 
| 
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gu?) (x, y, u%)) entering this equation are known to converge uniformly in 0 
to gzy and gu since || —u ||->0. Therefore, Lemma 5.3 can be applied. 
It yields that wz,‘ converges uniformly in & to a function wz, which 
satisfies equation (6.13). Evidently uz and wy are the derivatives of w. 
Thus Theorem 6.3 is proved without requiring existence of guz,y and guu- 
We must now free ourselves from the restriction to “ restricted ” domain 
R. We consider a given solution u of (5.01) satisfying the assumptions of 


"4 Theorem 6.3. It was shown in the “ Remark ” earlier in this section that every 
he point ao of the initial segment & can be made the center of a segment &’ 
rly, which is the initial segment of a restricted domain #’. (It was observed 
us earlier that it makes no difference that we have now defined restrictedness 
uing somewhat differently by using (6.14) instead of (6.07)). Instead of 
rem 


referring the construction of such domains @’ to the initial segment & on 
y=0 we may refer it to the segment cut out of 0 by any line y = const. 
ate- | From the definition of a restricted domain (6.14) and (6.08), it is seen 


his that an “altitude” Y and a “width” ¢ can be found, that for every point 

ves, (to, yo) of 0 the domain 

next | 

a is restricted. It then follows that the region ®@ can be covered by a finite 
_ number of such restricted domains #&’ such that every point of @ — & lies 

in at least one of the regions #’—2&’. For those domains ®’ for which 


| 2 lies on & Theorem 5.3 is proved; hence u has continuous derivatives in 
the strip covered by them. This strip certainly contains the initial segment &’ 
with the smallest value of y of the “shifted” restricted domains. On this 
new segment &’, therefore, the new initial value @ has a continuous derivative 


Also || |’ <Q there (here we make use of the condition (6.12), 

a | excluding the equality sign). Hence Theorem 6.3 as far as proved can be 

¢ | applied; it follows, in particular, that wu has continuous derivatives in the 

n 


adjacent domain #@’. So continuing, the statement of 6.3 can be established 
for all of the domain ®@. Theorem 6.3 is now completely proved. 


7. The general quasi-linear differential equation. We now consider 
the differential equation 


(7.01) A dur + buy = g, 


atisty 


in which the matrices a and b depend on the unknown function u. We assume 
that a, b, and g are defined as functions of z, y, u in a region on Rg. We 
assume that a, b and g possess continuous derivatives with respect to x, y, and 


| 

Ja; 
iva- | 
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u in &g; in addition we require that transformations p and q are given for 
every 2, y, win &g which also possess continuous derivatives with respect to. ; 
x,y,and u. The norms || a ||, ||} ||, | p |], refer to the domain Rp. 

We prescribe an initial function &(2) on & obeying the inequality 


a 


(7. 02) | <a. 


Suppose that a function u = u* is defined in ® with continuous deriya- 
tives and obeying the inequality || u* Then a* —a(a, y, u* (2, y)) 
and b* = d(x, y, u*(2,y)) are functions of z and y in ®& with continuous 
derivatives ; the same is true for p and g. If ® is a domain of determinacy 
with reference to a*, b*, we say that ®& is a domain of determinacy for u*. 
If ®@ is a region of determinacy for all such functions w we call it a “ common” 
domain of determinacy. 

We now formulate the uniqueness 


THEOREM 7.1. Suppose two functions and u® with continuous 
derivatives defined in ® and obeying the inequality 


(7. 03) |u| SQ, 


satisfy the differential equation (7.01) in the strict sense and assume the 
same initial value u) =u =a on &. Assume that R is a dependency 
domain for the function u. Then u® =u, 


Both functions u=wu and uw evidently satisfy equation 


AO -y = + bw = g — (a—a — (b—b 


in which —a(z,y,u (z,y)), =b(a,y,u(2,y)). The right 
member is by assumption known to be a continuous function of 2, y, and 4, 
and to have a continuous derivative with respect to wu. Hence Theorem 6.1 
yields the statement. 

To illustrate the significance of the formulation of Theorem %.1 we note | 
that it applies when ®@ is the “domain of dependence” of a point (2,4) | 
for the solution uw). It then shows that any other solution of the same 
problem, however the data may differ outside of ®@, agrees with wu) in & 4 
and determines, therefore, the same domain of dependence. 

Next we introduce the notion of “restricted” domain suitable for the | 
purposes of this section. In agreement with the stipulations of 2 we employ j 
for any function f(z, y,w) the notations 7 


=F, fey || =F, fu | Fu, 
| | = Fu, | fun | = 
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for in particular 
| + bey |] = Ai, |] au + |] Ou |] = Au, and so on. 
All norms refer to 0g; in particular this is the case for J = || || || q 
and L, = || q || | ||, see (2. 23), (2. 24). 
The initial values uw were prescribed as to obey (7.02); for the initial 
va- values Us tie of Ue and w,, to be calculated from (7.01), a number Q, 
)) | — is to be so found that 
(7. 04) | | << 
acy 
Th holds. We choose a positive number 6< 1 and say that a domain @& is 
n” | “restricted” if a number A> 0 can be so found that 
(7. 05) PQ (Gu A,Q,) 6[A— JPA(Q, + ) —JP(A, Au) Q] 
(7.06) A(1+ Ly)|| + AJ || + PEGE 
us 
< [r — (Q, QyuQ, |Q,e°" 
(7.07) ACL + Ly) |] |] + AT | — dey || + PQ(Gs + 
< [A—JPA(Q1 + Qu2,) + Au,) 
the | 
ney (7. 08) A—JPA (?; ) 2I P(A, AyQ,)Q PQA,Q, — PQG: > 0. 
: We should like to emphasize that a domain is characterized as restricted 
independently of a bound for the second derivatives. By virtue of condition 
sd (7.08) we may now introduce a positive number 2, which will serve as 
a bound for the second derivatives, suc’ that 
ght 
(7.09) A(1 + Ly) || | + AS || — Uzz,cv,vy || 


6.1 + PQ [Az + + JQ, 


te | 
9) 
ame | Suppose that # is a common dependency domain which is not restricted. 


R | Then we should convince ourselves that in the neighborhood of each point 2o 
on & a restricted domain can be found. Accordingly we make the 


the 


soy Remark. Let ®@ be a common dependency domain. In the neighborhood 


of each point zo in & a restricted domain 
R’: + KySe, z,y in R 


can be found. That such a domain ®’ is a common determinacy domain 


ag 
q 

av 
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follows from the “ Remark” in $3 and the fact that the norm K = | k], 
referring to Og, is independent of w. 

To prove the statement we first choose the numbers e > 0 and Y” > 0 such 
that in the corresponding domain the quantities = || II” || q—@ |], 
|| a ||”, and || || are so small that 


“al” +d” 
and 


Li" || + I” || — || <1 — || 


which is possible by (7.02) and (7.04). Then we choose A so large that 
the inequalities hold that result when in (7.05) to (7.08) all norms are 
referred to #&”, Ly is replaced by L’’y, and the factor e~” is omitted. Finally 
a positive number Y’ < Y” can be so chosen that these relations hold if the | 
factors instead of and (1—e?’)J”+ instead of Ly are | 
inserted ; clearly these relations then also hold if the norms refer to the 
domain #’. This domain therefore is restricted. 
We now formulate the main existence theorem of the present paper. 


THEOREM 7.2. Suppose that a, b, p, q, and g have continuous second | 
derivatives with respect to x, y, uin Ro, and that the initial function a obeys 
(6.02) and has a continuous second derivative with respect to x on &. Assume | 
that ® is a restricted common determinacy domain. Then there exists a | 
function u in ® obeying inequality (6.03) and possessing continuous second | 
derivatives in 0, which satisfies in the strict sense the differential equation 
(7.01) 


and assumes the initial values u= i on &. The derivatives satisfy the 
equation 
(7.10) + (Autle,y) Gry + Gulley 


The initial value on & of us is tz, that of uy is determined from (7.01). 
The second derivatives satisfy in the wider sense the equation 
(7.11) A> + 2( Ary + 

+ + + A uutlz,yUz,y + 

= + 29ua,yUe,y + Juute,yUr,y + 


The initial value of ure is tire on &, those of Ury and Uy are determined from | 
(7.10). 


The proof proceeds by iterations. Beginning with wu) = a@ we construct F 
a sequence of functions u—wu) with continuous second derivatives and i 


obeying the inequalities 


| 
W 


I, 


ch 


hat 
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ly 
the 
are 
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ond 


ume | 


ond 


tion © 


the 


in the wider sense. The initial values of ue'%*?) and ure) are tz and ize, 
while those of wry), are to be determined from (7.17) 
and (7.18), or (7.01) and (7.10). 


assumed fact that wu‘ obeys (7.15), || ws? || S2,, we obtain 


whence it follows by (7.06) that u*?) obeys (7.12) and hence (7.03). 
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(7.12) || || S 
(7. 13) || || S 
(7. 14) | || S 


As a consequence of these inequalities we have 


(7. 03) <a 
(7.15) || || 
and 

(7. 16) | Uca,cy,yy 


Suppose that w‘%) is determined so as to satisfy all these conditions. 
By virtue of || uw? || SQ we may insert u™ in the coefficients a, b, and g, 
which thus become functions of x and y possessing continuous second deriva- 
tives. Then we can determine a function w‘%*”) as the solution of the equation 
(7.17) J (9) (641) g (9), 


in obvious notation, assuming the values %@ on & Such a solution exists by 
virtue of Theorem 5.2. Theorems 5.3 and 5.4 assert that u*!) has con- 
tinuous first and second derivatives satisfying the differential equations 
(7. 18) (9) - +- + (Ag tts) y (o+1) 

in the strict sense, and 

+ 2( Ur,y™ ) Uz, + 2( Aas, Uz,y™ ) ylort) 

(Aus ™ they they ) y (ord) thee ) (o-2) 


= + 2guz,y the,y © a+ Jun (9) Ue,y + 


First of all we must show that the function u‘%*!) obeys (7.12), (7.18), 
(7.14). Applying Lemma 5.1 to equation (7.17) and making use of the 


[A—JPA(Q, + Qu2,)] |] | 
SA(1+ Ly) | +A + PQG, 
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Note that the boundedness of || wz,” || is used in order to prove the bounded. 


ness of || ||. 
Applying Lemma 5.1 to equation (7.18) and making use of the assumed 
fact that uw‘) obeys (7.15), || wey || S21, we obtain 


[A— JPA(Q: + —IP(Ai + AuU1)] Pe | 


SA(1 + || + AF || || + + 


whence it follows by (7.07) that w*” obeys (7.13) and hence (7.15), 
Note that the boundedness of || wzz,cy,yy'™ || is not used here. 

Applying Lemma 5.1 to equation (7.19) and making use of the assumed | 
fact that wu satisfies (7.15) and (7.14) and the already proved fact that 
uu?) satisfies (7.15), we obtain 


[LA — JPA(Q1 + Qu.) — 2JP(Ai + ] || || 
SA(1+ Ly) || + || — || 
+ PQ[As + 2AuO, + + 

+ PQ[G. + + Guu,? + 


whence it follows by (7.09) that uw‘) obeys (7.13) and hence (7.16). | 
Thus it is shown that u‘*!) enjoys the properties required in order that the 


iterations can be carried out. 
Next we prove the convergence of wu) to a limit function. To this end 
we consider the differences Au(%*?) = ue!) — yu), They satisfy the equation 


A (9) Ay (ott) — Ay (7)) Gy (7) Au), 


in obvious notation, and assume the initial value zero. Note that the coefficient | 
of Au‘ involves the first derivatives wry. Since || wey || SQ, was 
proved we can apply Lemma 5.1 and obtain 


[A—JPA(Qs + Qu) ] | Awe < + | Awe 


hence by (7.05) 
{| |] = || Aw I], 


whence with B = || Au) ev | 


(7. 20) | Au || <= 


It then follows that u‘” converges uniformly in ®@ to a limit function wu. 


Similarly, we deduce from (7.18) that the derivatives Auz,y(% satisly 


the equation 


g 


ed- 


ned 


atisfy 
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A) + Atte + Ao y Awl) 4 (Ay y)) duo) 
= — (Ay au) — PAU) 
—(Nuu PAu) uz y) — (Ag - 
Gury’ AU) Guu AU gu) Aury™. 


Note that the coefficient of Aw‘) in the first term of the right member involves 
the second derivatives Urz,2y,yy%. Since |] Ure,cy,yy || SQ. was proved we 
can apply Lemma 5.1 and obtain 


[A—JPA (Qs + Qu0s) —IP(Ar ] | 
S PQ[AuQ, — Gu] || e | 


+ PQ[AuM: + + + Gur + || Aue |], 
whence by (7.05) 
with an appropriate constant Z = Z). Employing (7. 20) we find by induction 


| ew || = + 
with 
B= | AuMe |, = |] Me |. 


Hence the uniform convergence of uz,‘ in ®@ is assured, see the proof of 
Theorem 6.3. The continuous limit functions w,,, are evidently the deriva- 
tives of the limit function wu of u@™. Certainly, wu and wz, obey the inequalities 
(7.03) and (7.15). 

We cannot prove in an analogous manner that the second derivatives 
Ure,ry,yy') converge; for to this end we would need a bound for the third 
derivatives of u%, which we have not established. 

Inserting the limit function u into a(z,y,u), b(2,y,u), and g(a, y, u) 
we obtain functions possessing continuous first derivatives with respect to x 
and yin #@. In the following we shall denote these functions by a, b, and g 
without qualification. 

Suppose that we had proved only the boundedness of || uw‘ || and 
|| wey || and the convergence of u%; then we would know the continuity 
of the functions a and b, but not their differentiability, which was required 
from the outset. Therefore we were compelled to prove the boundedness of 
tee, | and, accordingly, to assume continuous second derivatives of 
the data. 


We proceed to prove that the limit function w satisfies the equation 
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A-u=g. As seen from (7.17), (7.18), the functions satisfy 
the equations 


(7. 21) A = (A@—A) y (ort) 


(7. 22) /\ - y (ort) + (Ag us,y y (+1) 


Since || w.y(%*?) || and || wee,cy,yy || were proved to remain bounded we have 


| — A) y (ort) | 


and 
| — A) | as 


The two equations (7.21) and (7.22) can therefore be considered linear 
equations for wu?) and wz,y'%*?) whose coefficients converge uniformly to limit 
functions. Therefore, Lemma 5.3 can be applied. It yields that wu and 
Uzy satisfy in the wider sense equations (7.01) A-w=g and (7.10) 
N+ Uzy + Noyt + (Aute,y)U = + Since w possesses continuous 
derivatives, the first equation is even satisfied in the strict sense. 

In order to establish that wu possesses continuous second derivatives we 


shall not try to prove that the second derivatives of wu) converge. Instead 

we apply Theorem 6.3 to equation (7.10) which we consider as a semi- 
linear equation for wz,y, assuming w as a given function with continuous | 
derivatives, and taking gz,y + guUc,y — (/\uUz,y) as right member. Note | 
that the last term here is quadratic in wz. Its derivatives with respect to : 
x, y and Uz,, are continuous. We also know that a, b, p, q possess continuous | 
first derivatives with respect to x and y since w has already been proved to | 
possess such derivatives. Hence Theorem 6.3 can be applied. It yields | 
that wr,, possesses continuous first derivatives satisfying equation (7.11). : 


Thus Theorem 7.3 is completely proved. 


In conclusion we mention that we could easily add a differentiation | 
theorem stating that w possesses continuous third derivatives if the initial | 
values and a, 6, g do. Such a theorem is an immediate consequence of q 
Theorem 6. 3 or even of 5.3 since the second derivatives enter equation (7.11) | 


only linearly. We refrain from carrying out the details. 
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GENERALIZED FREE PRODUCTS WITH AMALGAMATED 
SUBGROUPS.* * 


By Hanna NEUMANN. 


PART I. Definitions and General Properties. 


Introduction. In his paper “ Die Untergruppen der freien Produkte” 
[2]* A. Kurosch determines completely the structure of the subgroups of a 
free product of groups. He also suggests the problem of determining [ 
similarly the subgroups of a free product of groups with an amalgamated 
subgroup.* This problem will be solved completely. However, to describe 
the structure of these subgroups adequately, a generalization of the free | 
product with one amalgamated subgroup is necessary. It is with this 
generalization that the first part of our investigations is mainly concerned; | 
the problem of determining the subgroups of free products with one amal- 
gamated subgroup and of generalized free products with amalgamated sub- [ 
groups will be dealt with in the second part. ; . 

Denote by Ga given groups, finite or infinite in number, each of which 
contains a subgroup U, isomorphic to a fixed group U. In the free product | 
of the groups ®q we introduce all the relations identifying every pair att 
elements of groups U, and Ug which under some fixed isomorphism correspond 
to the same element of U. The result is a group © which is generated by | 
groups isomorphic to the given groups ®,; and any two of these groups have | 
in G the same meet isomorphic to U. G is called the free product of the | 
groups G, with the amalgamated subgroup U. It can be loosely described a F 
the largest group generated by the groups ®, such that any two of thes | 
have the same meet UI. 4 

Now let the given groups G_ be such that any two of them, Gq and G | 
contain isomorphic subgroups Ugg and ga, respectively. We form corte 
spondingly the group obtained from the free product of the groups a by 4 
identifying in it all pairs of corresponding elements wag and uga of the groups 4 
Uag and Ug. (under some fixed isomorphism between Ugg and Mg.) for every 4 
pair a, B of suffixes (248). If this group contains subgroups isomorphic 


* Received February 13, 1947. 
1The greater part of the material in this paper was presented as a D. Phil. thesis F 

at the University of Oxford. : 
? Numbers in brackets refer to the list of references at the end of this paper. E ( 
* Cf. [6]; and [5], p. 41. 
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to the Gq such that any two of them have the meet Uag = Uga, we call this 
group the free product of the groups @. with amalgamated subgroups Uys 
(1). Certain sufficient conditions for the existence of this generalized free 
product can be established immediately (2). It is also easily seen that the 
subgroups Ugg must satisfy certain necessary conditions, if the generalized 
free product of the groups Gq is to exist (3). But while the free product 
with one amalgamated subgroup can always be formed if only the factors 
all contain a subgroup isomorphic to the same group U, an example in 3 shows 
that the construction of the generalized free product with amalgamated 
subgroups is not always possible, even if the obvious necessary conditions 
are satisfied. 

The concepts introduced so far may be looked upon as a special case 
of a rather more general problem. In 4* we introduce the notion of an 
“incomplete group.” ° ‘Two questions arise: whether an incomplete group is 
imbeddable into a group; and if it is imbeddable, whether there exists a 
“largest ” group which contains the incomplete group and is generated by it. 
This second question will be answered in the affirmative. That the answer 


to the first question is not always positive, is known.® 


Since the system of 
groups G, with amalgamated subgroups Ugg must form an incomplete group, 
if the generalized free product is to exist, the example in 3 provides an 
instance of a different type of incomplete group which is not imbeddable. 

In 5 we derive a necessary and sufficient criterion for the existence of 
the generalized free product with amalgamated subgroups reducing the general 
case to a more special (though by no means easier) case. In 6 we describe 
the structure of the generalized free product in a somewhat different way. 
This leads to a number of special results and examples (7,8). These enable 
us to derive some simple and useful sufficient criteria for the existence of the 
generalized free product in the case of three factors. However, they also seem 
to indicate that more general results in this direction can hardly be hoped 
for (9). We conclude the paper with a detailed discussion of the free 
product of three infinite cycles with amalgamated subcycles (10). 


1, We begin with the definition of the generalized free product with 
amalgamated subgroups. 

Let « vary over a finite or infinite set A of suffixes; let Ga be given 
groups with the following property: For every suffix B~a@ out of A, G, 
contains a subgroup Ug which is isomorphic to the subgroup Ug. of Gg. 


‘The contents of this paragraph arose out of a suggestion by R. Baer. 
a *The “incomplete group” defined here is similar to H. Brandt’s “ Gruppoid.” 


* A. Malcev has constructed an example of a non-imbeddable semi-group. Cf. [4]. 
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Let Sug be a fixed isomorphism between Uag and Uga, 


wap (lag) = Uga, 


for all pairs of suffixes a, B of A, such that Spa = Sap. 


We denote by U, the subgroup of Ga which is generated by all the groups 
Uag (@ fixed). 

For every group Ga we choose a system of generators consisting of all 
the elements wag of all subgroups Uag of Ga, supplemented by elements gq 
of G.— U, as necessary. Let 8a be a system of defining relations for these 
generators. | 

Now let © be the group generated by all the elements wag and ga for b 
all pairs of suffixes «, 8 of A, with a system of defining relations comprising 7 
the systems tq for all suffixes «, and besides the system 3 of “ identifying | 
relations,” 


Uap = (Uap) 


for all pairs a, 6 and all the elements wag of Ung. 


The group % with the same generators as &, but with the relations f, 
for all « of A only, is the free product of the groups Ga. If we denote the 


smallest self-conjugate subgroup of <§ containing all the elements wagtga™ 
(where wpa = Sap(Uag)) by Ig, then G is isomorphic to the factor-group | 
of with respect to Ns, 


G 


If now it is true that 


(i) for every a the meet of G, and Ng in & consists of the unit | 
element only (i.e., every relation which follows from the relations of all the F 
systems 9, and % together, and which involves generators of one group Sa F 
only, follows from the relations of the system 2a, only) ; 


(ii) if Ga and Gg are elements of Ga and Gg respectively (2 8), 
and if the product GaGg lies in then Ga Uag and Gg = (i. e., 20 
relation Gg = Gg" other than the relations of § follow from all the relations 
of the systems #, and & taken together), 


then we call & the free product of the groups ®q with amalgamated sub- F 
groups Uag. We write’ 


= { [] Ga; Uns = 
a 


*In generalization of the current notation % = II G, for the ordinary free product; 
ef. e.g. Kurosch [2]. a 
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It should be noted, however, that © depends not only on the groups G, and 
their subgroups Uag, but also on the choice of the isomorphisms ag. 

If all the groups Ugg are isomorphic to one and the same group U, the 
conditions (i) and (ii) are always satisfied, as O. Schreier has shown.® © is 
then the free product with one amalgamated subgroup, 


All results derived for the generalized free product with amalgamated sub- 
groups hold therefore in particular for the free product with one amalgamated 
subgroup (but may, of course, become trivial). 


2. The condition (i) of 1 expresses the fact that if we introduce the 


relations into the free product = II Ga, the subgroups of do not 


? i,e. they are isomorphically represented in &. We denote these 


“ collapse,’ 
isomorphic images of the groups Gq, in & by the same letter Ga. 

The condition (ii) makes sure that any two of the groups, G. and Gg, 
have the exact meet Uag = Uga in &. 

Both conditions are, therefore, satisfied, if the groups @. are given as 


subgroups of a group & such that in ®, Ga Gs=Uag. Hence: 


2.0 THrorEM. /f all groups Ga are subgroups of a group ® such that 
in 6: GN Ge = Uns, and if every relation between elements of all the 
groups Gq follows from the. defining relations of the single groups Ga and 
from those relations which express that an element belongs to the meet Vag 
of Ga and &g, then the groups Ga generate in G the generalized free product 


* 
G= (TI Ga; = 
a 
This follows immediately from the definition of the generalized free product. 


If again the groups Gq are subgroups of a group &* such that Ga 1) Ge 
= lag in G*, and if the groups Ga generate G*, then the elements wag and ga 
for all indices «, 8 form a system of generators for G*, and the relations Re 
for all a, and &, certainly hold in @*. @* may, however, need further 
relations between these generators for its definition. It follows that G* is 


* 
isomorphic with the factor group of the free product § = [[ Ga with respect 


a 
to a self-conjugate subgroup N* of Y which contains Ny. Hence 


*Cf. [6]. 

* For the free product of two groups with one amalgamated subgroup we also write 
G = G, 


the 
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G* = F/N* = 
where 
M M*/Ns. 
By hypothesis, 9* satisfies (i) and (ii); 30 does, a fortiori, N3; i.e, 
; 

= { TI Ga; = Usa} exists, and G* = G/N. 

This self-conjugate subgroup 9 of & has the following properties: 

1, Gf) R—1 for all a; 


2. 9M does not contain any elements of the form GaGg, where Ga¥1 


and Gg («+ are elements of Ga and Gg, respectively. Conversely ifa | 


self-conjugate subgroup ¥t of © has these properties, then the factor group 
@/N is generated by groups isomorphic with the groups Ga, such that any 
two of them have a meet isomorphic with Ugg in G/M. 

We call a self-conjugate subgroup ¥t of © with the properties 1. and 2. 
“tidy with respect to the factors Ga,” or just “tidy,” if no ambiguity is 
possible. 


Then we have proved: 


2.1 TuHeroreM. Jf &* is a group which is generated by a finite or infinite 
* 
number of subgroups Ga, and if Ga Gs = Uag in G*, then = { J] 


a 

Vag = Ug} exists, and G©* = G/N, where N is a tidy self-conjugate sub- 
group of &.*° 

Theorem 2.1 can obviously be used to define the free product of groups 
with amalgamated subgroups, viz. as the largest group & which is generated | 
by subgroups isomorphic with the groups &q, such that the meet of any two 
of these subgroups, ®_ and Gg, is isomorphic with Ugg. Here © is called 
“largest ” in the sense, that any other group with these properties is a homo- 


morphic image of ©. 


8. If the groups ®, are not given as subgroups of one and the same : 
larger group, but are any abstract groups, about which it is known only that F 
they contain subgroups Uag (in &a), such that Wag and Ua are isomorphic 


for every pair of suffixes a, 8, under what conditions can the free product of 


the groups G_ with amalgamated subgroups Ugg exist? 


If G6 = { Il Ga; Uag = liga} exists, then the meet of any three different 


factors Gz, Gs, G. in G can be formed in any one of these factors as the met F 


10 Theorem 2.0 is, of course, only a special case of this Theorem 2.1, but it will & 
be used in just that form in Part II. 


| 
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Uapy — Uag ‘a Uay in ®a, 
or Upyva = M Gg, 
or Uap = Uya Wig in Gy. 


In @ the three groups Uagy, Ugya, and Uyag are, therefore, identical. This 
means that in the original abstract groups Gq, the subgroups Uag must be 
such that also the three-suffix meets Uagy, Ugya, Uyag are isomorphic; and the 
isomorphism ag between Uag and Uga must map Uagy onto Ugya, and corre- 
spondingly for ey and Yay. These isomorphisms must, therefore, be transitive 
with respect to the three-suffix meets; i.e., the mapping of Uagy onto Uyag 
effected by first applying Bag, then %g, must be identical with the mapping 
provided by Way. Hence: 


3.0. In order that the generalized free product of the groups Ga can 
be formed, it is necessary that for any three different suffixes a, B, y the meets 
= Uap Usy, Usya and = Uva are isomorphic, 
and that the isomorphisms Sag, Spy and Bay provide a mapping between them 
which, moreover is such that for any element Uapy of Uapy: 


(Uapy) } = Say (Uapy)- 


If these conditions are satisfied, then the corresponding conditions for 
the meets of more than three factors, Ga, say, are 
automatically satisfied. This follows immediately from the fact that any 
such meet can be formed in any one of these factors as the meet of all those 
three-suffix meets whose three suffixes occur amongst the suffixes a’,a”’,:- -, 
: 

The conditions 3.0 really do no more than describe the kind of groups 
and isomorphisms for which the definition of the generalized free product 
makes sense. Groups, and isomorphisms, which do not satisfy 3.0, need not 
concern us at all. 

A necessary condition of a different kind follows from the results of the 
preceding paragraph. 


If © = { TI Ga; Wag = Wea} exists, then & contains for every « the sub- 


group Ul, of Ga which is generated by all the groups Uag with fixed « Any 
two of these, Ul, and Ug, also have meet Wa () Wg = Uag in G. Hence, by 2.1 


the free product 11 = { Il Ua; Wag = Uga} of the groups U. with amalgamated 


subgroups Wag exists. Therefore: 
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3.1. In order that © = {TI Ga; Wag = Uga} may exist, it is necessary 
* a 
that U= { [J Ua; = exists. 


We shall see later that this condition is also sufficient (5). 

In this paragraph we want to show that in the case of the generalized 
free product it is not sufficient that the groups Ga are formally suited for its 
construction ; the conditions 3.0 may be satisfied, but the generalized free 
product need not exist. 

This is shown by the following example of three groups U; each of which 
is generated by its subgroups Uy; and Uix. 


3.2. Hxample. Let U, be-the direct product of two infinite cycles {a,} 
and {bi}; i.e., ll, is the group generated by a, and 6b, with the defining 
relation If we put and hs {bi}, then 
Us = 1. 

Let Ul. be the group generated by a2 and cz with the defining relation 
Coz = a2C2*. If we put Wei = {a2} and U.; = {cz}, then it is easily seen 
that both, and are of infinite If they had an element +1 
in common, a power a2” (m0) would belong to U3, and therefore trans- 
form c. into itself. On the other hand, it transforms c. into c.*" -~¢, 
which is a contradiction. Hence we have again 

Mos =1, 

Let U; be the group generated by 6; and c; with the defining relation 
= 1. We put Wei = {bs} and Uy. {cs}. 

In order to show that the subgroups (i, = 1, 2,3) with any of the 
two possible isomorphisms between the corresponding ones satisfy 3.0, we | 
need only show, that also Us; and Us. are infinite cycles, and UUs: Us: =1 
in ll,. Hence we have to show that no relation of the form 


b;“cs” = 1 with p, v0, 0 


follows from the defining relation (b3;c;)? 1. To this end, we change the | 
generators of l1;, viz. generate it by c; and b,c; =d with the defining relation 
d?=1. Every relation r in U; which follows from this one, is a product of 
powers of d? and its transforms c,~¢d’c;*._r has, therefore, the property that | 
cs occurs in it with a vanishing sum of exponents, and between any two powels | 
of cs, and possibly at the beginning and the end of r, there stands an evél 4 
power of d. Now the product b;“c3”, expressed in c, and d, becomes 


11 Using, e.g., the Dehn-Magnus Freiheitssatz. 
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If this equals 1, then it follows from » = 0 that v = 0; if «0, then we have: 


Here not both, »— 1 and y—1, can be zero. But then the first, i.e., an odd 
power of d, appears in the beginning of the relation, or between two powers of c. 
Hence only » = v = 0 is possible. 

Now we form the group ll defined by all the generators and relations 
of U1, U2, and U; taken together, and in addition the identifying relations 


a: = Ap = 4; 1=b,=—b); Co = C3 C. 


By virtue of the relations 3, U is then generated by the elements a, b, c with 
the defining relations 


ab = ba, ca = ac’, (bc)? = 1. 


Here the condition (ii) of 1 is not satisfied, i.e., the free product of the 
groups Ul; with amalgamated subgroups Ux does not exist: 
For, the relation (bc)* 1 transformed with a becomes: 


(bc)?a = (bc*)? 1. 


This, however, is a relation between b and c, which does not follow from 
(bc)? =1. Because, if we express it again by c and bc =d, it becomes 


(bc?)? = (dc?)? = de*dc? = 1, 
and here again the first power of d appears between two powers of ¢. 


4. The definitions and theorems of the preceding paragraphs allow the 
following more general interpretation. This interpretation, though interesting 
in itself, will not be used in the following paragraphs. 

We call the set S of elements wu, v,: - - an incomplete group, if a multipli- 
cation is defined for the elements of S, such that 


1. for any two elements wu, v of S, there exists in S at most one element r 
such that wv =r, at most one element s such that us =v, and at most one 
element ¢ such that tu = v : 


if the products w—=2, w=y, cw=2z, uy=27 exist in S, then 


2. 
*=2;31.e., multiplication, as far as it exists, is associative. 


The incomplete group S is called imbeddable, if there exists a group § 
Which contains a subsystem S § of elements isomorphic with S. We denote 


the subsystem S § of by the same letter S as the original. 
The group & containing S is said to be freely generated by 8S, if it is 
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generated by S, and if every group which contains S and is generated by 8, 
is a homomorphic image of G, such that the homomorphism from © to § 
leaves invariant every element of S. 

Now let the system S consist of all the elements of all the groups ©,, 
where corresponding elements Uag and Uga are considered equal as elements 
of S. Multiplication is defined for any two elements u, v of S which belong 
to the same group Gq, i. e. the elements r, s, ¢ of the condition 1 above exist if, 
and only if, w and v belong both to Ga, and then r, s, ¢ are the elements wy, 
uv, vu? of Ga respectively. If the conditions 3.0 are fulfilled, S is an 
incomplete group, and conversely. 

3.2 is an example of an incomplete group consisting of three groups 
with amalgamated subgroups which is not imbeddable: the element (bc*): 
of WU; which is not the unit element as element of the incomplete group 
formed by U,, U2, Us, will be reduced to the unit element at any attempt 
to imbed this incomplete group into a group. 

On the other hand, 2.1 shows, that if this special type of incomplete 
group is imbeddable, then the generalized free product of the groups 6, 
exists and is freely generated by the incomplete group formed by the 6,; 
i.e. if S is imbeddable, then it is imbeddable into a group freely generated 
by it. This, however, is true for any incomplete group: 7” 


4.0. THeoreM. If the incomplete group S is imbeddable into a group, 
then S is imbeddable into a group freely generated by S. - 
Proof. Let § be any group which contains S. We may assume that 9 


is generated by S. If u, v, and w are any three elements of S such that 
uv =w holds in S, then the relation uwvw-t = 1 holds in §. 


Now let % be the free group generated by all the symbols of S, 9 the 
smallest self-conjugate subgroup containing all the words of the form ww”, 
where uv =w in 8S. Then § is a homomorphic image of 3%, 

§ =3/M, 
where is some self-conjugate subgroup of Obviously, belongs to Wi. 
Also, if w and v are any two different symbols of S, they are different also | 
modulo Yt. For they are mapped onto different elements of 6. Hence, they | 
are, a fortiori, different modulo 9%; i.e., %/M contains S, and the natural 
homomorphism from = to = leaves S invariant. 

Since § is any group which contains, and is generated by, the incomplete i 
group S, & is, by definition, freely generated by S. 3 


12 This answers in the affirmative a question raised by R. Baer. 
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The problem arises to characterize those incomplete groups which can be 
imbedded into a group; or—in our context—to find sufficient conditions under 
which an incomplete group consisting of groups with amalgamated subgroups 
is imbeddable. I have not obtained any general results of this kind. We 
shall touch upon this problem once more (9), after we have gained some 
more insight into the structure of the generalized free product. But the 
theorem which follows shows at least that it is sufficient to consider the 
“yeduced ” incomplete group formed by the subgroups Ua of Ga: if this 
incomplete group is imbeddable, then also the incomplete group formed by 
the groups Gq is imbeddable. 


5. We are now going to prove the theorem mentioned in the preceding 
paragraphs : 


* 
.5.0. THEorEM. The generalized free product © = { J] Ga; Vag = Uga} 
exists if, and only if, the generalized product U = { Il Ua; Vag = Uga} exists. 


Proof. That the condition is necessary, we have seen in 8. The proof 
that it is sufficient, consists in the explicit construction of &. This con- 
struction is in principle quite similar to Schreier’s construction of the free 
product with one amalgamated subgroup,’* but rather more laborious. The 
procedure is as follows: First we determine in any group &* which is generated 
by the groups ®q such that Ga 1 Gg = Uag in G*, a normal form for the 
elements of @* in terms of the elements of the groups Ga. From this we can 
infer a normal form of the elements of @, if @ exists. This knowledge we 
then use for the construction of @: We consider all formally different symbols 
of the same type as this normal form, define a multiplication for them, and 
show that our symbols form a group with respect to this multiplication. Once 
this fact is established, it will be easily seen that this group is the generalized 
free product of the groups Ga. 

Let @* be any group generated by the groups Ga, such that Ga. Gg 
= lag in G*. Then every element @* of G* is a product of elements Ga of 
the groups 

5.01. G* = Il Gay, where Gay 1 for v—1,- - -,n, 


and @y = @,, for 


We denote by U* the subgroup of ©* which is generated by the subgroups 
Ua of Ga. In 1* we choose a system of right-hand representatives with respect 
to every one of its subgroups U,; let it consist of the elements U)* = 1, Ux*, 


Cf. [6]. 
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where « varies in a certain set of suffixes depending on « We also choose 
in every group ®, a system of right-hand representatives with respect to its 
subgroup U,, which we denote by Fo* Finally, for later use, we 


* 
choose also in U = { JI 1.3; Wag = Ua} a system of right-hand representatives 


a 
with respect to every one of its subgroups Ua, viz. Upt = 1, Uy". 


Now we replace in 5.01 every factor Ga, by its representative F\% by | 


means of: 
Gay (Ua, in || 


If Fy” = 1, we combine Ug, and Ug,,, into one element U*»y of U*. After | 


this, 5.01 will assume the form 


5. 02. G* =U*, TI (FuU*,), 


where U*, in U* and F%=1 for all yu. 


Now, starting from the right, we replace step by step every U*, by its | 


representative with respect to Ua, : 
U*, = (Ua, in Ua,); 
then replace by 


and combine U's, with U*,.. After this process has been applied m times, | 


5. 02 will be of the form 
5. 03. G* = U*T] ,%) (U* in U*), 


where we may assume that apap. if Ux%«—1; for otherwise F% and | 


F% can be combined into one factor. 


5.03 represents the desired normal form for the elements of *. 


Before we go on, we fix the notation used in this paragraph: 1 always f 
denotes the free product of the groups 1, with amalgamated subgroups Was 
its elements will be U, V, W, U’,- - - ; the elements of UWq will be Ua, Ua," *': : 
and the right-hand representatives of with respect to are Upt=1, 
Right-hand representatives of G, with respect to U, are, as before, F ot =1, i a 


F\*; and arbitrary elements of are denoted by Ga, G’a,- -. 


Now we consider all the different symbols of the form 5.03, but with q 
the generalized free product U in place of U*; i.e., all symbols of the form ‘ 


5.1. rZ0, 
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where 1. Lp for p—1,---,7, 
2. Up any element of U, 
3. Up =U,% for p—1,-- -,7, 
4, If Up —1, then a (lLSpSr—l). 
r=1(R) is called the length of R. Two symbols 5.1 are considered equal, if, 


and only if, they are identical. 
Now we define the product of two symbols 


R=U,L,U,: -L,U, 
and 
in the following way: 
DO. If r=0: RS = (in particular, the 
multiplication of two symbols of length zero is defined as that in I). 


Di.1. If r—1, and if Z,, (UiVo), and M, all belong to the same group 
(i.e. UiVo belongs to the subgroup of and if 


Ly, (UoVo)M, = in Ga, 
then we define 
RS = (UU 4) MeVs, if Fy* 1, 
and 
RS = MeVs, if Fy* — 1. 


D1.2. If r—1, and if Z,, (UiVo), and M; do not all belong to the 
same group ®, as L,; and if 
and in LU 4 


_ then we define 


D2. Let us assume the product RS to be defined for all symbols R of 


length <r—1. If Risa symbol of length r, R= 
© Wwe denote by R* the symbol 


4 Then we define 


RS = R*-[(L,U,) 8]. 


= | 
| 
| 
ways —— 
| 
with 
form 


HANNA NEUMANN. 


It is immediately clear, that with this definition of multiplication, the 
product of any two symbols is again a symbol 5.1 with the properties 1.-4, 
In order to prove that this multiplication defines a group, we have to show 
that it is associative, that there exists a unit element, and that every symbol 
possesses an inverse. The proof of the associative law presents the main 
difficulty. We shall need for it the following three lemmas: 


5.2. If Rand S are any two symbols with the property that written in 
conjunction, {R,S} = + L,U;,VoM,- -MsVs, they represent again a 
symbol 5.1, then this symbol {R,S} is the product of R and S. 


{R,S} =R-S. 


In particular, every symbol FR of length r = 1, is the product of R* = Up, 


Proof. For symbols R of length 0,1 and arbitrary 8S, this follows | 


immediately from DO and D1. 2 respectively. Let it be true for all symbols 
R of length 1(R) Sr—1 and arbitrary 8S. We prove it for symbols RP of 
length r and arbitrary S: 

Since FR and S fit together to form one symbol {R,S}, the same is true 
of the last term L,U, of R, and S, and as L,U; is of length one, we know 


that {Z,U,, S} = (L,U,)-S. But the symbol {1,U,, 8} begins with L,U;, | 
so that also R* = UoL,: and (L,rU,)-S satisfy the assumption | 


of the lemma. But /(R*) —r—1, so that by induction, the symbol 
{R*, (L,U,) - 8} is the product of R* and (L,U,)-S: 


{R*,(L,U,) -S} = R*-[(L,Ur) 8]. 


By D2, the right-hand side is the product R-S, while the symbol on the | 


left-hand side is the same as the symbol {R,S}. Hence {R,S} —=R-S. 
5.3. If Rand S are any two symbols, then 


t 


+1(S8). 

Proof. For 1(R) =0,1, 5.3 is obvious from DO and D1 respectively. | 

Let it be true for 1(R) <r—1, and let R be a symbol of length r. Then 

R=R*-L,U, with 1(R*) =r—1, 

and by D2: : 

RS = R*[(L,U,) - 8]. 

Hence, by induction: 
S1(R*) + 1[(L,0,) - 8] 


<1(R*) +1(L,0,) +1(8) 
1(R) +1(8). 
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5.4. If Rand S are any two, symbols, and S= VoM,V,- - -MsVs where 
s= 1, then either 1(RS) <1(R), or the product RS ends on the terms M’sVe, 
where M’s; belongs to the same group Ga as Ms. 


Proof. The lemma is obvious for 1(R) =0, by DO. If 1(R) —1, and 
if D1. 2 applies, then of the whole symbol S only the term Vo is affected in 
the product RS, so that 5.4 is true in this case. If D1.1 applies, certainly 
the part M,V,- - -MsVs of S is unaffected in the product RS; which proves 
5.4 in casees= 2. But if s—1, we have 


where M’, is either a representative 1 out of the same group as M,, or 
@’, =1, and then 1(RS) =0 <1(R). 

Now let 5.4 be true for /(R) = r—1, and let R be a symbol of length r. 
Then 

R= R*-L,U, with .(R*) =r—1, 
and 
RS = R*-[(L,U,) -S] = R*- 8’, 
with 
S’ (L,U,) 8. 


Hence, by induction, either 1(S’) < 1(L,U,), i.e. 1(S’) = 0, and then, by 5. 3: 
S1(R*) + 1(8’) =r—1 <r; 


or S’ ends on a term M”;V, where M”, belongs to the same group as Ms. 
Besides, as 1(R*) = r—1, our lemma holds for the product R*S’. Hence 
either 


=1(R*8’) < U(R*) =r—1 <r, 


or RS = R*S’ ends on a term M’.Vs, where M’, belongs to the same group as 
M"s, ie. to the same group as M,. Which proves the lemma. 
We come now to the proof of the associative law. Let 


R=U,L 0,1: LeU p, 
S VoMoVi MeoVo, 
T = W.N.W,- -N-;W;. 


be three symbols of length p, o, + respectively. We have to show that the 
multiplications defined by D0-D2 satisfies 


5. 5. (RS)T = R(ST). 


Proof. We prove 5.5 by an induction with respect to p. To this end we 
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note first that the defining equation D2 holds also for r= 1, as is obvious 
from the definition D1. Hence any induction with respect to the length 
which is based on the inductive definition D2, may be started with length 
zero if otherwise convenient. 

1. p=0. 

We prove this case by an induction with respect to o for arbitrary r, 


If o = 0, we have by DO: 
(RS)T = (UoVo) NeW) = (UoVoWo) N-W,, 


and 
hence (RS)T = R(ST). 


Let 5.5 be true for p=0, o=s—1, + arbitrary; then it is also true | 
for p=0,0=s8, 7 arbitrary. For, let S be a symbol of length s > 0; then 


S = 8S*M,V, with 1(S*) =s—1=0. 
By (RS)T = -MsVe]-T 


by DO.: == (U,:S*) -[(M.V.) -T]. 
And by D2.: R(ST) | 
by induction: = (U,S*)[(MsVe) -T]. 


Hence R(ST) = (RS)T, i.e. 5.5 holds for p=0 and arbitrary o and +. 


2. We assume 5. 5 to be true for all symbols R of length pS r—1 and 
symbols S and T of arbitrary length o and 7 respectively. Then we have to | 
prove it for symbols RP of length r and symbols S and T of arbitrary length | 
o and 7 respectively. This we do again by an induction with respect to o. 


a. 

We have: R= R*L,U,,1(R*) =r—1; and S=V,. 
Hence by D2.: 
by induction: = R*-[(L,U,-8)-T] = R*- Vo) 
And by D0.: R(ST) 


by D?2.: 
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It remains to be shown that 
= - 
Here each side has to be calculated according to D1. If Ly belongs to Ga, 


then on either side the first step of this calculation amounts to representing 
the element (U;Vo)Wo—=U;r(VoWo) of U in the form UagUp*; and the 


. remaining steps are then identical on both sides. Hence both sides are equal. 


b. We have to deal with the case o—1 separately, i.e. we have to 
prove 5.5 for p71, ¢—1 and arbitrary + under the assumption that it is 
true for pS —1 and all o and 7, and for p=r, o = 0, and arbitrary 7+. 


We have 
R= R*L,0U,, =r—1, 


and 
VoM, Via 

By De.: (RS)T =[R*- (L,U,-8)]T 
by induction : = R*[(L,U,-8)T]. 
And by D2.: R(ST) = R*[L,U,- (ST)] 

= 
by D2.: = R* [L-U,(Vo 7) )] 
by a.: = R*[(L,U;: Vo) (MV; 


Hence it remains to be shown that 
On either side, we have to form first (by D1): 
Vo = 
where L,—=F,* is a representative out of the same group Ga as L,, and 


U, =O," a representative of with respect to Ua. 
If L,, Ur, and M, do not all belong to Gq, then 


is itself one of our symbols 5.1, and both sides are equal by 5.2 and D2. 


If L,, U,, and M, all belong to Gq (i.e., 7-=1), and if (V:Wo) and 


N, also belong to Ga, then again both sides are equal because of the associative 
law in @q. 


10 


| 
h 
en 
\ 
| 
and | 
e to | 
th | 
| 


606 HANNA NEUMANN. 


It remains the case, that Z,, U,—=1, and M, all belong to Ga, but : 


(ViW.) and N, do not both belong to Ga. In that case we. have to prove: | 

By D1., we have to form on the left-hand side j 

VW, = U.U;*, 


and then 
(L,M,)Ug= (4, in | 


Then the left-hand side becomes: 
On the right-hand side, we also have to form ViWy = U,U,z*, but then we 
have to normalize M,U, first, and only then to multiply Z, by it, i. e., we have 
to form L,(M,U,). But since in Gq the associative law holds, we have 
L,(M,U,) = 
so that the right-hand side leads to the same result 
ec. Now let us assume 5. 5 to be true for p = r, oS s — 1, and arbitrary r; 
then we prove it for pr, o==s, and arbitrary r. As we may now assume 


that s > 1, we have 
R = R*L,0U,, 1(R*) =r—1, 


and 

S = 8*M.V., 1(S*) =s—1=1. 
Now (RS)T = [R(S*M.V;)]-T 
by 5. 2 and induction: = [(RS*)M.V.]-T. 
And by D2.: R(ST) = R[S*(MeVs-T)] 
by induction: = (RS*)(M.V,:T). 
Now we apply 5.4, using 1(8*) =1. Thereby we have either 

1(RS*) < 1(R) =r, 


in which case by induction: 
[(RS*)M,V,|T = 


Or else, RS* ends on a term M’,_,Vs-1, where M’s., belongs to the same group 


1 we 
have 


sume 
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@, as Ms... But then (RS*)MsV-¢ is, as it stands, a symbol 5.1, and there- 


fore by D2.: 
[(RS*)M,V.|T = (RS*)(M.V.:T). 


This completes the proof of the associative law. 


From D0. it follows: the symbol of length zero for which Uy is the unit 
element of Ul, is a unit element for the multiplication defined by D0.-D2. 

The symbols of length one which are of the form UaF x, correspond 
exactly to all the elements of the group Ga for every a. By DO. and D1., their 
multiplication is the same as in Gq. Every group @aq is, therefore, isomor- 
phically represented in the system © of all symbols 5. 1. 

Every one of these symbols which correspond to elements of the groups 
Ga, possesses an inverse in the system G, viz. the symbol corresponding to 
its inverse in ®g. On the other hand, all the symbols of & are products of 
symbols corresponding to elements of the groups Ga. But then it follows 
from the associative law that every symbol 5.1 possesses an inverse. Hence: 
the system © of all formally different symbols 5. 1 forms a group with respect 
to the multiplication D0.-D2. 

If we denote the subsystems consisting of all the symbols UgF * 
(a fixed) again by @., then & is generated by its subgroups Ga. Moreover, 
G. {] Ge = Ug in G. For two symbols 5.1 are equal only if they are 
identical. Hence 

\* = Up 


implies /’\* = F)-8 = 1, and then Ug = Ug = Uag, since the meet in U of Ua 
and Ug is Ugg. 

It follows that—with the notations of 1—the relations 9, for all a, 
and the relations 3, hold in &. But every other relation R = 1 follows from 
these. For, if we represent R in the form 5.1, R is of length zero, i.e. an 


element of U. ‘And as Ul = { J] Wa; Wag = Uga}, every relation in MU follows 


a 
from those in Ul, and from the relations of %. 
This completes the proof of Theorem 5. 0. 
Incidentally, our construction has shown: 


5.6. THrorem. The subgroups Wa of ®a generate in & the generalized 
free product WU. 


For we constructed the group @ so that it contains 1. 
Also, we saw that in any group @* which is generated by the groups @, 


but 

ve: 

|| 
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such that Ga {1 Gg = ag in G*, the elements can be represented in the 
normal form 5. 03 corresponding to the normal form 5.1 in &. We know nov: 


5.7. TuHroreM. @* is the generalized free product & if, and only if, | 
the subgroups Ua of Ga generate the generalized free product U in &*, and 
different normal forms 5.03 (1. e. 5.1, as U* =U) represent different element; 


of &*. 


6. In this paragraph we describe the structure of the generalized free 
product & in a different way, which will prove useful later on. 

For every suffix «, we denote by G* the subgroup of © which is generated | 
by all the groups Gg (8 ~«). Then © is generated by Ga and &*. 

The elements of Gq in © are exactly those whose normal form 5. 1 is of 
the form UoL, (Uo in Ua, Li = Fy* in Ga). Since &* is generated by all 
the groups Gg with B=, the normal form of an element of &* does not 
contain any representatives F')* of G. Hence the meet of G* and Gg belongs | 
to U. But the whole group U1 belongs to ©*; for all groups Ug (8 42) 
belong to G*, and the group Us, also does, as it is generated by all the groups 
Uag (@ fixed) which, because of Uag = Ug. in &, are also subgroups of the | 
groups ®g (8 ~«). Therefore, we have ° 


6. 01 Ga Gt = GM U— Uy, for every a. 


However, we can show more, viz. 


6.02. THroreM. @ is the free product of the groups Ga and &* with 
the amalgamated subgroup Ua, 
&G = G, * G for every a. 
a 


Proof. Let us denote the free product of Gz and @* with the amal- | 
gamated subgroup by 3: 


a 


As & is generated by Ga and @*, and the meet of these two groups is lk | 
in &, we have by 2.1: 
= F/M, 


where 9% is a self-conjugate subgroup of % which is tidy with respect to Gs F 
and @*. On the other hand, % also is generated by all the groups Ga, and 
any two of them have meet Wag in §. Hence, again by 2.1, % itself is 4 ‘ 
homomorphic image of ©, such that the subgroups Ga of & are the maps of 
the subgroups G. of G. It follows: 


= %. 


| 
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with 
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In order to determine the structure of &*, we write the whole system 
of generators and relations of G (cf. 1) arranged so as to express 6.02 in 
terms of generators and relations: 


a. We begin with the generators wag (« fixed) and ga of Ga. The 
system tq of defining relations for these generators we choose so that it 
contains a subsystem rz of defining relations for the generators wag of Ua— 
i.e, the generators wag with the relations of tq define Ua. 

b. Then we take all generators ugy and gg of all the groups Gg (B ~ 2) 
with the system of defining relations consisting of 


1. all the systems ig (8B), 


all those identifying relations ugy = Yey(Upy), where Ba-~y, 


3. the system r* of relations which is obtained from rg by replacing 
every generator Wag by Upa = Sas(Uas). (These relations certainly hold in 
@—they follow from the systems ra and 3—, so that we are allowed to add 
them to the relations of G.) 


The system of generators ugq (« fixed) with the defining relations r* 
defines a group U* which is isomorphic with Ua. 


e. Finally, we add the remaining identifying relations wag = Nag (Uap) 
for all elements wag of the subgroups Uag (« fixed) of Ga. 

These last relations identify the subgroup Ula of Ga with the subgroup U4 
of the group defined by b. Since a., b., and ec. together define exactly the 
group &, the group defined by b. must be G*: for, G* is certainly generated 
by the generators of all the groups Gg (8), and the relations b. 1.-3. 
hold in @*; if there were relations in @* which do not follow from these, 
then they certainly follow after the remaining defining relations of G have 
been added, i.e. the relations of a. defining @a, and the relations of c. But 
this would be a contradiction to 6. 02. 

Since G* can be defined by the generators and relations given under b., 
it has the following structure: 


Let 


* 
= { I] Ge; Us, = 
BAa 


—8* exists by 2. 1—, let 12 be the subgroup of $* generated by all the sub- 
groups fixed) of §*. Let be the smallest self-conjugate subgroup 


of §* which contains the left-hand sides of the relations of the system r?. 
Then 


| 
now: | 
and 
ents 
free | 
rated 
is of ee 
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6.1. = with Ne = Us = Uy. 


6.02 and 6.1 together obviously characterize G completely: 


6.20. Criterion. © is the free product of the groups Ga with amal- 

gamated subgroups Uag if, and only if, for some suffix a, 
& Ga * 
Ua 

where @* is isomorphic to the factor group of the generalized free product 
of the groups Gg (8 ~«) with respect to a tidy self-conjugate subgroup N* | 
of %* which can be generated by elements of the subgroup WU and their trans- ¢ 
forms in %*%, and which has the property that 


Ne = Uy. | 


In the special case of the free product with one amalgamated subgroup this | 


amounts to: 


6.21. Criterion. @ is the free product of the groups Ga with al 
amalgamated subgroup U if, and only if, for some suffix a, 


* 
= 6, * G*, where G = { J] Ge: Uy}. 
For a finite number of factors Gg, this leads to a different and rather more : 
useful criterion, as we shall see in the next paragraph. ~ 


7. We have seen in 5 that in the generalized free product © of te | 
groups Gq, the subgroups U, of ®. generate their generalized free product ll. | 
This suggests that the same might be true for every system of groups %: | 
“between ” 1, and Ga, i. e., subgroups of Gq containing Ug. This is, in fact. | 
true, and is the generalization of the fact that in the ordinary free product} 


* 
II G. subgroups of the factors G_ generate a group which is the free product 


of these subgroups. 
The fact that the groups Wa generate the generalized free product ||, 
in G we proved by an indirect method: we constructed a group containing |, 
and proved afterwards that this group was the generalized free product of 
For the proof of the corresponding fact for the subgroups §. of %: a 
we use the Theorem 5.%, which is easily applicable in this case, as tl) 


normal form for the elements in § can be chosen so that it is at the sam : 


time a normal form for these elements considered as elements of @. Buy 


| 
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5.7% will also help us in other cases, in particular where we are dealing with 
free products with one amalgamated subgroup where the first part of 5. 7, 


that the subgroups UU. generate the free product U, is trivially satisfied: all WU, 
are identical with UU. 

We are now going to prove: 

t. 0. THrorEM. Jf © = { Il Ga; Uap = Uga} and if, for every a, Ha ts 
a subgroup of Gq containing Ua, Te C $a C Ga, then the group § generated 
He by the groups Da in & is 


ans- a 
Further, if, for every %, Sa is the group generated by $ and Gq in G, then & 
is the free product of the groups Sa with the amalgamated subgroup 9, 
thin O= (II — 8). 
a 
oie Proof. For the proof of 7.01 we note first, that § contains U1; and as 
the groups Uq have the same significance for the groups a as for the ®a, 
| the first part of 5.7 is satisfied by ©. 
Next we have to choose suitably the normal form 5.1 for the elements 
of §. We choose it as the normal form in &: 
more } In every group Ga, we denote by H)* those representatives of ® with 
respect to Ila, which belong to a; for the others we keep the letter F'y*. 
As Ug belongs to Sa, the elements Hy* form exactly a full system of right-hand 
the! representatives for ©, with respect to Ug. 
ict Ul. | An element 5.1 of & belongs to @a if, and only if, it is of one of the 
D8 §.| forms U,H* or UzF*;** it belongs to $a if, and only if, it is of the form 
fact,| UaH*. As § is generated by the groups $a, the normal form in @ for an 
oduct | clement of § is such that only representatives H occur in it. Conversely, every 
_ normal form of this kind represents an element of §, because U1 belongs to §. 
roduc! | I.e., § consists exactly of those elements of © whose normal form 5. 1 contains 
_ tTepresentatives H only. Therefore, different representations of this kind 
uct UP represent different elements of . But as this representation also constitutes 
ing ha normal form in § for the elements of §, the second condition of 5.7 is also 
uct &F satisfied. Which proves 7. 01. 
of OF Sa. which is generated by § and Ga, consists exactly of all those elements 


as thee 
e salty 


of © whose normal form 5.1 contains, apart from representatives H, only 


** To save suffixes, we shall in general omit the suffixes \ which distinguish between 
different representatives of the same group &,- 


| 
i 
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representatives /* out of this one group Gq. Since the representation 5. 1 is 
unique, any element common to 9a and $g has a normal form which does 
not contain any representatives F*~1 or F® 1, i.e. it belongs to §. 


Since, on the other hand, belongs to every group a, we have 
Sp = § for every pair 


In order to show that G is the free product of the groups Sa with the 
amalgamated subgroup §, we apply again 5.7. As © is generated by the 
groups Sq, and any two of them have the same meet © in G, we need only 
show that if the elements of G are represented in normal form, with respect 
to the subgroups a and §, then different normal forms represent different 
elements of &. 

Now the normal form 5.1, in the case of groups with one amalgamated 
subgroup, reduces to 

R=UI,L,: + 
Hence, we have to choose in every group Sa a system of right-hand repre- | 
sentatives with respect to $; we denote its elements by G*. With these, | 
every element of @ can be represented in the form 


7. 03. G = HG% G®- - - Gm, n=0, 


with H in §, G”-~1 forv—1,---,n, and a+ And we have to show 
that formally different representations 7.03 represent different elements of 6. |. 

To this end, we choose the representatives G* in the following way: 

First we choose in every group ®q a system of right-hand representatives 
F,* = 1, F* for Ga with respect to Sa. If, as before, the right-hand repre- | 
sentatives for $2 with respect to U, are denoted by Ho* = 1, H*%, then all the | 
different products H*F* form exactly a full system of right-hand repre: | 
sentatives for ©, with respect to Ua. With these representatives, the normal | 
form 5.1 for the elements of & (i.e., as elements of the generalized free | 
product of the groups &_ with amalgamated subgroups Ug) becomes: 


7. 04. G (Hmfan) Uy, m= 0, 


where for every »=1,---,m at least one of the two representatives H* ; 
and Fu is not the unit element. And here we know, that two representations | 
7. 04 represent the same element of © if, and only if, they are identical. 


G belongs to Sa if, and only if, in 7.04 F¢%—1 whenever %4*% ; 


45 This is exactly the normal form used by Schreier in [6]. 
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i.e., only representativ es F* occur. Out of tiese elements, we can choose as 
representatives G* for Sq with respect to § all those formally different elements 
whose representation nas th. property that Up. = H%*=—1 (hence 
and a, i.e. all the elements 


7.05. G* = F°U, U,- - - 
where 1, and —1 whenever an «. 


This is easily seen: On the one hand, every element of 9a is the product 


sentation 7.04, which belongs to § 7.05. On the other 
hand, two formally different elements, G,* and G.*, of the form 7.05 belong 
to different classes with respect to §. If they did not, we would have: 

G,* = (H in §); 
but if here H is written in the form 7.04, then the formal product HG.* 
is itself a normal form 7.04, hence equal to that of G,* only if H —1, 
= Go", 

Now we read the representation 7.04 of the elements G of & in the 
following way: Beginning from the left, we split off the longest part which 
belongs to §. The rest will begin with a representative F*41. Then 
starting with this, we split off the longest part product which belongs to $a; 
this is exactly a representative G*=4 1 of the form 7.05. The remaining part 
will now begin with a representative F®=41, with Ba. So we go on. 
Then @ will appear represented in the form 7.03, where the representatives 
G are of the form 7. 05. 

On the other hand, every formal product 7.03 leads, by virtue of 7. 05, 
to a representation 7.04; and two representations 7.03 lead to the same 
representation 7.04 only if they are identical. Hence, two representations 
7.03 represent the same element of @ if, and only if, they are identical. 
Which proves 7. 02. 

In the case where the groups Sq coincide with the Ug, the groups Sa 


are the subgroups of G generated by Ul and Ga; § is the subgroup U of ©. 
Hence: 


7.06. Corottary. The generalized free product © of the groups Ga 
is the free product of its subgroups Sa, each generated by Ut and Ga, with the 
one amalgamated subgroup 1. 


With the help of 7.01, applied to a free product of a finite number of 


factors ®; with one amalgamated subgroup U, we can replace the criterion 
6.21 by the following : | 
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7.1. Criterion. Jf is generated by the groups - +, @n such 
that any two of them have the same meet U in G, then © ts the free product 
of the groups &,,- + -,@n with the one amalgamated subgroup U if, and 
only if, 

fori=1,---,n 


where, for every 1, G‘ is the subgroup of © which is generated by all the 
groups (kA). 


Proof. The condition is necessary by 6.02. That it is sufficient we 


prove by induction. 


The sufficiency is trivial for n= 2. Let it be true for n —1 factors G;: 
then we have to prove it for n factors &,. 


For i~1,- - -,n—1, we denote by G'" the group generated by the | 
n—2 groups G (k Ai,n) in G. Gi" is a subgroup of G which contains | 


U, and G+" and ©; together generate G". From 
= * for i—1,---,n—1 


follows therefore by 7.01: 


(G" Gi" * G; for -,n—1. 


Hence by induction: 


Since also 


the criterion 6. 21 gives 


8. While in the generalized free product @ the group generated by | 


subgroups of the factors Ga which contain Ug, is itself the generalized free 


product of these subgroups, this is no longer generally true if the subgroups [ 
of the Ga do not contain the groups U4. This paragraph gives some results | 
and examples which show what can happen in this case. Their meaning : 
will become clearer from the general results of Part II, for which they al : 


serve as useful illustrations. We bring them here, as they fall naturally 


into the context of the preceding paragraph; also, we shall need one of the F 


results, 8.11, in 9. 
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To begin with, we restrict ourselves to free products of a finite number 
of factors with one amalgamated ‘subgroup, and, in order to avoid unessential 
complications, even to products of two factors only. 


8.0. THrorEM. Let G be the free product of ©, and &, with the 
amalgamated subgroup U. For i=1,2, let $4 be subgroups of G; whose 
meet with Wis Bi. Denote by the meet of and e. 


Then the group $ generated by §, and 2 in & is § = 9, * Ho, provided that: 


12 
1. for i=1, 2, the group $i generated by and By in Gis: 
12 
2. The meet B of and is generated by and B2, and B= * Bo. 


Bie 


Whether these rather detailed conditions can be satisfied, depends, of 
course, largely on the nature of the group U. But in the special case that 
= the meet of § with U is = BV, — and the conditions 1. and 2. 
are certainly satisfied. Hence: 


8.11. Corottary. and $2 are subgroups of &, and Gz respectively 
which have the same meet B with U, then 9, and $2 generate in & the free 
product of 1, and §. with the amalgamated subgroup &. 


Therefore, in particular: 


8.12. If , and . are subgroups of G, and Gz respectively whose meet 
with U is the unit element, then they generate in & the free product of 91 
and §>». 


We now prove Theorem 8. 0: 


Proof. For i= 1,2, we choose a system V,'=1, V‘ of right-hand 
representatives for B; with respect to B12; and a system Hy‘ = 1, H? of right- 
hand representatives for $; with respect to Bi. Then all the different products 
V‘lT‘ form a system of right-hand representatives for $; with respect to B12. 
Hence all the elements of § can be expressed in the form: 


8.01, r20, Vis in Bi, 
with ip Aip,, for p=1,---,r—1; and not both, and His, are the 
unit element, for p—=1,-- -,r. 


| All we have to show is that formally different expressions 8. 01 represent 
different elements of ©. 


Now those elements 8.01 where only representatives H* of $., or H? 


the 
| 
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of §2 occur, are exactly all the elements of the free products §, *¥.=§, 


= 12 
and $2 * B; = 2 respectively, and therefore in each case different from each 


12 


other as elements of &. Moreover, we see in the same way as in the proof 
of 7.02, that all Hé of S; whose representation 8.01 begins with a repre- 
sentative Ht 41, form a full system of right-hand representatives for §, 
with respect to its subgroup S—%,*B.. But since §; belongs to Gi, it 


12 


follows from the condition 2. that also any two representatives H* 1 and 
H? 1 are different elements of G. 
This shows that, if again as in the proof of 7.02, we read 8.01 in the 


form 
8. 02. His, s=>0, V in &, 
where t¢ ~ to; foro = 1,- - -,s—1, then two expressions 8. 02 are identical 


if, and only if, the corresponding expressions 8.01 are identical. 

Again from condition 2. we see that both groups §, and $2 have meet 
BV with U. Since they are subgroups of &, and Gz respectively, the repre- 
sentatives H+ for their classes with respect to B are, as elements of Gi, also 


in different classes with respect to U. They can, therefore, be chosen as part | 


of the full system of representatives for G; with respect to U. But then all 
the expressions 8. 02 are normal forms in © = ©, * &., and therefore represent 


the same element of & if, and only if, they are identical. -As, moreover, two 
expressions 8.02 are identical if, and only if, the corresponding expressions 


8.01 are identical, these latter represent the same element of G, i.e. of §, 


if, and only if, they are identical. Which proves 8. 0. 

We add some remarks on the conditions 1. and 2. of 8.0: 

If § is the free product of $1 and $2 with the amalgamated subgroup ¥.;, 
then by 7.01, also the subgroups $; and Bz of ; and Sx respectively (each 
of which contains 12) generate their free product with the amalgamated 


subgroup B12. Therefore, the condition 1. is certainly necessary, and for the [ 


— 


same reason also that part of the condition 2. which requires that %, and %: 
form in U their free product with the amalgamated subgroup %,.—this is, 
in fact, implied by 1., again because of 7.01. But the full condition 2., that 7 
the meet of § and 11 is exactly this group B, is by no means necessary, as the | 


following example shows: 


8.21. EHzample. Let = {a,b,c,d},° and consider the subgroups 


and ©. of where 


We use the notation used by Magnus [3], i.e., write = {4,,4,,- - 51, 


=1}, if @ is the group generated by a,,a,,- - - with the defining relations (4; ) 


| 
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G, = {a,b,c}.and G2 = {a, b, (bc)?, d}. 
Then 
G = G, * 
with 
U = {a, b, (bc)?}. 


As subgroups $1 and 2 of &, and ®z respectively we take 


9. = {a,c} and $2 = d}. 
Hence 


B, = {a}, {b}, and —1, 


so that B, and B. generate their free product B, * ¥.— {a,b} in U. But the 
group § generated by §, and §. is the whole group @, so that the meet 
of § and Ul is the whole group U which is larger than B. All the same § 
is the free product of §, and §z. 

Although the condition 2. is not necessary, the condition 1. (from which 
the necessary part of 2. follows, as we saw above) is not sufficient: 


8.22. Example. Let 


= {a,b, c,d; (abc)? (abd)?},1° 


and 
= {a, b,c}, = {a, b, d}. 
Then 
OF * G&., 
where 


U = {a,b,e} with e = (abc)? = (abd)?. 
Further let 
§, = {a,c} and §. = {b, d}, 
hence 
= {a}, Vo {b}, and — 1. 


The condition 1. is satisfied, for 


= {a, b,c} = §, *B. = 
and 


{a, b, d} = §. * B, = 


but the group © generated by $1 and {» is the whole group © which is not 
the free product of $, and $b. 
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One might expect the condition 2. alone to be sufficient, in which case 
it would have to follow from the fact that the meet of § and U is generated 
by B, and B, and is the free product of B, and ¥B, with amalgamated %,,, 
that also §, and &., and $2 and %&%,, form in @ their free product with 
amalgamated ¥12. But this is not true either, as is shown by the following 


example: 
8.23. Example. Let 
= {a, b,c, d; (abc)? = 1}, 


and 
= {a, b,c; (abc)? = 1} and = {a, d}. 
Then 
= G, * 
with 
= {a,b}. 


Further take 
§, = {a,c} and §. = {b, d}; 
then 
= {a}, Bo {bd}, and —1. 


Hence 


{a,b} 


is the meet of § and Ul. But again is the whole group © which is not | 
the free product of §, and 92. 

We return once more to the Corollary 8.11. This expresses a property | 
of any free product with one amalgamated subgroup independently of the 


nature of this subgroup. We are going to prove it once again, for any | 
number of factors Ga, in order to show how it follows very easily from the | 


existence of the normal form 5.1 for the elements of ©. 
If again, for every «, the representatives of @. with respect to U ar 
denoted by G*, then all the expressions 


G = - - Go (U in U, G% 1, au) 


| 


represent uniquely all the elements of ©&. 
The subgroups $a of Gq are such, that for every « 


Let H* denote representatives of Sa with respect to B. Then every element ‘ 
of Sq is of the form VH*, hence every element of § can be written in the for! | 
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H = H% (V in H% Fl; de 5 
and every product of this form is an element of §. 


But two representatives H,*1 and H,*~1 are also in different 
classes of Ga with respect to U, as Hf] U=B. For every a, these H* can, 
therefore, be chosen as part of the system of representatives for Ga with 
respect to 11; but then, the above representation of the elements of 9 is the 
normal form of these elements in &. Hence, different expressions of this 
form represent different elements of G, i.e. of 3; so that, by 5.7, © is the 
free product of the groups Sa with the amalgamated subgroup &. 

From this proof one might expect that a corresponding result holds 


in the generalized free product © = { J] Ga; Usg = Uga}. If the groups 9a 


are subgroups of ®, so that, for every a, B, 


Da ‘a = Dp Vas, 
and therefore 


$a Op = Bas, 


do the groups a generate in @ their generalized free product with amal- 
gamated subgroups Bag? 

The answer is, in general, negative. The reason that the criterion 5.7 
is useless in this case, is that it is useless in the, loosely speaking, smallest 
generalized free product Ul: The normal form 5.1 has a meaning only if the 
groups Gq are not all equal to Ua, it in no way reflects the fact that also U 
's a generalized free product. A similar representation of the elements of 1 
cannot be given; and it is, in fact, in U1 that the result in question need not 
be true, i.e., if the groups Sa are subgroups of Ua (see the example below). 
But, if the groups $a are such that their common parts with the groups Uq 
behave reasonably in Ul, then so do the whole groups $a in G. More precisely, 
it can be shown: 


If the meet of Ga and Wa is Wa (for every «), so that Wal) Usp 
= We 1 Wag = Bag, hence Sa M Sp = Wa M We — Bag, then the groups Sq 
generate in & the free product § of the groups Sa with amalgamated sub- 


4 groups Bag provided that: 


1. The group B generated by the groups Wa in UU is the generalized free 


| product of the Wq with amalgamated Bag; 


2. the meet of BW with Wa is exactly Wa, for every a. 
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We mention this fact without proof; it is of no great interest beyond 
the indication it gives that if difficulties arise in G, then they arise in the 


generalized free product Ut contained in G. That in U difficulties do, in fact, | 
arise, has been mentioned already. The following two examples show, that [ 


neither of the conditions above need be satisfied; in particular, the generaliza- 
tion of 8.11 need not be true in U1. 


8.31. Example. Let 
U = {a,b,c}, 


and 
U, = {a,b}; U. {a,c}; Us — c}. 
Then 
* 
{ II Uy Vix = Ui} 
with 


il. i... {a}; as = {b} — Us. {c}. 


Now we take as subgroups W; of 1; the groups 


= {a?, ab}, We — c?, ac}, Ws — {b?, c?, 


For every pair 1, k, the groups W; and YW; have the same meet Bix with Wa, | 


Bi. = = ; Bi, Ba = {b*} Bos — = {e*}. 
The groups (t= 1, 2,3) generate in the group 
= {a’*, d,, ds, ds; d, = with d, == ab, dz = ac, ds = 


whereas the free product of %,, W., and Ws; with amalgamated subgroups 
Biz is the group 
WB = {a?, b?, c?, ds, ds}. 


On the other hand, if the groups %; are such that they generate the | 


generalized free product % in U, the meet of YW with one or more of the F 


factors 1; of MW need not be the original subgroup Wi of Ui, but may b | 
larger: 


| 


8.32. Example. We consider the same groups WU, as in the 
preceding example; we also choose %&, and WW, as before, : 


= b?, ab}; W. — {a?, c?, ac}; 
but as the third group we choose Y*; = {b?,c?} in Us. These three group ‘ 
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generate the same group %®* in U, as the three groups W,, W., W;. But 
now = {a2, b?, c’, d2} is the free product of W,, W., with amal- 
gamated subgroups Vix. 

Here the meet of Y* with U, is Ws, which is larger than ¥W*;. 


9. We now return to the problem mentioned in 4: Certain groups Uj 
with their subgroups Uj, are given; under what condition does their generalized 
free product exist ? 

We assume, of course, that the necessary conditions 3.0 are satisfied. 
Because of Theorem 5.0, we may also assume that the groups U; are generated 
by their subgroups Ux (7 fixed). In the simplest case of only three factors 
we can establish two sufficient conditions for the existence of U. 

Let us recall the notation: 

Every group ll; is generated by its subgroups Uix and Ui; (1 = 1, 2,3; 
k~AiAj); Wx and are isomorphic, and = The meet of 
Uy; and U4 in 1; is mapped by the isomorphisms Yi; and Bix onto the meet 
of Uj; and Uj, in Uj, and the meet of Wk¢ and Uy; in 1, respectively. We 
denote this meet by the same letter 1,23 in all three groups Ui. 


Then we proceed to prove: 


9.0. THrorEM. U= Ui; Wa — Uni} exists whenever one of the 

groups i, Us say, is the free product of its subgroups Us: and Use with the 
amalgamated subgroup 


9.1. THroremM. exists whenever two of the 
groups li, U4, and Us say, have the property that every element of Vix 
is permutable with every element of Ui; (i= 1,2). 


Proof. We prove these two facts by means of the Criterion 6.20. This 
criterion, applied to a generalized free product U, becomes slightly simpler: 
As @; coincides with 11;, which is contained in G‘, the free product of @é 
and @; with the amalgamated subgroup Ul, is simply the group ©‘, and this 
Is a certain factor group of the generalized free product %* of all the factors 
with the exception of ©. 

In our case we choose ; as the group U;. Then we have to form first 

* Ue. 

Une 

wv contains the subgroups 11,3 and Us; of U, and lt. respectively, and 
because of 
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these groups U,; and U2; generate in %*, by 8.11, the group 


us * | 
Unies 


Because of the identifying relations 
= U31 = and Us23 = = ) 


for all elements w:3 and wes of Uis and Uss respectively, U, if it exists, 
is obtained from %* by introducing the defining relations of Us, expressed 
in the generators and instead of the generators us; and of U;. 
Since U; is generated by its subgroups U3, and U32 whose meet in I, 
is Ue3, these relations and their conjugates generate in I a self-conjugate 


subgroup t which is tidy with respect to U,; and U2; (cf. 2). If we denote | 
by ® the smallest self-conjugate subgroup of %* which contains r, we have to | 


form the factor group %*/#t. This will be isomorphic to the free product 
of the groups U; with the amalgamated subgroups Uix, provided that 


1 ROW=r; 


2. & is tidy with respect to U, and U.; and it does not contain any | 


elements of the form U;U; where U; is an element of Uj, but not of 1 
(i.e. not of for i= 1, 2, and in UU. 


For condition 1. expresses the fact that in 3°/9# the groups U,, and Us | 


generate a group isomorphic to U;. And 2. sees to it, that 1, and U, are | 
isomorphically represented in 3°/R, such that no two groups Uy and U; have | 
a meet larger than Wix. 


In the case of 9.0, we have r—1, hence # =—1, and 1. and 2. ar/ 


trivially satisfied. 
In the case of 9.1, we know that 


= Ui3U12 
and 
U12U2e3 == U23Ui2 


for all elements and Wes of the groups Uis, and respectively. 


Since every element r of r js a word in the generators wi; and te3, we have, / 


therefore, 


= 


for every element of Moreover, since r is self-conjugate 1 
we have for i= 1,2 and any element of Wis: 


— | 
— 


ively. 
have, 


GENERALIZED FREE PRODUCTS WITH AMALGAMATED SUBGROUPS. 623 


Since every element of %* is a word in the generators wi2, ws, and wes, 
it follows : 


For every element U of 3°, we have 
with in t 


But R is generated by all the elements r of r and their conjugates in 3°; 
therefore 


Rt — xr. 


Hence the condition 1. is certainly satisfied. But 2. also is: r is tidy 
with respect to and in and therefore as subgroup of a fortiori 
tidy with respect to ll, and U.. And if r contains an element r of the form 


r=U;,03, U; in Wi, Uz in 1, 


it follows from the fact that r itself is an element of 1, that also U; belongs 
to ice. to Wis. 

This completes the proof of 9.0 and 9.1. 

One might expect that a suitable generalization of 9.0 and 9.1 might 
hold for any finite number of groups Ui; e.g. that the generalized free 
product of m groups U; with amalgamated subgroups Uix exists, whenever 
n—1 of them have the property that their subgroups Ui (i fixed) are 
permutable element by element; or, whenever one of the groups, Un say, 
is itself the free product of its subgroups Uni (t= —1) with amal- 
gamated subgroups Unix = Uni 

That nothing of the kind is true, is shown by the following example 
of four groups, three of which are free Abelian groups (denoted by their 
generators in round brackets), and one a free group. 


9.2. Example. We consider the following groups U;: 
UW, = (@12, with Une = {12}, Uns = {is}, Una = {12013} 
Ws = (d21, @23) with Wo: = {dor}, = {G03}, Woy = 
Us = (a1, 432) with = {31}, = {As2}, Uss = {431432} 
U, = {b,, bs, bs} with — {i} for i= 1, 2, 3. 
These groups satisfy the necessary conditions 3.0, as in every group Ui 
the meet of any two subgroups Ui, and Ui; is the unit element. By 6. 20, 


the generalized free product of 11,, U2, Us, and Uy is a homomorphic image 


of the generalized free product of U,, U2, and U;. The latter exists, by 9.1, 
and igs obviously 
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with 
= Azz = Az = = A113, As = Cie = 
Hence in %*: 


Mus — {asd}, Ue, — {a,d3}, es {dza,}. 


But the subgroup of %* which is generated by these three groups Wis, is 
Abelian, so that no homomorphic image of it can be isomorphic with the 
free group U,. 


10. We conclude this part by determining the generalized free product 
of three infinite cycles. 


10.0. THrorEM. The free product U of three infinite cycles Ux with 
amalgamated subcycles Uj. is itself an infinite cycle. 


Proof. That this generalized free product exists, if only the subgroups | 


Uj, are chosen so as to satisfy 3.0, we know by 9.1. Let 
U, = {a,}, = {az}, Uy — {as}. 


The subgroups Uj are generated by certain powers of ai, dz, and ag respectively. 
We put 

= {a,%} and = {a,%} in 

Ms, = {a3} and Us. = {as} in U3. 


Since Uj, and Ui; together generate U; (i—1,2,3), we have for the 
greatest common divisors: (1:2, €13) = €21) == (31, €s2) = 1. Therefore, 
the meet of U;; and Uy, in Ui is generated by: 


To satisfy 3.0, the identifying relations 


must imply: 


= Ag ©2621 = 3031832, 
It follows that: 
(a, %2) &s = &s = hence: = @23 = t; 
(a,%) &2 — &2 = hence: C10 C32 = 
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| 

| 
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Hence we obtain as the only possible choice of subgroups Uix: 


10. 01. {a,°}. and ll. — {a,*} in 
{a2"} and Ya = {a2"} in U,, 
= {a3"} and Use = {a3°} in Us, 


10. 02. with (r,s) = (s,¢) = (é,r) =1. 
Now ll is generated by a, a2, and a3, with the defining relations: 
10. 03. a,* = As” = Us; aot = a38 = U1; as" = = Uo. 


Because of 10.02, the generators a; can be expressed by the ui, so that also 
the latter generate Ul. But, by 10.03, any two of these, ui and uj, are powers 
of the same generator a;, and therefore permutable with each other. Hence, 
U is Abelian. 

The matrix of exponents belonging to the generators and their defining 
relations 10.03 is: 


0 
0 t —s 
—t 0 


Its determinant is zero, and its elementary divisors are all equal to one, 
ie, U is an infinite cycle. 

It seems likely that also the free product of more than three infinite 
cycles (but a finite number of them) exists, if only the systems of subcycles 
satisfy 3.0. But I have not been able to confirm this conjecture. 


UNIVERSITY COLLEGE, 
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LATTICES OF CONTINUOUS FUNCTIONS II.* 


By Irvine KAPLANSKY., 


1. Introduction. Let X be a compact Hausdorff space and C(X) the 
set of real continuous functions on X. In [3] it was shown that, as a lattice 
alone, C(X) determines X up to a homeomorphism. In this paper we present 
two investigations suggested by this result. (1) The lattice automorphisms 
of C(X) are studied. A complete description (Theorem 1) is given for those 
lattice automorphisms which are bicontinuous in the topology of uniform | 
convergence ; an example shows that discontinuous lattice automorphisms also 
exist. (2) It is natural to seek to characterize those lattices which are of the 
form C(X) for some X. This we have not done, but as a step in that direction 
we give such a characterization for “translation lattices,” i.e., lattices with 
a supplementary operation which corresponds to the addition of constant 
functions. 

These investigations were of course suggested by similar ones that have 
been carried out for rings, Banach spaces, and lattice-ordered groups. It is 
perhaps worth remarking that the various devices used there (ideals, func- 
tionals, and /-ideals, respectively) cease to be available in the present context, 
and the full burden is thrown upon the natural lattice:theoretic tool: the 
(lattice) prime ideal. 


2. Lattice automorphisms. By a prime ideal in a lattice is meant the 
inverse image of 0 in a lattice homomorphism on the two-element lattice 
(0,2). If X is a compact Hausdorff space, then [3, Lemma 3] any prime 
ideal P in C—C(X) is associated with a unique point x of YX, in the sense 
that fe P and g(x) < f(x) imply ge P. Now let o be a lattice automorphism 
of C. It follows from [3, Lemmas 4 and 5] that o carries prime ideals : 
associated with the same point, say 2, into prime ideals again associated with | 
a single point which we shall call @(a). Thus o induces a well defined 
mapping x — (x) which is one-to-one and covers all of X. By [3, Lemma ‘LE 


6 is a homeomorphism of X. : 
To describe more closely the relation between o and 6 we make a further | 
restrictive assumption. We topologize C by uniform convergence; to be” ‘ 


explicit, we may use the norm || f || =sup | f(z)|. We shall suppose thats 
is bicontinuous in this topology. As a preliminary, we prove two lemmas. 


* Received September 30, 1947. 
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LemMaA 1. Let C be topologized by uniform convergence. Then a closed 
prime ideal P in C has the following form: for some point x in X and some 
real number a, P consists of all f with f(x) Sa. Conversely every set of this 
form is a closed prime ideal. 


Proof. For any prime ideal P, whether closed or not, we can assert the 
following: for a certain point 2 and real number «, all functions f with 
f(z) << are in P and all with f(@) > are not in P. Now a function 
satisfying f(a) = « can be exhibited as a uniform limit of functions f; with 
fi(c) <<. Hence if P is closed it contains all f with f(a) =a, and so is of 
the form described. The final statement of the lemma is evident. 


LemMa 2. Let X be a normal space, and y(a, a) a real-valued function 
defined for real a and xe X, with the property that yx, f(x) ] is a continuous 
function of x for every continuous real function f(x) and that yp ts continuous 
ina for fixed x Then w is continuous jointly in x and a. 


Proof. Suppose that y is not continuous at (y,8). Then there exists 
an e such that in every neighborhood of (y, 8) we can find a point where y 
differs from c=w(y,8) by more than 2e. There exists a neighborhood U 
of 8 such that | y(y,«) —c| <e for a in U, and, by taking f(x) to be 
the constant function 8, we can find a neighborhood V of y such that 
l¥(x,8) —c| <e for z in V. Now take within U a sequence of neighbor- 
hoods shrinking to 8. In each we may find an a, and an 2; in V to. go with 
it, such that | ¥(ai, a) —c| > 2; moreover it can be arranged that the 2’s 
are distinct, since each may be chosen within a neighborhood excluding its 
predecessors. We define f(x;) =a, f(a) = £ elsewhere in the closure of 
{vi}, and we may extend f to be continuous on all of XY since Y is normal. 
Then y[2, f(z)] is by hypothesis continuous. If z is a limit point of {zi}, 
then y[z, f(z) ] =w(z, 8) differs from c by at least 2e. This contradicts the 
fact that z lies in the closure of V. 


We now prove the main theorem. 


THeoreM 1. Let Y be a compact Hausdorff space, C thesset of real 
continuous functions on X, and let C be topologized by uniform convergence. 
Let o be a lattice automorphism and homeomorphism of C. Then o has the 
form o(f) = f*, where f*[0(c)]—=y[2, f(x) ], 6 is a homeomorphism of X, 
and y(x,a) is a real-valued function continuous jointly in x and a for reX 
and « real, and strictly monotone in @ for fixed x. 


Proof. The manner in which the homeomorphism @ arises has already 
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been described. We construct the function y as follows. For given z and ag, 
form P, the closed prime ideal consisting of all f with f(z) Sa. The image 
a(P) is a closed prime ideal associated with 6(x) ; suppose o(P) consists of 
all g with g[@(z)] =. Then 8B is a well defined function of 2 and @ and 
we write 8 =y(z,a). Since o is a homeomorphism, elements on the frontier 
of P go into elements on the frontier of o(P). Thus a function f with 
f(x) =a goes into a function f* with f*[@(z)]—y(a,a). That y is 
jointly continuous in its arguments is a consequence of Lemma 2. If 2 >, 
then for the corresponding prime ideals P, Po we have that P properly contains 
Py. Likewise o(P) properly contains o(P,), and this proves that ¥(2, a) is, 
for fixed x, strictly monotone in a. 

It is true, conversely, that with @, y, and f* as above, the mapping f — f* 
is a lattice automorphism and homeomorphism of C. The fact that the 
mapping is one-to-one and order-preserving is clear. The one point needing 
serious verification is the bicontinuity. Suppose, then, that f; > f uniformly. 
Given e, we may for any fixed x choose 7 so large that 


| fi(x) ] —yle, f(x) ] 


By the continuity of y this will extend to a neighborhood U of x. A finite 
number of the U’s cover XY. If we take 7 to be the maximum of the corre- 
sponding 7’s we have || f;* — f* || <«. That the mapping is also continuous 
in the reverse direction follows from the fact that the transformation f* >f 
has a representation of the same kind, but with different 6 and y of course. 

We may apply Theorem 1 to the more special cases where C is regarded 
as a ring or lattice-ordered group. It is to be remarked that the topology of 
uniform convergence is then definable intrinsically. We first detect when a 
function f > 0 is strictly positive: in the ring case, if f* exists; in the lattice- 
ordered group case, if the multiples of f dominate everything. The neighbor- 
hoods of 0 are then sets of the form —f <a<f. Thus an automorphism is 
automatically a homeomorphism. We further observe that in the ring case | 
the only automorphism of the reals is the identity, and in the lattice-ordered 
group case the only automorphism is multiplication by a positive constant. 
We deduce the following corollaries. 


CoroLtaRy 1. All automorphisms of C(X) as a ring are induced by j 
homeomorphisms of X. 
CoroLtuary 2. All automorphisms of C(X) as a lattice-ordered group 7 
are induced by homeomorphisms of X followed by multiplication by strictly } 
positive continuous functions. 


| 
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The case where C(X) is regarded as a Banach space may also be reduced 
to the lattice theorem, but there is a preliminary complication, in that a 
Banach space automorphism is a lattice isomorphism on part of the space 
and a lattice anti-isomorphism on the remainder. For the complete result, 
ef. [5, Th. 83]. 

In the pure lattice case we are unable to define the topology of uniform 
convergence intrinsically. An equivalent remark is the following: lattice- 
theoretically we cannot distinguish strictly positive functions from those which 
vanish on a nowhere dense set. (A function f >0 which vanishes on an 
open set can be detected through the existence of a second function g > 
such that f {1g 

The following example provides an illustration. Let X be the Stone- 
Cech compactification of a countably infinite discrete space Y, say for definite- 
ness the positive integers. We define a mapping f — f* on C(X) as follows: 


f*(n) —f(n) if f(n) SO, 
f*(n) —nf(n) if OSf(n) Sr, 
f*(n) =f(n) + if f(n) 


It is readily seen that this defines a lattice automorphism of C(X). The 
function f given by f(n) =n vanishes everywhere on X — Y, but it is sent 
into the constant function 1. Moreover the mapping f > f* is not continuous 
in the topology of uniform convergence, although the inverse mapping is. 
To get a lattice automorphism which is discontinuous in both directions, take 
the Cartesian product of XY with itself and let the mapping be f > f* on one 
component and f* —f on the other. 


3. Translation lattices. By a translation lattice Z we shall mean a 
lattice where for every ae L and real number a a sum a+ @ is defined. The 
following postulates are assumed. 


1. L is a distributive lattice, 

2% at0—a, 

3. (a+a)+B=—a4+ (a+), 
4. implies a+a>a, 

a>b implies ata>db+a. 


In addition to these more or less trivial axioms, we assume two deeper ones 
of an archimedean nature. 
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- 6. For any a, be LZ there exists a real number @ such that a+ >), 


%. Ifa<b-+< for every positive a, then aS b. 


By a homomorphism of ZL into the reals we shall mean a mapping H that 


satisfies 

(1) H(a\U b) = Max [H(a), H(b)], 
(2) H(af) 6b) = Min [H(a), H(6)], 
(3) H(a+a)=—H(a) +. 


Our representation theorem for translation lattices rests primarily on the 
existence of “sufficiently many” such homomorphisms. In more precise 
terms we have the following result. 


LemMA 3. Let L be a translation lattice satisfying axioms 1-7, and ¢, 


deL elements such that cd. Then there exists a homomorphism IH of J. 


into the reals such that H(c) > H(d). 


Proof. There must exist a positive « such that cd + @; otherwise 
we would have cd (axiom 7). By [1, Theorem 5.8, or 6, Theorem 6] 
we may construct a prime ideal P containing d+ but not c. For any a in 


L we define 
(4) H(a) (a+ BEP). 


It follows from axiom 6 that for large positive 8 we have a+ 8 ¢ P,-and for 
B negative and large in absolute value, a+ 8eP. Thus (4) yields a well | 


defined finite real number for H(a). That H satisfies (3) is evident. We 
next verify (1), the verification of (2) being of course similar. Suppose, for 


definiteness, that H(a)=H(b) and write H(a)=y. For any «>%, [ 


a—y—e and —y—-e are in P and hence so is 


(We are using here an easy consequence of axioms 2-5). It follows that 


H(aUb)Sy+e. Since it is evident that H(aU b) 2 H(a) =y, Wf 
have H(a =y, as desired. Finally H(c) 20, H(d+ «) S0, so that 


H(c) >—«=H(d). 


We now derive a functional representation for translation lattices. This | 


representation has the peculiarity that, even after suitable topological com | 


pletion, we do not get all functions but instead a certain subset as described ' 


in Theorem 2. (The possibility of getting all functions is of course als d 
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admitted and corresponds to every a being — o, every B=.) The 
inevitability of this kind of restriction is clear from the fact that it is 
invariant under addition of constant functions and under the lattice operations, 
and so is automatically compatible with the axioms of a translation lattice. 


THEOREM 2. Let L be a translation lattice satisfying axioms 1-7. Then 
L is isomorphic, as a translation lattice, to a dense subset under uniform con- 
vergence of a set C of functions defined as follows. There is a compact 
Hausdorff space X; for every patr of distinct points x, ye X we are given 
a(r,y) and B(x, y) with 


—oHa(rz,y) < B(ty) SO; 
and C is to consist of all real continuous functions f on X satisfying 


(3) a(r,y) Sf(x) —fl(y) SB(z,y) 
for all x,y. (The equality is of course excluded if « and/or B is infinite). 


Proof. Select arbitrarily an element w in L, and let XY denote the set 
of homomorphisms of Z into the reals which map u into 0. In a natural 
way, the elements of L are represented as real-valued functions on X, and by 
Lemma 3 the representation is one-to-one. Moreover the representation carries 
the lattice operations of 1 into the join and meet of functions, and carries 
addition of real numbers in Z into addition of constant functions. 


We topologize VY in a well known way. Given Hy in X, we take an 
element a in L and a positive number ¢, and form the set of all H in V 
satisfying | H(a) — Ho(a)| <.«. These sets are defined to constitute a sub- 
base of the open sets in Y. One proves that X is a compact Hausdorff space 
by showing it to be a closed subset of a Cartesian product of intervals; we 
omit the familiar details of this argument. Finally the very definition of 
the topology assures us that the elements of DL are represented as continuous 
functions on X. 

It remains to be seen just what functions do arise. Let 2, y be any 
distinct points of X. The element wu takes the value 0 at both « and y. Besides 
this there must exist some element in L taking distinct values at x and y, 
for x and y are different homomorphisms. By addition of a suitable constant 
we pass to a function in Z vanishing at y but not at x. Next we remark the 
following: suppose that we have elements g, h in L satisfying g(y) =h(y) 
=0,y= g(r) < h(x) =8, and let y<£< 8. Then LZ contains a function, 
namely (g —y-+£) hk, which vanishes at y and takes the value ¢ at x. 
Thus the entire interval (y, 6) is attained at x by functions vanishing at y. 
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We now let a(z,y), B(z,y) = Inf f(x), Sup f(x) for all fe ZL vanishing at y, 


Then it is clear from the preceding remark that for any p, v satisfying 
(6) a(x, y) <p—v< B(z,y), 


L contains a function f with f(x) =», f(y) =v. Finally we need only quote 
the theorem of Weierstrass-Stone-Kakutani [cf. 2, Lemma 7%.2] to deduce 
that C, the closure of Z under uniform convergence, contains all functions 
satisfying (5). (It is to be observed that when we pass to the closure, the 
strict inequality of (6) becomes equality in the event that a and/or 8 is finite), 


4, Further remarks. (a) If we wish to obtain in Theorem 2 the 
conclusion that we have all functions, unencumbered by a restriction such as 
(5), we must assume an additional operation which allows us to “ stretch” 
the functions. The assumption of addition or of multiplication by real 
numbers will do. A weaker assumption than either of these is a doubling 
operation a—> 2a, suitably axiomatized. With some such addendum, Theorem 
2 subsumes the representation theorem of Stone [7] for lattice-ordered groups, 
the operation of addition of reals corresponding to the addition of scalar 
multiples of Stone’s unit element e. (Actually, the existence of these scalar 
multiples of e is not postulated in Stone’s case, but it is an immediate con- 
sequence of the assumed completeness. ‘To facilitate comparison of the two 
theorems, we might have postulated addition only of rational numbers in a 
translation lattice) . 


(b) It is to be remarked that in the proof of Theorem 2 only one 
arbitrary choice had to be made, namely the selection of wu. In other words: 
the only automorphism of C(X) as a translation lattice is a homeomorphism 
of X followed by the addition of a fixed function. 


(c) The restrictive condition (5) resembles closely the condition which 
arises in Kakutani’s representation of (M)-spaces without unit [3, Th. 1]; | 
in Kakutani’s case the relation between the values of a function at two points 
is however multiplicative rather than additive. In fact there is a generaliz- | 
tion of Kakutani’s theorem analogous to Theorem 2: one assumes a lattice ; 
in which there is an additional operation of multiplication by real numbers. ‘ 
We shall not attempt to give the details except to remark that the same : 


lattice-theoretic tools are used in the proof. 


(d) Some remarks can be made in case the archimedean axioms 6 and! F 
do not hold. Ifa, b are such that a << b+ and b <a-+< for all positive 4 
then a and b cannot be distinguished by homomorphisms into the reals, and E 
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the functional representation necessarily identifies them. This passage to 
sets of equivalent elements is the analogue of reduction modulo a radical. 
Again if axiom 7 fails, we may still set up a functional representation if we 
admit -+ oo as functional values. (Cf. [7] and [8] for similar remarks on 
lattice-ordered groups). 


(e) We conclude with some observations on the possibility of replacing 
the reals by some more general object #. Lattice automorphisms of C(X) 
may be studied for any chain R, but to formulate the notion of uniform con- 
vergence used in Theorem 1 we require a concept of uniformity in R. For 
the proof of Theorem 1 (and more particularly Lemma 2) we moreover require 
the following axiom: any continuous R-valued function defined on a closed 
subset of XY may be extended to all of Y. With these provisos, Theorem 1 
remains valid. In the particular case where F is discrete, the hypothesis that o 
be bicontinuous is automatically fulfilled and may be deleted ; and the extend- 
ability property of R-valued functions on X is assured if X is totally dis- 
connected. When F consists of just two elements, this gives us Stone’s theorem 
that any automorphism of a Boolean ring is induced by a homeomorphism 
of the corresponding Boolean space [5, Th. 4]. 


To formulate a generalization of Theorem 2 we must take R to be a 
simply ordered group. But more than that, the proof as given requires that 
FP be complete (or at least completable) with respect to Dedekind cuts; and 
the only complete simply ordered group is the group of real numbers. . Another 
remark is that the proof of the compactness of the space of homomorphisms 
uses the local compactness of R. 

The Post algebras of Rosenbloom [4] are closely related to translation 
lattices; in essence we take R to be a cyclic group of order n and modify the 
axioms slightly. A proof very much like that of Theorem 2 can be given for 
the following generalization of Stone’s [5, Th. 1]: a Post algebra is isomorphic 
to the set of all continuous functions from a compact totally disconnected 
space to the set (0,1,- - -,2—1). In an oral communication to the author, 
Rosenbloom has described another proof of this theorem based on a reduction 
to the case of a Boolean ring. 


Added in proof (May 12, 1948). It can be shown that if X satisfies 
the first axiom of countability, then every lattice automorphism of C(X) is 
automatically continuous. Certain weaker hypotheses will do, but the example 


| &iven above shows that some assumption must be made. The proof is briefly 


© as follows. Let f. g be functions which are equal at x. Choose a sequence 2; 


‘ive 4, 


and 


approaching z, and a function h with h > f Ug at the even points and 


| 
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h<ff)g at the odd points of {x;}. Ifo is a lattice automorphism of ('(X), 
and 6 the associated homeomorphism of -Y, it can be seen that o(h) coincides 
with o(f) and o(g) at @(x). Thus the value of o(f) at (x) is entirely 
determined by the value of f at x. It follows that o has the form described 
in Theorem 1 and is continuous. 
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ON IDEALS OF DIFFERENTIABLE FUNCTIONS.* 


By HassLter WHITNEY. 


1. Introduction. We shall consider functions of class C” defined in 
an open subset G of Euclidean n-space #”, that is, functions with continuous 
partial derivatives through the order r in G. (We take r finite.) A set J 
of such functions forms an ideal if, whenever f,, f. are in J and q,, ¢2, are of 
class C’ in G, ¢if: + dof2 is in J. We shall call J an r-ideal. 


Let I be an 7-ideal in G. Given any point = (%,°--,2%) in G, 
consider all sets of numbers 


such that for each such set, there is a function f in Z with 


gut: af (2) 


An? 


These sets form the local ideal 3r(I,x) of I at x. 


It was conjectured by Laurent Schwartz (personal communication) that 
an ideal is determined by its set of local ideals, provided that the ideal is 
closed (we use the topology described below). The main object of this paper 
is to prove this conjecture (see Theorem I). ‘There is a rather obvious 
generalization of the theorem to the case where /” is replaced by a manifold 
of class 

The case r=0 is much simpler than the case r>0; we treat it 
separately in 3. 

In the last section we consider briefly the following problem: What sets 
of local ideals can be the set of local ideals of an r-ideal? A satisfactory 
answer to this question seems quite difficult to find. 

The topology we shall use is determined as follows. Let f be a function 
of class C" in G. Then to any compact subset A of G@ (i.e. bounded closed 
subset A of E" lying in G), and any e > 0, the set of all functions g of class 
C" in such that 

( g f) 


<eindA (a, 
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form a “special neighborhood ” of f. A set of functions forms an open set 
if it can be expressed as the union of a set of special neighborhood of functions, 


2. The principal theorems. The main theorem is: 


THEOREM 1. Any two closed r-ideals in G with the same sets of local 


ideals are identical. 


This is an immediate consequence of the following approximation theorem, 
For the statement of this theorem, we need some more definitions. 
We say that a set of functions forms a locally finite set of functions 


in G if the following are true: 
(a) Each function is identically zero outside some compact subset of G. 


(b) Each point of G@ is in a neighborhood such that at most a finite 
number of the functions fail to vanish identically in this neighborhood. 


Because of the Heine-Borel theorem, (b) holds with neighborhoods of 
points replaced by arbitrary compact subsets of G. 

If fi, fe,- - - form a locally finite set, and the f; are of class C* in G, 
clearly f; + f2+ °° exists and is of class C’ in G. 

If I is an r-ideal in G, we define its locally finite completion I* as follows. 
A function f is in /* if there is an infinite series of functions of J which 
converges to f, these functions forming a locally finite set. 

It is easily seen that J* is an ideal. It is not hard to show that J C /*; 
we do not need this fact. 


THEOREM 2. Let I be an r-ideal in G, and let F be a function of class 
Cr in G such that at each x in G, the values of F and its derivatives form a set | 
of numbers in $,(I, x).- Then for each positive continuous function (2) 
in G there is a function f* in I* such that . 


02, - 

We prove Theorem 1 with the help of Theorem 2 as follows. Let J and I' ‘ 

be two closed r-ideals in G as stated. To show that they are identical, we | 
show that each is contained in the other; for instance, that I’C J. Take any j 
function F in I’. To prove F e/ it is sufficient to find a function f of J in a d 
arbitrary special neighborhood U of F, since J is closed. Let U be defined q 
by the compact subset A of G@ and the number «>0. Set e(x) =« and : 
choose f* by Theorem 2; say f* =gi+g2+-°--. As noted above, at most & 
a finite number of these are 0 in A; hence : 


< zeG,a,+:: St. 
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f* =9: +: + 9m in A for some m. 
Set f=91 +° + gm in G. Then fel f)U, as required. 


Most of the paper is devoted to the proof of Theorem 2. The methods 
used are similar to those employed in extending differentiable functions.* 


Remark. The hypothesis of closure in Theorem 1 is necessary, as shown 
by the first two examples of 4. 


3. The caser—0. This case is described in full by the following 
theorem. 


THEOREM 3. A closed ideal I of continuous functions in G is deter- 
mined by the set of points A where all the functions vanish. This set ts 
closed in G. Any closed subset of G can occur. 


The set of points where one function of J vanishes is closed, since the 
function is continuous. The set A is the intersection of such sets, and hence 
is closed. 

Let A be any closed subset of G. Let f(x) be the distance from any 
point x of G to A; this is continuous in G, and vanishes in A only. Let I 
be the ideal generated by f, i.e. the set of all functions ¢f, @ continuous, 
Clearly A is the set of points where all functions of J vanish. 

To prove the first part of the theorem, we prove Theorem 2 for this case. 
Let, then, J and A be as in Theorem 3, and let F be a continuous. function 
such that F(x) =0 in A. Let e(x) be any positive continuous function in G. 

To each 2 in G@—A there corersponds a function f, in J such that 
fe(x) 40. By multiplying by a suitable continuous function, we may replace 
fe by a function f’: in J such that for some spherical neighborhood Uz of « 
(we take U,C G—A), 


It is easy to choose so that the spheres U.,U.?,- cover 
G — A, and each intersects but a finite number of the others. Set 


Gf = fret (z) in (x) = 0 in 
j 
Since the numerator is =0 in G—U,+ and the denominator is >0 in 


, 
G@—A, is continuous. In fact, we may write gi = where 


/ 
ee H. Whitney, “ Analytic extensions of differentiable functions defined in closed 
sets,” Transactions of the American Mathematical Society, vol. 36 (1934), pp. 63-89. 
We refer to this paper as AE, . 
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$i = 1/3f'21 in Uz and ¢; = 0 outside a larger neighborhood of z‘, showing 
that g’; is in J. Note that 


0S S1, in G—A. 


Let U be a neighborhood of A such that 
| F(x)| <<(z) in U. 


Let A1,A2,° be those numbers such that for any = Aj, Uz* has points in 
G—U. Set 
gi(x) = F(x) (2) 


Then these form a locally finite set of functions in G, each lying in J. If 
f* = gi, clearly f* =F (x) in G—U, while for ze U, 


| F(x) —f*(z)| = | F(x)| | S | < 


completing the proof. 


4. Examples. We give first two examples of ideals which are not closed. 


EXAMPLE 1. Let J be the set of all functions of one variable, of class C’, 
each of which vanishes.except in some bounded set. Let $(v) =1; ¢ is [| 
not in 7, Given any bounded set A, let f be a function =1 in A and =0 | 
outside some neighborhood of A; f is in J. Hence, if I is the closed ideal, : 
¢ isin 7. Any function F of class C” equals F¢, and hence is in J. 


EXAMPLE 2. Let J consist of all functions of class C’ which vanish in i 
some neighborhood of the origin. Then 7 contains all functions of class (" | 
which vanish together with their derivatives of order =r, at the origin. 


The next three examples serve to illustrate what local ideals may be like. 


EXAMPLE 3. n=2, r=2. Let J consist of all functions of class (" F 
which vanish on the z-axis; we consider the local ideal 3-(I,O) of J at the 
origin O. For f in J, the only necessary relations between derivatives at the 
origin are | 


f(O0) =0,  af(O)/ax=0, = 0. 


Consider the polynomials (which are in J) 


Any function f in 7 has the same value and derivatives of order = 2 at 0 & 


\ 


in 


If 


at 0 
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as those of some linear combinations of these polynomials; these polynomials 
(or rather, their sets of values and derivatives) form a base for 3(J, 0). 

Note that the local ideal is generated by Pi = y; for P2 = @P;, Ps = yP,, 
and thus P; being in J implies that P2 and Ps are also. 

A new ideal would be obtained by adding the condition 0f/dy—=0 at 
the origin. 

EXAMPLE 4. n—2, 72. Let J consist of all functions of class C” 
which vanish on both axes. Then for any «°~O on either axis, §(J,2°) 
is like the local ideal of Example 3. At the origin, 3(/,0) consists of the 
set of values 0 alone, except that 0?f/dxdy may be 0; hence the polynomial 
zy forms a base for §r(/, 0). 

If we wish the functions to vanish on the z-axis and the line y =a, 
transforming axes (compare Example 5 below) shows that the local ideal is 
then generated by zy —y’. 

EXAMPLE 5. n—2, r=2. Let J now be the set of functions of class 
C? which vanish on the curve yz. If we use the variables 2’, y’ in 
Example 3, we obtain Example 5 by the transformation 2’ = 2, y’ = y— 2”. 
Calculating derivatives of feTZ gives, referring to Example 3, 


0f(O) /dx’ = df (O) /dx = 0, /da’? = 2 af(O) /dy + /dx? = 0. 


The relations defining %-(J,0') are obtained by setting these re 
and f(O) equal to 0. The polynomials 


Pi =y—2’, P, = xy, 


form a base for ¥,(7,0), and the local ideal is generated by P;. As far as 
Sr(I, 0) is concerned, and P; are equivalent to.2P; and yP, respectively 
(see 6), ; 

The next two examples illustrate the dependence of a local ideal on 
neighboring values of the functions. 


EXAMPLE 6. n=2,r=1. Let A be a point set defined as follows. 
It contains the origin, and the closed intervals 1/2? = 2=1/2+ (y=0) 
for i=1,3,5,---. The omitted intervals (1=2,4,---) are replaced by 
the circular arcs with the same end points, each are lying in the half plane 
y=0 and being of radius 1. Let I consist of all functions of class 
which vanish on A. 


Any function in J has vanishing partial derivatives at the ends of each 
Interval; hence the same is true at the origin. This is in spite of the fact 


ing 
| 
sed, i 
0 is 
= () 
gs 
like. 
CT 
the 


640 HASSLER WHITNEY. 


that the direction between any two points of A sufficiently near to O is as 
nearly in the z-direction as we please. 


EXAMPLE 7. n=2,r=41. Let us round off the corners in the point 
set A of Example 6. Then J contains a function f such that 0f(O) /dy =1, 
If we change the original A sufficiently slightly, 0f/dy cannot satisfy a 
Lipschitz condition. 

The last two examples show how the functions in ideals may lack 
differentiability properties. 


EXAMPLE 8. n~2, r=1. Let J be generated by 
f(x,y) = [1+ (2? + 9’)*]y; 
then J consists of all functions ¢f, where ¢ is of class C’. Since f = 0 only 
on the z-axis, and df/dy 0 there, the local ideals are the same as for the 


ideal I’ generated by f(x,y) =y. Since each of f, f’ is obtained from the : 
other by multiplying by a function which is not of class C?, 1 TI’. 


EXAMPLE 9, n=3, r=1. Let J be generated by the two functions 
=y (+ y+ 2)*]2, 
(2, 2) omy? + 2’. 
Then the set of points where all functions of J vanish is the z-axis, Differ- 
entiating shows that 


of /dz = (1+ (6f/dy) on the z-axis. 


Since this is trivially true with f replaced by g, we see at: once that this | 
relation holds for all functions of J. It follows that there is no function | 
of class C? in I for which 0f/dy 0 at the origin. The same is of course — 
true in the closed ideal. (A similar remark applies to the last example.) | 


5. Notations. We shall commonly use single letters to denote n-fold 
quantities; for *,%n), write 
[a] 


We use Dg for d!]/dr,%- - - dan etc. Thus the right hand side of the [ 
second displayed relation in 6, written out in full, is 


Qa. 


We shall use pzy or p(z,y) for the distance between x and y; similarly ‘ 
for pra = p(x, A) where A is a point set. We set p(r,A) = o if A is void. F 
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By Us(x), or Us(A), we denote the set of points within 6 of the point z 
or the point set A. 

Let f be a function of class C’. Its r-value V+(f,2) at x is the set of 
numbers consisting of its value and partial derivatives of order =r at z. 
Two functions f, g are r-equivalent at z if they have the same r-value there; 
we write 

f=rg at xz, or, Vr(f, 2) Vr(g, 2). 


We shall call the grade of a function f at x° the smallest number 7 such 
that some partial derivative of f of order 1 is #0 at x°, provided there is 
such ant. The grade of a polynomial at the origin is then the lowest degree 
of its terms if the polynomial is not =0. The grade of an r-value is that of 
any corresponding’ function. 


6. Local ideals as linear spaces. Given a point 2°, any set a of 
numbers {a.}, [«] =r, considered as associated with z°, is the r-value of a 
uniquely defined polynomial P of degree =r. P must satisfy the condition 

V,(P, 2°) =a, i.e. DgP(x°) [a] Sr. 
P is given by the formula 
P(x) = (aa/a!) (ux — 

{a]Sr 
The addition and multiplication of r-values corresponds to the same ‘for poly- 
nomials, provided we drop out terms of degree >r when they arise, i.e. 
reduce mod polynomials of grade >r. We may thus represent the r-value 
by the corresponding polynomial. 


As an illustration of the multiplication, at the end of Example 5, 4, 
we noted that 


y(y—2?) ~2y’, at O. 
We note in passing that 2 and «+ ay generate the same local ideal at the 
origin: ¥(z,0) =%,(a@+ay,0). For if z is in an ideal, so is yx, and 
hence also x + ay. Conversely, if a + zy is in an ideal, so are 
ry, + ary) = ry + +, + ay"; 


hence so is the alternating sum, which is 2 + zy’ =, a. 


For each point x°, consider the classes of functions of OC", two functions 
being in the same class if they are r-equivalent at 2°. These add and multiply 
like r-values; hence they may be used to represent r-values. If we are in « 
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differentiable manifold, they may be used to define 7-values and local ideals, 

In the proofs of the theorems of this paper, it is addition and multipli- 
cation by constants in local ideals which play the essential role. With these 
operations, a local ideal forms a finite dimensional linear space. A base ina 
local ideal is then a set of r-values in the local ideal such that any r-value 
in the local ideal can be expressed uniquely as a linear combination of these 
(with numerical coefficients). A set of 7-values forms a base if and only if 
they are independent and their number equals the dimension of the ideal 
(as a linear space). 

The set of all r-values forms the unit local ideal J,'(2°) at 2°; the set 
containing the zero r-value (i.e. da = 0 for each «) only forms the zero local 
ideal Y,°(2°) at 2°. Any local ideal at x° contains the second and is contained 
in the first. If an ideal contains an r-value a with do,,.o +0, it is the unit 


ideal, clearly. 
7. On the structure of local ideals. The results of this section will 
not be needed in the proof of the theorems of the paper. 


Consider a point z° and an integer s,0 sr. The set of all r-values 
{aa} such that ag =0 if [#] 4s forms a subspace of $-"(2°) ; its dimension 


is easily seen to be ( . ara | These subspaces are independent and | 
generate 3,1(x°); the dimension of the whole space is io ’ ). 


Now take any local r-ideal H at x°. Let H* be the subset of H con- 
sisting of all r-values in H of grade 2s. Let H®* denote the local s-ideal | 
at x°, formed from H® by considering aq with [#] Ss only (i.e. by reducing 
mod r-values of grade >s). Then H® is a linear space; let us call its 


dimension the s-dimension dims (#7) of H. 
We can relate bases in the H* to a base in H as follows. 


LemMaA 7a. Let H be a local r-ideal at 2°. For each s, Sr, lel 
P,8,- + -, Pa,’ be r-values in H* such that, when reduced mod r-values of 
grade >s, they form a base in H*, Then the Pi* form a base in H, and | 
dz = dim, (H). 


The proof is straightforward, and may be omitted. 


8. The sets 4), B,. We begin by associating with Z certain point sets | 


as follows. Define: 


A, =all x such that dim §-(J, x) =A, 
By — =, Ap. 
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LemMA 8a. The By) are open in G. 


Take xe By; say ve Ap, Now is a linear space of 
dimension ». Choose » 7-values in it which form a base. For each of these 
r-values, choose a function in J with this r-value at 2°. Let f1,- - -,fp be 
these functions. Then V,(f;,7°),- + -,Vr(fp,v°) are independent. Since 
the fj are of class C’, V;(fi,2°) is a continuous function of 2z°; it follows 
that V+(f1,7),° Vr(fu,@) are independent, near This shows that 
for some neighborhood U of 2°, dim 3, (J, x) 2 » for ce U, i.e, UC BuC By, 
proving that B) is open. 


9. Local functions. Let J and F be as in the theorem. For each 
ceG there is a function f in J such that V;(f,7) = V,(F,2); it follows 
from Taylor’s formula with remainder that for each « > 0 there is a 8 >0 
such that 

| Dalf(y) —F(y)] | S poy” e, pay <8, [@] Sr. 


However, 6 may depend on x; no uniformity condition holds in general. 
But if we restrict ourselves to the individual sets Ay, we can prove a uniformity 
condition, as shown by the lemmas below. 


LeMMA 9a. For any xe Ay and any «>0 there is a &>0 with the 
following property. For each y in Ay within 8 of x there is a function in I 
such that if [a] =r, 

(9. 1) Dalf (z) — F(z)] | = "He, paz < 5, 
(9. 2) Daf(y) = DaF (y). 
First choose functions f;,- in J such that V,(f1,2),° +, Vr(fr, 2) 


form a base in $,(J,a2). Let U be a neighborhood of « such that the r-values 
of f1,- - - fy, are independent at any ye U. Now take any ye UU) Ay. Then 


the r-values of f,,- - -f, form a base there; hence there are uniquely defined 
numbers w,(y),° -,u,(y) such that 

Ve Lu (y)fi +:--+u(y)fr, y] = V,(F,y), yeU Ay. 
If we set 
(9.3) gu(z) = u(y) fi(z) +: + u(y)fr(z), 


this means that 


(9. 4) Dagv(y) = DaF (y), yeUl) Ay, [2] Sr. 
Choose 8, > 0 and N so that 


| ui(y) | = N, €'Ay, Pry < 
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Set «,=«¢/(1+AN). By Taylor’s formula with remainder, there is a 6 S 6, 
such that, for each & and a, 


| Dafe(z) | S ea, pay, pre < 82. 
Since Dgy(z) u(y) Dafe(2), this gives 
| Dage(2) /8') 
— |B Dafe(2) — | 
S AN prz < 8x 


Again by Taylor’s formula, there is a 6 = 6, such that 
(z) — ~ (DaspF (y)/B!) (2 —y)* | Seve" an, Pay, pez <8. 


Using (9.4) with « + 8 in place of « and comparing the last two inequalities 
gives 
| Dagy(z) — Dal’ (z) | S (1 + AN) Pay; pez < 4. 


Now take any y in A) within of Set f(z) —g,(z). Then f is in J, 
and (9.1) and (9.2) follow from the last relation and (9. 4). 


Lemma 9b. For each positive continuous function «(x) in Ay there is | 
a positive continuous function n(x) in Ay with the following property. For 
each xe Ay there is a function f in I such that 


(9. 5) | Dal f(y) --- F(y)] | S pry? e(x), pry < (2), [«] Sr, 
(9. 6) Daf (x) = DaF (2), [a] Sr, 


Note that y need not lie in A). 
Define the positive continuous function «,(2) in Ay by 


a(z)= g.lb. «(y), 6 = E — By) /2. 

Ar 

For any z in A), let (x) be the upper bound of numbers 7 with the following [ 
property. There is a point z’© A) such that, using 2’ and «=e«(2’) i 
Lemma 9a, there is a § satisfying the condition of the lemma, and also the 


conditions 
(9.7) C Us(2’), p(x’, E — By)/*. 


Certainly »(z) >0. For if we take 2’ =z, we may apply Lemma 9a 
find a number 78/2. To show that (2) is continuous, it is sufficient j 


to show that for any x; and 22 in A), 


i 

i 
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= (21) — p(X, /2. 


Take any 6 > 0, take » > (a1) —9, and find an 2’ and 8 corresponding to 
z, and 7; then clearly 2 and 8 will also do for x2, with y replaced by 
pr,z,/2, Which is arbitrarily near — pa,2,/2. 

Now take any re Ay. Set »—n(x)/2. Using the definition of y(z), 
find 2’ and 8 correspondingly. By (9.7), x is within 8 of 2’; using y =a, 
let f be the corresponding function in J. Then (9.2) becomes (9.6), while 
(9.1) gives 

| Dal f(z) —F(z)] | S (2’), <8. 


Now take any y within y(z) of x Then ye Uen(x) C Us(a’) ; hence the 
above inequality holds with zy. Moreover, 


therefore «,:(2’) Se(x), and (9.5) is proved. 


10. The functions ¢,(x). In each of the next two sections we shall 
need a process of interpolation between functions of class C’. For a given 
closed subset P of H, the functions will be defined in the open set H —P 
(or in part of it). We follow essentially AE, §§ 7-10. 

We shall use a “standard subdivision” of EH — P, defined as follows. 
Divide E into n-cubes, each of side 1; let Ko be the set of all these cubes 
whose distances from P are at least 6n% (if there are any). In general, 
K, is formed by subdividing all the cubes into cubes of side 1/2*, and choosing 
all those (if any) which do not lie in any of Ko,- - -,Ks-1, and whose dis- 
tances from P are at least 6n*/2°. 

It is easily seen that the distance from any cube Q of Ke to P is 
< 18n/2* if s=1, and that any cube of K, is separated from any cube of 
Ke2 by at least four cubes of Kes. 

Let y*,- denote the vertices of all the cubes of Ko + 
arranged in a sequence. For each v, let zy be a point of P such that 
p(z”,y”) =p(y’,P). Let Jv be the cube with center y” which is just large 
enough to contain all cubes Q of Ko + with as a vertex. 

Let Qo be a fixed n-cube. Let ¢’(x) be a function of class C™ in E 
such that 


¢’(x) > 0 within Qo, (x) =0 outside Qo. 


By translating and contracting, we obtain functions ¢’v(z), positive within Jy 
and zero outside Jy. Setting 
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, 
= 
gives functions of class C” in FL, such that ¢v is positive within Jy and is zero 


outside Jy, and such that 


(10. 1) > ¢(z) 1, xe —P, 


If Jy is of side o, then any derivative of order ¢ of ¢’v is 1/o* times the 
same derivative of ¢’ at a corresponding point. The definition of dv in terms 
of the ¢’, depends on the relative arrangements of the cubes Jy about Jy; 
there are but a finite number of arrangements. From these facts, we see 
easily (compare AF, § 10) that for some number V = 1, 


| Dadv(x)| < Qin K;,. 


We shall replace this by another inequality. Take any re Q, Q in Ky, 
s=1. Since 6n*/2* <= p(Q, P) < 18n*/28, and diam (Q) = n/2*, we have 


p(x, P) p(Q, P) + S %p(Q, P)/6 < 21n%/28, 
Therefore 
(10. 2) | Dabv(x)| < 


if ce Q, Q in K., s 21, [a] Sr. 


We note that V depends on n» and r only, and thus is independent of the | 


shape of P. 


We shall need some further properties of the cubes Jy. Let x be any | 
point of E — P, let x lie in the cube Q of Ks, and let x lie within Jy; then* 


(10. 8) p(x, P)/2 < ply’, P) <2(2,P), 
(10. 4) diam(Jy) S 4n%/2* = 2(2, P) /3. 


To prove these, let Q’ be a largest cube of Ko + Ki1+--- with y’ & | 


vertex; say Q’ is in K+. Then ¢ =s—1, and 


diam (Q’) = = 2n%/28; 


from which (using the definition of Jv) the first part of (10.4) follows. It : 


follows from this that p(z, y”) S 2n/2*. But also 
P) = p(Q,P) = 6n/28; 


hence p(2, y”) S p(z, P)/3, and (10.3) and the rest of (10 4) follow. 


2 Correction to AE, (9.1): If y* is distant 5, from a given point «° of A, we prove ’ 


d, < 26, only. Note that d,=r,. 


| 
| 
| 


ON IDEALS OF DIFFERENTIABLE FUNCTIONS. 647 


We note finally that there -is a number ¢ such that at most c sets Jv 
contain points of any cube QY of Ko + K ---:-. 


11. The functions in the 4,. In 9 we showed that we could find 
functions approximating to F' locally, with a uniformity condition holding 
throughout Ay. In the present section we find a single function approxi- 
mating to F throughout A), in fact throughout an open subset. &y of By 
which contains Ay. This function will be obtained by interpolating between 
the functions defined locally. _ 

When a positive continuous function {(#) is given in A), we shall let Ry 
denote the set of all 2 such that for some ye A), p(z,y) < €(y); Ry will 
denote the same, using £(y)/2. It will be clear, with the ¢ to be used, that 
Ry C By. 


LemMA lla. Let Ay be non-void, and let «(x) be a positive continuous 
function in By. Then there is a positive continuous function n(x) in Ay such 
that for each positive continuous function €(x) Sn(x) in Ay there ts a 
function f of class C" in By, given by (11.10), the fev being in I, such that 
if [a] Sr, then 


(11.1) | Dal f(x) —F(r)] | S ae R, 
(11. 2) | Dalf(x) — F(r)] | = priy” ae — PR’. 


In the application in 12, we shall use = ». 
Using the numbers N and c introduced in 10, and recalling that 
A) = if A is void, set 


(11.3) =e(x)/{c[ (r+ 1) 
(11.4) (xr) =glb.e(y). p(t,y) Smin[p(z, — By) /2,1]. 


Using e(2) in Ay, Lemma 9b gives a positive continuous function in A), 
which we shall call :(x); we take 


(11.5) m(«) S min[p(2, E — By) /2, 1]. 

Define and in Ay by 

(11.6)  p(a,y) Smin[p(2, E—By)/2, 4], 
(11.7) (x) = min[n2(2)/6, p(x, H — By) /16, 1/2]. 


Take any <7(x), and define Ry, R’y correspondingly. 
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Choose a finite or denumerable set A’) of points in Ay, with the following 
properties : 


(a) A’) has no limit points in B). 
(b) for each ye Ay there is a ze A’, such that 
e(y¥,2) <E(y)/2, > 8h(y)/4. 
The proof of existence of A’, is quite elementary. 
We prove three properties of A’): 
(c) For each xe Ry there is a ze A’ such that 
p(x, 2) < 2E(z). 
(d) p(z, A’x) < p(z, E —By)/?, ae R). 
(e) p(x, < 2p(a, Ay), ze 


To prove (c), take xe R,, choose ye Ay so that p(z,y) < ¢(y), and 
choose z by (b). Then 


S p(r,y) + p(y, 2z) < 3E(y)/2 < 2(z), 


as required. To prove (d) (which is trivial if By =), given xe Ry, find 
y and z as before. Now ; 


e(t,y) <E(y) Selly, By) /16, 


hence 
p(y, E — By) S y) + By) 
= p(y; E— By) /16 + E— By), 
and it follows that 


p(y, — By) S — By) /15. 


Using an inequality above, this gives 


p(x, A’) S < 3£(y)/2 < 2n(y) 
< p(y, E—By)/8 E— By)/15, 


| 


which proves (d). To prove (e), let y be a point of E—Byu such that F 
p(t, y) Since E—B).. = Ax U By), and 
S p(2, A’y) < p(x, H — By), by (d), it follows that 


ye A, p(z,y) = p(x, Ay). 


| 
| 
| 
| 
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Since x is not in R’), p(x,y) = &(y)/2. Choose z by (b). Then 


p(x, A’) p(z, z) p(x, y) p(y; z) 
< p(x, y) + €(y)/2 S 2p(z, y) = 2p(z, An), 
proving (e). 
Take now the standard subdivision of the set B, — A’); this set is open, 
because of (a). To each vertex y” corresponds a cube Jy and a function ¢y, 


as in 10. We shall, however, use only certain ones of these; we denote by 
y',y’,: those vertices of the subdivision such that 


p(y’, p(y’; E— By), 
and let x’, Jy and ¢v correspond. Then 2’e A’). 


By the choice of (x), for each ze A’, there is a function fz(z) in J. 
such that, for [a] =r, 


(11.8) | Dalfz(x) —F(x)] | S (z), ze <m(z), 
(11. 9) Dafz(z) = DaF 
We define f in B) by the formulas 


Clearly f is of class C’ in B,—A’,. From (11.1) we could deduce at 
once that f is of class C’-* in By. It requires but little further proof to show 
that f is of class C’ in B); the necessary details may be found in AEF, § 11. 
(Near any ze A’), use (11.1) with e(x) replaced by an arbitrary « > 0.) 

We turn now to the proof (11.1) and (11.2). Take any z in R,\— A’. 
Say x is in the cube Q of Ke, and in the interiors of the cubes J;,° - -, Jy, 
to use a simple notation. Then y Sc (see 10). 

We begin by showing that (the y* denoting for the moment all vertices 


of Ko + K,+- 


(11. 11) p(y‘, A’x) < p(y, E— By), 
Set P= F — + Because of (d), 
(11. 12) p(x, P) = p(2, A’y). 


Using (10.4) gives (since y# is the center of Ji) 
(11. 13) p(x, y*) S p(a, P)/3 = p(z, A’y) /3. 
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Hence 


p(y’, A’) Spe(a, y') + A’n) S 4p(x, /3. 


Moreover, using (11.13) and (d) again, 


p(y’, — By) = p(x, — By) — y*) 2 68 A). 


These inequalities give (11.11). 


It follows from (11.11) that the y‘ actually are properly named; 
further, that the sum in (11.10) contains all ¢v corresponding to Ji,° - -, J», 
Consequently, (10.1) holds at x. Subtracting F(x) from both sides of 
(11.10) gives therefore (with the present notation) 


With the same notations again, (11.11), (10.3) and (11.12) give 
p(y’, x!) = p(y’, P) < 2p(ax, P) = 2p(a, A’). | 
This, with (11.13), gives 
Using (c), choose ze A’, so that z) < 2¢(z). Now 
2!) < 8p(z, AQ) S 3e(z, z), 

and hence, using (11.7) 


(2.28) < 4p(a, 2) < 8f(2) 8n(2) 
= min[p(z, — By) /2, 4]. 


Consequently, by (11.6), 42(z) S(2‘), from which follows, using (11.7) | 
again, 


p(x, x') < 3p(a,z) < 6f(z) S m2(z) 


We may therefore apply (11.8), giving 
| Dalfe(v) —F(x)] | S pote” 


Moreover, using (11.5), 


p(x, < S min[p(z*, By) /2,1]; 


hence, by (11.4) e(z‘) Sa(x). It follows that 
(11.16) — F(e)] | S 


1ed ; 


1, 7) 
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Differentiating (11.14) gives 


Delf(#) —F(2)] E (4 a) 


Applying (10.2), (11.12) and (11.16) gives 


| Dalf(e) —F(a)] |S 35 (3) (21n%)*N (a). 


(Using an inequality proved below, p(Q, A’x) S p(2, A’) S1 < 6n*; hence 
s= 1, and the use of (10.2) was legitimate.) Now y Sc (see 10). Hach ~ 
is one of 0,- - -,7; hence there are at most (r+ 1)” terms in the second 
sum. Each binomial coefficient is at most a,!- - -a,! (r!)". Consequently, 
using (11.15), 


(11.1%) | Dal f(x) —F(x)] | Sel (r +1) 
for ce Ry — A, [a] Sr. 
To prove (11.1), take any te R,— A’. Choosing z as before and 
applying (c) and (11.7) gives 
p(x, S 2) < 26(z) S 2m(z) 


(11.1) is thus an immediate consequence of (11.17) and (11.3), for such 2. 
For xe A’), it follows by continuity. (Actually, Daf(«) = DaF (x) there.) 

To prove (11.2), take ce Ry — FR’). Then (11.17), property (e) and 
(11.3) give (11.2) at once. This completes the proof of the lemma. 


12, ‘The function f*. We are given the r-ideal J in G, the function F 
of class C’ in such that V,(F, 2) x) for each xe G, and the positive 
continuous function «(x) in G@. Define the sets A, ete. as in 8. Let 


Ai ++ >An be those numbers such that each is non-void. Set 
(12.1) por = Ay), = — By), 
(12. 2) a = 1/{3c[(r + 1) !]"(21n*)"N}, 


and for each A, let «(x) be the positive continuous function 
(12. 3) ex(x) = min[1, ]a"e(z), xe By. 


For each i, we apply Lemma 11a to the set By,, with the function «,(z). 
This gives us a function mr, (x) in set £,(2) =m,(v). There is then 
a function f,, in By,, given by (11.10), such that for [ae] Sr, 


(12. 4) | Dalfr, (a) — F(x)] |S a,(2), xe 
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(12.5) | Dalfr. (2) —F(a)] | S por. er, (2), xe Ry, — 

The following relations are immediate consequences : 
(12.6) Dalfa.(x) — F(x)] | S Ry, 
(12. 7) | Dalfr, (2) — F(z)] | S $0 ze Ry, 
(12. 8) | Dalfr, (x) —F(x)] | S $a" e(z), xe Ry, 
(Consider separately the cases pry, S1, pra, > 1.) ( 


Take the standard subdivision of each By, — Ay, = Brjsi1. We shall use 
only those cubes Jy which have points not in Ry,; call these Jy1,J7d,2,° +: 


Let correspond to J),;, and set 
(12. 9) = 2 (2). | 
We show that 
(12. 10) $*),(z) =1, zeB,,—R, 
(12. 11) = 0, xe — Ax. | 


The first relation is clear; see (10.1). To prove the other, we need merely ; 
show that no J),; has points in R’,,. Suppose that this is false; let it have 
points re R’,, and ze By,,—R),. By definition of R’),, there is a point 
ye Ay, such that p(z,y) < &,(y)/2. Also, following the proof of (4), j 
11, and using (11.7), 

Pur S 16p2,/15, 


S pry < m.(y) S /16 per, 


Hence, setting P= E—B),+ p(x,P) =per,, and (10.4) gives, if 
Jd, 55 


It follows that p(z,y) Sdiam(J),;) + p(2,y) < €.(y), so that ze Ry, 


diam(J),j3) < P) = per, S p(2,y) < f(y) /2. 


contradiction. a 
We note in passing that the proof above (taking xe Ry,), with the fact | 
A,,,, C — By,, shows that 

(12. 12) ~ Prr; =. re 


Note also that 
(12. 13) B), A), By, A), (t 1). q ( 
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We now define functions *, using induction, as follows: 
(12. 14) =fr(z), ze By, 
and for 1 > 1, 

(12. 15) gu (@) = fr, (2), ze Ay, 


(12. 16) gr, = fr, (2) (2) — fy, (7) J, ze By, — An. 


Because of (12.11), gx, in R’%,. It follows that gy, is of class C’ 
in R’y,. The same holds in By,—- Ay,, because of (12.16); hence it is of 


class C” in By,. 
We now prove an inequality. Take any eG. Let 


and suppose that x is in no other R; (R; is defined only for j =Ax,° * *, An). 
Then for i=1,-- -,k, 


(12.18) | Dal — fue | S 
Take first i= 1. Since 


Bu, AC R, 


A> 


zis not in Bu, — Ap, Also re Ryu,C Bu, Hence xe Ap, R’p,, and the left 
hand side of (12.18) is 0. 

Now take any i>1. Since the relation is trivial for re R’y,, we 
may suppose te Ry, — Using induction, and the facts > pay 
Prpy. = prep, (see (12.12)), we have 


| Dal guss(%) — | S da" pop, 
S fat pap, 
Next, (12.7%) and (12.12) give 


| —F(x)] | S Ve(x) S fat pop? Me(x).. 
Also, using (12. 8), 
| DaLfu,(2) — | S pop, 
These three relations give 
(12. 19) | Dal — | S M(x). 
From (12.16) and (12.10) we have 
(12. 20) (Y) = By, — Bry 
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Since is in no Ay, with win >A; > wi, it follows, if that 
= Putting this in (12.16), with replaced by m, and 


differentiating gives 


Dal gua (2) — fuse) ] = ( ) 


As in 11, there are at most c terms in the sum in (12.9), for fixed z, 
Applying (10.2) and (12.19) and recalling that p(x, P) =pzp, here, we 
find (as in 11) 


| (2) — fuc(2)] | Sel (r + 1) £1" (21m) pou (2) ; 
using (12.2) gives (12.18). 

Noting that By), = G, our required function is 
(12. 21) f*(z) =g,(2), ae Gt. 
We must show that ; 
(12.22) Dal f*(x) —F(x)] | reG, [a] Sr. 


Take any xe G@; apply (12.17) and (12.18). Since z is in no A), with 
(12. 20) gives Iu, (x) = J), (x) = f*(z). Choose ye on 
p(t, y) Then 


Pr, = p (2, y) < (Y) = mn 
Alsoa <1. Hence, using (12.18) with 14, we have 
| Dal f* — fu | S 2€(2). 
Combining this with (12.6) (with A;=yx) gives (12. 22). 
13. Completion of the proof of Theorem 2. We must still show that 
f* is in. J*. To this end, we shall replace the functions fy, and gv, by 


functions f’,, and g’), in Z*. To begin with, for each 7, let yy, be a function 
of class C” in G such that 


(13. 1) Wr, (z) =1, 
j>i 
2) Wr, (x) = 0, re R",, 


where FR”, is a neighborhood of } Ay, = G— B), in G. (We may construct 
j>i 

such a function for instance by using the standard subdivision of P,, and 

adding together all ¢y such that the corresponding Jy does not lie entirely 


= 


that 
and 
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in some Ry, with j >i.) We may clearly take R%),C R%, for k >}. 
We now set 


(13.3) Pr (a) re Br, 
(13. 4) fr, (4) = 0, ze G— 
Since fy, =0 in R”),, fy, is of class CO" in G. Because of (13.1), 


We shall show that each f’,, is in /*. We cannot use the expression 
(11.10) for f),, since it would not satisfy condition (b) of 2 at the points 
of A’),. This, however, is easily remedied. Because of (a), 11, each ze A’y, 
is in a neighborhood such that for each y”e U:, 2” =z (see 10). Let ©) 
denote the sum in (11.10) over those terms ¢vf,” such that the corresponding 
Jy lies entirely in U:. Set 


(13.6) — 3 = [3 ]f-(2), By, —2, 


and f:(z) =f:(z) =F(z). Since S@d¢v=1 in a neighborhood of z 
(excepting z) and =0 outside U:, we may set f:(x) =0 in G— B),, giving 
a function Z in I (since fz is in I). 

If we set (a) = dv (x) in By, and = 0 in G — the functions 
¢ are defined and of class O" in G, and are in J. 

Let z',2°,- - - denote the points of A’),, We may suppose the Uz have 
no common points. If %’ denotes the sum of those terms corresponding to 
no 2”, then 


(13, 7) ¢'r(2) + re By, 
Arrange the functions y,¢’y, Wr fo”, using the vy appearing in 3’, in a 
sequence; call these functions f*),1, f*),2, Then 
(13. 8) fx, (2) > (2), xeG; 


this follows from (13.7) and (13.3) for ae By,, and from (13.2) and 
(13.4) for re G@— B),. 

The functions f*),, are in J, and (a), 2, holds; we shall prove (b). 
Take any ceG. If first «e By,, it is clear from the definition of the func- 
tions ¢’y and f.” that at most a finite number of the functions ¢’y (v in 3’), 
f2™, are £0 in some neighborhood of x; hence this holds also for the f*,,x. 
If next veG—B),, then re and (13.2) shows that all the 
vanish in R’\,. Thus (b) holds, and we have shown that f’, is in J*. 
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We now define the g’y,. Set $*),(z) in Ay,. 
see that #*), is now of class C’ in B),. Define 


(13.9) =f'n(2), re G, 
and for i> 1, 


(13. 10) (x) fr (2) + $*), (x) —f'r(x)], TE By, 


and =0, re G—B),. We see at once that =0 in 
it follows that g’,, is of class C’ in G. 
Let us show that 
(13. 11) 9'r,(2)-= gr, (2), P,. 
j>i 

For 1 = 1, this follows from (13.9), (13.5) and (12.14). Now take i>1. 
If xe Ay,, = 0, and (13.10), (13.5) and (12.15) apply. Now take 
xe By,—A),. If first re R’y,, then (13.10), (12.11), (18.5) and (12. 16) 


From (12.11) we 


give the result. If not, then re B,,— > R’,. Using induction gives 
j>i-1 

9 and (13.11) now follows from (13.10), (13.5) and 

(12. 16). 


We now prove that each g’), is in /*. For 11, it follows from (13.9). 
For i > 1, we use induction. Note that if we replace $*), by a function $**, 
which equals $*), in G — R”), and which goes to zero together with derivatives 
as we approach G— B),, we may set $**,,=0 in G@—B),, making it of 
class C” in G, and we may use $**), in place of $*), in (13.10), since 
=0 in R%,. Now (13.10), with $**,,, holds in G. Using this, | 
and the facts that f’,, and g’y,, are in 7* and that I* is an ideal, shows that 
g’x, is in I*. 

Finally, setting ih in (13.11) and using (12.21) gives 


(13. 12) f*(z) (2) = fr,(2), xe G. 


Since g’), is in I*, f* is in J*, and the proof of Theorem 2 is complete. 


14. Restrictions on the local ideals. We consider here the problem: 
What sets of local r-ideals are the local ideals of an r-ideal? A good answet 
to the question seems quite difficult to give, especially for r= 2. For a better | 
understanding of the problem, we shall give two theorems, which do hardly 
more than show wherein the difficulty lies. 

The first theorem says that each r-value of each local ideal must 
realized by a function, each of whose r-values lies in the corresponding local 
ideal. 
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we THEOREM 4. Given a set of local r-ideals H(x) for each x in an open 
subset G of E”, there is an r-ideal I in G such that 


(14. 1) 2) = H(z), zeG, 


if and only if the following holds. For each x° in G and for each r-value 
v |  @eH(2x°) there exists a function f of class C” in G such that 


(14.2) V-(f.0°) =a; © H(2), ze. 


To prove the necessity, suppose that J exists. Given a°e H(zx°), since 

} = H(x°), there is a function f in J such that V-(f, 2°) clearly 
(14.2) holds. 

a To prove the sufficiency, suppose the condition satisfied. Let J consist 


take of all functions f of class C’ in G such that V;(f,2) e H(z) for all x. Since 
16) the H(z) are local ideals, J is clearly an ideal. Certainly 3,(J,z) C H(z), 
vives all z. To prove H(z) C all x, take any 2° and any a°eH(z2°). 
Choose f so as to satisfy (14.2). Then f is in J, and V,(f,x2°) =a’, so that 
C x°), completing the proof. 

The next theorem is obtained by applying the last theorem, not to all 
si points of G, but to all the points where the local ideals H(z) are non-trivial. 
is “ F Recall (6, 7) that the unit local r-ideal 9,7(2) consists of all r-values at 2, 
and that for any other local ideal H (x), do...0 = 0 for each r-value ae H(z), 
¥ 1“ that is, for any f with V,(f,2) e H(x), f(x) =0. Thus the set A of points 
TT | «where H(r) #~%,-'(x) is the set of points at which any function f in any 
that corresponding ideal a required to vanish. The following theorem gives 

' conditions on the local ideals at points of A; there are of course no conditions 
at other points of G. 
g THEOREM 5. Given the H(z), there is a corresponding I as in Theorem 3 


if and only if the following holds. Let A be the set of points x in @ for 
which H(r) AY, 
for each a°  H(x°) there is a neighborhood U C G of x° and there are r-values 


a(x) eH(x) for zeU such that a(x°) =a°, and so that the following 


(2); we assume A is closed. Then for each x° in A and 


nswet | is true. For each pair of points x, 2’ in U A, and for each a = Gn), 
better [*] Sr, define Ra(2’, x) by the relation 
ardly 
(143) = (x’ + Ra(2’, 2). 
(8)Sr-(a] 
ist be 


-Jocal Then for each x*eU () A and «> 0 there is a 8 >0 such that 


(14. 4) | Ra(2’,x)| S prote if pox, pom <8, 2,0 eU A, [a] Sr. 


| 


HASSLER WHITNEY. 
EXAMPLE. Suppose that A consists of isolated points only. Then the | 


condition is obviously always true. 


First suppose that J exists. Given 2° and a°e H(2°), choose f in I s0 
that V,(f, 2°) =a®, and set a(x) = V;(f,2), ve G. Then the Rg are simply 
the remainders in Taylor’s formula, and (14.4) is well known. 

Now suppose that the condition holds. By Theorem I of AK, we may | 
extend the values of the aa(x) ([#] S71) through U so that ao(a) = do...0(2) | 
is of class C™ in U in terms of the adg(x). (Though Theorem I of AE is 
stated for E only, it clearly holds for open sets U. Actually, we could apply 
Theorem III of AE directly.) Since = xe U — A, a(x) H(z) 
for such x also. Let ¢(x) be a function of class C” in G@ which is =0 
outside a neighborhood U’ of 2° with U’C U, and is =1 in a neighborhood 
U” of 2°; set 

f(x) = $(x)a.(x) in U, f(z) =0 in G—U. 


Then f is of class C™ in G, and since a(a) e H(x) (we U) and the A(z) are 
local ideals, e for all Clearly V;(f,2°) =a(2°) =a’; 
thus the condition of the last theorem is proved, and the present theorem | 


follows. 


Remark. In the condition of the last theorem, we could drop the hypo- 
thesis that A is closed, if we assume that (14.4) holds for all #* in U instead | 
of all c* in U [| A; for we could then prove that A is closed (or we could 
use Theorem 1 of H. Whitney, “ Differentiable functions defined in arbitrary | 
subsets of Euclidean space,” Transactions of the American Mathematical 
Society, vol. 40 (1936), pp. 307-317). 
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ON TOPOLOGICAL GROUPS OF HOMEOMORPHISMS.* 


By JEAN DIEUDONNE. 


1. Introduction. The aim of this paper is to systematize and extend a 
number of results on topologies for homeomorphism groups which have been 
recently published by several authors (see [4], [5], [6], [8], [9] in the list 
at the end of this paper) ; we have tried in each case to get rid of superfluous 
hypotheses in the formulation of the theorems we give, and to reach the 
closest approximation possible to their exact range of validity. The questions 
treated fall into two quite distinct chapters: in the first one, we consider 
either the whole group of homeomorphisms of a uniform space, or subgroups 
formed of those homeomorphisms which satisfy certain mild conditions of 
uniform continuity; the main problem is to decide when a topology (defined 


> on certain subsets) is com- 


by natural conditions of “ uniform convergence ’ 
patible with the group, that is, makes the product uv and the inverse u™ 
into continuous functions; we obtain conditions (see Theorems 1, 2 and 3) 
which generalize previous results by G. Birkhoff [5] and R. Arens [4], the 
extension consisting principally in the possibility of dropping in certain 
cases restrictions of compactness (or local compactness) for the underlying 
space, assumed by these authors; in particular, we are thus able to obtain a 
topology which is compatible with the group of all linear automorphisms of a 
Banach space (Theorem 3). 

In the second chapter, we restrict considerably, on the contrary, the sub- 
groups of homeomorphisms we study, by submitting them to conditions of 
equicontinuity. The chief question here is to find conditions under which a 
subgroup of homeomorphisms is locally compact, or contained in such a sub- 
group ; conditions for a group of homeomorphisms to be compact had already 
been given by S. B. Myers [9] and the author [8], and R. Arens had studied 
a special type of locally compact groups, those which are equicontinuous [4, 
p. 604]; we solve here the general problem (Theorem 5) which offers new 
difficulties as regards the way in which the group must be “ completed ” so as 
to become locally compact; in that result also we are able to do away with 
restrictions of compactness or local compactness of the underlying space. 


* Received July 12, 1947. 
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CHAPTER I. 


2. Preliminaries and notations. We follow, in this paper, the top- 
ological terminology and general notations of N. Bourbaki’s treatise ((1] 
and [2]). All spaces considered are uniform spaces [Bourbaki 1, p. 85 and 
89] in which every point is a closed subspace (which is equivalent to saying 
that the topology of the uniform space is a Hausdorff topology). Let E be | 
such a space, % the filter base of symmetrical neighborhoods of the diagonal | 
A in E X E which defines the uniform structure of #; we shall denote by 
# (E) the set of all functions defined in £ with values in LH, by @(L) (resp. 
4*(£)) the subset of F(£) consisting of all continuous (resp. uniformly 
continuous) functions. Let = be a family of closed sets in H, such that 
every union of a finite number of sets from & belongs to =; for every Ae 
and every Ve %, let W(A,V) be the set of all couples (u,v) of elements of 
#(E) such that (u(x), v(x)) © V for every re A. It is easily seen that the | 
W (A, V) form the base of a filter of subsets of #(2) X ¥(L) which defines | 
on #(£#) a uniform structure, which we shall denote by Us, the corresponding 
topology on #(#) being written Fy. We shall always suppose that every 
point of £ belongs to at least one set of &, in which case Jy is a Hausdorf | 
topology. The three most important cases to be considered are the following: 


1° & consists of the single set FE; 
2° 3% consists of the compact subsets of E; 
3° consists of the finite subsets of FL. 


The uniform structures in these three cases will be written Ux, Uc, U, | 
respectively, the corresponding topologies Tu, Fe, Fs; convergence in Ju | 
means uniform convergence on EF; convergence in J-, uniform convergence | 
on every compact subset of H (see [3] and [9]) ; convergence in J, is point- 
wise convergence. When #(/) is given the uniform structure Un, Ue, o 
U., the uniform space thus defined will be written Fu(E), Fe(E£), Fe(B) | 
respectively; 6u(/), 6c(E), will denote its subspace (with the 
same uniform structure). The uniform space ¥s(£) is identical with the |. 
product space Z® [Bourbaki 1, p. 118]; each of the structures Un, Uc, Us  } 
finer [Bourbaki 1, p. 88] than the next; if Z is compact, Uu = Ue; if BX | 
discrete, Uc = Us. 

We state without proof the following properties, which are either know! 
or easy generalizations of classical results: , 


Lemma 1. If E is complete, so is ¥(E) for the uniform structutt ; 


Us. 
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Lemma 2. 6(2) and @*(E) are closed subspaces in Fu(E), and there- 
fore complete if E is complete. 


Lemma 3. If E is locally compact, @(E) is a closed subspace in #¢(E). 


In relation with the space @-(E), we recall that its topology Je is 
independent of the uniform structure of Z, and can be defined in terms of the 
topology of £ alone (see [3], p. 489). 


Lemma 4. If 3% ts such that every point of E is interior to at least one 
set of %, then the application («,u) of into E ts con- 
tinuous when @(E) is given the topology Jy. 


3. Continuity of (u,v)—> uv. For any two functions u, v belonging 
to #(£), uv will always be the function r—u(v(x)); if w is a one-one 
application of H on itself, u-* will be the reciprocal function. We are interested 
first in getting a sufficient condition for the application (u,v) >uv of 
4(E) X @(E£) into to be continuous at a given point (wo, vo), 
when 6(£) is given the topology Jy. 


Provosition 1. Jf, for arbitrary there exist and Vet 
such that: 


1° V(w(A)) CB; 
2° Uo is uniformly continuous in B; 


then uv is a continuous function of (u,v) at the point (uo, vo) for the 
topology Jy. 


We have to show that, given arbitrarily Ae = and We, it is possible 
to find Be 3, Ce 3, Ue and Ve & such that the conditions (u(y), wo(y)) € 
for every ye B and (v(z), vo(z)) for every ze C insure that (u(v(z)), 
Uo(vo(x))) © W for every xe A. Take C=A and U such that U?C W; 
then it is enough to show that Be 3 and Ve may be found such that, in 
the first place, (v(x), vo(x)) V for ze A implies (uo(v(r)), Wo(vo(z))) U 
for ce A, and on the other hand, (u(y),uUo(y))eU for ye B implies 
for ce A. Let VoeM and Bes be taken such 
that Vo(v(A)) CB and that uw is uniformly continuous on B; then 
(v(x), in A will imply v(A) C Vo(v(A)) CB; therefore 
(u(y), uo(y)) eU for ye B implies (u(v(z)), uo(v(2))) eU for «eA; on 
the other hand, as w, is uniformly continuous in B, a Ve may be found 
such that VCYV, and (u(x), Uo(v))eV for xeA implies 
Uy (V(x) )) €U for xe A, which completes the proof. 
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PROPOSITION 2. If Uo is uniformly continuous in E, (u,v) > uv is an | 
application of @u(E) X into @u( EL) which is continuous at the 
point (Uo, Vo). 


Proposition 3. Jf FEF is locally compact, (u,v) uv is a continuous 
application of @c(E) X @c(E) into @-(E). 

Proposition 2 is an obvious corollary of Proposition 1. To prove : 
Proposition 3, let A be any compact subset of /; vo(A) is also compact, and, | 
since F is locally compact, vo(A) has a compact neighborhood B: the con- 
ditions of Proposition 1 are therefore satisfied [Bourbaki 1, p. 109, Th. 2 
and p. 111, Prop. 1]. 


4, Continuity of uu". In this section, we consider only the subset | 

H of @(£) consisting of the homeomorphisms of E on itself; u~* is therefore | 
defined in H. We want to find conditions for continuity of the application 
u—u" of H on itself at a given point wo, H being given the topology Jy. | 
| 


Proposition 4. If there is a subfamily X’ of & such that every set of 
= is contained in a finite union of sets of 3’, and if given arbitrarily Ae, 
there exists Be X’ and Ve% such that: 


1° is uniformly continuous in V(A) ; 


2° the relations (uo(x),u(x)) eV (u in H) for every xeB implies | 
AC u(B); 


then u- is a continuous function of u at the point uo for the topology Js. 


We have to prove that, given arbitrarily Ae and We , it is possible 
to find Be = and Ve such that the condition (uo(x),u(a)) eV for «eB 
implies (uo? (y),u7*(y)) ¢ W for ye A. If A is contained in the union of a 
finite number of sets A; © 3’, and, for each i, Bj eS and V; eM are such that 
(u(x), u(x)) Vi for xe B; implies (u(y), u7(y)) W for ye Ai, then 
B=U B and V= NM V; will fulfill the required conditions; we may there- 


fore limit ourselves to the case when Ac’. Let Voe% and Be®X be such 
that (uo(x),u(z)) © Vo for ze B implies AC u(B) (u in A), and that w" 
is uniformly continuous in V,(A); there exists therefore a Ve%M such 
that VC V, and that the relation (wo(u*(y)),y)eV for ye A implies 
(u(y), us(y)) W; but if we put « = u(y), the relation 
can be written (uo(x),u(x)) eV; if it holds in B, it will hold a fortiori  F 
u4(A) CB, and the proof is thus completed. 
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Proposition 5. If uo is a homeomorphism of E upon itself such that 
uo? is uniformly continuous in E, u—>u™ is an application of H upon itself 
which is continuous at the point uo for the topology Fu. 


In fact, for the topology Fu, = consists of a single set £, and the second 
condition of Proposition 4 is obviously satisfied since u(#) =F for every 
homeomorphism ue H. 

Except in that particular case of the topology Ju, it seems: necessary 
to impose rather heavy restrictions on the space # or the family of subsets % 
in order to satisfy condition 2° of Proposition 4. It is here that the notion 
of connection plays an important part, as was first pointed out by G. Birkhoff 
([5]. p. 871). We have in fact the following general property: 


Proposition 6. Suppose that there exists a subfamily of such that 
every set of & is contained in a finite union of sets of &’, and that, for every 
set Ae’, there exists Be S and Ve such that: 


1° ut is uniformly continuous in V(A); 


2° there exists a connected set C such that V(A) is contained in C 
and V(C) contained in the interior of uo(B). 


Then w is ascontinuous function of uw at the point ue H for the 
topology Jy. 


We have only to show, according to Proposition 4, that for every ue H 
such that eV for every xe B, we have AC u(B). Notice 
first that u(uo1(4)) C V(A) CC; therefore u-(C) contains points of B; 
suppose that w(C) is not contained in B; as C is connected, so is w*(C) ; 
that set, having points in B and points not belonging to B, would contain 
at least one point z belonging to the frontier of B. But then uo(z) belongs 
to the frontier of w)(B), and u(z) belongs to C; the assumptions make it 
impossible that one should have (wo(z),u(z)) € V, which is a contradiction. 


5. Topologies compatible with groups of homeomorphisms. Proposi- 
tions 2 and 5 yield immediately the following result: 


THEOREM 1, Let H* be the group of all automorphisms of the uniform 
structure of E (that is, homeomorphisms u such that w and u7 are both 
uniformly continuous). Then the topology Fx is compatible with the group H* 
(that is, wv and w are continuous in H* X H* and H*, respectively, for 
that topology). 


In the particular case when E is compact, H* coincides, of course, with 
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the whole group of homeomorphisms H of the space £, and Theorem 1 becomes 
a well known result (see A. Weil [12], p. 131 and R. Arens [4], p. 597). 

In the same way, combining Propositions 3 and 6 gives the following 
theorem due to R. Arens [4, p. 598]: 


THEOREM 2. Jf E is a locally compact and locally connected space the 
topology J is compatible with the group H of all homeomorphisms of E. 


We have only to take, in Proposition 6, for 3’ the family of compact 
connected subsets of #; for C a compact connected neighborhood of A: to take 
V such that V(A) CC, and that V(C) is contained in the interior of a 
compact neighborhood K of C; and finally to take B= wu,."(K), which is 
compact. It follows from the assumptions on £ that all these choices are | 
possible, and the conditions of Proposition 6 are then satisfied, which proves : 
that u* is continuous in H. 


Theorem 2 is an extension and precision of a previous result of G. | 
Birkhoff [5, p. 871]; an interesting extension of that result in another | 


direction is the following: 


THEOREM 3. Let E be a metric space, & the family of all “ balls” 
d(x,x) Sr of center x» (d distance on E). Suppose that there exists an 
increasing sequence (fn) of positive numbers, tending to + o, such that 
each ball d(ao,x) Srn is connected. Then, if L is the group of all homeo- | 
morphisms of E which are bounded and uniformly continuous as well as their 
reciprocals on each ball of center xo, the topology Jy is compatible with the | 
group L. 


In fact, the conditions of Propositions 1 and 6 are obviously satisfied, | 
taking as 3’ the subfamily of all the balls d(ao,7) S1rn. 

Interesting subgroups of the group L are: the group of all Lipschitzan 
homeomorphisms of (that is, such that d(u(x),u(y)) Sk-d(z,9); 
k depending on u), and, in the case where EF is a normed space, the still 
more particular group of all linear homeomorphisms of £. 


6. Uniform structures on groups of homeomorphisms. In this section, | 
we investigate the properties of the standard uniform structures of a topological : 
group of homeomorphisms, (that is, the left, right and two-sided structures 
deduced from the topology of the group; see A. Weil [11, p. 30], and 
Bourbaki [2, p. 23 and 31-32]) in the cases when we’ have succeeded up t0 § 
now in defining such a group. : 
In the first place, it is easily seen that on the group H* of all auto | 
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morphisms of the uniform structure of Z, topologized by Fu, the right uniform 
structure is identical with the uniform structure U, of uniform convergence in 
E. In fact, to define that structure, for each V e Y, we have to take the set of 
all couples (u,v) of elements of H* such that (v(u"(z)),2) eV for every 
ze; but as wu is an homeomorphism of £, the last relation is obviously 
equivalent to (v(y),u(y)) © V for every ye H, which proves our contention. 

Unfortunately, the right uniform structure of H* behaves in a very 
unpleasant manner, even when one restricts the space / in the most drastic 
way, taking for instance for / a compact interval. I have in fact shown in a 
previous Note [7] that even in that very special case, not only is H* not com- 
plete for its right uniform structure, but it cannot even be completed; of 
course, the same situation prevails for the left uniform structure of H*, and 
both structures are necessarily distinct. 

It turns out that, in all three cases considered in Section 5, the two-sided 
uniform structure has, on the contrary, a quite reasonable behavior, as the 
following propositions show (see R. Arens [4], p. 602), 


Proposition 7. Jf E is a complete uniform space, the group H* 
(topologized by J.) is complete for its two-sided uniform structure. 


Proposition 8. Jf EF is a locally compact and locally connected space, 
the group H (topologized by Jc) is complete for its two-sided uniform 
structure. 


Proposition 9. Let HL, % and L satisfy the conditions of Theorem 3. 
If in addition E is complete, the group L (topologized by Fy) is complete 
for its two-sided uniform structure. 


The idea of investigating the two-sided uniform structure for homeo- 
morphism groups is due to R. Arens, who proved Proposition 7 in the 
particular case when FH is compact (in which case, of course, H* =H, and 
J, is identical to T-; see [4], p. 602, three first lines of proof of Theorem 6). 
Proposition 8 has also been proved by R. Arens, who takes advantage of the 
fact [4, p. 601] that when F is locally compact and locally connected, E, is 
the compact space obtained by adding to EF a “ point at infinity,” and H, is 
the group of all homeomorphisms of E£,, with the topology Fx, then J- on 
H is identical to the topology obtained by considering H as a subgroup of H;; 
Proposition 8 is thus reduced to the particular case of Proposition 7 dealing 
with compact spaces. We shall give a proof of Proposition 9, which does not 
seem to be reducible to Proposition 7 in such a way; of course, our argument 
will be very similar to Arens’s, and we leave to the reader the easy task of 
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adapting it to prove Proposition 7, or to give an independent proof of Proposi- 
tion 8. 

Let then ¢ be a Cauchy filter on the group LZ for the two-sided uniform 
structure of that group. Let A be any ball of center x, Ky a connected ball 
such that A is contained in the interior of Ko, K a ball such that K, is 
contained in the interior of K. There exists a Voe Mf such that Vo(A) is 
contained in Ko, and that Vo(Ko) is contained in the interior of K. From 
the hypothesis, it follows that there exists a set Meg such ‘that, for 
every couple (u,v) of elements of M, one has (uw *(v(x)),x2)eVo and 
(u(v'(x)),2) e Vo for each xe K (in that second relation we make use of 
the fact that the topology Fy is compatible with the group L, and therefore 
the symmetrical of any neighborhood of the identity is again such a neighbor- 
hood) ; this is equivalent to saving that Vo for (y) eK, 
and (u(z),v(z))eVo for v(z) eK. Let vo be an element of M, and put 
For every we M, one has (u(y), vo (y)) Vo for 
every ye B; let us show that this implies u-4(B) ~ A. In fact, we have for 
yev (A) CB, u(y) Vo(vot(y)) C Vo(A) C Ko; ‘there are, therefore, | 
points of Ky which belong to w*(B); if A were not contained in w'(B), | 
Ko would have points outside u-*(B), and therefore points on the frontier of 
u*(B), since Ko is connected. Such a point has the form u(y) where 4 | 
belongs to the frontier of B; vo-?(y) is then on the frontier of K, and the | 
choice of makes it impossible to have (u-*(y), vo *(y)) € Vo. j 

Now, ¢ being a Cauchy filter, and B being bounded there exists, for every | 
Ve, a set Ned, such that N C M and that, for every couple (u,v) of 
elements of N, one has (u(v"(t)),¢)eV for every te B, which means 
(u(x),v(z)) eV for every xe v7(B); but as N CM, one has OA, 
therefore (u(x), v(2)) eV for every xe A, that is, converges uniformly 
on every ball A; its limit uo is therefore a continuous application of F into £. 
In the same way (but using the set © instead of B) one proves that ¢° [ 
converges to a continuous application wu’, of E into Z. From the continuity f 
of the product in Z, it follows that wu? and u-tw converge (according to the F 
filter ¢) uniformly in every ball, towards wow’) and w’ouo respectively; this 
shows that wou’, and w’ouUo are both the identity, whence it follows that uo isa | 
biunivocal application of FZ upon itself, and wu’, its reciprocal; as they ar | 
obviously bounded and uniformly continuous on every ball, this complete > 
the proof of Proposition 9. 
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7. Preliminary lemmas. The counterexamples given by G. Birkhoff 
[5, p. 871] and R. Arens [4, p. 601] leave but little hope of discovering new 
interesting topological groups of homeomorphisms without restricting con- 
siderably more than we have been doing in Chapter I the extension of such 
groups. We are led to such restrictions, on the other hand, by inquiring after 
topological groups of homeomorphisms which do not exhibit such awkward 
features as the ones we have noticed in Section 6 (with respect to the uniform 
structures of the groups we considered); and, in the first place, we look 
of course after groups of homeomorphisms which belong to the best known 
class of topological groups, that is, compact or locally compact groups (or 
subgroups of such groups). This in turn (due to the classical Ascoli theorem ) 
leads to the consideration of subgroups of homeomorphisms which are charac- 
terized by their properties in relation with the notion of equicontinuity. 

We recall that a subset H of @() is said to be equicontinuous in FL if, 
for every Ve Mf and every xe, there exists a neighborhood U of 2» such 
that for every xe U and every we H, one has (u(a%),u(x)) eV. AZ is said 
to be uniformly equicontinuous in E if, given V eM, there exists W e % such 
that the relation (2,y) implies (u(r),u(y))eV for every ue H; of 
course, uniform equicontinuity implies equicontinuity, but in general both 
notions are distinct *; they are equivalent, however, when EF is compact. 

These notions admit relativizations: for a subspace A C E, we’ say that 
H is equicontinuous (resp. uniformly equicontinuous) in A if the restrictions 
of the functions of H in A form a subset which is equicontinuous (resp. 
uniformly equicontinuous) in the uniform space A (as applications of A 
into Z). We shall especially consider sets H of functions which are equi- 
continuous in every compact subset of E*; such sets are subsets of the subset 
P(E) of F(Z) which consist of all applications of # into £ which are 
continuous on every compact subset of E 2; Lemma 3 shows that if E is com- 
plete the space P.(H) (that is, P(£) with the uniform structure Ue) is 
complete. 

*We point out that in his paper [4], R. Arens uses the word “ equicontinuous ” 
in the sense which we attach here to “ uniformly equicontinuous ”; the reader should 
be well aware of this difference when comparing Arens’s results with ours. 

*It is easily seen that when £ is either locally compact or first countable, a function 
from E to E which is continuous on every compact subset of # is continuous outright 


in E; and a set H of such functions which is equicontinuous in every compact subset 
of is equicontinuous in 
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We state again without proof a number of results on equicontinuous sets 
we shall need in what follows (see [3], p. 490-491 and [9]). 


LemMa 5. If H is equicontinuous (resp. uniformly equicontinuous) in 
E, the closure of H in the space ¥.(E) (that is, for pointwise convergence 
in #) is equicontinuous (resp. uniformly equicontinuous) in E. 


LEMMA 6. Jf H is equicontinuous in every compact subset of E, the 
uniform structures Us and Uc are identical on H; the closure of H in the | 
space P(E) is identical to its closure in the space #s(EF), and is equicon- 


tinuous in every compact subset of E. 


Lemma 7. In order that a subset H of the space P-(E) be relatively 
compact in P-(£) (that is, in order to have a compact closure in that space) | 
it is necessary and sufficient that: : 


1° H be equicontinuous in every compact subset of E; 
2° for every xe E, the set H(x) (set of all u(x) for we H) be relatively | 
compact in E. | 


When those conditions are satisfied, for every compact subset A of E£, 
the set H(A) (set of all u(x) for we H and xe A) ts relatively compact in E. 


This last lemma specializes of course to the classical Ascoli theorem when 
E is locally compact. It is to be stressed that in Lemma 7 the space E is not 
supposed to be complete; in fact, the topology of P-(#) depending only on 
the topology of , but not on the uniform structure of that space, the part | 
played by that structure in the formulation of Lemma 7 is only apparent: 
if H is such that H(z) is relatively compact for every ze EF, when H is equi- : 
continuous on every compact set for one uniform structure on EF (compatible 
with the topology) it has the same property for all such uniform structures 
on £; this is not to be wondered at, since, by Lemma 7, for every compact ( 
subset A of H, H(A) is then compact in £, and therefore all possible uniform ( 
structures on E give on A and on H(A) the same uniform structures [ 
[Bourbaki 1, p. 107]. 


8. Equicontinuous groups of homeomorphisms. 


Tueorem 4, If H is a group of homeomorphisms of E which is equ- | 
continuous in E, the topology Js (identical on H with J-, according 1 ; 
Lemma 6) is compatible with the group H. , 


We have to prove that wv and wu are continuous in H < H and H ' 
respectively, for the topology Ts. ’ 
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1° Continuity of uv. As the space #s(#) is identical with the product 
space EL”, to prove that (u,v) — wv is continuous, it is enough to show that, 
for any a e€£, the application (u,v) > u(v(x%)) of H X H into £ is con- 
tinuous [Bourbaki 1, p. 44]. Let wo and vo be any two points of H, and 
Yo = Vo(%o); for any there exists a such that the relation 
(y,yo)eU implies (u(y), u(yo))eV for every weH. Let ve be 
such that Uo(to)) U, we H be such that (u(yo), Uo(yo)) eV; we 
have EV, and Uo( € V, whence 
(u(v(2o)). Uo(Vo(ao))) V*, which proves our assertion. 


2° Continuity of u-'. For the same reason, it is enough to show that, 
for any ae L, w—u*(x) is a continuous application of H into £. Let uo 
be any point of H, and yo = wo ; for any Mf, there exists U e such 
that eU implies for every ue H. Let ue 
be such that (w(Yyo), Uo(Yo)) U, that is (u(yo). 2%) U; we have therefore 
V, that is w* (ao) ) € V, which completes the proof. 


9. Uniform structures on equicontinuous groups of homeomorphisms. 


Proposition 10. Let HT be a group of homeomorphisms of E, equi- 
continuous in E, and made into a topological group by the topology JF, on H. 
The left uniform structure of that group is then finer than the structure Us 
on H; both structures are identical when H is uniformly equiconti:uous in L. 


In fact, to form a base of the filter of neighborhoods of the diagonal in 
H X H, which defines the left uniform structure of that topological group, 
we must take, for an arbitrary U e & and an arbitrary finite subset (2+) :<j<py 
of £, the set T of all couples (u,v) of H X H such that (v(ai)), 
forlSisn. As H is equicontinuous, for every V eM, there exists a Ue W 
such that each of the n relations (2,2;)eU implies, for every we H, 
(u(x), u(ai)) e V; if U is chosen in that way, for every couple (u,v) eT, 
one has (v(a;),u(ai)) © V for every 7; therefore, the intersection of H X H 
with the set W(2,,- - -,2n,V) contains T, which proves the first part of 
proposition 10. 

Let now H be uniformly equicontinuous: for every U e , there exists a 
such that (2, y) © V implies (u(a).u(y)) © U for every we H; there- 
fore, for each i, the relation (v(2i), u(ai)) V implies (ut (v(ai)), U, 
which proves that on H, the uniform structure U, is finer than the left 
uniform structure of H, and therefore that both structures are identical. 

When H is equicontinuous, but not uniformly equicontinuous, the left 
uniform structure of H may be different from the structure U, on H. An 


example is given by the following group: let uw be the homeomorphism of the 
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real number set R, defined by u(x) =x+ 1 ifeS0,u(r) =2r+1/(1+2) 
if ¢= 0; and let H be the infinite cyclic group generated by wu (that is, the 
group of all w", for any rational integer n). For a given 2 >0, the sequence 
(u"(x)) converges to + © when n tends to + ©, for it is increasing and if it 
had a finite limit, that limit « would satisfy the equation « = « + 1/(1 +4), 
which is absurd; in the same way, one sees that u(x) tends to — o when 
n tends to + ©, and moreover that from a given n (which depends on z) on, 
one has w'"*) (x) =u"(r) —1. From those remarks, one deduces easily 
the equicontinuity of H, and that the topology Js is discrete on H; but 
U. on H is not the discrete uniform structure, since w"*!(a2) —u"(z) 
=1/(1+u"(x)) converges to 0 when n tend to + o, for any given z, 

As I have shown in a previous note [7], equicontinuity, and even uniform 
equicontinuity of H, is not enough to ensure that H may be completed for its 
left (or right) uniform structure. In the example given in that note, F isa 
discrete space. On the other hand, a result of R. Arens [4, p. 604], which 
we shall meet again in Section 11, shows that when F is locally compact and 
connected, any uniformly equicontinuous group of homeomorphisms H is a 
dense subgroup of a complete group of homeomorphisms H’ (for the left and 
right uniform structures). Now the example we have referred to shows that 
in Arens’s result the assumption of connectedness may not be dropped 
without impairing the validity of the theorem; neither can the assumption 
of local compacity, as we shall now see by a slight modification of the same 


example. Take as # a Hilbert space, with an enumerable orthonormal basis 


(en), and let H be the group of unitary transformations of £, which permute 
the e; among themselves; clearly H is uniformly equicontinuous (as any group 
of isometries in a metric space). Now, if wn is the element of H such that 
Un(ex) = for LS un(n) = Un(ex) = ex for k > n, Proposition 


10 shows that (wn) is a Cauchy sequence for the left uniform structure of H; | 
but is not a Cauchy sequence for that structure, since =% 
has no limit in /; therefore the group H may not be completed for its left } 


(or right) uniform structure. 


Here again, consideration of the two-sided uniform structure (see Section F 


6) yields less pathological results: 


Proposition 11. Let H be a uniformly equicontinuous group of homeo- 7 
morphisms of E, made into a topological group by the topology Js on H.F 
If E is complete, the Cauchy filters on H for the two-sided uniform structure § 
on H, converge in the space ¥,(E), and the set H’ of their limit points 8 F 
a uniformly equicontinuous group of homeomorphisms of E, which (whe 3 
topologized by JF,) is complete for its two-sided uniform structure, and tt ' 
which H is dense. 
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Indeed, let ¢ be a Cauchy filter for the two-sided uniform structure 
on H. For every Ue, there exists a Ve! such that (z,y) ¢ V implies 
(u(z),u(y)) © U for every we H. Now let (vi) 1<;<, be an arbitrary finite 
set of points of L; there exists a set Me@ such that, for every couple 
(u,v) of elements of M, one has, for every i, (w*(v(zi)),2)eV and 
V; therefore, for every i, one has also €U 
and U; this proves that and the filter ¢*, image of ¢ by 
uu, are both Cauchy filters for the uniform structure Us. E being 
complete, those filters converge respectively to elements uo, u’o of Fs(L), 
which belong to the closure H of H in #.(#); now Lemma 5 shows that 
H is uniformly equicontinuous in £; therefore, the first part of the argument 
in Theorem 4 proves that uu? and u-*w converge respectively to wow’) and 
wu) according to the filter ¢. In the same way as in Proposition 7, this 
proves that is a homeomorphism of and Finally, if wo 
and vo are limits of Cauchy filters ®, ¥ on H, the image by the application 
(u,v) > uv of the product filter ® X W is a base of a Cauchy filter on H 
[Bourbaki 2, p. 28] and therefore converges in the space #s(Z) to an 
element of H’; the first part of the argument of Theorem 4 shows that this 
element is wv», and therefore H’ is a group of homeomorphisms. Now it is 
clear that H is dense in H’, and that the two-sided uniform structure of H’ 
gives on H the two-sided uniform structure of the group //; a classical lemma 
in the theory of complete uniform spaces [Bourbaki 1, p. 103] proves then 
that H’ is complete for its two-sided uniform structure. ) 


10. Locally compact groups of homeomorphisms. We now enlarge a 
little our field of investigation by considering, instead of groups of homeo- 
morphisms of , groups of permutations of E which are only supposed to be 
continuous on every compact subset of EL, but not necessarily homeomorphisms 
of F* (i.e, subgroups contained in the space P-(E£)). We shall give a 
criterion for such a group to be locally compact, which generalizes similar 
criteria concerning compact groups, given previously by S. B. Myers [9] and 
the author [8]. 


THEorEM 5. Let G be a group of permutations of a uniform space E, 
contained in P.(H) (that is, made of permutations continuous on every 
compact subset of E'), and such that there exists, for the topology Fc on G, 
“ symmetrical neighborhood H of the identity e of G which is relatively 
compact in Then: 


a) The topologies FT, and F- are identical on G, and compatible with 
the group G. 
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b) G@ being thus topologized, the Cauchy filters on G@ for the right and | 


for the left uniform structure of G are identical; each of these filters converges 
in the space P-(E); the set G’ of limit points of these filters is a group of 
permutations of E (continuous on every compact subset) ; the topologies J, 


and J are identical on G’, and compatible with the group G’; finally, for that | 


topology, G’ is a locally compact group, the closure H of H in the space P(E) 
(identical to its closure in Fs(H)) being a compact neighborhood of the 
identity in G’; and G is a dense subgroup of G’. 


The proof of that theorem is a rather lengthy one, and we divide it in | 


several parts. 


1° We first prove that the application (u,v) > uv of G X @ into itself | 


is continuous at every point (Uo, Vo) of G & G when G is given the topology 
J-. By assumption, there exists a V, eM and a compact set A’o such that for 


ueG the relation (u(xz),7) € Vo for every ee Ko implies we H. Now let f 


Ue and the compact set K be arbitrarily given; let V eM be such that 
V?C U. Consider the compact subset 1 = Ko U vo(K); by Lemma 7, the | 
set M = H(L) is relatively compact, and therefore uo is uniformly continuous 

_ in it; this shows that there exists a WC V> in & such that for any couple 
(x,y) of elements of M such that (x,y) © W, one has (o(a), Uo(y)) €V. 
Now if ve G is such that (v(x), vo(x)) W for every ce K U vo *(Ko), one has 
(v(vo*(y)),y)e€ WC Vo for every ye Ko and therefore rvoteH, from 
which one deduces that v(K) CM and w(K)CM; “therefore, one has | 
(uo(v(x)), Uo(vo(x))) eV for every ae K. On the other hand, let ueG 
be such that (u(z),wo(z))eV for every zeM; as v(K) CM, one ha | 
(u(v(x)), Uo(v(x))) for every re K, and therefore (u(v(x) ), (v(z))) 
eV*?CU for every xe K, which proves the continuity of uv. 


2° In the second place, we show that u— u™ is continuous in G. Le 
K», Vo have the same meaning as in 1°, Ue WM and the compact set K b | 
arbitrary. Let wo be any element of G@; consider the compact set L=w" 
(K U Ko); the set M—H(K and the set N= H(M) are relatively 
compact (Lemma 7) ; uot is uniformly continuous on NV, and therefore there F 
exists Ve%M such that for every couple (x.y) of points of N such that F 
(x, y) © V, one has (uo (x), uo (y)) € U. On the other hand, H is uniformly 
equicontinuous on M, and therefore there exists We % such that WC Vp and & 
that, for every couple (x,y) of points of M such that («,y) © W, and 
every weH, one has (w(x),w(y))eV. Now suppose weG is such 
that (u(x), uo(x))eW for every that relation may be 
(u(uo(y)),y) W for ye u(L), and as Ky C uo(L), wut e H; this prove 
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first that for ce L, u(x) = and uo(x) belongs to H(uo(L)) 
= MM. On the other hand, as H is symmetrical, wow-t = (uuo*)-* = w belongs 
to H; therefore, as (u(x), W, one has (w(u(x)), w(uo(x))) V for 
every €L; moreover, w(u(z)) and w(uo(z)) are in H(M) =N, so that 
(uo? (w(u(x))), Uo *(w(uo(x)))) for ee L; but, by definition of w, this 
means that (2, u-!(uo(a))) e U for xe L; as this is equivalent to saying that 
(ujt(z),ut(z))eU for zeuo(LZ), and in particular for ze K, we have 
shown that u— u™* is continuous at the point Uo. 


3° Having seen that the topology J. is compatible with the group G, 
it is now an easy matter to prove that, on G, F- and Js coincide. Indeed, 
as as Je is finer than J; on F(L), it will be enough to show that, on G, 
J; is finer than Je. Now, for the topology Je on G, a fundamental system 
of neighborhoods of wo is composed of the sets V- uo, where V runs through 
a set of neighborhoods of e in H. But, on H, the topologies Fe and Js are 
identical (Lemma 6); therefore, we may suppose that a set V is composed 
of the ve H such that (v(2i),7) e U for Ue M and a finite number of points 
the set V - is then composed of the we G such that (u(uo (a) ), vi) U, 
which, by putting yi = (xi), is equivalent to (u(yi), uo(yi)) there- 
fore every neighborhood of wo in G for Fe is also a neighborhood of wo in G 
for Js, which proves our contention. 

We now investigate Cauchy filters on @ for the left and right uniform 
structure of that group, and we begin by considering those structures on H. 


4° We are going to show that, on H, the left and right uniform struc- 
ture of G are identical to the structure Uc (and also to Us according to 
Lemma 6). First, if Ue%M and K compact are arbitrary, L=H(K) is 
relatively compact, and therefore there exists a Ve % such that the relation 
(v(z),u(x)) eV for ae K implies U by the uniform equi- 
continuity of H on L; in the same way one sees that there exists We % such 
that (u*(v(x)),7) e W for ee K implies (v(x).u(z)) U, owing to the 
fact that H(L) is relatively compact; therefore, the structure Uc is identical 
to the left uniform structure on H. On the other hand, (v(y),u(y))eU 
for ye L implies in particular (v(ut(x)),2)eU for «eK; conversely, 
(v(u*(y)),y) U for ye L implies in particular (v(x), u(z)) U forze K; 
therefore U, is also identical with the right uniform structure on H. As H 
is the closure of H in the space P.(7), every Cauchy filter for the left 
(or right) uniform structure on H converges in the compact space H, and 
Hf is the set of the limit points of all these filters. 


5° ON 5 
o” Next we prove that H consists of permutations of F (continuous on 


every compact subset). We show first that (u,v) —>wuv is a continuous 
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application of H X H (for the topology Jc) in the space P(E). The 
argument is very similar to that in 1°; let wo, vo be two elements of A, and 
let U € Mf and the compact subset K of / be arbitrary; L = H (K) is relatively 
compact, and H is therefore uniformly equicontinuous on L. Take Ve¥ 


such that V?C V, and We such that for every couple (x,y) of points 
of L such that (z,y)eW, and every we H, (u(x), u(y)) eV. Then take 
ve H such that (v(x), vo(x)) € W in K; as v(x) and vo(z) are in L, one has 
(u(v(x)),u(vo(x))) © V for every we H; take we H such that (u(y), uo(y)) 
eV for ye L; in particular, one has (u(vo(X)), Uo(Vo(z))) V for every 
xe K, and therefore (u(v(r)), Uo(vo(z))) CTU for K. 

We may now apply a familiar argument already used several times. 
If a Cauchy filter ¢ for the left uniform structure on H converges to we H, 
the filter ¢*, which is a Cauchy filter for the right uniform structure, converges 
toa u’,e H ; when u tends to up according to ¢, u-! tends to u’o, and therefore, 
by what has just been proved, and tend to and wu’ oto respectively ; 
this shows that wou’o and w’oo are the identical application of EF on itself, 
and therefore that wo and wu’ are reciprocal permutations of £. 


6° Let us now consider, more generally, Cauchy filters on G for the left | 


or right uniform structure on that group. First let ¢ be a Cauchy filter 
on G for the right uniform structure; with the same meaning as in 1° for 


V, and Ko, there exists a set Me¢ such that (u(v7(xr)),x) € Vo for-every , 
xe Ky and for every couple (u,v) of elements of M; this implies uve H. | 


Therefore, if wo is any element of M, one may write -¢ = ¢’uo, where ¢’ is a 


Cauchy filter for the right uniform structure, having a base made of sets of H, | 
and therefore converging to an element w, of A (for the topology Je); | 
one then sees immediately that ¢ converges for the same topology towards | 
WoUo, Which is of course a permutation of /, continuous on every compact set. | 
Next, we show that if © is a Cauchy filter on G@ for the left uniform structure, | 
it is also a Cauchy filter for the right uniform structure. One sees at once | 
as above that ¥ =u)’ where W’ is a Cauchy filter for the left uniform 3 
structure, having a base on H, and ue G. Now W’ is also a Cauchy filter for | 
the right uniform structure (by 4°), and therefore so is ¥, since v—> wl ls | 


uniformly continuous on G for the right uniform structure. It is easll! 


verified that if converges to we H, converges to UoWo (A(K) 
being relatively compact for every compact subset K of £, which implies tha! F 


uo is uniformly continuous on H(K)). 


Conversely, if-¢’ is any Cauchy filter on H, it is clear that wo¢’ and ¢' : 
are bases of Cauchy filters on @ for the left (or right) uniform structure; ; 
therefore the set G’ of limit points of all Cauchy filters on G may be writtel q 
GA or HG. We have @ = = On tl 
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other hand, if U is a neighborhood of e in H such that U- U C H, one has 
CH; the same argument as above shows that G’=GU =—JUG; 
therefore G’ = G(UG)U = (G-G)(U-U) CG: H =@’, which shows 
that G’ is a group of permutations of EH (continuous on every compact set). 
It is obvious that G is dense in G’ (for the topology J-), and that H is a 
symmetrical neighborhood of e in G’ for that topology; the three first parts 
of the proof, applied to G’ instead of G, show at once that on G’ the 
topologies J, and Js are identical and compatible with G’; of course, H being 
zompact (by Lemma 7) G’ is a locally compact group. The proof of Theorem 
5 is thus completed. 

The group G’ is of course contained in the closure G of @ in the space 
?.(E£); but it must be stressed that in general G’ is not identical to G, and that 
accounts for the rather devious way in which we have been compelled to define 
G’. For instance, the general linear group on Cartesian n-space F is locally 
compact for the topology Jc, but its closure in @-(H) is not a group of 
homeomorphisms ; in fact, it is easy to see that it is the ring of all linear appli- 
cations of £ in itself. This proves also that on G the uniform structure Uc 
(as well as Ue) are distinct from both left and right uniform structures of G; 
this may of course be seen directly on the above example: in fact, when E£ 
is one-dimensional, the left and right uniform structure are identical with 
the multiplicative uniform structure on the (multiplicative) group of real 
numbers ~0, whilst Us and We are identical with the additive uniform 
structure on that set of real numbers, and it is well known that those two 
structures are not even comparable [Bourbaki 2, p. 54]. 

We observe, finally, that in Theorem 5 the assumption that H is 
symmetrical (that is, H-'—H) cannot be dispensed with; it is indeed easy 
to verify that in the group G of homeomorphisms generated by a set of 
homeomorphisms given as an example by R. Arens [4, p. 601], there exists 
a non-symmetrical compact neighborhood of the identity; but in G, uw is not 
even continuous, 


11. Locally compact groups of homeomorphisms of locally compact 
and connected spaces. We shall now see, generalizing results of van der 
Waerden and van Dantzig [10], R. Arens [4, p. 604] and S. B. Myers [9, 
p. 498-499], that it is possible to relax the assumptions on G in Theorem 5, 


When one imposes on the space E the restrictions that it be locally compact 
and connected. 


Proposition 12. Let E be a locally compact and connected space, G a 
group of homeomorphisms of E. If there exists, for the topology Fe, a 
symmetrical neighborhood H, of the identity e of G, and a uniform structure 
U on F such that one of the following conditions is satisfied: 
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a) £ is complete and Hy equicontinuous in E for U; 
b) Ho is uniformly equicontinuous in E for U; 
then G@ satisfies the assumptions of Theorem 5. 


We proceed to show that there exists a symmetrical neighborhood / C H, 
of e in G (for the topology F-) which is relatively compact in @6c(E). There 
exists a V»e% and a compact set Ko in HL such that the set LZ of we G for 
which (u(z),z) € Vo for all xe Ko is contained in Ho; moreover, we may 
suppose that Vo has been taken such that Vo(Ko) is relatively compact in £ 
(if not, replace Vo by another set of % contained in Vo and satisfying the 
preceding condition). The set Ho being equicontinuous on Vo(Ko), is uni- 
formly equicontinuous on that relatively compact set; therefore, as Hy is 
symmetrical, there exists a We such that for all wel satisfying 
(u(x),2)eW for all xe Ko, one has (z,u*(x))e Vo for all xe Ky; this 
means of course that Z contains a symmetrical neighborhood H of ¢ in G 
such that, for all re Ko, H(x) is a relatively compact set in F. It remains 
to be proved that for all x e EF, H(x) is relatively compact. We consider for that 
purpose the subset A of the points z in F such that H(z) is relatively compact; 


we wish to prove that in both cases considered in Proposition 12, A is open | 
and closed in £; as EF is connected and KyC A (therefore A is not the | 


empty set), this will show that A =, and therefore complete the proof. 
We first proceed to prove that A is open under the only assumption that 


H is equicontinuous in FE. Let x) be any point of A, and let M = H(2); | 


M is compact, and therefore, as EF is locally compact, there exists a Veil 


such that V(i1) is relatively compact [Bourbaki 1, p. 111]; H being equi- | 
continuous at 2, there exists a neighborhood U of a» such that, for «eU and 
for every we H, one has (u(x), u(ao)) V, and therefore H(«) C V(M); 


therefore H(z) is relatively compact for every xe U. 
The proof that A is closed is not so easy, and we have to consider 


separately assumptions a) and b). 


a) Suppose that 2» belongs to the closure of A; let ¢ be an ultra . 


filter on H; $(zo) is then an ultrafilter on H (ao), and conversely every ultra- 


filter on H(2,) may be obtained in that way [Bourbaki 1, p. 28]; therefore, | 


to show that H(ao) is relatively compact, it is enough to prove that $(40) 


converges in EF [Bourbaki 1, p. 59], and as E is complete, this is equivalent F 
to proving that ¢(a) is a Cauchy filter base on EF. Now, H being equi F 
continuous at 2, for every Ve MW, there exists a neighborhood U of 2 such 4 
that, for every ae U and every we H, one has (u(x), u(ao)) € V; there exists j 
an xe A belonging to U, and therefore H(z) is relatively compact; from this | 
one deduces that the ultrafilter base (a) converges to a point ze. There q 
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exists, therefore, a set / © ¢ such that for every couple (u, v) of elements of M, 
one has (u(x), eV; one has also € V*, which proves 
that (2) is a Cauchy filter base on L. 


b) Let a» and ¢ have the same meaning as in a), and We be such 
that W(ao) is relatively compact ; take V e such that the relation (y,z) 
implies (u(y), u(z))e W for every we H (uniform equicontinuity of H). 
The same argument as in a) shows that there exists a set Me such that, 
for every couple (u,v) of elements of M, one has (u(%o), v(ao)) € V*; take any 
uy M; one has (2, Uo (v(ao) )) W for every ve M, or (v(ao)) ; 
therefore for every ve WM, v(a) belongs to the relatively compact set 
uo(W(2o)), and therefore converges in L. 

One is naturally led to ask if Proposition 12 is still true when it is 
only supposed that //) is equicontinuous in EF (EF being locally compact and 
connected). We shall now give an example showing that the answer to that 
question is negative. 

We first define a locally compact and connected subspace F of ordinary 
3-space in the following way: let Cy be the closed disc: z= 1/n, 
(y—n)?Sn* for any integer n= 2: F is the union of the Cy for 
every n= 2, of the closed half-plane z=0, y=0, and of the segments: 
joining the point S: 0, y=0, z= 1 to the center of C., and the center 
of each C, to the center of Cn, for every n= 2. For every integer p, we 
define an homeomorphism wp of F as follows: up leaves invariant S and the 
segments joining S and the centers of the Cn; in Cn, Up is a rotation about 
the centre of Cn, of an angle p/n; finally, in the half-plane z=0, y= 0, 
uy is the translation of vector p parallel to the x axis; it is easily seen that up 
is continuous in F and that u_p is the reciprocal of up; moreover, it is clear 
that the uw, form a group algebraically isomorphic to the additive group of 
integers, 

Now, for each finite sequence of rational integers (ni) ,<;<, (k arbitrary), 
consider a “ copy ” Fryns...n, of the space F'; for any two of those spaces, there 
is a canonical homeomorphism of one on the other, which to every point of 
one associates the point in the other having the same coordinates. Out of 
the “ topological sum ” [ Bourbaki 1, p. 50] of the enumerable set formed 
of F and the spaces Frjns...n,, We make a connected and locally compact space 
E by the following procedure of “fastening” them together: we identify 
the “summit” S of the space Frn,..ngn,., With the point of coordinates 
(m+1,0,0) in Fn,..m, and the summit of F, with the point (n,0,0) in F. 
Next, we define homeomorphisms Un,...n,,p Of E in the following way: wn,...n,.p 
leaves invariant each point of every F'm,...m, for which the sequence of the m’s 
has less than i terms, or has at least & terms but has its first & terms distinct 
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from ON Unyng...ny,p Operates as does up on F;; finally, 
on every Uny...n,,p 18 identical with the canonical homeomor- 
phism of that space onto Fry,...j,nyngasp,...n-- Let G be the group of homeo- 
morphisms of £ generated by the up and wn,...n,,p3 it is clear that the effect 
of any homeomorphism of the group G on one of the F’s is to send it 
(canonically) into another of the F’s (eventually the same) and then to 
operate on that F as one of the up. 

We now put on # the uniform structure induced on it by the (unique) 
uniform structure of the compact space #* obtained by the adjunction to £ 
of a “point at infinity.” One sees very easily that, for that uniform struc- 
ture, the set of the up is equicontinuous at every point of # (for any point z 
in the half-plane z = 0, y= 0, any compact subset K in F, and any compact 
neighborhood U of x in F, all the sets u,(U) except a finite number are 
outside K); from this it follows immediately that @ is also equicontinuous 
(taking into account that a compact subset of E may intersect only a finite 
number of the Fnjny...n,). But there is no neighborhood H of the identity ¢ 
in @ (for the topology J-) such that H(x) is relatively compact for every 
xe; for a fundamental system of neighborhoods of e is formed by the 


subsets of G leaving invariant the points of a finite number of the Fanz.m3 | 

let Frnjny...n, be one of those subspaces having the maximum number of indices: | 
then all the tnns...nyny4,» belong to the neighborhood considered, and they — 


send the point (0,0,0) in Fn... into a set of points which is not relatively 
compact. 

In the special case where @ itself is an equicontinuous group of homeo- | 
morphisms of the (locally compact and connected) space F, and the conditions : 
of Proposition 12 are satisfied, the locally compact group G’ defined in 
Theorem 5 is identical with the closure G of G in the space @-(E) (or the 
space ¥;(E)); this is a generalization of a result of R. Arens [4, p. 604], 
who considers only the case when G is uniformly equicontinuous in £; the | 
property then results immediately from Proposition 10 and Theorem 4, sinc [ 
the Cauchy filters for Us and for the left uniform structure on @ are then 
identical. In the case when G is only supposed to be equicontinuous in £, | 
we have seen that in general the left uniform structure on @ is strictly finet | 
than Us (Section 9) ; therefore every Cauchy filter on G for the left uniform | 
structure is a Cauchy filter for Us. Conversely, we shall prove that every 
convergent (in ¥,(E)) Cauchy filter for Us on G is also a Cauchy filter for F 
the left uniform structure; as we know from Theorem 5 that G’ is the set of 
limit points of all Cauchy filters for the left uniform structure, it will follow 
that G’—G. Let, therefore, ¢ be a Cauchy filter for UW, on G, and let it F 


3 
converge to uo € F4(E) ; for every finite set of points of each of the 
filter bases ¢(x;) converges in to uo(zi).—= yi; for every Ve there exist 
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therefore a set Meq@ such that, for every weM and every i, one has 
(u(zi), yi) © V. Now let U be an arbitrary set of %, and We be such 
that W2C U; as G@ is equicontinuous in F, there exists a Ve % such that, 
for (z,yi)€V, one has (u(z),u(yi))eW for every i and every weG; 
if M is a set in ¢ corresponding to V, we see thus that for every couple (wu, v) 
of elements of M, one has W and (u*(v(ai)), u*(yi)) W, 
and therefore (w-?(v(a;)),2i:) € W?C U for every i, which shows that ¢ is a 
Cauchy filter for the left uniform structure on @ (taking into account that, 
on G, by Lemma 6, Us and Uc are identical). 

We conclude with some comments on the relation, on a Lie group 
of transformations G of an analytic manifold EH, between the topology 
J defined on G@ by the parameters, and the topology J- (see R. Arens 
[4, p. 608]). By assumption, there exists for the topology J, a compact 
symmetrical neighborhood U of the identity e in G, such that, for any point 
toe, there exists a neighborhood V of x in F, U and V being both 
homeomorphic with compact neighborhoods of cartesian spaces, the application 
(t,u) > u(x) of V XU into E carrying V X U into a subset of another 
neighborhood W of 2) (also homeomorphic to a cartesian neighborhood), and 
being moreover analytic for a suitable system of local cordinates in U, V 
and W. The continuity of (u,x7) > u(x) in U X E shows that, on the set U, 
the topology J is finer than J- [4, p. 596]; as U is compact for J, 
J and J- are identical on U. From that, it follows that a necessary and 
sufficient condition for FJ and J. to be identical on G, is that U-must be 
a neighborhood of e in G for the topology J-. The necessity of the condition 
is obvious ; conversely, if it is verified, G satisfies the conditions of Theorem 5, 
and moreover is identical with the group G@’ defined in that theorem, since 
U is, by assumption, compact and therefore closed in @-(E) ; this shows that 
J. is compatible with the group G, and gives the same set of neighborhoods 
of e as J, and therefore is identical with J. 

The preceding condition may be worded as follows: there must exist a 
compact subset K of Z, and a TeM such that the set of homeomorphisms 
ue@ having the property that (u(z),a)e7 for every xe K is contained 
in U; one can say roughly that only homeomorphisms of the group having 
parameters sufficiently near to those of the identity, may displace a little 
all points of any compact subset. Of course, that property is not possessed 
by all Lie groups of transformations. For instance, if 2 is a two-dimensional 
torus, considered as the set of all points (z,y) of the plane, where x and y 
- taken modulo 1, the group @ of the homeomorphisms which send (2, y) 
into (c+ t,y-+ 6t) taken mod. 1 (t being any real number, @ a fixed real 


number) is a one-parameter Lie group, which for J is isomorphic to the 
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topological additive group of all real numbers. But, if @ is taken irrational, 
there exist values of ¢ as large as we please such that both ¢ and 0, taken 
mod. 1, are as small as we please. Therefore J and Jc are distinct on G¢ 
(one may see easily that for J-, G is isomorphic to a dense subgroup of the 


two-dimensional torus group). 
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p. 177, 2 line from below. In the last integral instead of ¢; write “ gir 7 


p- 177, last line. Instead of “where ¢;” write “where ¢’;.” 
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ON ORDERED LOOPS.* 


By DANIEL ZELINSKY. 


In [6] a valuation of a nonassociative algebra was defined as a function 
on the algebra to an ordered loop with the usual postulates on the values of 
sums and products. It was shown that a necessary and sufficient condition 
for an ordered loop L to be the value loop of some algebra with a unity 
quantity and of finite order over a field is the following: Some subgroup G 
of the center of L has finite index in L. In the present paper we determine 
all such ordered loops L. 

The key lemma is Theorem 3 which asserts the existence of a nonzero 
Lideal of L lying completely in the center of Z. The proof consists merely 
in noting that L is a topological loop whose center .is open and that the 
l-ideals usually form a set of neighborhoods of zero. The major result 
follows simply from Theorem 3 and states that LZ and L/@ are centrally 
nilpotent. From here it is a matter of computation to show that every 
such L is the result of a special sequence of loop extensions determined by 
G, the (abelian) factor groups of L/G@ and three factor sets of specified 
types. Conversely, given an ordered group G, a set of finite abelian groups 
(almost arbitrarily chosen) and three factor sets (two of these are functions 
of certain specified variables, but otherwise arbitrary, and the third is of a 
specified form) this same sequence of loop extensions builds an ordered loop 
of the type required. These loops, combined with the results of [6] give 
a large class of nonassociative algebras with valuations. 

However, an interesting corollary of this theory, derived at the end of 
section 3, implies that any valuation of an algebra of finite order over an 
algebraic number field necessarily has a value loop order-isomorphic with an 
additive group of real numbers. 


1. Topological loops. A loop is a set L of elements 2, y,z,- - -, with 
the properties (1°) for every x and y of L there is a unique element z+ y 
of L; (2°) for every x and y of L there is a unique element u, denoted by 
™—y, such that u + y—2; (3°) for every x and y of L there is a unique 


* Received July 8, 1947. 
* Numbers in brackets refer to the references cited at the end of the paper. 
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element v, denoted by —y-+<2, such that y+v—z; and (4°) there 
is an element 0 such that 0+ 2—2+0—z for all z of L. 

A topological loop is a loop that is also a To-space in which x+y, 
x—y and —y-+72 are continuous functions of x and y. In particular, this 
definition guarantees that the transformations R, and Lz defined by 


yRo=ytu, yle=u+y 


are homeomorphisms of the topological space L. For Rz and Lz are clearly 
continuous transformations and #,* and Lz" are precisely the transformations 


= y— 2, 


which are continuous by hypothesis. In a similar fashion the transformations 
z—>y—z and z—>—2+ y, for fixed y, are homeomorphisms. Hence local 
properties of a topological loop can be proved merely by proving them in the 
neighborhood of 0; specifying a set of neighborhoods of 0 completely deter- 
mines the topology of a topological loop. | 

The ordinary proofs [5, pp. 42-43] then guarantee that every topological 
loop is a Hausdorff space. This is enough to prove 


Lemma 1. A finite topological loop is discrete. 


One further theorem that we must carry over from the theory of topo- 
logical groups concerns the topologization of quotient groups. If H isa 
closed normal subloop? of the topological loop Z then we may impose on 
the quotient loop L/H the “natural topology ”: a set is open in L/H if and 
only if its inverse image is open in L. 


Lemma 2. If H is a closed normal subloop of the topological loop L 


then the quotient loop L/H is a topological loop under the natural topology | 


and the natural mapping of L onto L/H is a continuous, open homomorphism. 
The proof in the associative case remains valid verbatim [5, pp. 45-46]. 


Lemma 3. The center® of a topological loop ts closed. 


* A subloop H of a loop L is a normal subloop or a normal divisor of L if it satisfies | 


any one of the following three equivalent conditions: (1°) H is the kernel of a homo 
morphism of L; (2°) for all 2, y of L, w+ (y+H) =(#+y) +H=(H+2) +9 
(3°) H is invariant under all inner mappings of L. This agrees with the definitions 
given by Albert [1, p. 513] and Bruck [3, p. 256]; condition (3°) is due to Bruck. 


* The center of L is the set of all elements of L which are invariant under the inner | 


mappings of L; equivalently, the center is the set of all c¢ for which c+ (y+ ¢) 
=(c+y) +2=y+ (2+ 0) for all y and z of L. If c is in the center of L then 0 
commutes with all elements of L and every sum of three elements with c as one of the 
addends is associative. 
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Proof. Let us call the loop Z and its center C. We must show that if 
a is an element of the closure of C, then a itself is in C; that is, for all y 
and z of L and for z —a, the following expressions are zero: [x + (y+) ] 
—[(@+y) +2], (y+2)]—[y+ (2+ 2)]. Let q(x) denote either 
one of these expressions. thought of as a function of x with y and 2 fixed. 
The function q(x) is continuous and so for every neighborhood U of q(a) 
there is a neighborhood V of a such that q(V) CU. Since a is in the 
closure of C, every such V contains a point c of C and 0—gq(c) is in 
q(V.) C U.. Thus 0 is in every neighborhood U of q(a), g(a) =0, proving 
that a is in C. 


2. Ordered loops. An ordered loop Z is a loop in which is defined a 
binary relation < with the properties that for all x, y, z of ZL, (1°) «< y and 
y<z imply <z; (2°) one and only one of the statements y, y< 
c=y, is true; and (3°) «<y implies and z+24<2+y. 
We shall use the ordinary language in connection with this relation, <. 
For example, “x < y” will be read “a is less than y,” «> y will mean 
y<2, “x >0” will be expressed by “zx is positive,” etc. If A and B are 
subsets of 1, A > B will mean that every element of A is greater than every 
element of B. 

Ordered loops have all the elementary properties of ordered groups 
(linearly ordered J-groups). In particular, the transformations R.z, Lz, 
Rz*, L;* are all order preserving (lattice automorphisms) and so also are 
all the transformations of the “ group associated with L” [8, p. 257; 1, pp. 
511-512], since these latter are just finite products of R’s and L’s and inverses 
of R’s and L’s, We may also remark that if x < y then z-z >z—y and 
—t+z>—y-+2 as in the case of ordered groups. 

An l-ideal or isolated subloop of an ordered loop LZ is a normal subloop 
M of L with the property that if z and y belong to M and r<z< y, then z 
belongs to M. In case L is a group, this definition of an J-ideal coincides 
with that given by Birkhoff [2, p. 310]. The following lemma is merely 
the contrapositive form of our definition. 


Lemma 4, If M is an l-ideal of L and z is an element of L that is not 
mM, then either «<< M or >M. 


Much as in the case of groups [4, p. 172; 2, p. 310], a straightforward 
proof based on Lemma 4 shows that if M is an /-ideal of L, the quotient 
loop L/M can be ordered by defining the inequality c+ M<y+Min L/M 
to mean that the sets «+ M and y+ M have this relation as subsets of L. 
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The l-ideal M is then the kernel of an order-preserving homomorphism of 1 
into an ordered loop; and indeed this property of M is easily seen to be 
equivalent to the condition that M be an /-ideal of L. 

Similarly, on the basis of Lemma 4, we can show that the set of I-ideals 
of Z is linearly ordered by inclusion. For if M, and Mz are two /-ideals. and 
M, is not contained in M., then there is an x in M, that is not in M,, 
or so that M. is contained in A 
trivial conclusion from this remark is 

Lemma 5. The set-theoretic union of a set of ltdeals of L is again an 
l-ideal of L. 

We also omit the proof of 

LemMMA 6. The intersection of a set of l-ideals of L is agatn an l-deal 
of L. 

Every subset 9 of Z can then be said to generate an l-ideal, namely, the 
intersection of all J-ideals containing S. 


—_ 


Lemma %. If S is a normal subloop of L, the lideal generated by 8 — 


is the set S’ consisting of all x in L such that, for some elements yz and 2: 
of 8, ¥e StS 


Proof. Clearly S’ is contained in the J-ideal generated by S. If S’ isa | 


normal subloop of /, the truth of the lemma is obvious. But 8’ is invariant 
under any inner mapping of LZ. For if J is an inner mapping and 2 is an 
element of S’, then for some y and z of 8, ySauSz, yJ SaJ SJ (since, 


by the second paragraph of this section, J is order-preserving). yJ and 2/ 3 


are in S, so that aJ is in 8’. 

Again as in the case of groups, an ordered loop with more than one 
element is a topological loop under the interval topology. More precisely. 
if we use the term “open interval (y,z)” for the set of all x in LZ with 


y<a@<z, then L becomes a topological space when we designate the set of | 
all open intervals as an open base. For the intersection of two open interval’ 


is an open interval. 


THEOREM 1. An ordered loop L having at least two elements ts 4 : 


topological loop under the interval topology described above. 


Proof. We must show that L is a T-space and ‘that «+ y¥,2—y¥ and 
—y-+ <2 are continuous functions of z and y. To show that L is a To-space 7 
let x and y be distinct points of L and, say, « < y. There is an element! q 
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in L with z< (if <0, if x= 0, choose any z < 0; such 
a z exists since L is supposed to have a nonzero element 2% and either z < 0 
or 0O—2% <0). Then the open interval (z,y) contains « but not y. In 
demonstrating the continuity of x+y, c—y and —y-+<a we distinguish 
two cases. First, if the set consisting of 0 alone is open then every point 
forms an open set (since #,y is a homeomorphism and carries 0 into 0 + z— 2) 
and the topology is the discrete topology. Clearly Z is then a topological loop. 
Hence let us assume that the topology is not discrete. 


4 Lemma 8. The interval topology in an ordered loop L is the discrete 
topology if and only if L has a least positive element, e. In this case, e is in 
the center of L. 


Proof. If the topology is discrete then {0} is open and there is an interval 
(z,y) containing only 0. Then e=vy is a least positive element of L. 
Conversely, if y is the least positive element of L, then 0— y is the largest 
negative element of L. For 0—y<z<0 implies — (0O—y)+0>—z 
+0> 0, or y >—z-+0>0,a contradiction. Then the interval (0 — y, y) 
contains only 0, {0} is open and the topology is discrete. 

The proof that e is in the center of Z is contained in a previous paper 
[6], but will be reproduced here for the sake of completeness. We must 
prove that e+ (a+y)=—(e+2) +y=—2+ (y+e) for all x, y of L. 
To do this, we first show that there is no element z with a+y<z<e 
+(a+y) (e+e) For 
example, if then 
+ (—2x+2) <e, which is impossible. In similar fashion we arrive at the 
conclusion that of the three elements e + (t+ y), (e +2) +y,x2+ (y+e), 
all are greater than e+ y but none can be greater than any other. Hence 
they are equal. 

Therefore, we shall use the phrase “discrete ordered loop” to mean 
“ordered loop with a least positive element.” Note that this terminology 
differs from that of Krull [4, pp. 171 f.]. 

If we are to prove Theorem 1 for a nondiscrete loop L, we may assume - 
that between every two elements there isa third. For if z < z, then0 <z—~r 
80 that there is a y’ between 0 and z—zr. Then y=y/+< is between x 
and z. The proofs of the continuity of the functions x+y, «—y and 
—¥ + are very similar. Let us give only the last here. Suppose (u,v) 
18 an open interval containing —Yy +2. From u<—yo +2%< v, we 
deduce < Yo+v. Hence there exist w’, v’ such that yo + u 
cyte. 


Some of these inequalities may be rewritten to 
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give —v < yo < —u so that there exist u”, v” with v’—v<u" <y, | 


<u” <u’—u. We shall show that if x is in the interval (w’,v’) and y 
is in the interval (uv’,v”) then —y-+-<2 is in (u,v), proving the continuity 
of this function. For such an x and y, —y+@ certainly lies between 
and —u” +’ so that we need only show u < —v” + < —y" 
< v. But from the definition of wu” we have v’ << u” +27, —u” +0’ <0; 
tu <—u"’ since u’ < v’ and < vw”; and the definition of »” 
shows that v’ +u<u',u<—v’+w’. This proves Theorem 1. 

As remarked above, the topology of a topological loop is completely 
determined once the set of neighborhoods of 0 is given. Up to this point, 
our neighborhoods of 0 in an ordered loop are the intervals (2, y) containing 0. 
However, it will frequently be convenient to replace this set by an equivalent 
set Mt of neighborhoods. A class Yt of sets each containing 0 is called an 
equivalent set of neighborhoods of 0 in case every open interval containing 0 
contains a member of 9% and every member of Yt contains an open interval 
containing 0. 


THEOREM 2. Let L be an ordered loop considered as a topological loop 
under the interval topology and denote by M° the intersection of all the 
nonzero l-ideals of L. If M° consists of 0 alone, then the set Mt of nonzero 
l-ideals of L forms an equivalent set of neighborhoods of 0. If M° is not 0 
then an equivalent set of neighborhoods of 0 ts the class of all open inéervals 
(z,y) with x and y in M°. 


Proof. Let 2% denote the class of nonzero l-ideals of 1. Then every 
element of Yt contains a positive and a negative element of L and hence 
contains an open interval about zero. Then to prove Theorem 2 when M°=0, 
we need only show that every open interval about 0 contains an element of M. 
Let (x,y) be such an interval. Since M° =0, there is an M’ in Mt that fails 
to contain z and an M” in M that fails to contain y. If M denotes the 
smaller of M’ and M”, then M is in Mt and contains neither x nor y. Then 
by Lemma 4, or x >M; but <0 so that necessarily 
Similarly, y > M and so MC (z,y). 

When M° “£0, every interval (2, y) about 0 contains an interval (2’, y) 
about 0 with 2’ and y’ in M°. For if z is in M°, choose 2’ —2; if z is not 
in M°, then by Lemmas 4 and 6, z < M° and we may choose 2’ as any negative 
quantity of M°. Similarly, choose y’ = y or y’ an arbitrary positive element 
of M°, according as y is or is not in M°. Then (2’,y’) C (z,y). This proves 
Theorem 2. 


| 

| 
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3. Ordered loops with centers of finite index. Henceforth we consider 
only ordered loops such as arise as value loops of algebras of finite order, 
namely, ordered loops Z such that the center C of L contains a group G 
(which is then a normal subloop of Z) with L/@ finite. 


Lemma 9. The quotient loop L/C is finite. 
Proof. L/C is a homomorph of the finite loop L/G. 


By Lemma 3, C is closed. By Lemma 2, L/C is a topological loop and 
the mapping of ZL onto L/C is continuous. But L/C is necessarily discrete 
(Lemmas 1 and 9) so that its identity element 0 is open. It follows that 
the inverse image of 0 in ZL, namely C, is also open. We have proved 


Lemma 10. The center C of L 1s open. 


We are now prepared to prove a key theorem. 


TuerorEM 3. If L is an ordered loop not consisting of 0 alone, with 
center C and with L/C finite, then there is a unique nonzero l-ideal M, of L, 
contained in C and maximal in the sense that M, contains every other l-tdeal 
contained in C. 


Proof. Define M° as in Theorem 2. If M°=0 then the nonzero /-ideals 
of L form a set of neighborhoods of 0 by Theorem 2. But C is open and 
contains 0 by Lemma 10, so that some M is contained in C. In case M°~0 
a similar argument shows that some open interval (z,y) is contained in C 
with both z and y in M°. If the interval (0,y) is void then y is the least 
positive element of Z and is in the center of Z by Lemma 8; in this event, 
let 2 be defined to be y. If the interval (0, y) is not void, let z be any element 
of (0,y). Whichever way z is defined, we know that it is an element of 
M°()C. The normal subloop of L generated by z is then simply the set 
of all integral multiples of z and by Lemma 7 the J-ideal M generated by z 
consists of all w in L with mz = wSnz for some integers m and n. Since 
2 in in M° and M° is an l-ideal (Lemma 6), surely M° and M0. 
But M° is the smallest nonzero /-ideal, so M = M°. Then every element of M° 
is of the form mz + w where m is an integer and 0S w<z. Since w is in 
the interval («,y), w is in C; but mz is also in C and so M°CC. This 
proves that in every case there is a nonzero J-ideal of L in C. Let M, be the 
union of all such J-ideals. By Lemma 5, M, is an J-ideal and obviously 
satisfies the other conditions of the theorem. 


THEOREM 4. Suppose L is an ordered loop containing a group G& in tts 
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center with L/G finite. Then there is a unique finite chain 0=M,CYM, 
of l-ideals of L where Mi (t=1,2,-- "5n) 
characterized as the unique set M, maximal with respect to the conditions 


(1;) is an l-tdeal of L properly containing My-1, 
(Il,) M/M:.. is in the center of 


that is, M; satisfies conditions (1;) and (II;) and contains every M that 
satisfies (1;) and (1];). 


The loop K = L/G has a like property: There exist normal subloops H, 
of K with O=H,CH,CH.C:+::-CHni=K, all inclusions after the 
on being proper and such that Hi/H;-, is in the center of K/Hi1 (i=1,2, 

-+,n). In other words K is centrally nilpotent.' 


Proof. By Lemma 9 and Theorem 3, there is a unique M, maximal 
with respect to (I,) and (II,). To define the M’s inductively, assume the 
of a unique maximal /; satisfying and (1];), and consider 

=IL/M:. This quotient loop is again an ordered loop and if Gi denotes the 
oe of G in L; under the natural mapping, then it is clear that G; is a 
subgroup of the center of L;. Furthermore, Li/G; is a homomorph of L/@ 
and so is finite. Then by Theorem 3, either Li; so that Mi or 
there is a unique M’;,, in the center of L; which is a nonzero I-ideal of Li 
and is maximal with respect to these properties. Define M;,, to be the inverse 
image of M’;., in L. Then it is trivial that Mj,, satisfies (Ii..) and (Ii) 
and is maximal with respect to these conditions. Hence we have a unique 
chain 0C M,C which is either a finite 
chain ending with M, —L or else is an infinite chain. We shall soon rule 
out the latter possibility. 

The natural mapping of Z on K = L/G sends the chain of M’s into 4 
corresponding chain of normal subloops H; of K. If we can prove that Hi 
is properly contained in Hj,, for i=1,2,---, we shall have proved that 
the H; cannot form an infinite chain (K being finite) and hence that there 
is only a finite number of M; and M, =. Suppose, then, that Hy = Hin 


‘The concept of central nilpotence is treated by Bruck [3], who gives the name 
“central series” to series such as OC H,CH,C---CH,=K. Our condition, 
“H,/H,_, in the center of K/H,_,” is clearly analilial to Bruck’s equation (4.2) 
if the latter is read H,(K G) =K ;; Presumably equation: (4.2) as it stands is 4 
misprint. 

Of course, we have also exhibited a central series for LZ so that LD is centrally 
nilpotent and K is a fortiori centrally nilpotent [3, Theorem 4C, p. 267]. 


i+1? 


| | 


Ns 


ON ORDERED LOOPS. 689 


for some k=1. The complete inverse image of H/; in L is Mx-+ G and we 
have M; + G=Mi.1+ G. Mapping these sets into L/Mz.1, we notice that 
the image of M;, -+- G is contained in the center of L/Mx-1; for the image of 
an element of M; is in the center by (IIx), the image of an element of G is in 
the center since G is in the center of LZ, and the center of L/Mx-1 is a loop. 
Then the image of Mx,, + @ is in the center of L/Mx-, and in particular the. 
image of Mx.1, namely Mj.1/Mx4, is in the center of of L/My1.. Moreover, 
Miss satisfies Hence, by the maximality of Mi, Miu C Mi, Mies = Mr, 
a contradiction. This completes the proof. 

In [6] it is proved that if G is an archimedean-ordered group, then so 
also is L. We can obtain this result as a special case of Theorem 4, once 
we have the following plausible theorem. 


THEOREM 5. There is a one-to-one correspondence between the l-ideals 
of G and the l-ideals of L, under which inclusion is preserved; in the 
terminology of Hahn, the loops L and G have the same order-type. 


Proof. If M is an l-ideal of L, define the corresponding I-ideal J(M) 
of G ag the intersection 11 {] G. If J is an J-ideal of G, define the corre- 
sponding M(J) as the set of all x in ZL such that, for some y and z in J, 
ySazSz. By Lemma 7, M(J/) is the l-ideal generated by J. If Mo is an 
l-ideal of L, then M[J(M.)]C Mo, clearly; on the other hand, if z is an 
element of M, then for some positive integer V, xR.‘ is in G (due to the 
finiteness of L/G), and so x, being between 0 and RN, is in M[J(Mo)]. 
Next, if Jo is an J-ideal of G, J[M(Jo)] =M(Jo) 11 G> Jo; and if = is 
an element of M(J,.) {) @ then z is in G and lies between two elements of Jo 
and so is in the /-ideal Jo. This proves the one-to-one correspondence. The 
rest of Theorem 5 is then obvious. 

Now suppose that G@ is archimedean-ordered, that is, G@ has no proper 
l-ideals. Then by Theorem 5, LZ has no proper J-ideals. In particular, in 
the chain L = of Theorem 4, necessarily n =1 and 
l= M, is abelian, has no /-ideals, and so is archimedean-ordered. 


4. Ordered loops as loop extensions. A loop L is said to be a loop 
extension of the loop G by the loop K in case L has a normal subloop G’ 
isomorphic with G and L/G’ is isomorphic with Kk. If G’ is in the center of L, 
then L is a central extension of @ by K. We shall often identify G and @’, 
K and L/G’ 

If Lisa loop extension of G@ by K we can, as usual, put ZL into one-to-one 
correspondence with the set L’ of all pairs (k,g) with k in K and g in G. 
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This is done by choosing a “set of representatives” r(k): a single-valued 
function on K to L with the property that r(’) maps into k modulo G. 
(We shall always normalize the function r(k) so that r(0) 0.) If z is 
in ZL and its residue class modulo @ is kz, then gr =2-—r(kz) is in G, 
z=gz+r(kz), and the kz and gz thus defined are unique. It is easy to 
see that the mapping 

(1) (kz, Jz) 


of Z into L’ is one-to-one and exhausts L’. However, in order that (1) 
be an isomorphism of Z and L’ we must define addition in L’ in a rather 
uncomfortable way: 


(4,9) + =(k+h, 9+ 9 +f) 


where f is a suitable function of k, k’, g, and g’ with certain invertibility 
properties. But when the extension is central, the function f depends only 
on k and &’ as in the associative case (except that now f need not satisfy 
any associativity conditions). The function f(k,k’) is called a factor set. 


LemMA 11. Jf LZ is a central loop extension of a loop G by a loop K, 
the correspondence (1) between L and L’ set up by the set of representatives 
r(k) is an isomorphism when addition in L’ is defined by 


(2) + 9’) = (k+ + 9’ + 
with a suitable factor set f(k,k’). Moreover, since r(0) =0, 
(3) f(k,0) =f(0,k’) =0 


and G corresponds to the set of all (0,9). 


Conversely, if G is an abelian group, if K is a loop and L/ is the set of 
pairs (k,g) with addition defined by (2), using any factor set f satisfying 
(3), then L’ is a central loop extension of G by K. 


The proof of Lemma 11 is the standard one. 
If n =1 in Theorem 4, we have the situation described in the following 
theorem. 


Lemma 12. Let L be an ordered abelian group, let G be a subgroup 
of Land K =L/G be finite of order m, so that K is a direct sum of cyclic 


groups (ki) + (k2) +: (kt) with the order of ki equal to mi. Then 


there are t elements -,gt in G such that 


t 
(4) mg (m/mi)jgi—0 implies g—=0, 
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whenever g is in Gand 0S}, < m for alli. And L is tsomorphic with the 
set L’ of all pairs (k,g) with k in K and g in G, addition of pairs being , 
defined as in Lemma 11, with factor set 


Here e is defined as follows: If k= 3jiki, k’ = 3j'ski with OS js < mi, 
< mi, then e; is the greatest integer in (ji + 7's)/mi (so that & ts 
either 0 or 1). 


This isomorphism is an order-tsomorphism if we define (k,g) >0 in L’ 
to mean mg + %(m/mi)jigi > 0 in G. 


Conversely, given an abelian group K and an ordered abelian group G 
containing elements g; that satisfy (4), the set L’ under the addition and 
ordering defined above is an ordered abelian group extension of G by K. 


Proof. By Lemma 11, L is isomorphic with the set L’ of all pairs, 
provided a suitable factor set is chosen. We may normalize this factor set 
by arranging that the representatives r(k) satisfy r(2jiki) = 2jir(ki) when- 
ever OS < mi (i—1,---,t). Ifk and — 3j’iki, then f(k, 
=r(k) r(k’) —r(k +B) = + (bi) — + — 
= Xeymr (ki). But since miki = 0, mir(ki) = is in G and f(k, = 
That (4) is true is clear since mg + 3%(m/mi)jigi = m[g +.3jir(ki) ] 
=m([g+1r(k)] which is zero if and only if g++ 7r(k) =0, which in turn 
implies g =0, r(k) =0, k—=0, jp =O for Similarly the 
ordering of L’ suggested in the lemma gives rise to an order-isomorphism 
because we have defined (k,g) > 0 in case m(k,g) > 0 in @ (strictly, in G’, 
the image of G in L’). 

As for the converse theorem, by Lemma 11, L’ is a loop and is clearly 
commutative since K and G@ are and f(k,k’) =f(k’,k). The associative 
law can be verified by direct computation. The suggested ordering of L’ 
is clearly linear by (4). Since L’ is already abelian and since (k,g) >0 
if and only if m(k,g) > 0 in G, the sum of two positive elements is positive, 
and L’ is an ordered group. 


Suppose that K is a centrally nilpotent loop with central series 
(5) K =H, > 


that is, each H; is a normal subloop of K and Hi/H;-1 is in the center of 
K/Hi... Define Ht H;/Hi., (i—1,---,n). These are called the 
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factor groups of the series (5). Then H, = H’, H; is an extension of H, by 
the abelian group H’, etc., so that A is the result of a succession of loop 
extensions by abelian groups. This statement and its converse may be 
formalized as follows. Choose sets of representatives r;(a;) : functions on Hi 
to H; such that, modulo H;-,, ri(ai) is ai (as usual, 74(0) =0). Then 
every x in K may be written in one and only one fashion as 


(6) c= Tn (Qn) -t- {Tn-1(Qn-1) + + r1(a1) J}, 
so that the a; are uniquely defined by x. Thus 


is a one-to-one correspondence between A and the set K’ of all sequences 
*,@,) with a in H*. 


LemMMA 13. Jn order that (7) be an isomorphism between loops K 
and K’, it is necessary and sufficient that addition in K’ be defined as follows. 
for t—1,2,- - -,n, 


where each f; is a suitably chosen function of the arguments indicated, taking 
values in H', f, =0 and 


(9) fi(0.- Du,’ ‘ Dias) (Gn, ° 5 == (,. 


Conversely, given any set of abelian groups H* and any functions fi, 
with range and domain as above and satisfying (9), the set K’ is a centrally 
nilpotent loop under the addition defined in (8). 


Thus this loop K’ of sequences is the most general centrally nilpotent 
loop. 


Proof. Note that r:(a:) =a, is in //; and hence in the center of £. 
Hence we may write r= m+ a,, + + Similarly, 
let y= p+ bi, p=rn(bn) + [- - + 72(b2)] and write 2 + y in the normal 
form (6). 

(10) rt+y=(m+p)+(a+,) =[ ri (ci) + + (a + 
+ (a1 -+ 6: + fi); 


4=2 


where f, depends only on -,d@2 and +, Moreover, if 
are all zero, then m=O and clearly f; =0. Similarly, if 62 are 
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all zero, f, = 0. Then we have verified the fact that c. =a, +6, +f, with 
f, as in the lemma. Now consider the centrally nilpotent loop K/H, with the 
shorter central series K/H, = H,»/H, ©: - > H2/H, > H,/H, 
=0. The factor groups (Hi/H,)/(Hi+/H,) are isomorphic with the old 
factor groups H?‘ in a natural fashion, so the choice of representatives r;(a;) 
already made in K gives a naturally related set of representatives 7;(a4) in 
K/H,. If Z and ¥ are the maps in A/H, of x and y, then, in the notation 


of (10), it is clear that 7+ 9%—Di(ci). From this fact we deduce by 
4=2 


induction the truth of the direct part of Lemma 13. The converse consists 
merely in straightforward verification of the definitions. 

Now we may consider the general case of an ordered loop L containing 
a group @ in its center wtih a finite quotient loop K=L/G. Then there 
are uniquely defined central series for L, K and G: 


(11) L=M,- My, 5: -OM, > M, =0, 
(12) K = H, - H,., : H, = 0, 
(13) Fy... > OF, Fy = 0, 


where the series for 1 and K are defined in Theorem 4 and we define 
Fi =M;{)G@ (note that each F; is an l-ideal of G). We have already 
denoted the factor groups Hi/Hi-, of (12) by H*. Likewise, let us denote 
the factor groups of (11) by M;/Mj-, and of (13) by Ft 
Note that each M* is an ordered abelian group which is an extension of F' 
by H* so that Lemma 12 describes the typical method of building M* from 
F* and Ht. Next, Lemma 13 shows how to build Z from the Mt (as well as 
K from the H‘). Conversely, this general construction will always yield a 
loop L that can be ordered, but it will not necessarily give a loop with a 
subgroup of finite index. If we put these two types of extensions together 
a little more carefully, we arrive at the most general ordered loop L of the 
kind we are considering. We shall prefer at first to consider the extensions 
in what might be considered an order opposite to that just described. 

By Lemma 13, the central series (12) for K together with any sets of 
representatives 7;(a;) determine a standard form (6) for elements of K. 
Choose sets of representatives 7”;(ai) in such that 1’:(ai) is in Mz for a: 
in modulo @ is ri(ai); and 7’;(0) =0. Then every element 
in L is expressible as 


(14) + +E +9 
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where both g in G and the a; in H* are uniquely determined by x. If we 
think of G@ as centrally nilpotent with central series (13), we may also 


write g— Ss(u) where the wu; are in F* and s;(ui) are sets of repre- 


sentatives The correspondence 


then establishes a one-to-one correspondence between L and the set L’ of all 
sequences (dn,° *,U:) with a; in H* and u; in Ft. We 
attempt to discover what definitions of addition and ordering in L’ make 
(15) an order-isomorphism. 

‘Suppose +g as in (14) and y=3r'i(bi) +h. Then 
cty=3ri(a:) + + (9 +h), so it remains to write the corre- 
spondent, under (15), of + For suppose we write 
Lo = (Ai), Yo = (bi) and + Yo (Cny* Wi). Then 
Lo + Yo = 317i (ci) + Ssi(wi) and e+ y= + [Ssi(wi) +9 +4], 
which is in the form (14). 

Let 2 == 31: (ai) =m+71(a1), Yo = 377i (bi) =p +7'1(b1) and note 
that, since 7”;(a,) and 7’,(b,) are in M, they are in the center of L. Thus, 
Lot Yo= (m+ p) +71(a1) + 771(b:). Write m+ p in the standard form 
(14): 


(16) m + p= + + 


for some in H, and m, in F,, both f; and m, depending only on az,° 
and Writing 7’,(a,) + 7’:(b:) in the standard form, we get 


(17) ”1(a1) + 171(b1) =71(a, + 01) +h, 


where k, is an element of G depending on a; and b,. We can say even more: 
k, is in M, and hence in F,. In fact, since M; is an ordered abelian group 
that is an extension of F; by the finite group H,, the function h, (di, 61) is 
exactly a factor set of the type described in Lemma 12 when the set of 
representatives 7’, is suitably chosen. Combining (16) and (17), we have 


+ k,(a,, 
+ se(us)] + + + 01) 


4=2 


+ ks (fuss + b:) + + (ai; 61). 
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Thus 2 + Yo (Cn,* C2, C13,Wn,* *, We, Wi) where 

(18) Ci = 0, + 0, + >, +, be), 

(19) wi =, (ai, b1) + (fir, + 01) + mi +, G25 be). 


Formulas almost identical with (18) and (19) are valid for cz,- - -,C¢n 
and W2,'**,Wn. To see this, consider L/M,, an ordered loop of the same 
general character as L. In fact, the series corresponding to (11), (12) and 
(13) are 

L, = L/M, = M,/M, >: -> M./M, > M,/M, =0, 
K, = K/H, = H,/H, >: -> > =0, 
G, = G/F, =F >: F./F, > F,/F, = 0, 


and the factor groups (Mi/M,)/(Mi/M:), and 
(Fi/Fi)/(Fis/F:) are respectively isomorphic in a natural way to M‘, H‘ 
and F*, Then by an argument very similar to that used in Lemma 13, we see 


that for (15) to be an isomorphism of loops, addition of sequences must be 
defined thus: 


where 
(21) ai + be + Diss), 


(22) wi = ki (ai, bi) + ki (fi, + bs) + ma (Gn, Diet) 


for += 1,2,- + -,m, and the addition in brackets in (20) is performed via 
the isomorphism described in Lemma 13 between G@ and the set of all 
(0,-- +, O;un,---+,u:). Here fi are the factor sets of Lemma 13 defined 
by K and the representatives ri(ai) ;%i are the factor sets as in Lemma 12 
determined by M‘ when considered as a group extension of F! by H‘, pro- 
vided the representatives 1; are suitably chosen; and m: is another, new factor 
set. Also, as in Lemma 13, fn =0, mn = 0, and 


(23) fi(0,- == fe j * 3 9,° ‘ >, 0) = 0, 
m (0, 5053 dn, Diss) == mi (Gn, ° ‘ =0. 


As for the ordering necessary in the loop L’ of sequences, let us write 
each element 2’ of L’ in the form *,¢t1), where each represents a 
pair (a;,4:). Such a pair may be considered, in a natural fashion, an element 


695 
| 
50 
e- 
il] 
Ke 
ite 
|, 
ote | 
an 
re: 
up 
is 
of } 
ave 


696 DANIEL ZELINSKY. 


of the ordered group M+ (Lemma 12). Suppose that 2’ == (tn,- - -, ¢:) and 
that j is the largest index such that t; #40. Then 2’ is in Mj but not in 
M;-,; x’ modulo M;-, is the element ¢; of M/, and since M;-, is an l-ideal of M,, 


(24) x’ > 0 if and only if tj > 0 in M’. 


Thus the ordering of L’ must be lexicographic ordering of the sequences 


THEOREM 6. If L is an ordered loop with a subloop G of finite tndex 
contained in the center of L, then L is order-tsomorphic with the loop L’ 
of ald sequences Uns’ with a; in Ht and uy in 
provided addition in L’ is defined by (20), (21) and (22) and the ordering 
of L’ ts the lexicographic ordering (24). 


Conversely, given an ordered abelian group G and a set of finite abelran 
groups H* (1=1,---,n), we can build an ordered loop L’ as follows. Find 
a central series G =F, 5- F,-0 such that each F; ts an I-tdeal of (i 
and such that for each i there exists an ordered abelian group M* which ts an 
extension of Ft = F;/Fi-, by H‘ as in Lemma 12. (If this is not possible, 
there is no ordered loop extension L of G, of the type we are considering with 
the H* as the factor groups of a central series of L/G.) Let the factor sel 
used to define M‘ as an extension of F' by H+ be ki(ai,bi)—a function on 
H*H* to F*—and let L’ be the set of all sequences 413 
with ai in Ht and u; in Fi, If addition in L’ is defined by (20), (21) and 
(22), the functions fi and mi being chosen subject only to (23), and ¢f L’ 
is ordered lexicographically as in (24), then L’ is an ordered loop which 4 « 
central loop extension of G by a centrally nilpotent finite loop whose factor 
groups are H",- - -, 


We have already proved the direct part of this theorem. The converse 
is merely a matter of verifying definitions. 

Theorem 6 essentially says that an ordered central extension of @ by K 
always exists if @ has sufficiently many J-ideals and if the corresponding 
factor groups F? are not too nearly complete [cf. condition (4), Lemma 12. 
which asserts the existence in F‘ of a number of elements not divisible by 
the integer m.]. Thus, in a sense, the condition that K be centrally nilpotent 
is not only necessary (Theorem 4) but also sufficient. 
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APPROXIMATIONS TO A CLASS OF DOUBLE INTEGRALS OF 
FUNCTIONS OF LARGE NUMBERS.* 


By Lretcu C. Hsv. 


1, Introduction. It is known that the following theorem due to Laplace 
[1] plays a fundamental réle in the analytic theory of probabilities: 


Let ¢(z), h(x) and f(x) =e") be continuous functions defined on the 
closed interval a such that 


1) ¢$(x)[f(z)]* is absolutely integrable over (a,b). n=0,1,2,---, 
2) the first and second derivatives of h(x) exist, 


3) h(x) has a maximum value at r= é(a<€< b) in the absolute 
sense that h(x) < h(€) for all x of (a,b) other than é and so that h’(é) =0, 


<0, 


4) h”(x) and ¢(x) are continuous at «= é, where ¢(é) ~0. 
Then as n is very large we have the asymptotic formula 


S. [f (x) ]"da ~ $(é) [f(€) 2x /nf”’ (€) 


This theorem involves many applications, e.g. asymptotic formulas of 
Stirling, Wallis and for. Legendre’s polynomial of the n-th degree are all 
obtainable from it. Its connection with a class of series expansions had been 
discussed more completely by Darboux [2]. Other interesting examples may 
be found in the book of Pélya and Szegé [3]. 

In this paper we shall prove three theorems concerning a class of double 
integrals of functions of large numbers. Let ¢(2,y), h(z,y) and f(2,4) 
exp(h(z,y)) be continuous functions defined on a closed region § and 
satisfying certain required conditions. It is the object of this paper to 
investigate the asymptotic behavior of the integral 


y) [f(2, y) ]*d8. 


8 


Throughout the paper it will be assumed that f(z,y) or h(z,y) has 4 3 


* Received August 27, 1947. 
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maximum value at a point (2, go) of S in the sense that f(z, y) < f(2o, Yo) 
for all points of S other than (2, Yo). If there are two or more than two 
points at which the function assumes the same maximum value, we may divide 
§ into subregions so that the same consideration is applicable. 

Since (2, yo) may be a boundary point or an interior point of 9, two 
cases should be treated separately. Moreover, if it is a boundary point of S, 
there are also two important cases to be considered. It will be seen later that 
the asymptotic formulas for all these cases are different. 


2. Theorems and proofs. We shall now state and prove three theorems. 
The first and third theorems are concerned with the case where (io, Yo) is a 
boundary point of S. The statement of Theorem 1 is as follows: 


TuHEorEM 1. Let h(x, y) and f(x,y) =exp(h(a,y)) be func- 
tions of (x,y) continuous together with fr, fexfey, fy, fyy within and on the 
boundary C (analytic curve) of a region S such that 


1) ¢$(2,y)[f(x, y)]" is absolutely integrable over S (n=0,1,2,- - 


2) f(z,y) has a maximum value at a point of the boundary C (in the 
absolute sense), (20, Yo) say, such that the first and second directional deriva- 
tives of f with respect to the arc length s of C are respectively =0 and < 0 
at that point, 


3) (z,y) and f.2+f,? are not zero at (20,Yo): Yo) £9, 
(f)o” + (fy) 0? 0. 
Then the double integral of (x,y) [f(z,y)]* taken over S is asymptotic to 


{2m (0, Yo) [f Yo) 
+ fu?) — ( (fe) — (fu) 


where K is the curvature of C at (Xo, yo) and ((fx)oDy— (fy) oDz)of denotes 
symbolically (fz)? (fv)o— 2(fe)o(fy) o(fev)o + (fv) 


Proof. Let s be the arc length measured from (2, Yo) in the positive 
sense along C. Then (df/ds)o is the directional derivative of f(z,y) along 
the direction of the positive tangent to C at (20, yo). Since f(x,y) has a 
maximum value at (2, yo) we have 


(1) (df/ds) (Af/dx) o(dx/ds) + (Af/dy)o(dy/ds) 0. 
It follows that 

(2. 1) (dax/ds)o = + (fy)o/{(fe)o” + (fy) o7}# = cos 8, 
(2.2) (dy/ds) —= = (fz)o/{(fe)o? + (fy)o7}4 = sin 6, 
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where @ is the direction angle measured from the positive v-axis to the 
tangent to U at (2,4). The sign + or —- in (2.1) is taken according 
as (0f/dy) o(dx/ds)y > 0 or <0; and correspondingly the sign — or + in 
(2.2) as <0 or >0. 

Let the origin of the coordinate system be translated to (2,4) and 
then turn the system through an angle 6. We thus have the new coordinates 
(X,¥) for a point of C so that x—a,—Xcos6—Ysin6@ and y—Yy 
= ¥sin@+ Vcos6. By the well-known formula of Frenet, we may expand 
XY, Y in power series of s about s = 0: 
= (s/1) — (s°/6R?) +-- -, 

+ Y = (s°/2R) — 


where the sign + or — of Y is taken according as the curve C lies to the 
left or right of its tangent at s = 0, i.e., according as the curvature K >0 
or <0 at that point. Now since the coordinates of a point (x,y) on the 
eurve C are functions of s, we may write f(x,y) =(s) so that f(x, 4) 
= and we have 
(4) d¥/dS = 6f/dx[ (dX/dS) cos 6— (dY/dS)sin 0] 

+ df/ay[ (dX/dS) sin @ + (d¥/d8) cos 6]. 


Differentiating this expression and putting s = 0 we obtain, in view of (3) 
and (2), 
(d?¥/dS*), = [ (0/0r). cos 6 +- (0/dy). sin 6] f 
+ K[(df/dy). cos sin 6] 
(6) K (fe + + (fe? + (fe) 00/09) 
— (fv) 0(6/0x) o]F, 


where | — (fy)o(0/07)o|'f denotes symbolically (fz)o(fw) 
—2(fr)o(fy)o(fey)o + (fy)o?(fer)o and K=+1/R is the curvature of ( 


at (20, ¥0). The prefixed sign + or — of K is chosen in accordance with 


that of (2.1). But since we have taken a positive sense for the measure- 


ment of C and since the function f(x,y) has a maximum value at (Zo, 40): [ 


it is easy to observe that for each case 


<0 or correspondingly (0f/0r) > 9. 


This fact can also be justified by comparing the two sides of (7) (see below): 


Thus it is seen that the sign of K must be negative, i.e. we may definitely 2 


replace + K by —K in the expression (5). 
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Let &(s) =¢(2,y), (2, yo), where (2,y) is a moving point 
of C. Then by Laplace’s theorem we obtain 
81 
(0) [¥(0) (— (1 + 
where s;— sy is the total are length of C and e>0 as n— o@. 
By hypothesis 3), the values of fi(co. yo) and fy(2o, Yo) are not both 
20¥0. fy (Lo. Yo) say. so that by Green’s theorem and (6) we have 


(7) = (dc/ds) ¥(0) + en) 
= + [f (a. Yo) (fy) /n|— K (fa? + fy?) 


where the sign + or — in the last expression is taken according as 
fu(to. Yo) or > and as n> 


> 0. - There can be found a 


Let be an arbitrarily small) number 


neighborhood of Yo) In say. such that 
fu(ey) fy(2o, Yo)| <e€ for 


Then by the mean value theorem in the integral calculus, we may write 


{f( ) /f (Xo. Yo) } "fy (x, y ) ds 


S 


=fi(a’y’) f y)/F( ao. Yo) }"dS + O(k"), 


Where is an interior point of o and 0 < <1. in fact. 
== Max y)/f (to. to) <1 for (x.y) eo. 


Hence it is seen that the integral J is equal to 
(fu (ao. yo) + 8) ff (f(a. y) (ao. Yo) }"dS + |8| <e. 


. 
Since € is arbitrary we may conclude that 


S 
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A comparison with (7) gives at once the result 


+ ((fe)o(Dy)o— (fy)o(Dz)o) 


Using hypothesis 3) and the mean value theorem again, it can be shown in 
a similar manner that 


SS ff eras. 


8 


Hence the theorem is proved. 


THEOREM 2. Let $(2,y), h(x,y) and f(x,y) =exp (h(2,y)) be con- | 
tinuous functions defined on S such that 


1) ¢$(2,y)[f(2, y)]" is absolutely integrable over (n= 0,1, -°), 
2) fe, fer, fy, fuvs fey exist and are continuous throughout 8, 


3) h(2z,y) has an absolute maximum value at an interor point (2o, yo) 
of S so that (he)o = (hy) o — 0, (heehyy) (hey) 0” > 0, 


4) (2, y) is continuous at (Xo, yo) and yo) #0. 
Then the double integral of $(x, y)[f(x,y)]" taken over § is asymptotic to 
2rd (Zo, Yo) [f (20, Yo) ]"/n{hee (Zo, Yo) hyy (Los Yo) — Ray? (Xo, Yo) 


Proof. We now consider the integral 
I, Sf {f(z, y)/f (Xo, Yo) }*d8 = f 1d 5, 


By hypothesis 3) and Taylor’s expansion we have 


h(a, y) —h(2o, Yo) = thee (E, — 20)? 
+ hey (é, 7) — 20) (y — Yo) + thy 7) (y — yo)’, 


where é and 7 are interior points belonging to the intervals (2,2) and 
(yo, y) respectively, so they are also functions of x and y. It is clear that 
hee (Xo; Yo) + (Lo, Yo) t + hyy (xo, yo) t? is a negative definite quadratic 
function of ¢ and that > Yo), hay(E 7) > Yo)s 
hyy(E, Ryy(Zo, Yo) as (%,y) —> (20,40). Thus on writing 
¥— Yo = Y and making (X, Y) (0,0) along any direction, Y =t-X say, 


we have 


! 
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lim hoa + 1) XY + hy 1 
(X,¥)+(0,0) (Zo, Yo) X? + Yo) XY + hyy (Zo, Yo) Y? 


Hence we may write 


hoo(é, 9) X? + (é, n)AY hy (&, n)¥? 
= (eX + 2BX¥ + y¥*)(1+¢(X,F)), 


where & = hoe (Xo; B= Yo); hyy(2o; Yo) and C(x, Y) — 0 as 
(X, (0,0). 

Let 6 be an angle such that when the (Y, Y)-coordinate system is turned 
through it the quadratic form #X?+ 2@XY+y¥Y? will be reduced to 
du? + A.v?. By the well-known invariants for conic sections it is seen that 
di, Az are roots of the equation A?-— (a+ y)A— (8? ay) =0, so that 
= hee(Lo, Yo) yy (Lo, Yo) Yo), and. we may rewrite (aX° 
+ 2BXY as (Au? +2.v?)(1+ p(u,v)), where 
p(u,v) >0 as (u,v) > (0,0). 

Let ¢ be an arbitrarily small number >0 and <1. There can be found 
a positive number such that | p(u,v)| whenever wu? + <8. And 
let R be a circular region with radius 6 and with (0,0) as its center. Then 
since the transformation of the (X, Y)-system to the (u,v)-system is a 
rotation we have 


| exp[(n/2) (aX? + 2BXY + y¥?) 


(8) X (L46(X, (0S <1) 


J expl(n/2) (Au? + 
-5/V2 
X (1+ v)) ]dudv + 0(k2") (0 < ks <1) 


Therefore it is sufficient to consider the integral on the right-hand side 
of (8). Denote the integral by J. and let Max p(u, v) = M(8), Min p(u, ») 
=m/(8) for u?-+ <8*. Then clearly 


6/V2 
(9) I, < ( f oan ) (f (5) ) 
Noticing that A: < 0, A» < 0 we see by Laplace’s theorem that the right-hand 
side of (9) is asymptotic to 


{— 2n/(1 + 2x/(1 + m(3)) 
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In a similar manner we obtain, as n is large enough, 


> {— + + M(8) ) nro}? 


Since ¢ is arbitrary and | M(8)| <«, | m(5)| <« we obtain that J, is asymp- 
totic to 


{— 2a /nd}#{— = (Lo, Yo) — A? xy(Los Yo) }}. 


Now it is clear 7; ~ /.. Hence it follows that 


ff [f (x.y) |"dS ~ (a0, Yo) (Lo, Yo) hyy (Xo, Yo) — h? (Xo, Yo) 
8 


The theorem thus follows by the mean value theorem for integral calculus. 

It is easily verified that y)hyy (2, y) —hey?(a,y) is an invariant 
form: under all unimodular linear transformations in two dimensions. More 
generally we may obtain an invariant form as follows: Let there be given a 
1-to-1 and continuous mapping t= ¥, (.Y, Y), y= %2(X, Y) so that $(z2,4) 
= 6(X,Y), h(x, y) = A(X, Y), f(x,y) = F(X, Y) and (2, yo) corresponds 
to (Xo, Yo), where the Jacobian of ,,¥. with respect to X,Y remains of 
constant sign in a neighborhood of (20, Yo). Then the double integral in 


question is asymptotic to 


(Xo, Yo) [F (Xo, Yo) ]" 
n{Hxx (Xo, ) Hyy(Xo. )— H*xy (Xo 


Upon comparing we get 
(h chyy — h*ry)o = (HxxHyy — H*xy)o(0(X, ¥)/0(a, y) Jo” 


Thus an invariant form can be written symbolically and symmetrically as 
follows : 


(10) — ey) Y) )o? = (HxxHyy — H?xy)o(0(X. Y) 


In particular, if the mapping is a unimodular linear transformation, we have 
heahyy xy HxyxHyy — xy. 

The next problem to be considered in this paper may be stated as follows: 
Let there be given all conditions of Theorem 2 and let C be a curve passing 
through the point (ao, yo) so that the region S is divided into two subregions, 


8S, and S. say, where C is the common boundary of 8, and S.. Then we ask a 


the following question: What is the asymptotic value of 


| 


| 
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Sf or Sf 
So 


Clearly this question has not been answered by Theorem 1, because in the 
present case the condition 3) of the theorem is not satisfied. Thus in 
answering the question we are led to prove the following theorem. 

3. Let o(x,y), h(a,y) and f(a, y) =exp (h(a, y)) be con- 
tinuous functions defined on a region S such that all the conditions of 
Theorem 2 are fulfilled. Let C be an analytic curve passing through the 
point (2, yo) such that the region S is divided into two subregions, 8, and 


S. say. Then the integral ff f(x,y) f(x,y) ]"dS taken over either of 
the regions 8, or S» is asymptotic to 
Yo) Uo, Yo) ]"/n {h ve (Xo; Yo) h wy (Los Yo) —h (Zo, Yo) }. 

Proof. We shall need the following lemma: If L is a straight line 
passing through the point (2.Yo) and if S; and Ss are subregions of S 
divided by the line, then the integral f (¢(x.y)[f(a.y)]"dS taken over 
either of 8, and S. is asymptotic to 


& 


The proof of the lemma is simple. Since hiv y)Ryy (a, y) — y) 
is.an invariant form under unimodular linear transformations, there is no 
loss of generality in assuming that Z is parallel to the x-axis. Then it is 
easy to show that the integral of $(..y)[f(x,y)]" taken over 8, is asymp- 
totically equal to that over Sz. 

To see this it is sufficient to consider the right-hand side of (8). Let R 
be a circular region with radius 8 and with (20, yo) as its center and let 7 
be a square inscribed in R (see Figure 1). Then it is clear from the proof 
of Theorem 2 that 


I, ~ exp[ (n/2) (aX? + 2BXY + y¥*) 
= (n/2) (aX? + 2BXY + y¥?) |dVdY + 0(k") 


(fie e2 du) ( fre “dv) + 0(k"), 


-5/V2 -5/V2 


where0<hk <1. Since the integral f fexp|(n/2)(aX? + y¥*)|dXdY 
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taken over o2 has the same value as that over oi, (Fig. 1) we see that the 


integral taken over S2 is asymptotic to 


( f ( f ~ 
0  8/V2 
Hence the lemma is established in a manner similar to that used in the 
proof of Theorem 2. 
We may now complete the proof of the theorem as follows: Let C be an 
analytic curve passing through the point Po(ao, yo) and let L be a straight 


Fig. 


line tangent to C at Po. In order to apply the lemma just proved we have 
to construct a 1-to-1 continuous mapping A: X ¢,(s,t), Y 
such that (i) the S-region is mapped onto a %-region of the (s, ¢)-plane; 
(ii) the curve C in S is mapped into a straight line J in &; (iii) the origin 
is mapped into the origin. For such a purpose, we may assume that the 
curve C has been expressed as a function of the arc length s, viz. X =¥1(s), 
Y = y2(s), in particular, for a neighboring point (X,Y) of Po, we have 


(cf. (3)) 
(11) X =s/1— s*/6R? +---- =—y,(s), 
Y = + [s?/2R — —y.(s), 


where the arc length s is measured from (2o, yo) in a positive sense. Then 
a required mapping A may be written simply 
A: X =y,(s), Y = y.2(s) +4. 


Clearly this mapping satisfies all conditions required, e.g. the curve C is 
mapped by it into a straight line #0 in the (s,¢)-plane (see Figure 2). 
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Moreover, if we write h(z,y) = H(X, Y) = H*(s,¢), then we easily obtain 
H* = Hxx(X, Y) (y/s(s))? + 2H xv(X, 
+ Hyy(X, Y) (y’2(s))? + Hx(X, Y)ws(s) + Hy(X, Y)y"2(s), 
H*¢(s,t) = Hxy(X, Y)W1(s) + Hyy(X, Y)v2(s), 
H*¢(s,t) = Hyy(X,Y). 
so that by (11) we have 
H*,:(0, 0) = Hxx(0,0) + (1/R) Hy (0,0) = Hxx(0, 0), 


(Hy (0,0) =0) 
H*,t(0,0) =Hxy(0,0), H*:2(0,0) = Hyy(0,0). 


It follows that 


H*,,(0, 0) H*+2(0, 0) — 0) 
(12) = Hyx(0,0)Hyy(0, 0) — H*xy(0, 0) 
= (Xo, Yo) hyy (Lo, Yo) — hay Yo)- 
The relation (12) can also be justified by (10) and the fact ‘that 
((X, Y)/0(s,t))o—1. Hence by the lemma and Theorem 2 the theorem 
is proved. 

For the case where (2, yo) is an interior point of 9, there are also sub- 
cases not considered. For example, (2p, Yo, 2) may be a point of the surface 
a==f(z,y) at which no horizontal tangent plane exists. In particular, 
(70, Yo, 20) may be a conic ‘point of the surface. But for such a case the 
asymptotic behavior of the double integral in question seems simpler. In 
fact, it may be shown without difficulty that the asymptotic value for this case 


is much smaller than those we have considered, but: we shall not discuss it 
in this paper. 


8. Geometrical interpretations. We shall now in this last section 
explain the asymptotic formulas obtained in 2 geometrically. It is evident 
that the asymptotic behavior of the double integral depends essentially on 
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the neighborhood of the point (2, yo) at which the function f(x,y) takes 
its maximum. Theorem 1 shows that the asymptotic value of the integral 
depends on the curvature of the boundary at (%o, yo). For definiteness, we 
may think of the boundary as a path of integration in the positive sense so 
that the curvature AK will be = 0 or = 0 according as the curve lies to the 
left or right of its tangent at (2.y0). Now we may draw a small circle 
with (20, yo) as its center. In this way, it is seen that the intersecting area 
of the circle and the region S will be = the area of the semicircle cut out 
by the tangent if K = 0; and will be = the area of the semicircle if K <0, 
Thus clearly the asymptotic value for the first case should be = the value 
for the second case. And this agrees with the fact that the factor K’ occurs 


in the denominator: 


{n°[K (fo? + fy?) 0%? — ((fr) Py — (fu) }. 


In particular. if the boundary C of S is a convex closed curve (i.e. 


hk -= 0 for all points of C), then the asymptotic value will be a maximum 
when and only when A = 0 at the point (2, yo). , 
Theorem 2 shows that the asymptotic value in its case is much greater 
than that given by Theorem 1, in fact, the orders of their denominators are 
respectively O(n) and 0(n-*/*). The reason may be that in Theorem 2 the | 
neighboring points of (0, Yo, 20) on the surface 2 = f(a, y) have infinitesimal 


distances of order 2 from the tangent plane z =». but the situation is not 
so for the case of Theorem 1. 

For the reasoning of Theorem 3, we may draw a small circle (of radius 8) 
with (2o,Yo) as its center so that it is divided into two portions by the 
curve C. Since C has a tangent at (0, yo). we see that the areas of these 
two portions are asymptotically equivalent as 8—>0. Thus it is geometrically 
evident that the two double integrals of #(.r. y)[f(«. y)]” taken over S, and 8: 
are also asymptotically equal. 
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ON BESSEL SUMMATION.* 


By K. CHANDRASEKHARAN and Orro SzAsz. 


We present in this paper’ some results concerning Cesaro and Bessel 
summability; each method contains a parameter, representing a scale; it 
turns out that the two parameters of summability are closely connected. 
The results permit interesting applications to Fourier series and other develop- 
ments. The last section gives some applications to simple Fourier series. 
Further applications, in particular, to multiple Fourier series will be presented 
in another paper. 


1. Let Ju(¢) denote the Bessel function of order p: 


and let 
(1.1) Q(t) = + 


so that = 1. 


Let {An} be an increasing sequence of positive numbers 


fo 
and let k denote a positive integer; a series Sa, is said to be summable 


(Ju, k,X) to the sum s if the series 
fe 

(1. 2) An {ap (Ant) }¥ = 
n=0 


converges in some interval 0 < ¢ < fy, and if 


>s as 0. ({1], [2]) 2 


Our transform includes Riemann’s summability-methods for A, =n, p= §. 


m(t)—=sin t/t. For A, =n and k=1 we call it J, summability. 


* Received August 29, 1947. 
* Presented to the American Mathematical Society, April 26, 1947. 
* Numbers in brackets refer to the literature at the end of the paper. 
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We now develop a number of properties of ¢,(¢) which will be needed 
in what follows. 
We have, for R(u) >—4, ([8], pp. 47, 48) 


(1/2)*(1/P(H+ 4)E(4)) (tc08 8) sin* 048, 


thus 


(1.3) ayu(t) = + 1)/P(u + f cos (¢ cos 6) 6d8. 
0 
It follows that for real ¢ and real p > — 3 


| an(t)| (PH + + 640 — = 1, 


and 
1— = (P(u + — cos(t cos 6) } sin®* 
Now 
1 — cos (t cos 6) < cos 6)*, 
hence | 
0S1— < (T(u+1)/P (4) - "cos? sin’ < }t? 
for p > — }. 


It is known ([8], p. 199) that 
In(t) (2/nt)* cos (t — pa /2 — 2/4) + O(t-9/2), a8 
and that ([8], p. 45) 


(d/dt) (t-*Jy(t)) = — ; 
hence 
(1.4) 1) cos (¢t — — 2/4) 
+ O(t — | 


and 


(1.5) (d/dt) [ay(t)] = + 1). 


All roots of Ju(t) are real for »=>—4 ([8], p. 482), and if ty are the 
positive roots in increasing order, then ty = O(v) ([8], p. 506). From (1.3), 


= f "sin (¢ cos 6) cos 


and from the mean-value theorem, for 0 < 7 < #, 


— ap(r) = where r< a <i. 
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Hence | 
(1.6) | — aur) | 
((t— 7) E(u + 1)a/P (m+ cos? < 
0 
in particular 
(1.7) | @(nt) —- ap(n+1t)| < (14 n)é?, t>0. 
From (1.4) and (1. 5) 
apn (nt) — 1%) 
(n+1)t : (n+1)t 
(1.8) +1) f (2) da of 
nt nt 
= as ©. 
6. 2. THEorEM 1. 1f0<¢<8<l, 
0 
(2.1) an = O(n), 
(2. 2) Sn —s=o0(n), as n> 
| then Sa, is summable J, to the value s for p= }—a/1—8 +a. 


For the proof we may assume s = 0; let 
(2. 3) r==1/(8—«), so that r>1/8> 1. 
We write for a given e (0 << e< 1) 
(2.4) A= [t7], v= 1-+ [et], where < 1, 
so that AD 1,¥>A. Let 


(2.5)  da(t) = (nt) + nay(nt) = i(t) + yo(t), say. 


Now. from (2.1) and (1.4) 


Yo(t) 0( 3 n>(nt)-#-4 O | 


n=V+ 


as 


a) = (1—8(8—a)/1— (8—a)) > 1. 


This proves that the series ¢u(t) is convergent for t > 0, and it follows from 
(2.4) that 


Here 
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= 5 — (#/1—-8+ 2) = ((1—8)(8—2)/1—8+2)) >0, 


and the exponent of ¢ is, in view of (2.3) | 
(1 — 6/1—8+ «) — (1— («/1— 8+ =0. 


Thus y2(¢) is small for small e: 


(2.6) | Wo(t)| where 0 as e> 0. 
Furthermore 
vi (t) = — + Svap(vt) | 

= + Svan(vt), say. | 

Now, from (2.2) and (1.4) 


Svau(vt) 


elthta | (from (2. 4) 


Here 
and 
rw +4 +2)—$—p>0; 
hence 
(2. 7) Sva(vt) = 0(1), as to. 


Finally for y,(¢) write 


= (DHA )Sufau(nt) 1 t)}—yalt) 


n=0 n=A+1 


say; using (2.2) and (1.7), and noting that (1.7) holds also for n=9 
in view of the inequality 1— a,(t) < 32°, we obtain 


(2.8) y(t) = O( = O(t*), (from (2. 4)). 


n=0 


To estimate y;(7) we employ (1.8) and (2.2); then 


Ws (t) == 0( = ( 
n=\ 


as 
p= 2) (a(8— z~)/1— 8+ 2)) > 9. 
Thus, from (2. 4) q I 
Ws(t) = 0( ) | 


| 
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The exponent of ¢ is, in view of (2.3), 


(—«/1— 8+ 2) + (a/1—8 4 a) =0; 
thus 
(2. 9) Ws(t) 0(1) 


here the first factor is large for small «, but for any given « > 0, choosing # 
small enough: ¢ < éo(€), ws will become arbitrarily small. It now follows 
from (2.5)-(2.9) that lim sup | du(t)| <<; ¢ being arbitrarily small, the 
theorem follows. 

For «=o ([7], p. 389) at least one of the two assumptions (2.1), (2. 2) 
must be strengthened. In this case sufficient assumptions are, either (2.1) 


and 
(2. 2’) Sn —s=o0(1/log n), 


or, (2.1) for every << 1, and 
(2. 2”) Sn —s = O(1/log n), 
or, (2.1) for 8 =1 and (2.2) (for «=o0). 


See [6] also for further references and generalizations in the case a = 0. 
The main results in this case are due to Hardy and Littlewood. 


3. Chandrasekharan ([1], Theorem I) proved that summability (C,r), 
r=o implies summability J, for »>7-+4 to the same sum. We shall 


prove the following generalization : 


THEOREM 2. If Sa, is (C,r-+ 1) summable, and if 
n 

(3. 1) on =>, | Sv" | = O(n"), as n—> 00, 
v=0 


then Yan is Ju summable for p>r+4, r>—l1. 


Here S,° is the n-th Cesaro mean of order r: 


n-+r 
(3. 2) 8,’ = Yn" = ( ) 
Let 


co 
(3. 3) yn-v (nt) = Aran (vt), v=0,1,2,---. 


| 

— 
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It is well-known that 
(3.4) = (r+ (r+ + 1), | 
if r is not a negative integer. | 


For the proof of the theorem we may assume without loss of generality 
that (C,r-+ 1)3a, = 0, that is, as n—> The main idea 


n 
of the proof is then as follows. Since we have a, => yn-v*Sv", we write | 


(purely formally, for the present) 


v=0 


oo 
> ay (vt), 
v=0 i 
and we then estimate A**'a,(vt) in different ways in different parts of the | 
range of y in (3.5) in order to show that dy(t) > 0. 
We first show that the interchange of summation in (3.5) is legitimate 
by proving that the double series converges absolutely. We have for t>o, 


i Me 


= O(v #4), 


v 


oo 
and we need only prove that | | 0. Now 
v=1 


n m-1l . 
> | Sr | po = > oy —vyp + 1-#-4], 
y=1 1 


n-1 
+ O( >> 
y=1 
from (3.1). Hence 


& 


O(1) + O(1) O(1). | 


This proves (3.5) and the convergence of either series. p 


It remains for us to prove that lim gx(t) =0, »>r+4, r>—! | 
Let us write, for any A> 1, 


du(t) = + )SAMay(vt) = + yo(t), say. 


vt=X vt>A 


t 
\ 
| n=v 
{ 
| 
| 
é 


dea 


rite 
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We shall show that y¥,(¢), w2(t), tend to zero with ¢. Before doing so, we 


shall evaluate A’*te,(vt). Employing the formula ([8], p. 48) 


we get, from (1.1) and (3.3), 


n=v 
Now 
co co 
Aftigivt > cosd == givtcosd yn cosd 
n=v n=0 
== 2”(1— 
where z= and the substitution cos yields 
+1 
(3.7) — Cy ye (1 — ride, 


where 
-1 +1 -1 
0 J -1 
To estimate y, let so that 
y(t) = > (vt) (Sy? — (vt), = 0; 
y=0 
then 
(3. 8) Wi(t) = ATH an(nt) + (vt). 
y=0 
Using (3.7) we obtain, 
+1 
| Ar*tau(nt)| < Cy f | 1— tte | 
-1 


+1 
= Cn f (1 — 2?) #4 | 2 sin | 
-1 


+1 
< Cn f (1 x?) 
so that 


To estimate the second term in (3.8), we note that | Sv"! | = ey»’*! where 
0 and hence, 


ity 
| 
| 
the | 
nate 
> 0; 
| 
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n=1 (\/t] 
| an (vt) | =< > | Syrtt | 
y=0 v=0 


[\/t] 
(A/t)" t/hrA o(1), 
v=0 


by the (C,1) consistency-theorem. Hence it follows that 


Wi(t) =o0(1), as 0. 
To estimate ¥.(t) write 


(vt) == Akay (vt), k= ([r +1]. 


Using the well-known mean-value theorem for repeated differences, 
APau (vt) = (— 1) (vy +8 pt), 0 <8 <1, p=0,1,---. 
From (1.4) and (1.5) we have 


a’n(t) = O(t-#+4), as t> 0, 
and by induction, 


ap?) (t) = O(t-#4), p=0,1.---: 2. 
It follows that 
(vt) == 


First let + be an integer. Then 


ay (vt) = O( S | | 


yon+1 v=nt+1 
= | | 4) 
v=n+1 
co 
= 0 (ov ov-1)v #4) 
vr=nt+1 


Thus 
v=n v=n 


if A=A(e) is large enough. Next, let r be non-integral, r<k<r+!. 


Then 


oo oo 
AT an (vt) = Dd ay (mt) = (vt) tay 


m=v m=p+1 


Therefore we write 


= + + ¥s(¢), 


| 
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where 
SvaMau(vt), 
v=n+ 
oo v+p 
v=n+1 m=p+1 
Ws5(t) > Sy" (me). 
v=nt1 m=p+p+1 
|. | To estimate y;(¢). we observe that 
(vt) = O #4), 
and so 
ys(t) = O( | Sy" | y 
i p=nt+1 
(3.9) == 0 (tr O( tt 
== 0(1). 
To estimate y,(¢) we use (3.4) and observe that 
( 
y+p 
m=p+1 m=v+1 
= O (tht , 
and so 
co 
ya(t) =O( | Sor | 
p=n+1 
| (3. 10) () 
= (pt), 
Finally, to estimate Ws(t) we observe that 
oo 
and on 
= O( | | + 
v=nt+1 
(3. 11) O 


= 0 ( (nt) ok-r-1) 


| 
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Let p= [t“], then from (3.9), (3.10) and (3.11) we have 
= Ys + Ya + Ys = 0(1) + <e | 

for A>A(e). It follows that 
du(t) =yr(t) + =0(1), as to. | 


Remark. For r=—a,0< «<1, »—}4, see Theorem A in [7]. Note 
that there are series satisfying the assumptions of our theorem but not 
summable (C,%) for anyk<r+1. Cf. [7]. 


4. In the present section, we assume that Sa, is summable (C,r) for 
some r= 0. It then follows that Sa, is J, summable for » > 4, but it 
is not necessarily summable for »—r-+ 4. ([1], p. 226). We shall now 
investigate conditions under which (C,r) summability of a, will imply 
J+,, summability. In doing so, we will find it convenient to use, instead 
of Cesaro summability, an equivalent type of Riesz summability. 

Let us assume that (C,r)San—0. Let us write : 


T (w) = T°(w) vSwev+l. 


In the notation of Sections 2 and 3, T(w) —Sy. For k > 0, we write 
Tk(w) = 2k f (w? — (t) dt. 
0 


A series Sa, is summable (v”,&) to the sum s, if lim w-*T*(w) =s. It has 
w->00 


been shown by Hardy [3] that this method is equivalent to (C,*) ; thus 


(4.1) T*(w) = 
We also have ([4], p. 36), 
(4. 2) T(w) = 0(w"), | 


and for k=0, » > 0 ([4], p. 27), 
(4.3) T#(w) 


In the notation of Hardy and Riesz ([4], p. 21) 


T(w) =k f (w? — t) 
T(w) =Cy(w?), {An} = {n*}. 


I 
! 
| 


| 
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We have ([4], p. 36) 
(4. 4) T*(w) =o(w'*), for oS k <r. 
We shall now prove some lemmas leading to the main theorem of this section. 


Lemma 1. If Sa, is summable (C,r) for some r=o, to the sum zero, 
r not an integer, h=[r], p= h-+ 5, then we have: 


m m 
Angp(nt) = 0(1) + cé?rt? f UT* (UL) (ut) du; 
n=0 0 
if r ts an integer, then the above relation holds for p= 1 — 3; tf r ts zero, 
it holds for » > —}. 
To prove the lemma, we observe that Abel’s lemma on partial summation 


and (1.8) yield 


m m 
(4.5) Saanca(nt) Smau(mt) + (0) (at) 
n=0 «7 0 
Denote by h the greatest integer less than r, so that r—1Sh <r; then 
(1.4) and (4.4) yield the relations 
(4. 6) T*(w) (wt) — o(wt-#-t) 0(1), 
for0< kSr, p=r—}h. 


If r is not an integer, h+1>r, and since Cesaro summability is 
regular, the given series is also summable (C,r-+ 1), or what is the same, 
summable (v*,7-+1). Hence 


(4.7) T™(w) 0(w), 
and 
(4.8) T2(w) (we) 0 (wh? - 9(1), if pEh+ 
If r is an integer, then h =r —1, and 
T™*(w) (wt) = T'(w) (wt) = o0(1), if 
by (4.6). 
If r—0, hence h — 1, then 
T(w) (wt) = = o(w*4) = o0(1), p> 


Now, integrating by parts h +1 times in (4.5) and using (4.6), (4.8), 
we get 


(4. 9) =o0(1) + ct?™4 (2) de, 


| Y19 
not 
: 
it | 

10W 
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where > r— if r is an integer > 0; p> ifr—0; andp=[r] +} | 
if r is not an integer. The c’s stand for constants. 

(4.9), as it is, proves the required result, if r is an integer or zero. | 
If r is not an integer, then employing (4.7) in (4.9) we get 


anay(nt) =o0(1) + frm — dudz 
0 0 


n=0 


=o0(1) + fer) (x? — w?)**dadu. | 
0 t 
We next show that 


m co 
(uw) f. (at) (x? — 0 asm—> ow. 
e7 0 m 


We have; if the “ max ” refers to the range m’ = m, 


™ 


co m’ 
| (a? — da |S (m* — max | f (zt) de | 
m 
= (m? — max | f USpsnio(u) du | -1/t? 
mt 


m't 
= t-*(m? — u?)** max | ff. 
mt 
= (2t-2(m? — +h + 2) max: | — (me)| 


= O ( m- O (m-#-4-8/2/) 


Thus 


By = u | T'(u)|(m? — 
0 


m 
o( ( — u*) dy) 
70 
=o(1). if p2h+ | 


It follows that 


(4. 10) S (nt) 


n=0 


= 0(1) + utr(u) (a? — u*)""dadu. 
0 7 


In trying to simplify the right side, we shall employ the formula ({8], p. 41%; 


formula 5) |! 


| 


‘0. 


| 


Ait, 


y-1) 
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where a > 0, R(v/2— 1/4) > R(w) >—1. We shall apply it only for the 
case v/2 —1/4>n+1>0. 
Replacing t? + 2° by 7°, and y by p, we get, 


“(Jo(ar) (#2 — 28) Pdr = (p + 1)Tv-p-a (az) 
a>0,v-—-4=22%+2>0. Or, using (1.1), we get 
f tay (ar) — 2?) "dr = (az). 
Replacing z by u, v by »+h-+2, p by h—r, + by 2, a by t, we get, 
oo 
(4. 11) (tx) (2? — u?)* = (ut), 


fort >0, pth+3/2=>2(h—r+1)>0. 
But and —1Sr—1<h <r; hence p—h+2r=]} and 


h—r>—1. 
Now we use (4.11) in (4.10) and obtain, 


m m 
(4. 12) An&p(nt) —=o0(1) + f (w) (Ut) du 
0 0 


=o0(1) + ct?r? f "UT? (U) (ut) du 
which completes the proof. 
We next prove 
LEMMA 2. If for some r> 1, 
ho 
| dT*(x)| =O(w*"), a8 w—> 0, 


then, for > 2r > 0. 


oo 
(4. 13) at | dT*(2)| —O(w-7), a8 w—> 0, 
and 
@ 
(4.14) f x? | dT*(x)| = 
We have sii 


00 
a7 |dT*(xz)|=> = 0( 


v=0 


‘| 
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Furthermore, 
co fore) 
val J y=1 
co 
y=1 


We can now prove the main theorem of this section. 


THEOREM 3. If Sa, is summable (C,r) for some r= 0, and tf for some 
A>, 
Aw 
f | dT*()| = O(w*"), a8 w—> 00, 


then Xa, 1s summable Jpn where » >r—d4 if r ts an integer or zero, and 
p= [r] +4, if r is not an integer. 


From Lemma 1, integrating by parts, and using (1.5), we get 


ancy (nt) —0(1) + (ut) ] + f (ut) 
n=0 0 0 
=0(1) (ut) dTr(u). 
We have by Lemma 2, 
= p> r — 


co 
It follows that converges for ¢ > 0, and 
n=0 


co oo 
S = f, dur (ut) dT" (wu). 


n=0 


We write 
fee) w w’ oo 
f Gper (ut) dT (u) — f + f } 
0 w w’ 
say. 
Now 
0 70 
Given 0 < « <1, we choose w so large that 


| w TT (w)| < e2rt2, 


\ 
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We then choose and —1/et =w/e? >. Then, 
| T*(w)| = | (€/w)**T7(w)| < 
| Using (1.6) and (4.14), we get 
‘o 
(ut) —1}dTr(u)| < J. | dus (ué) —1|-| dTr(u)| 
0 


| < t2 | dT’ (u) | O (t?w?r*?) 
0 


me 


hence 
(4. 15) | I, | <e+ O(c) =O(e). 
Furthermore, from (4.13), 
nd | 
wer d| ) = O( 
(4. 16) 
= 0(1) (1/e)" #4 =0(1), as 0. 
” To estimate 7, consider the successive extrema of @4r(x), which are the 


roots of Jusrsi(z) = 0. Denoting the roots of Jn(x) in increasing order by 
| a k=0,1,2,3,--- we have ([8], p. 506) 


(4.17) = (k+ 3/4+ O(1/k), as ko. 


Denote the zeros of which lie between wt and w’t by &, 
then ay,.(ut) will be monotonic in the intervals, 


<&(s+1)/.. 


We may suppose, without loss of generality, that a,- is decreasing in the 
_ first interval. We write 


byt fost 
&,/t 

| =I,,+: To, 
Now by the second mean-value theorem, 
| f dT" (u), o< a, 
@ 
80 that 


. 
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Similarly 
(Ee) f dT" (u) ; < < &/t, 
We 
so that 

Kstimating thus each part of J,, we obtain 

s+1 
0(1) 


But from (4.17) é = O(ot +1), so that 


s+ 8+1 w’t 
p=1 ot 
It follows that 
(4. 18) I, = O(1) ( (1/e*"*?) —1) = 0(1). 


Finally (4. 16)-(4.18) yield 0 as t->0, which proves Theorem 3. For 
r =O we find the 


Aw 
Corottary. Jf Sa, converges, and if | an| =O(1), as o> ©, A> 1, 


then Sa, 1s summable J, for » >—4. For p=} see [7].- 


5. Chandrasekharan ([1], Theorem II) proved that, under certain 
conditions, summability (C,7) implies summability J,,,;,< and conversely Ji 
implies (C,~u+3-+.c). A natural converse of the former would, however, 
be Ju— (C,n—4-+ €), but this holds only under special conditions, and 
the best result known to the authors in this direction is given below. 


We start with the following formula ([1], p. 228): for y >»+1 


f° Jv (wt) § n#(1 — 0-1 


0, n=o. 


or, 
© Pay(wt)w” t#nHan(nt) dt 
Jo 2T(v+1) we 
t7#* ay (wt) (nt) di n* (1 — n?/w?) 
0 


0c n<e, 


nm = w. 


| 

| 

| 
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| Hence 

oo (wt) (nt) dt { Q2H+1 — 

(5. 1) (y — »,0<n<o 
0,n=o. 
and 
(y — p) oo P 


We now assume that 


oo 
(5. 3) D4n%.(nt) converges dominatedly for ¢>0 to that is, 


n=0 


(5.4)  gu(t) as t>0; 


| (5.5) HE) | de a8 2; 
| (5.6) J, cos (wt — 2p + 1— 8(/2))dt 0, as 


‘or From (5. 1)-(5. 3), 
0 


00 00 

== On f Gy (wt) (nt) 

j n=0 0 
Js 
nd We write 
1/w oOo 
F(o) f }=—=F,+ say. 
Now ° 
1/w 1/w 
70 
by (5.4). Furthermore using (1.4), 
oO 
P, = f u(t) cos ((wt —v — 4) 2/2) (wt) 
1/w 
4 “| gy (t)| 


oO 
= u(t) cos ( (wt 4)2/2)dt 
1/w 


125 
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Putting v = 2n + 3/2—8, 0=8<1 we get, 
P, = co? J ((ot — 2p dt | 
1/w 
1/w 


= 0(1) + f 
fore) fore) 


Finally 


co 
f tat — O(w* 0(1), 
1 1 
and 


1 
= 0 (0% f —=0(1), a8 w—> 0. 
1/w J 


Using the second consistency theorem (see [3]), we have thus proved: 


4. If (5.3)-(5.6) hold, then Xan is summable (C, » +4—8) 
where OS=8 <1, »p>8—+} to the sum zero. 


Remark. It may be noted that (5.6) is the only extra condition here 
which was not required in Chandrasekharan’s proof of the result that J, 
implies (C,n-+4-+¢). See ([1], Theorem IT). 


6. In this section, it is shown that summability J, of the Fourier series 
of a function ¢(t) is equivalent to the existence of a generalized limit of the 
function ¢(¢); and the latier is equivalent to the Cesaro limit of ¢. We 
thereby deduce, from our previous theorems, which are ‘ arithmetic’ in nature, 
results concerning the mean continuity of a function and the Cesaro sum- | 
mability of its Fourier series. e 

Let = | 


$(t) = do(t) = + f(c—t)/2 = 
(6.1) $o(t)—p/? p> 0 


(6.2) = 20 (p+ 4)/T(4)T (pp)? p >. 


TrroreM 5. If $*,(t) tends to a limit 1 as t->0, then dy(t) tends 
to las t->0, and conversely. 


| 
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We have 
(6.3) p/? (P—w)9(u) (tu) 
If o(¢) = 1, then, 


| — (p)T(4)/20(p + 4) = tcp, say; 
hence ¢*,(t) =1, also $p(¢)==1. We may therefore assume that / = 0. 


Let first 0< p<1. In this case the proof is simple. Employing the 
second mean-value theorem in (6.3) yields 


— p(2t)*?{ — f, (t? — u?) (u) du} 


—1-0(1) — f° 


-3) by assumption. We now employ the following inequality, due to M. Riesz 
([4]. p. 28): 
here | |S max | |, 


A change of variable u? = x yields the analogous inequality 


the | | f — u*)?*6(u)du |= max (v? — u?)?-1(u) du |, 
We 0 0 
0<pX<1, 0<éSt. 
ture 
wn Using again the assumption $*,(¢) 0, the first part of theorem 5 follows 


for p=1. The second part follows similarly. 


For p > 1 we have to consider the two cases, p integral and p non-integral, 
separately, and adopt substantially the same argument as Hardy does in [3]; 
only, instead of t > oo as in his proof, we have t-» 0. Since the proof referred 
to will run to several pages, and will be new only in details, we choose not 
to reproduce it here. , 

Let f(x) © L and periodic with period 27; 


f(z) ~ao/2 + (an cos nz + by sin nz) = An(z) = 3An. 
Then 


| 
‘ 
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co co 
$(t) ~> An cos nt = Ana;(nt), 
n=0 n=0 


t 
p*,(t) = f, (t? — Aya, (nu) du 
0 n=0 


foe) t 
Cp > An ( (nu) du. 
n=0 0 


Added in the proofs: It can be shown that term-wise integration is 
permitted [Cf. L. S. Bosanquet, Proc. Lond. Math. Soc., vol. 31 (1930), 
p. 156]. | 


A formula of Sonine ([8], p. 372) yields 


av = + 1)P(v—p) f. (1 y?/x*) au(y) dy, 
hence, for — 4, v= p— 3, 


= Ante a(nt), 


We therefore have the following 


Lemma 3. If 3Ancosnt is a Fourier series, then summability Jy of 
XA, for some p > — 3} to s implies as t—>0, and vice versa. 


With the aid of this lemma and Theorem 5, each of our previous theorems 


yields a theorem for Fourier series. Thus using Theorem 1, we get 


THEOREM 6. If 0<a<8<1, > Ay and 


v=0 


Ay =O(n*), Sn—s=0(n™), as n—> 0, 
then 
>s as 0, for p=1— (4/1 a4) =1—46/1—8+4. 


Similarly, Theorem 2 yields 
THEOREM 7. Jf 3A, is summable (C,r-+ 1) to s, and if 


n 
> | = O(n"), as n> 
v=0 


then $,(t) as forp>r-+1, where r >—1. 


and | 
| 
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This includes the well-known theorem of Paley ([5], p. 190) that 


(C,r)3An = s implies ¢p(¢) >s for p >r-+1. Paley proved (ibid., p. 199) 
that the conclusion need not be true for p—=r-+ 1. We have however replaced 


Paley’s assumption by an actually more general one. 


6. 


i. 


8. 


It is now clear that Theorems 3 and 4 can also be similarly interpreted. 
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WATER WAVES OVER A CHANNEL OF FINITE DEPTH 
WITH A DOCK.*? 


By EK. HEINs. 


1. Introduction. ‘he linearized theory of water waves in channels of 
finite depth has been considered by Stokes who in the course of his work 
found the periodic solutions. An investigation of the non-periodic solutions 
in this theory was carried out by A. Weinstein [2]. Various methods have 
been used to reconsider this last problem. We mention here the work of 
Hoheisel (1931) |3], Bochner (1932) [4], Poritsky (1938) [5], Cooper 


(1939) [6], and Heins (1943) [7]. Another group of problems belonging | 


to this general theory has heen recently considered by Miche (1944) [8], 


Lewy (1946) [9], and Stoker (1947 [10]. These three authors have been | 


concerned with the problem of waves on sloping beaches and have made 
considerable progress with this problem. 

We consider here the problem of a dock over a channel of finite depth, 
and the possible wave-like solutions. This problem may be formulated as 4 
Wiener-Hopf integral equation and as such, there is mathematical machinery 
available to solve it. Our method of formulation and mode of solution have 
several points in common with an investigation in a different field by . 
Feshbach and the present author [11]. It will be shown elsewhere that 
some of the problems considered by Miche, Lewy, and Stoker may also be 
formulated as integral equations with Faltung kernels. In particular, some | 


of their problems may be formulated as generalized Picard integral equations. | 


We shall not discuss the physical background of the problem we treat | 
here, since it has been adequately described by Lewy, Miche, Stoker, and | 
Weinstein. Suffice it to say, we are concerned with the study of surface waves | 
in an infinite channel of finite depth, and the effect of a semi-infinite rigid | 
dock on these waves. This dock is located on the upper surface of the channel. | 
Mathematically, we are concerned with a solution of Laplace’s equation ove! [ 
an infinite slab of width a [12]. That is. we are concerned with the solution | 
of the partial differential equation 


1) Ad = 6,, + 4,, + 


* Received September 3, 1947. | [ 
? Presented to the American Mathematical Society, April 26, 1947. ig 
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over this slab. ®(2,y¥,2) is the velocity potential from which we may derive 
the z, y, and z components of velocity. 

For the boundary conditions to be imposed upon equation (1.1), it is 
necessary to recall the geometry of the infinite slab. Let the edge of’ the 
dock be parallel to the z axis of an xyz coordinate system. We shall measure 
the depth y, perpendicular to the plane of the dock. The z and y axes now 
determine a plane and perpendicular to this plane we shall measure x. The 
dock is a plane which is a@ units from the bottom of the channel, and is 
defined for all z and «<0. The free surface of the liquid in the channe. 
is defined in this theory in terms of the boundary condition (1.4). Tne 
bottom of the channel has the same physical characteristics as the dock and 
is defined for all 2 and z. On a rigid surface, that is, the bottom of the 
channel and the dock, the normal component of the velocity vanisnes. We 
have then that 


(1.2) = 0 y=0,— 
and 
(1.3) = 0 y=a, ow. 


On the free surface we have 
(1. 4) + gh, = 0 


where ¢ is the time variable and has units which are the same as those used 
in the gravitational constant g. This boundary condition is a consequence 
of Bernoulli’s law and the assumption that the non-linear terms in the dis- 
placement and velocity of the free surZace can be neglected. If we now assume 
that the time dependence of ®(a, y,z,¢) is monochromatic, that is 

Y; 2; t) == (2, Y; z) exp (ift) 
equation (1.4) reduces to 
(14a) y=a, B=f?/g>0 
while equation (1.1) remains unaltered save for the fact that ®, replaces ®. 


While we have apparently set out to solve a three dimensional problem, 


we shall reduce it to a two dimensional problem by the further assumption 
that 


(2, y, 2) = $(z, y) exp (ikz) 


where k is a constant to which we shall presently ascribe a geometrical inter- 
pretation. With this assumption, equation (1.1) becomes 


is of 
work 
ions 
have 
k of 
oper 
ging 
| 
been | 
epth, 
\inery 
have 
that 
Iso be 
some 
tions. 
treat 
, and | 
waves 
rigid 


732 ALBERT E. HEINS. 


(1. 5) dre + by — = 0 
while the boundary conditions (1. 2), (1.3) and (1.4) become 


(1. 2a) dy = 0 y=0, 
(1. 3a) dy = 0 y=a, 7 <0 
(1. 4a) dy = Bd y=a, 


Now we are confronted with a strictly two dimensional problem and we 
have two further sets of conditions to impose on the solution of equation (1. 5). 
One set of conditions deals with the growth of ¢(a#,y) at infinity. Under | 
the dock for «<< < 0, we would expect little disturbance. We may see this 
by expanding the solution of equation (1.5) in terms of the characteristic i 
functions of the strip 0 ya, «<0. These characteristic functions are 


exp + n?x*/a*}*] cos (nary) /a 


while 


= A, exp [x{k? + n*x?/a*}*] cos (my) /a. 


The A,’s are unknown expansion coefficients. For x large and negative, | 
(x,y) = (ell), that is, it is an exponentially decreasing function. We : 
note that a complete knowledge of the Ax’s provide us with the solution to 
our problem, but this is very difficult to obtain directly. 

For x > 0, the appropriate characteristic functions are 


exp [— + C,,7}#] cos Cay 
where the (, are the real roots of the transcendental equation ‘ 
(1. 6) B cos Ca+ C sin Ca=0. 


There are also two imaginary roots for the equation (1.6) which we shall 
denote by + 10>. This gives us the possibility of two more characteristic | 


functions 
exp [+ «{k? — C,”}*] cosh Coy. 


We are now in a position to describe the condition that we shall impose © 
¢ for x >> 0. We assume that has a wave like form for z > >? 
Clearly then, k? < C2 and we further observe that this condition depend: | 
intimately on the values of B and a. As a matter of notation, let us write : 
x? = —k?. Then for z > > 0, ¢(z,y) is asymptotic to exp (+ ixx) cosh 
while ®,(z, y,z) will be asymptotic to 


n=0 
| 


tive, 
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exp tkz] cosh Coy. 


This asymptotic form of ®, has the character of a plane wave. The normal 
to its wave front makes an angle with respect to the positive 2 axis which 
may be measured in terms of & and x. Indeed if we write k = (C) sin a, then 
x will be Cy cos «. The wave front normal will be perpendicular to the z axis, 
the edge of the dock, if « —0, that is k = 0. 

In order to obtain a travelling wave solution [13], we find it necessary 
to admit a logarithmic singularity at the edge of the dock. That is, we shall 
assume that y) = 0{ln(a* + (y—a)*)*} in the neighborhood of 0, 
y= a. This condition is tantamount to assuming that there is either a sink 
or a source at this point. We shall see in the final solution of our problem 
that the strength of this sink or source is closely related to the amplitude 
of the terms exp (+ ixx). JIncidently, this logarithmic singularity is the 
strongest singularity which we can admit in our formulation. 

Our method of solution is the following. With the aid of an appropriate 
(reen’s function and an application of Green’s theorem, we may express 
¢(z,y) in the strip 0SySa, <a< in terms of the Green’s 
function and ¢(.7,a). This leads us to an integral equation of the Wiener- 
Ilopf type because of the particular limits of integration and the special x 
variation of the Green’s function. Before we can proceed to the formulation 
of the integral equation we require an explicit expression for the Green’s 
function. Let us note, in passing, that we have here a mixed boundary value 
problem. That is, for « > 0, ya, we have one type of boundary condition, 
while on the same line ya but now x < 0, we have a second one. It is 
lor this reason that the Green’s function technique plays such an important 
role here. So to speak, it relieves the surface y=a, x >0 or t<0 of 
boundary conditions. 

We shall divide the solution of this problem into two parts. First we 
shall find the source free solution. Having obtained this solution, it is then 
possible to obtain the solution possessing a singularity by differentiation of 
the bounded solution. An appropriate linear combination of these two 
solutions gives us the traveling wave solution which we desire. 

With minor modifications in the formulation which we shall present, 
we can treat the case of normal incidence, that is k—=0. The solution can 
be earried through in the same fashion as the case for which k <0. We shall 
find, as we might suspect, that we simply put k=O throughout our final 
result for (x,y). The condition that k? < (2, which is required to insure 
wave motion, is now automatically satisfied. 
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For the case in which the channel is of infinite depth, we have a some- 
what different situation. If #40, we can still solve the problem which we 
have described above, although the mathematical technique is more subtle 
than for the case of finite depth. For sk = 0, our mode of formulation is still 
valid, but our mathematical machinery breaks down since the Wiener-Hopf 
theory is no longer applicable. To be more precise, the kernel of the integral 
equation for / —0 does not possess the exponential decay properties which it 
does for k40. We shall return to the case of infinite depth at a later date. 


2. The construction of Green’s Function [14]. The nature of the 
Green’s function we require is dictated by the form of equation (1.5) and its 
associated boundary conditions on y=0 and ya. We are interested in 
the explicit representation of a function of two sets of coordinates (z,y) and 
(z’,y’) which satisfies the partial differential equation 


(2.1) 


save at the point 72’, y=y’. At this point the x and y derivatives of 
G(z, y, 2’, y’) suffer discontinuities of the form 


foe) y=y’+0 a w=n'+0 
(2. 2) f Gy dz = — 1 and f G, dy = —1. 
yy’-0 


As for boundary conditions we choose the following. We require that 


(2.3) G, =0 
and 
(2. 4) Gy =0 y=a,— 


We have a considerable amount of freedom in the choice of these boundary 
conditions and the ones we have selected lead to a simple form of the integral 
equation which will be formulated in 8. 

Such a Green’s function as we have just described has the expansion 


(2. 5) y, y’) 
> exp[— |a—a’ | {k? + (n?x*/a?}] 
X cos (nry/a) cos (nry’/a) /{a?k? + 


The derivation proceeds along lines described by H. Feshbach and the author 
and we shall not pursue this matter further. Observe that for 27>)? 
G(z,y,2’,y’) is asymptotic to exp [|k|(z’—2)] while for x<<v it 8 


asymptotic to exp [| &|(«—2’)]. It is partially because of these asymptotic | 


| 


| 

| 


of 


sion 


WATER WAVES OVER A CHANNEL. %35 


properties of G(az, y, 2’, y’) that we can apply Fourier methods to the solution 
of the integral equation we shall derive. 

An important property of the two dimensional Green’s function, of the 
type we have considered, is its logarithmic character near gz’, yy’. 
In order to see this, we note that the expansion of G(z,y, 2’, y’) converges 
uniformly and absolutely provided ea’. Furthermore for n sufficiently 
large, the n-th term of the expansion is asymptotic to 


{cos (nry/a) cos (nry’/a) /nx} exp [— nx | « — 2’ |/a]. 


The singular part of G(z,y,2’,y’) is then determined from the singular 
part of 


{cos (nry/a) cos (nry’/a) /nr} exp [— nx | x —a’|/a]. 


n=1 
This series may be summed provided that «2’ and we get immediately 
—1/4n log 4 exp [— 2x/a | —2’ | ][cosh r/a(x— x’) — cos r/a(y—y’] 
times [cosh x/a(a— 2’) —cosr/a (y+ y’)]. 


In the neighborhood of the point « = 2’, y=’ this has the form 


—1/4r log {(a— 2’)? + (y—y’)*} 
that is, it possesses a logarithmic singularity. 

We close this section with the Fourier integral representation of 
equation (2.5). Since the expansion for G(z,y,2’,y’) is asymptotic to 
exp [(2’—2)|k|] for > > 2’ and exp[(t«—a’)|k| ] for <2’ and 
since it possesses an integrable singularity at c =z’, yy’, we may take the 


Fourier transform of each term in the expansion and sum them. Upon doing 
this, we get 


(2.6) f. exp (— G(a, y, 2’, y’) dx 
cosh yy cosh y(a — y’) 


= exp (— iwa’) y<y 
. cosh yy’ cosh y(a — y) 
=exp (— iw2’) y>y 


Where y? =k? + w? and — |k|<Imw<|k|. The expansion (2.5) is 


obtained immediately by carrying out the Fourier inversion of equation (2.6), 
that is 


1/2n exp [iw (2 —a’y] yy cosh y(a — y’) y<y 


y sinh ya 
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and a similar integral with y and y’ interchanged for y>y’. The path ¢ 
is drawn with the strip — | k | < Imw < || of the complex w plane and js 
closed above or below depending on whether « > 2’ or a <2’. The closing 


path is a semi-circle of large radius which passes between the poles of the 
integrand. When the radius of the circle is permitted to become infinite, 
we can show by methods which are familiar in contour integration, that the 
semi-circular path makes no contribution to the integral. We are then left 
with the task of calculating the residues and this gives us (2.5) immediately, 


3. Formulation of the Weiner-Hopf integral equation [15], [16]. 
We can express $(2z,y) in the strip w,0<y <a in terms of 
(2, a), its normal derivative and the Green’s function which we have just 
described. Since ¢(2,y) has been assumed to be source free in this strip, 
we may apply Green’s Theorem over a rectangle whose boundaries are y = 0, 
y=a,r=——l. (1,1, >> 0) and we get 


— o(2’, y’) (0G (a, y, 2”, y’) /dn’) ds’ 


where ds’ is the element of arc-length along the boundary of the rectangle 
which we have described. The operation @/dn’ denotes the outer normal 
derivative. It is to be noted that this integral is treated as an improper one 
in the sense that we may allow J and 1, to become infinitive after we have 
discussed the magnitude of the integrals along these boundaries. We are 
permitted to do this because of the decay properties of G(2, y, 2’, y’) for 
«>> a’ or «<< 2’ and the assumption regarding a) for | x | >> 0. 

Over the lower boundary y= 0, there are no contributions in view of 
the boundary conditions imposed on ¢, and G,. On the upper boundary 


we have 


0 


Upon noting the boundary conditions on $(2,y) for y= 0, «> 0, and the 
nature of its growth for 25> 0, we may let 1, become infinite and (3.1) 


becomes 


B f "@(a, y, x, a) da’. 
0 


Let us now examine the integrals over the lines —/ and hl. Over the 
left boundary we have that z >) 2’. 


Then G(2,y.2’,y’) is asymptotic 
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exp | Further ¢(2,y) is also asymptotic to exp | | & for 
Hence 


LG (a, y, bar (2’, — y’) Gar (2, y’) 


approaches zero uniformly when / becomes infinite. A similar remark may be 
addressed to the integral on the right. Hence. for any (x,y) in the infinite 


strip we have 


(3. 2) $(2,y) =B G(a, y, v’, a) a) da’ 
0 


and upon evaluating ¢(a,y). at y=a, we get the desired Wiener-Hopf 
integral equation, that is 


(3. 3) $(%,a) =B a, x’, a) p(x’, a) da’. 


The integral equation (3.3) now includes all of the boundary conditions at 
infinity. This equation, as we shall see, possesses a solution of the form which 
acts like + for and are independents of 7) and is 
hounded at infinity. From this, by a differentiation with respect to 7, we can 
find the solution which acts like log .c. or indeed by further differentiation. 
solutions which act like a”, n= 1,2.- —0* [17]. We now proceed to 
the solution of equation (3.3). 


4. The Fourier transform solution of equation (3.3). Following 
Wiener and Hopf, we define $(2, a) = ¢,(x) + ¢2(x) where is iden- 
tically zero for negative x and ¢2() is identically zero for positive 2. Equation 
(3.3) may be rewritten as 


(4.1) + =B f a, x’, 4) da’. 


From the functional form of G(a, a, 2’, a) it is evident that $2(2) is asymp- 
totic to exp |x] for large and negative. In order to apply Fourier 
techniques to the solution of equation (4.1) we are required to know the 
regions of regularity of the Fourier transforms of @(2,a,2’,a), ¢:(«) and 
¢2(x). In the first place. the Fourier transform of G(a, a, 2’,a) is 


f G(x, a, v’, a)exp(— iwa) dx = exp(— iwz’)coth ya/y 


and as we have defined it,the transform is regular in the strip — | k| < Imw 
<{k| in the complex w plane. As for the transform of ¢2(%) we have 
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$2 (x) exp(— wa) dx = 


is regular in the upper half plane Imw >—|k|. This is so because of the 
growth of ¢.(a) for x large and negative. It has been assumed that ¢,.(z) 
is integrable over any finite interval of the negative x axis including the 
origin, and this we shall verify in the solution of the problem. As for ¢,(z), 
we shall assume that it is O[exp (@r)],0<|k|. We shall find that ¢,(z) 
does not grow as rapidly as this, but this is all that we require to solve 
equation (4.1) by Fourier methods. The Fourier transform of ¢,(z), 


$:(x)exp(— iwa) dz = &,(w) 
«7 0 


is now regular in the lower half plane Imnw < —6. We note that the above 
three Fourier transforms have a common region of regularity — | k | < Imw 
-<— 98 and it is thus permissible to apply the Fourier transform to equation 
(4.1). 
Upon doing this we obtain immediately 


(4. 2) ®,(w) + = @,(w) B coth ya/y 
or 
(4. 2a) ©,(w)[1— B coth ya/y| =— ®,(w). 


We are now required to decompose equation (4.2a) into two terms, one | 


analytic in the lower half plane Inw < —4@, the other analytic in the upper 


half plane Imw >—|k|, while both terms are analytic in a common strip 


—|k|<Imw <—8%. To accomplish this, we factor 
(4. 3) (y sinh ya — B cosh ya) /y sin ya = K_(w)/K,(w). 


K_(w) is that factor of the left side of equation (4.3) which is free of 
zeros and poles in the lower half plane Imw <0. K,(w) may be defined 
in terms of the left side of equation (4.3) and the factor K_(w). It is 
free of zeros and poles in the upper half plane Imw >—|k|. Hence 


(4. 4) ®,(w)K_(w) =— K,(w). 


The left side of equation (4.4) is analytic in the lower half plane Imw <) 
while the right side -is analytic in the upper half plane Imw >—|F|. 
Hence the left side is the analytic continuation of the right side in view of 
the common strip of analyticity and hence both sides are regular everywhere. 
That is, each side of equation (4.4) is equal to a common integral function 
E(w). We have then 
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(4. 5a) ©, (w)K_(w) = E(w) 
and 
(4. 5b) &,(w)K,(w) =— E(w). 


The determination of the integral function H(w) depends on the asymptotic 
forms of ®,(w), ®2(w), K-(w) and K,(w) so that we find it necessary to 
exhibit K_(w) and K,(w) explicitly. 

We have noted that K_(w) is free of zeros and poles in the lower half 
plane Imw <0. The zeros of y sinh ya — 8 cosh ya = 0 as a function of ya 
are + po and + tpn, pn =—p-n: N=1,2,- - + where the p, are real. We 
observe in passing that for n >> 0, 


pn = Nr + Ba/nr. 


In order to simplify the writing of K.(w) and K,(w) we write 


K(w) = L(w)/M(w) 
where 
L(w) =y sinh ya — B cosh ya 
and 
M(w) =y sinh ya. 


Now L(w) may be written in factor form as 


— B[1— y°a? /po?| II [1 + y’a?/pn?] 


n=1 


—— BLL — + w*) + 0°( + 


Hence 
L.(w) = [1—a?(k*? + w?)/po?] [{1 + a*k?/pn?}% 
+ taw/p»lexp[— iaw/ne] 


is free-of zeros in the lower half plane Imw < 0, while 


1/L,(w) =— BT] [ {1 4+ — iaw/pp lexp[iaw/nr] 
n=1 
if free of zeros in the upper half plane 


Imw > — {p,/a} {1 + 


The exponential factors have been inserted into the infinite products to insure 
their absolute convergence. Finally, 


L(w) = L.(w)/L,(w). 
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Similarly for the function M(w), we have 
M_(w) = a(k + iw) TI [{1 + @?k?/n?x?}* + iaw/nr)exp[— iaw/nz] 
n=1 


is free of zeros in the lower half plane Imw < | k |, while 


1/M,(w) = M_(— w) /a 
is free of zeros in the upper half plane Imw > —|k|. Hence 


K_(w) = L_(w)/M_(w) 


is regular in the lower half plane Imw < 0. We imply by regularity in this 
case that K_(w) and its reciprocal are regular in the above described half 
plane. Finally, 

1/K,.(w) = M,(w)/L,(w) 


is regular in the upper half plane Imw > —|k |. 


We are now in a position to determine the integral function E(w). 
In the first place K_(w) = O(w) for Imw < 0, | w|— o in view of the | 
asymptotic nature of the pn’s. Similarly K,(w) =O(w) for Imw >—|k], | 
|w|—>o. Now #,(w) is analytic in the lower half plane Imw <0 and | 
approaches zero for | w|—> o in this half plane. Thus, in the lower half 
plane E(w) = O(w™), 6, <1. Furthermore E(w) = O(w%), <1 in the 
appropriate upper half plane. Since E(w) is an integral function, o, and o: 
are integers and necessarily greater than or equal to zero. In this case they 
are both zero because of the inequality they both satisfy. Hence E(w) isa , 
constant B. We have then q 
(4. 6a) @,(w) = B/K_(w) 


(4. 6b) ®,.(w) = — B/K,(w). 


5. The calculation of (x,y). In order to calculate $(2, y), we write 

the integral equation (3.2) in Fourier integral form. We recall that $(2, 4) 

is that solution of our boundary value problem which is bounded at the point 
=0,y=—a. Thus 


ap es 9 exp (wz) cosh yy ®, (w) dw 
(5.1) $(2,y) = B/2n 


where the path C is drawn in the strip — | k | < Imw <0. It is closed above 
or below depending on whether 2 >0 or «<0. Upon substituting (4 6a) 
into (5.1) we have 


| 
| 
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. coshyy dw 
(5. 2b) exp (twa) cosh yy dw 
— 


(y sinh ya— B cosh ya) K,(w) 


The representation (5. 2a) is particularly appropriate for «<0, since in 
that case C is closed below and it is now a simple task to calculate the residues 
at the poles w = —i{k* + n?x?/a?}4, n=0,1,---. Similarly, (5.2b) is 
appropriate for > 0. For «> 0, we have 


Ben” {cos pry/a} exp[— x{pn?/a? + 
(5.3) = Be + (pr? + B2a? — Ba) cos pnK,[i{k? + pn?/a?}*] 


2%B Boo" {cosh poy/a} sin (ox + 
cosh po{aB — + po?}* 


The angle © is given by the infinite sums 


- 
= — > [are sin ao(pn? + po?)-* — 


n=1 


a0 > 
+ [are sin ao (n?x? + po?)-* —ao/nx| + are sin ac/py. 
n=1 


o is simply the positive root of the equation 
ark? +- = po” 


and is real under our assumption that po exceeds ak. For x < 0, we have 


exp[{k? + n?x?/a?}%a] (—)” cos nry/a 
(07k? + _[— i(k? + n*x*/a?)| 


These two forms may be obtained immediately by the calculation of the 
residues in the integral in equation (5.1) by appropriate closing of C and 
noting that there is no contribution from the closing path which we have 
already described in 2. 

Since 


K_[— i{n*x?/a? + k*}*] and K,[i{pn?/a? + k?}*] 


are asymptotic to mz, the infinite series contributions in equations (5.3) 
and (5.4) have coefficients which are O(n-*) for n sufficiently large. The 
Series will then converge uniformly and absolutely for «0 or SO, 
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depending upon which representation of ¢(a,y) we employ. Thus ¢(z,y) 
is integrable near x = 0- and it is clearly integrable for x large and negative. 
Similar remarks may be addressed to the function ¢(2,y) which is defined 
forz>0. For a fixed z, expansions (5.3) and (5.4) represent the develop. 
ments of ¢(2, 4) in the appropriate characteristic functions of the regions 
0SySa,xS0and0SySa,x=0. The expansion coefficients described 
in 1 have been determined only up to a constant of proportionality B because 
of the homogeneous character of equation (3.3). 


6. The solution with the logarithmic singularity. From equation 
(0.3) and (5.4) it is a direct step to the solution which possesses the 
logarithmic singularity. Since the series expansions converge uniformly and 
absolutely for all y in 0 ya and for > 0 or x < 0 as the case may be, 
we may differentiate either of them term by term with respect to x. For 
uv > 0 we have 

(@ COS pn) (pn® + — Ba) + 


V2 BBpo?{cosh poy/a} cos (ox + 
(cosh po) {a8 — a?B? + po7}* . 


¢. is still a solution of equation (4.5) with the same type of growth for 
x>>0 as ¢(z,y). It satisfies the boundary conditions on the boundaries 
y =aand y = a because the expansion still converges uniformly and absolutely 
for OSySa,x>0. For r>0*, possesses a logarithmic singu- 
larity. Hence in order to obtain the solution of equation (1.5) which 
possesses a bounded as well as a logarithmic component, it is merely necessary 
to take a linear combination of $(z,y) and ¢z. With appropriate constants 
we can settle the strength of the logarithmic source. We shall discuss the 
properties of ¢ and ¢, in more detail in 7. 


7. Some properties of $(x,y), ¢:(x) and ¢.(x). We can show from 
the integral representation of ¢(z, y) that ¢(0*, y) =¢(0-,y) for 
and hence that ¢,(0) = $2(0) since ¢:(x) = (2, a), > 0 and =¢4(2,4) 
«<0. Furthermore we shall show that 


be | = | 


The point z = 0, y—<a requires special discussion and indeed we know that ; 


¢2 has a logarithmic singularity at this point. We recall that 
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The path C has been drawn in the strip —|k|<Imw<0. Now K-(w) 
—0O(w), |w|— © if w is exterior to a sector which includes the positive 
imaginary axis of the w plane. That is, since px=ma- fa/ne for n 
sufficiently large, the ratio of the infinite products in K_(w) will be constant 
for |w|— 0, provided w is exterior to the sector which includes the 
imaginary zero and poles in the upper half plane. It is then possible to 
deform the path C so that the path starts from the left at infinity on a straight 
line making a slope —A with the positive w axis (w= u- ww) passes to 
the left of w = — a, thence below the wu axis into the strip — | k | << Imw < 0, 
then to the right of w =o and finally to the line which makes a slope A with 
positive u axis and to infinity (0<A<-2/2). This deformation is appro- 
priate for « = 0 since we now can write w = pexp id and equation (7.1) is 
of the order [18| 


f exp [p(y— a) cos A — pa sin A] dp/p”. 

This integral converges uniformly for all x20 and OSySa. Hence 
equation (7.1) defines a continuous function of « for and OS ySa. 
Similarly ¢- is of the order 


f exp [p(y— a) cosA — px sin A]dp/p 


for © >0. Now we see that the range of validity is modified. If z> 0, 
the integral converges uniformly in the interval 0 < y Sa, and if OSy <a, 
for all z=0. Hence is ‘a continuous function of if OS y<a, and 
«20 or 0XySa and e>0. In fact we note that any derivative of ¢ 
is continuous as long as OX or 0Sy<a,r=0. 

For «<0, the appropriate deformation is in the lower half plane 
Imw <0. The sides of the sector now have the slope r++ A and 2r—,. 
We simply reverse all x inequalities in the above paragraph and we have the 
desired result. We see therefore that y) is continuous for <2 < 0, 
0SySa and hence $(0,, y) =¢$(0_,y). Furthermore, any partial deriva- 
tive of $(2,y) is continuous provided either (i) 0S ySa, 20 or 
(li) OS y <a, or Hence, since the integral representation 
has been used to deduce the series representations for ¢(z,y) in a rigorous 
fashion, we see that the series may be differentiated twice with respect to 
7 or y and be shown to satisfy the differential equation (1.5), for OS y <a, 
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or OS ySa, x20. Similarly the boundary conditions 
may be satisfied. We have thus verified that the ¢(2,y) we have derived is 
indeed bounded in the strip and satisfies the differential equation (1.5) 
except in the neighborhood of the point x = 0, y =a. 

We shall now discuss the behavior of ¢z and ¢, in the neighborhood of 
«=0, y¥=a. In the first place 


1/K_(w) = [1/w][e, + log w)/w] 


for |w|— 0, Imw < 0, where g, and a are independent of w [11]. On 


the other hand 


1/K.(w) = — aBpo?K_(— w)/[po? — a? (hk? + | 
so that for | w|— Imw > — | | 
1/K.(w) = — [po?B/az,w][1 + (a2/a,) (log — 


The constant 2, may be determined by noting that 


(y sinh ya — B cosh ya) /y sinh ya = K_(w)/K,(w) = K(w) 


has the limit unity as | w|— o in the strip —|k| < Imw <0. We have 
then i 
K_(w)/K (aww) =~ + O(log w/w) | 
in this strip and hence : 
— = 

This implies that «, is imaginary. We observe furthermore that 

i{k? + = nz/ia,a, n>>O 4 
and 
K .[i{k? + pn?/a?}4] = nxa,/ipo?B = — n>) 0. | 


The behavior of ¢(2,y) in the neighborhood of «= 0*, y =a may be 
derived from the series (5.3) in the following fashion. For n sufficiently 
large, the n-th term of (5.3) is asymptotic to 


— [cos nry/a] exp [— nra/a] 


and the sum of such terms from n—1 to o converges uniformly and 
absolutely for «=0. In order to indicate the behavior of this series in the ; 
neighborhood of the point «= 0*, y= a, we write 


and ]/a. 


i 

8 


ve 
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Then for z= 0*, y=a 


y) (iaaBB/2x*) [exp (— ng) + exp + 0 
—— (inapB/2n*) [flog + ElogZ] + 


where C and (’ are constants [17]. Similarly for 7 =0-, y =a, we get that 
co 
= (iBBa,a/n*) nny/a)/n? + Cy 
n=1 


= (1BBa,a/2n*) > [exp (ng) + exp(nf) ]/n? + CY’ 


= (iBBa,a/2n*) (— ¢ log — flog —Z) + C, | 


where C, and (’,; are constants. The continuity requirement at 7 =0, y=a 
on the function @ gives us C,—=C. The « derivative of ¢(2z,y) in the 
neighborhood of «0, ya exhibits a singularity. That is, in the 
neighborhood of this point 


dr = (— i2,aBB/2r) log 


and hence there is a logarithmic singularity there. This tells us, that while 
¢(z,y) is everywhere bounded in the strip 0, 0SySaq, its 
derivative has a singularity, in this case a two dimensional source or sink. 
We also note that for >> 0, ¢(2,y) and ¢- are out of phase by an angle of 
7/2 radians. Upon reinserting the time factor which has been omitted and 
forming an appropriate linear combination of these solutions, we can find 
a travelling wave solution for this problem [10]. The amplitude for 2 >> 0 
depends on the strength of the source as we shall see in the next section. 


8. A reciprocity theorem. We have remarked in 1 that the strength 
of the sink or source in ¢, is related to the amplitude of the dominant term 
in $(z,y) as oo. In order to find this relation, we write y) = 
where (2, y) is the bounded solution and therefore y(z, y) has a logarithmic 
singularity, provided «40. From Green’s theorem we have 


— 


where the integrals are taken over a rectangle whose boundaries are = — 1, 
t=1(1,1,>>0) y=0, y=a. Since and have logarithmic singularities, 
we are compelled to make a small circular indentation at s=0, y =a and 
5 
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take the limit as the radius of the indentation goes to zero. The surface 
integral in equation (8.1) vanishes since and 
Hence we simply need calculate the line integral 


(8. 1a) f (pdy/dn’ — pdd/dn’) dS’ = 0. 


Now ¢, and y, vanish at y=0, —l<a<l, and y=a, 
Furthermore for y = a, x > 0, dn = Bo and Yn = By. Equation (8. 1a) then 
reduces to an integral over the indentation and the lines a = —/ and +=. 
But for J sufficiently large, ¢, dc, y, and yr are O[exp (—-l/a)] so that for 
1—> o, there is no contribution from the left side of the rectangle. For |, 


sufficiently large 


o(1 2° cosh (poy/a@) sin (ol, + @) 
cosh po{aB — a*B* + 


+ O[exp (—zl,/a] 
and 


cosh po{aB — + + O[exp (—al,/a)]. 


= 


The contribution at « =], is 


— "po" “cosh? (poy/a) dy + O[exp (—al,/a)] 
cosh? po (aB — + po”) J o 

| 


— + O[exp (—-l,/a) ]. j 


or 


When 7, becomes infinite we simply have — a8?B*p,”. 


We are now left with the task of computing the contribution from the | 
indentation. As a matter of notation we write r?—2?+ (a—y)’ F 
x=rcos 6, and a—y=rsin@. Then we have on the indentation f 

j 


(CiasapB/rn) rd@ + O(r log r) = — Cia,aBB | 
0 


when r—0. We have finally 


(8. 2) CiaBB = aB?B?p.? f 
or 
Cia, BBp,’, 


a relation between the strength of the source and the amplitudes of th? 
dominant terms in ¢(z,y) and y). 
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9. Conclusion. In the formulation and the solution of this. problem 


“exponential technique.” That is, the 


we have used what we may call an 
integral equation was formed with the aid of a Green’s function. This Green’s 
function possesses exponential decay properties for >> 2’ or This 
formulation requires that we make some assumptions regarding the growth 
of and ¢2(z) for || >>0. We found that if we assumed that ¢,(z) 
grew no more rapidly than (exp6z,0<|k|), and ¢2(x) no more rapidly 
than exp(|k|a) for «>0 or <0 as the case might be, it was indeed 
possible to form the integral equation. The ¢(z,y) which we obtained falls 
within this growth order, that is = O(exp (+ ior)) for >> 0, while 
$2(z) = O(exp (k| x)), «<< 0. On the other hand, we might say that if 
we stay sufficiently far away from the edge of the dock (c= 0) we can study 
¢(z,y) for |x| >> 0 by studying two individual problems in potential theory. 
The first case is that of an infinite dock over a channel of finite depth while 
the second one is the case of an infinite free surface over a channel of finite 
depth. These separate problems have established solutions and the growths 
of and ¢2(x) for | would agree with that which we obtained 
from the integral equation. 

A second aspect of the exponential technique is the Fourier transform 
in the complex domain. Here, we employ a transformation which can over- 
come the exponential growths of the various functions of which we have to 
take transforms, provided of course Imw is suitably limited. We found a 
$(z,y) which did indeed possess these exponential properties and we are 
now confronted with the question of uniqueness. The general uniqueness 
theorem will not be discussed here. We simply mention that as a consequence 
of the general Wiener-Hopf theory, there are no other solutions of this 
exponential class other than those which we have found. Since we are 
interested only in such solutions we shall not pursue this matter further. 


It is clear that if we are to put our results to use, we should be able to 
calculate numerically the functions ¢,(#) and ¢2(z). This in turn requires 
that we be able to calculate K,[i{k? + pn2/a?}] and K_[— i{k? + n2x?/a?}*]. 
This may be done without any great difficulty by appealing to the infinite 
product representations of K,(w) and K_(w) and the asymptotic form of pn 
for n sufficiently large. Complete numerical data and the calculational tech- 
nique will he published elsewhere at a later date. 
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DIRECT DETERMINATION OF BENDING AND TWISTING 
MOMENTS IN THIN ELASTIC PLATES.* 


By H. J. GREENBERG and W. PRaGEr. 


1. Introduction. A new method of obtaining approximate solutions for 
a large class of boundary-value problems in Elasticity has recently been 
developed by W. Prager and J. L. Synge.t| These authors regard a state of 
stress in a body of given shape as a point in function space and use the 
concept of strain energy to establish a metric. The natural state of stress 
which constitutes the solution of the boundary-value problem under considera- 
tion satisfies certain boundary conditions, the equations of equilibrium, and 
the equations of compatibility. Approximations to this natural state of siress 
are constructed from artificial states of stress which satisfy only some of these 
equations. 

The present paper extends this analysis to the bending of thin elastic 
plates and gives a method for the direct determination of bending and 
twisting moments. From the point of view of the mathematical theory of 
elasticity, the technical theory of the bending of thin plates is of approximate 
character. Accordingly, the results of Prager and Synge, which are based 
on the mathematical theory of elasticity, can not be directly applied to the 
determination of the moments in a bent plate. To derive analogous results 
applicable to the theory of plates one must follow the reasoning of Prager 
and Synge ab initio making the necessary modifications at each step. 


2. Basic equations. It is convenient to choose the middle surface of 
the undeformed plate as the x, x2 plane of a system of rectangular Cartesian 
coordinates 2,, 2, v3. In the following, the usual summation convention 
regarding repeated subscripts is adopted, with Latin subscripts indicating the 
range 1, 2, 3 and Greek subscripts the range 1, 2. 

The plate is subjected to a distributed load p(2,, 22) which acts in the 
direction of the x; axis. As is customary in the technical theory of plates; 


* Received September 4, 1947. This paper is based on two reports prepared under 
4 contract in Applied Mechanics for Watertown Arsenal. The first of these reports, 
by H. J. G. and W. P., corresponds to Sees. 1 to 5 of the present paper, the second, 
by H. J. G., to See. 6. 

*W. Prager and J. L. Synge, “ Elasticity and function space,” Quarterly of Applied 
Mathematics, vol. 5 (1947), pp. 241-269. 
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the stress components oj; are disregarded, and the stress components ogg are | 
assumed to be proportional to z;. The moments Mag are then defined by 


h/2 
(2.1) 


h/2 
where h denotes the thickness of the plate.” 
With these notations the equation of equilibrium takes the form 
(2. 2) Mag,ag + p = 0, 


where a subscript appearing after a comma indicates differentiation with 


respect to the corresponding coordinate. 
If w—w(21,%2) denotes the deflection of the plate, the components of 
the curvature of the middle surface are defined by * 


(2. 3) Kap 


In the technical theory of plates, it is assumed that particles which, in the 
undeformed state, define a parallel to the x; axis, will after deformation define 

a normal to the bent middle surface. This assumption makes it possible to | 
express the strain components in the plate in terms of Kagg. Hooke’s law then 
yields the stress components and the moments can be determined from (2. 1). 
Thus,* 

(2. 4) Mag = D[ (1 —v) Kap + 


where D is the flexural rigidity of the plate, vy is Poisson’s ratio, and dgg the 
Kronecker delta. Equation (2.4) is easily solved for Kgg. One finds 


(2.5) Kap = 1/D(1—v) [Mag — (v/1 + v) 
As is easily seen from (2. 3), f 
(2.6) €pyKap,y = 0, 
where = 0, = 1. Substitution of (2.5) into (2.6) yields 
(2.7) (v/1 + ») cap — 0. 


In the following, this equation will be called thé equation of compatibility. 


2In S. Timoshenko, Theory of plates and shells (1940), pp. 86-87 the moments are 
denoted by M,, MU, M,, and My If the # and y axes coincide with the axes of % 


and @,, respectively, M M., M on M, and M te M,,. Thus, 
M,, = —H4,, but M,, = ; 
Cf. Timoshenko, loc. cit., p. 36, where r,, = 1/Ku, r, =1/K» =~ 1/Ky- 


+ Cf. Timoshenko, loc. cit., p. 88, Eqs. (99), (100). 
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3. Elastic plates and function space. Statement of the problem. In 
the following the term slate of stress (or, more briefly, state) will be used to 
denote a set of continuous functions My1, Moo, My2 These functions 
are defined over the region R which is bounded by the contour of the plate. 
A state of stress may be conceived as representing a point in the function 
space defined by all states. Alternatively, a state may be considered as 
representing a vector S joining the origin to the point which is represented 
by this state. 

Given a state S, i.e. the three functions Mag, we may compute the 
corresponding components of curvature Kag from (2.5). The scalar product 
of any two states S and S’ is defined by 


(3. 1) =4f MapK’ apd A, 


where dA is the element of area of the middle surface of the plate and the 
integration is extended over the region R covered by the plate. On account 
of (2. 5), 


(3.2) S§-S’=1/2D(1—v) f [MapM’ag — (v/1 + v) MaaM’pg|dA. 


The integrand on the right hand side is symmetric in Mag and M’qg; 


accordingly 
(3.3) S- = S’-S. 
The length S =| S| of a vector S is defined by 


(3. 4) S’=S-S=3f MagKagdA 
= 1/2D(1 — v) (MapMag (v/1 v) MaaM pg 

The square of the length of § is thus seen to be the strain energy associated 
with the state §. Since the integrand in (3.4) is a positive definite form, 
S-S is never negative and vanishes if, and only if, all of the Mag are zero. 

The sum § + S’ of two states is defined as the state with the moments 
Map + M’ag. The product of a state S and scalar quantity A is defined as 
the state with the moments AMag. We note that 

S:S’=S’-S 
S+S’=S’+S 
S-(S” +-S’) =S-8”+S-S’. 
The distance between two states § and S’ is defined by | S—S’|, where 


(3. 5) | S—S’ |* (Map — M’ap) (Kap — K’ag) dA. 
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Returning now to the problem of determining the bending and twisting 


moments in a plate which is subjected to the lateral load p(z1, 22), we shall | 


assume that the plate is clamped along the portion C, of its boundary and 
simply supported along the remainder C,. The notations Mag and S will be 
reserved for the so-called natural state which constitutes the solution of ou 
problem. In addition to the boundary conditions on C, and (C2, the natural 
state satisfies the condition of equilibrium (2.2) and the condition of com- 
patibility (2.7). We propose to approximate the natural state by artificial 
states for which some one or the other of these conditions are relaxed. 

Let S* be a state satisfying the equilibrium condition (2.2), and the 
boundary condition that the bending moment vanishes along (C2, i.e., 


3. 6) M*agngng = 0 along C2, 
J B 8 5 


where n, is the unit vector of the exterior normal. In accordance with the 


terminology introduced by Prager and Synge, such a state will be called a | 


completely associated state. In addition to the state S*, we shall use a 
sequence of states S’,,S’.,- - - which will be called homogeneous associated 
states; the moments M'?)’,g of each state (p=1,2,-- -) satisfy the 
homogeneous equilibrium condition 

(3. 7) 0 


and the boundary condition 


(3. 8) M‘?)’.gngng = 0 along C2. 


While equation (2.5) will yield the components of curvature corre- 


sponding to the states S* and S’,, these need not satisfy (2.6). As a rule, | 


it is therefore not possible to associate a deflection function w(21, 22) with 
these states. 

In addition to the states discussed so far, we shall use a sequence of 
states S”,, S’”.,- - - which satisfy the condition of compatibility and certain 
boundary conditions along C, and C,. To construct these so-called comple 
mentary states, we start from deflection functions w”,, w2,- - - which satisfy 
the boundary conditions 


= 0 along C, and C, 
(3. 9) / 0 along (g=1,2,- 


We compute the curvature components K‘9’,g associated with these deflection . 
functions from (2.3) and then the moments M‘,g from (2.4). These | 
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moments will satisfy the compatibility condition, but not, in general the 
equilibrium condition. 

4. The hypercircle ©. [et us consider the scalar product.of the natural 
state S with itself. We have 
(4. 1) Magh apd =— f Magw.agd A. 
The Jast integral can be transformed as follows: 

{Map = Vagw.angds — Mag,pw,adA 

f Magw.angds f Mag,gwnads f Mag,apw dA. 

Here the second integral in the last line vanishes because w= 0 along the 
entire boundary. Furthermore, the third integral can be written in the form 
~ f pw dA, on account of the equilibrium condition. The integrand of the 
first integral, finally, is a scalar which is most easily evaluated by choosing 


the coordinate axes parallel to the exterior normal and the tangent of the 
boundary. Thus. n, = 1, n.—0, and 


= Myw, + Moyw,.. 


where M;, = Magnang is the bending moment, w,, = dw/dén =w,yn, is the 
normal derivative and w,. = 0w/@s is the tangential derivative of the deflection. 
As is easily seen by integrating by parts, the integral of the second term on 
the right-hand side along the closed contour vanishes. Accordingly. 


f Magw.angdA = f (Magnang) (w,yny) ds = 0 


since the first factor of the integrand vanishes along (. and the second along 
C,. Thus. 
(4. 2) S:-S=$fpwda. 


In a similar manner. it can be shown that 


(4.3) S*-S=}3fpwdA, 
(4. 4) S’,-S=0, 

(4. 5) = dA, 
(4. 6) S*-S’ dA, 
(4. 7) = 0. 


Combining equations (4.2) and (4.3), we see that 
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(4. 8) S-(S—S*) =0 
or 
(4. 9) (S —4S*)? 


This shows that the endpoint of the vector S lies on the hypersphere with the 
center 3S* and the radius } | S* |. 
Combining equations (4.5) and (4.6), we find, for g 1, 


(4. 10) (S—S*) =0. 


This shows that S and S* have the same orthogonal projection on S”, and, 
hence, locates the endpoint of S on a certain hyperplane P, which is orthogonal 
to S”, and passes through the endpoint of S*. 

Since the endpoint of the vector S lies on the hypersphere (4.8) and on 
the hyperplane (4.10), it must lie on their intersection which will be called 
the hypercircle T,. The center and radius of this hypercircle can be detér- 
mined as follows. Let %, be the vector from the origin to the foot of the 
perpendicular dropped from the endpoint of S* on the vector $”;: 


(4.11) = 8”, (S* - 8”, /8”,?). 
Obviously, X, is orthogonal to L, — S*, i.e., 
(4. 12) (2, — S*) =0. 
The endpoint of &; lies, therefore, on the hypersphere (4.8). It also lies 
on the hyperplane (4.10) and, hence, on the hypercircle T,. Moreover, as is 


easily verified, 


(4. 13) (S—¥,) - (S—S*) =0. 


Since the endpoints of S, &, and S* all lie on the hypercircle T,, equation 
(4.13) shows that the endpoints of X, and §S* are the endpoints of a diameter 
of f,. The center of T, is therefore given by 


= + S*) = 3[S* +1 
where I”, = S”,/ |S”, | is the unit vector which has the direction of 


The radius FR, of T, is given by 
(4.15) Ry? (S* —C)? = — 


5. Successive approximations to the moments M,g. In order to make 
R, vanish, X, and S* must coincide. Now &,, derived from S”,, is derived 
from a deflection function w”,, which satisfies the boundary conditions 
imposed on deflections; moreover, being derived from a deflection function, 
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"satisfies the condition of compatibility. The state S*, on the other hand, 
satisfies the condition of equilibrium and the boundary conditions imposed 
on moments. When &, and S* coincide, they therefore must both coincide 
with the natural state S which satisfies all conditions enumerated above. The 
statement R, = 0 thus is identical with the statement C, — S. 

A good approximation C, to the natural state is therefore obtained when 
S* and S”, are chosen so that R, becomes small. Now, the states S’, and S”, 


have been defined in such a manner that 


S* + 
p=1 
and 


q=1 


may be used instead of S* and S”, in defining a hypersphere and a hyperplane 
as loci for the endpoint of S. Given m states S’, and nm states S”,, we can 
determine the coefficients a, and bg so that the radius of the corresponding 
hypercircle is minimized, and use the center of this hypercircle as the “ best” 
approximation to the natural state. 

In carrying out this program, we shall find it convenient to construct 
a sequence of orthonormal states I’, from the given states S’p and a sequence 
of orthonormal states I’, from the given states S”, the orthonormalization 
conditions being expressed by the equations 


It is then found that a diameter of the “best ” hypercircle Py, is determined 
by the endpoints of the vectors 


(5. 3) V* —S* 
p=1 
q=1 


The center Cy,» of this best hypercircle is given by 
(5. 5) 4(V* m V",) 
p=1 q= 


and its radius Rnn by 


= 
iT 
e 
1S 
n | 

| 

n, 
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(d. 6) — (V* Cnn)? 
m n 
—> (S*-F,)? — (S* - 
p=1 q=1 


Kquation (5.6). shows that Rm» can not increase as m or n is increased, 
By choosing the states S’, and S”, judiciously, we are able to arrive at rather 


small values of ? for moderate values of m and n. 


6. Application to the example of a clamped square plate. As a numeri- 
cal example, we shall treat the problem of determining bending moments in a 
uniformly loaded square plate clamped along its edges. [or convenience, we 
choose the intensity p of the uniformly distributed load to be unity, assume 
the elastic constants to have the values y = 1/3, D = 1, and let the vertices 
of the square be at the points (1,1), (1.—1). (—1,.—1). (—1.1) in 
the -plane. 

‘For this problem the equation of equilibrium becomes 


(6. 1) Mag.ap 
while on the boundary of the square the conditions to be satisfied are 
(6. 2) w= 0, dw/dn = 0. 


Consequently the bending moments M* gg of the completely associated state 
S* must satisfy (6.1), the bending moments M')’gg of the homogeneous 


associated states S’, (p =—1,2,- - -) must satisfy the homogeneous equation 
(6. 3) = 0, 
and the complementary states S’, = 1,2,- - -) must be constructed from 


deflection functions w”, satisfying the boundary conditions (6.2) along the 
edges of the plate. 

The bending moments M‘?)’,. for the states S’, are derived from arbitrary 
stress functions f,'”) and f.?) by means of the equations 


MPs, = 
M‘)’.. 2 (df), /dx, 


When defined in the above manner, the bending moments M‘”)’gg will satisfy 
(6.3) quite independently of how the functions f™), and f.'”) are chosen. 
Table 1° lists the five homogeneous associated states S’;.- - -.S’; which we 


® The bulk of the computations involved in the compilation of the tables presented 
in this section were carried through by Mr. C. C. Miesse. 
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use, giving in each case the functions f'),, f),, the bending moments com- 
puted by means of (6.4) and the curvatures K‘?)’ag computed using (2. 5). 
The bending moments M*,g for the state S* are chosen to be those 
occurring in a circular clamped plate under a uniform load of unit intensity, 
since these moments are known and certainly satisfy (6.1). With proper 
choice of the radius of the circle, S* would seem to be a reasonable first 
approximation to the solution S.° Incidentally, since these moments corre- 
spond to an actual deflection function, they satisfy the compatibility condition. 


TABLE 1: The completely associated states S’». 


M?)’,. 2 (Of), 3/8 (3M M‘?)’,,) 
S’, f, M°)’,, M)’,, M ©) 
Ss; v1 Vo 2 0 2 
S’, 22,7 — 42,22 2x7 
Ss’; 4 + 2,322) 22" 
622° 0 62," 
S’, 62,72," — + 62,74," 
S’, K)’,, K)’,. KO” 
S’, .+ 3/2 0 + 3/2 
3/4(32,° — — 62,22 + 3/4 (3227 — 2”) 
+ 3/4(32,4 — — 6( + + 3/4(322t — 
S’, 9/4(32,." — %,”) 0 9/4 (32,° — 
Ss’; + — 3( + + 9/2272." 


which is more than is actually required by the theory. The complementary 
states $”,, S’”,, S”, which we use are listed in Table 2 where the deflection 
function, curvatures from (2.3) and bending moments from (2.4) are 


*That value of a is chosen for which §*-S§* is made a minimum, it being noted 
that §*. §* is the first term appearing in the error formula (5.6). The value obtained 
1s = 1.565217. 
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tabulated for each. For convenience, the completely associated state S* has 
been included in Table 2 with the complementary states [note that 
a* = 1.565217, (2.3) yields the K*,g from w*, (2.4) yields the M*gg from 
the K* gg]. 


Orthonormalizing the states §$’,,- - -,S’; we obtain the states 
, , 
(6. 5) => (p=1,: - -,5), 
i=1 


where the coefficients aj, are determined below. In addition, the states S”,, 
S”,, S”, are orthonormalized to give the states 


q 
(6.6) = > (q =1,2,3). 
i=1 


With these notations, (5.5) becomes 


TABLE 2: The complementary states $”, and the completely associated state S* 
(Note: a? = 1.565217) 


(1 —z,?)?(1 — — 4(1 — 2,*)?(32,? — 1) 
S”, (1 — 2,*)?(1 2,4)? — 8(1 — 2,*)?( — 32,?) 
S”; (1 — — 12(1 — 2,°)?(112,1° — 52,4) 


S* w* =1/64(a? — — K*,, = 1/16 (a? — 32,” — 


KO", = — Pw’ = — / 
Ss”, — 162,2,(1 — (1 — 2”) — 4(1— 1) 

S”, — 2.4) — 
S”, — 2,5) (x21 — 2,5) — 12(1 — — 
S* = — 1/82,22 K* oo = 1/16 (a? — 32.7 — 2,7) 


4+ K@”,,) M@",,—2/3K@”,, 


— 4/3[3(1 — — 1) 


+ (1— —1)] — 32/32x,x,(1— x,7) (1 — 2.”) 


| 
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—8/3[3(1 — 22*)* (771° — 32,7) 


4 (1 — ] — —a,*) (1 — 22") 
8’, — 5z,*) 
+ — 52,*) ] — 96 — 2,°) (x21! — 2°) 
S* M*.,, = 1/24(2a? M*,. 1/1222 
M (a) — 1/3 (3K (a) 
Ss”, — 4/3[3(1 — x,°)? (32. — 1) + (1-— 22?) ?(3x,? —1)] 
8’,  —8/3[3(1 — + (1— 29")? (%a,°— 32,2) ] 
— 4[3(1 — — 5x24) + (1 — — 52,*) ] 
S* M* = 1/24 (2a — 52.” — 32,”) 
m Dp 


Dp 


p-l i=l j=l 


+ESLE — 8%], 
q-1 i=1 j=1 
where C,,,, is the state which we choose as our best approximation to the 
solution S of the problem after performing m iterations on the associated 
states S’, and n iterations on the complementary states S”’,. The error made 
with this approximation, given by the quantity Rn of (5.6), takes the form 
mp 


(6.8) = 4S*-S*—IS (S*-$'%) (S*-85)] 


p=1 j= 


n q qd ” 
—4 DLS (S*-S”5)]. 


q=1 ¢=1 j=1 


We introduce the notations 1 ip = Gip/dpp and 1’ iq = whence 


2 

(6.9) Li ipl 
2 
Diqdiqg = 1 igh” 


Substituting these relations in (6.7) and (6.8) we get 


D D 
(6. 10) Cun 4 [ 1” ipt” jp (S* 
2 4 q ” ” 


j=1 


m 
p=1 
n 
+32 
q=1 


7In this section summation signs are written explicitly; repeated indices do not 
of themselves imply summation. 
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p=1 é=1 


q=1 j=l 


Following the well-known procedure, the constants r’j, and 1r’ig are found 
by solving simultaneous linear equations. Thus, for a fixed value of p, r’ip, 


(t=1,- - -,p—1; note =1) are the solutions of the — 1) equations 
p-1 

(6. 12) > (9; Si) rip= -— 8’; - 
i= 


When the 7’;, have been found, the constant a*p, is given by 

(6. 13) = | Si) 

i=1 
The values of the scalar products §’;-S’; which appear as coefficients in 
(6.12) are tabulated in Table 3. The values obtained for the r’jp as well as 
the values of the constants a7,,,: --°.a@°;,; are to be found in Table 4. 


Similarly, the quantities (i - -,q-—1:; note 1’qq=1) are found 


by solving the equations 

and 67gq is then determined from the formula 


q 


The values S”;-S”; are given in Table 5 and constants 77;, and b?;;, 6.2. 
J 7 


b?,, are given in Table 6. 


1 1 
TABLE 3: = f f (MO? + 2M" 
-1 e 


S’, S’, S’, S’, 
S’, 12.0 4.0 2.40 12.0 4.0 «0.115942 
S’, 4.0 13.60  14.971429 2.40 8.80 0.127536 
S’, 240 14.971429 18.582857 «1.028571 0.175569 
S’, 12.0 2.40 1.028571 26.40 7.20  —0.17392 
S’; 4.0 8.80  10.125714 8.525714 — 0.005797 


S* 0.115942 0.127536 0.175569 —0.173920 —0.005797 0.02241" 
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TABLE 4: Values of and aj;?. 


p=1 2 3 4 5 ass” 


i=1 1.000000 — 0.333333 0.185093 — 1.094489 0.104660 0.083333 


1.000000 — 1.155280 0.448824 —- 0.268820 0.081522 
1.000000 —.275592 0.326164 0.577738 
1.000000 — 0.283154 0.071125 


TABLE 5: 4 f f (MO", KO", 2M 
-1 -1 
+ 59) da, das. 
S”; S”, S”; S* 


Ss”, 26.749384 38.955228 43.195622 0.568889 
Ss”, 38.955228 155.323820 257.190746 1.011358 
S”; 43.195622 257.190746 923.247578 1.252023 


S* 0.568889 1.011358 1.252023 0.022417 


q — 2 3 bi? 
t= 1 1.000000 — 1.456304 1.254957 0.037384 
1.000000 — 1.970592 0.010143 
kes 1.000000 0.014157 


All these constants being determined, we can use (6.10) and (6.11) to 
determine Cn, and R2mn. We note that the values of the scalar products 
S*-S’, and S*-S”; are also required in order to do this; these values are 
listed in Table 3 and Table 5 respectively. If we so desire, we can now 
write Cn,» in the form 


6 
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where the @,° - -,@m, B:,* * *,8n are known constants. If, then, we desig. 
nate by Mag‘ the bending moments corresponding to the state Cm,» we have 


+ BiMap” +> + 


The moments M*gg, Mag'?’,- -,Magp®’, Map®”, Mag” are 
given in our tables and so we can explicitly write out the bending moment 
functions Mag") which constitute our approximations to the true bending 
moments Mag. 

Actually it is awkward to write these formulas explicitly and so we 
have chosen simply to evaluate M,,°"") numerically at two convenient points 
in the plate, the center and midpoint of a side. This involves replacing S$’, 
in (6.10) by 72) and S”; by 22) where these functions, 
found in Tables 1 and 2 are to be evaluated at the point under consideration. 
Thus, we find approximate values for the bending moment per unit length 
in the z, direction at the points (0,0) and (1,0). The values obtained at 
the successive iterations are given in Table 7 below. Also given is the 
measure of error R*»,», involved in taking Cy»,, as an approximation to the 
solution §. This error, when small indicates, as previously pointed out, that 


TaBLE 7: The bending moments M,,(0,0) and M,,(1,0) and error R?,, 
are determined at successive iterations. . 


(0,0) My,” (1,0) Mas 
0.112267 — 0.133680 0.002300 
Cie 0.107480 —- 0.157387 0.002113 
ae 0.100886 — 0.154239 0.001533 
Cas 0.090343 — 0.166510 0.001207 
es 0.083550 — 0.196222 — 0.000095* 


the overall approximation of Cn» to S is good. However, at any particular 
point, Rm,» may not be taken as the error in the bending moment. It is only 
true that as Rm, decreases to zero, the approximation Cm,» will converge to $ 
and the error at any point will approach zero. We note in the above table 
the decrease in the value of Rm» as successive iterations are made. The last 
entry, which is starred, came out negative in apparent contradiction to the 
positive character of Rm». However, by the fifth iteration, accumulated 
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errors are sufficiently great that an error of 1 in the fourth decimal place 
is not unlikely. Consequently, we may only say that to at least three decimal 
places R*;,; vanishes. 

The last iteration gives us the approximate values M,,(0,0) = .084, 
M,,(1,0) =—.196. These agree to within 5% with the values M,,(0, 0) 
— 0888, M,,(1, 0) = — .2060 found by Naédai.® 


Conclusion. To obtain the accuracy desired for most engineering purposes 
a slightly larger number of steps should be carried out. The numerical pro- 
cesses encountered in the application of the present method are particularly 
well suited to modern automatic computing equipment. 


Brown UNIVERSITY. 


* A. Nidai, Die elastischen Platten, Berlin, 1925, p. 184. 
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ON THE LINEAR LOGARITHMICO-EXPONENTIAL DIFFERENTIAL 
EQUATION OF THE SECOND ORDER.* 


By Puitie HARTMAN 


1. This paper is concerned with the asymptotic behavior, for large 
t-values, of the solutions z= 2(¢) of the differential equation 


(1) + f(t)x =0. 


where f —f(¢) is a logarithmico-exponential (L-function) in the sense of 
Hardy [3], p. 17. Since f(t) is an L-function, 


(2) f(t) is monotone for large ¢-values 
and 
(3) lim f(t) =A exists, 

tw 


if A= + © is permitted in (3). The statements to be proved depend on the 


following known results: 


(i) if >A > 0, then (2) implies that (1) possesses a pair of (linearly 
independent) solutions of the respective asymptotic forms | 


(4) cos sin f f(s) + 


as t—> 0; [8], p. 270; | 


(ii) if 0 >A >--- 0, then (i) remains true if (4;) is replaced by 


t t 
(44) (1 + 0(1)) exp | f(s) ds, (1 + 0(1)) exp — | f(s)|#ds, 
[10], p. 60: finally, 
(iii) if 
* 00 
(5) 


then (1) possesses a pair of (linearly independent) solutions of the respective 


asymptotic forms 


(4:8) 1+o0(1), (1+ 0(1))t; 


* Received March 13, 1948 
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as pointed out in [10], p. 66, this result can be obtained from [1], § 4, by a 
suitable change of the independent variable; for a simple proof avoiding suc- 
cessive approximations, cf. [10]. 
The theorems (i)-(iii) fail to furnish asymptotic formulae for the solu- 
tions of (1) when the limit (3) satisfies |’ |— oo or when AO but (5) 
does not hold. It turns out however that even in these exceptional cases, the 
variables can be changed in such a manner that (1) is transformed into an 
equation to which one of the above theorems is applicable. The required change 
of variables consists of a finite number of repeated applications of a standard 
substitution (Liouville, Riemann). The applicability of this substitution in 
the study of the asymptotic behavior of solutions of (1) has been pointed 


out in [9]. 


2. The resulting asymptotic formulae for the solutions of (1) can be 
stated directly in terms of f(t) as follows: 
Let i,(t) denote the k-iterated logarithm of ¢, that is, 1,(¢) = log t, 


= log log ¢,- - and for n=0,- - -, let 

where, as usual, the empty product is 

(7) Lo(t) = 1. 

Hence. 


Thus, for any L-function f(t) and any non-negative integer n, 


(9n) lim (4¢2f(t) — L;(t))/Ln(t) = An 


exists, if A, — -+ 2% is admitted. It will be verified below (Lemma 1) that 
An = 0 cannot hold for n = 0,1,- - -, so that there exists a least non-negative 
integer n = M = M(f) for which An 0, 


(10) = 0 for and Ay ~0, (M= 0). 


Define a finite or an infinite sequence of L-functions F,(¢) for large 
t-values by induction as follows: Let 


(11) = f(t) 


and suppose F',,- - -. #’, have been defined for large ¢-values and are L-func- 
tions. Let 
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(12, P, = P,(t) 
where, as before, the empty product is 
P_(t) =1. 
If 
(13,) f P,(t)dt < 


then Fy,,(¢) remains undefined. On the other hand, if 


fe 


then the L-function P(t) is not identically zero and, hence, does not vanish 
for the large t-values. In view of (12n), the same is true of the L-function 
F,(t). In this case, Pnii(t) is defined by 


i j 


| Fn 
where + is the (constant) algebraic sign of F,(¢) for large t-values. 


Finally, let VN — N(f) be the non-negative integer which is the minimum 
of M(f) and the least non-negative integer n, if any, for which (13,) holds. 
Thus, 0= N= M: also, 


fe 
(16) f Px(t)dt < 


holds if N < M, but may or may not hold if N = M; finally, if N > 0, then 
(14n) holds for n=0,---,N—1. 

It will be proved that if (16) holds, then (1) possesses a pair of (linearly 
independent) solutions of the respective asymptotic forms (44;;) or of the 


respective asymptotic forms 
(17) (1 0(1)) (ti (t) (1 + 0(1)) (tha (t) (t) 
according as VN—0 or N>0. 


If (16) does not hold, so that M =N, the situation is as follows: If 
> 0, then (1) possesses a pair of (linearly independent) solutions | 


of the respective asymptotic forms 


t 
(18) {cos f Py(s)ds +0(1)}, | 
{sin Py(s)ds + 0(1)}, 


nish 
tion 


um | 


yids. 


If 
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where the factor Py.,*(¢) is asymptotically proportional to 


(19) FYA(t) or (th(t)- 


according as V=1 or N>1. If 0 >Ay o, then (1) possesses: a pair 
of (linearly independent) solutions of the respective asymptotic forms 


t 
(20) (1-4 f Py(s)ds, 
(1 0(1))Py3(#)exp Py(s)ds. 


8. The proof of these assertions will depend on a number of lemmas 
which do not involve differential equations but deal only with the properties 
of Z-functions. The lemmas will be stated now, but the proofs will be post- 
poned until 5-9. It is supposed throughout that f(t) is an L-function. 


Lemma 1. There exists a least non-negative integer n =M =M(f) for 
which the limit (9n) is not zero. 

LemMa 2. /f limit (3) satisfies 0< S then F,(t), defined 
by (155) for large t-values, satisfies 


(21) lim F,(¢) = = 1, 


where +1—senf(t) for large t: in fact, 
. 
(22) FOP at < 


Lemma 3. If are defined by (11) and (15n) for large 
t-values (so that (14;) holds fork—=0,1,---,n—1), then 


(23, ) lim =0 for k=1,---,n 


t-00 


holds if and only if M(f) = n, that is, the limits (9%) satisfy 


=0 for k=—1,---,n—1. 
LEMMA 4. /f N(f) > 1, the functions Fo, +, satisfy 
(250) ~ 1/4¢? 
and 
(25n) ~ ly? (t), (O<n<WN). 


If N(f) > 0, then 


hen 
| 
the 
| 
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Lemma 5. If (16) does not hold (so that M(f) =N(f)), then 
(27) lim Fy(t) Aw/| 1+ Aw | #0 
(where it 1s understood that 
c/|}1+c! denotes --1, or 1 if c—=— 0, —1 or + 
respectively). 


4. These lemmas will be assumed for the moment and will be used to 
prove the assertions made at the end of 2 concerning the asymptotic behavior 
of solutions of (1). In order to systematize the notations, let 


so that. by (11). equation (1) becomes 


(29) + Fo(to) xo 0. 

If Po 0 and if the new variables (Liouville. Riemann) 
to 1 

(30) = = f | Fo(to) |? dto 

und 

(31) ty == 01 = | Fo(to(ts) ) |? 


are introduced. (29) is transformed into 
(32) d?x,/dt,? + Fy (to(ts) ==: 0), 


where to = ¢o(¢,) is the inverse of (30). It is, of course, understood that the 
lower limit of integration in (30) is fixed so large that Fo(to) does not vanish | 
for any greater value of fo. 


If the pairs of variables xo, to; 3 2n-1, have been defined and 
NM = N, let 
(33) t, == t,(t,-1) — f | (to(tn-1)) [2 dtna, 
that is, 
to 
tn tn (to) f (to) dto, 
and 
(35n) In (tn) = Tn-1 (tna (tn) ) | Poa (to(tn-1) ) 


The equation (1) is transformed into | | 


d2x),/dty? + Fa(to(tn))tn = 0. | 


— 
= 
= 


to 
Avior 


t the | 
anish | 


d and | 
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In virtue of the definition of V(f) and (34n), 

(37) tn (to) as co N). 
Suppose that (16) holds. In view of (33) and (34,), the inequality (16) 

implies 


00. 
(38) | Pu(to(tx)) [2dty < 


From the monotony of /’y, it follows that 


iy | Fy (to(tw))|}—>0 as ty 
Hence. as ly 


ly | Fy(to(ty))| =0(1)! Py(to(ty)) 4. 
so that (38) implies 


(39) foe | Fy(to(ty))| dty < 


Consequently, the theorem (iii) quoted in 1 shows that (36) possesses a pair 
of (linearly independent) solutions xy = «y(ty) of the respective asymptotic 
forms 


1 +o(1), (1 + 0(1) )ty, 


asty—> oc. In virtue of (34x), (25y) and (37), it follows that (1) possesses 
a pair of linearly independent solutions of the respective asymptotic forms 


(1+ 0(1))Py.4(t), (1 + 


Hence, (12,) and Lemma 4 show that (1) possesses a pair of linearly inde- 
pendent solutions of the respective forms (4iii) or (17) according as VN =0 
or N> 0. 

Suppose now that (16) does not hold, so that 4’ = N. Then by Lemma 5 
and (37) 


(40) lim Fy (to(ty)) == 1+ Ay |. 
Suppose that — 
(41) < 


Then it follows from the theorems (i) and (ii) quoted in 1, that (36y) bas 
a pair of (linearly independent) solutions xy = ry(ty) of either the respective 
asymptotic forms 


ate 


cos Fy(to(ty)) i dty +0(1), f ‘| Fy(to(tx))/2 dty + 0(1) 
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or of the respective asymptotic forms 


ty ty 


according as Ay > 0 or Ay <0. In virtue of (34y), (35y) and (37), it 
follows that (1) possesses a pair of (linearly independent) solutions of either 
the respective asymptotic forms (18) or of the forms (20) according as Ay > 0 
or Ay < 0, when (41) holds. (It would seem that the factor in (20) comes 
out to be Py_:~ instead of Py~4, but since the limit (40) is finite and non-zero 
and since a constant multiple of a solution of (1) is again a solution, (20) is 
valid.) The statement concerning Py-,#(t) following (18) is a consequence 
of Lemma 4. 

It remains to remove the hypothesis (41). Actually, the first inequality 
in (41) must hold, so that only the second inequality is an assumption. The 
formula line following (27) shows that of the two possibilities, + 0, the only 
one that can occur is that (40) is — o (corresponding to Ay = —1). If the 
limit (40) is — oo, it follows from (33) that 


0 as ty > 


and from Lemma 2 that 
lim (to = —1, 


ty41 00 


where — 1 — sgn Ay; and, in fact, from (22), 
foe) 
(42) f | — 1 — Fry. (to(tws1) )| dtys1 < 


It is known that (42) implies that (36y.:) possesses a pair of (linearly inde: 
pendent) solutions 2.1 = @y+i(tws1) of the respective asymptotic forms 


(1+ 0(1)) exptya, (1+ 0(1)) exp (—tya). 


This result can be deduced from [1], § 2-§ 3, by a suitable change of variables; 
cf. also [10], p. 66 and [4], § 18. Again, it follows that (1) possesses a palr 
of (linearly independent) solutions of the respective asymptotic forms (20). 

This completes the proof of the assertions at the end of 2. It remains 
to prove the lemmas of 8 on which the proof is based. 


5. Proof of Lemma 1. The definition (9n) of An shows that Anu =? 
means that 


4t?f(t) ~ Lnas(t) 


nde- 
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or, in view of (8), 


(43) (4t2f(t) L;(#))/Le(t) ~ 


In order to prove the Lemma 1, it is sufficient to show that this relation cannot 
hold for every » =0,1,---. If f(t) is an L-function of order n (ef. [3], 
p. 17), then the function on the left of (43) is also an /-function of order 1. 
But an L-function of order n cannot be asymptotically equal to 1/In.?(¢) : 
ef. [2], p. 81. Hence, 1/(f) exists and does not exceed the order of f. 


6. Proof of Lemma 2. The assumption that (3) satisfies | A | > 0 im- 
plies that (14) holds, so that (159) defines Fi(¢) for large ¢. From (11), 
(159) and (12)). 


(+ 1—F,(t)) | f()PP=—| | 
which can be written in the form 
/4g°? — 59/16 9°”, 


if g=|f | and the prime denotes differentiation with respect to ¢. Since the 
two terms in the last formula are Z-functions and, therefore, either identically 
zero or of constant sign for large ¢, the relation (22) will follow if it is 
shown that 


t 
(44) f (9 /g°/*) dt and f (9’2/g°/*) dt 
tend to finite limits as {> ©. 
First 


t 
f (q’/g°/*) dt = const. — 4g71/4(t) 


tends to a finite limit since |A | > 0. Since g’/g°/* is (improperly) integrable 
and monotone for large t-values, it follows that 


(45) ow. 
Hence, 


9?/9° = 


is (improperly) integrable. The second expression in (44) tends, therefore, 
to a finite limit. 


In a manner similar to that employed in obtaining (45), it is seen that 


g/g’ a tow, 


it 
ther 
> 0 
ymes 
)) is 
ality 
The 
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| | | 
pair | 
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An integration by parts shows that the first expression in (44) equals 


t 
const. -+. + (3/2) f (9'°/9°/*) dt. 


Since this function tends to a finite limit, as {— o, the assertion (22) js 
proved. 

The relation (21) is a consequence of (22), for the integrand in (22) is 
an integrable L-function and, consequently, tends to 0 as t—> ©. On the 
other hand, the factor | f(¢)|# stays away from 0 by virtue of the assumption 
| > 0. This completes the proof of Lemma 2. 


7. Proof of Lemma 3. The case n —1 of the Lemma 3 will first be 
proved. Suppose that (23,) holds, that is, that 


(46) F,(t) =o0(1). 
It will be shown that (24,) holds, that is, that A, = 0 or, equivalently. 
(47) f(t) = (1 + 0(1) ) 
From (11). (12.) and (150). } 
(48) F,(t) = +1+4|f |-*d? | f 


Hence, (46) shows that 


(49) @h/dt? = — + o(1))/h>, 
where h =! f ‘4. The assumption (46) and Lemma 2 implies that 
(50) h=|f!l as too. 


if (49) is multiplied by dh/dt, a quadrature gives 
(51) L(dh/dt)? =43(+1-+ 0(1))/h? + const. 
Actually, the integration constant must be 0, by virtue of (14)). For by (50), 
lim $(dh/dt)* = const., 
so that const. = 0. However, if const. > 0, then 
h ~ (2 const. ) 4 
(52) f ~ 1/(2 const.) *#*. 


This contradicts (14)) in virtue of (11) and (129). 


— 
= 


be 


50), 
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Hence, const. = 0 in (51).: Therefore, 


(53) + 1=—sgnf(t) for large ¢ 


h dh/dt =1 + 0(1) 


or 


1h? = (1+ 0(1))t. 


Finally, the definition of h and (53) show that (47) holds. This proves that 
(46) implies (47) when (140) holds. 

The converse is readily verified. In fact, the asymptotic relation (47) 
can-be differentiated (twice). If use is made of (48), the relation (46) is 
then deduced. This completes the proof of the Lemma 3 in the case n= 1. 

Assume that the Lemma 3 is true for arbitrary n = 1. It will be shown 


ihat it is true for x» + 1, that is, that if (140), (14:).° > +. (14n). (23n) and 
(24,) hold. then 
(54) lim F,,,,(¢) = 0 
holds if and only if 
(55) 0. 


The assumptions (23,,) and/or (24,) mean that 


(56) F(t) = (1/48) + ena (t) 
where 
(57) €n-i(¢) = o0(1). 


Since == 1, it is seen that 

F(t)! (1/24) (1 + FS Ly (t) 0(1) 
Let t, = ¢,(t) be defined by 
(58) tt) — | 


where the lower limit of integration, say T, is fixed so that f(t) > 0 for ¢= T. 
Then the last two formula lines and the definition (6) of Z,.(¢) show that 
(59) t,(t) =f iog t + const. + 0(1). 


Let t= t(t,) denote the inverse function of (58). If Pa*(é:) and 
belong to 


(60) Fy*(t;) = F,(t(t:)) 


and 
= 
| 
the 
‘lon 
| 


174 PHILIP HARTMAN. 
in the same way as (12,) and (15,) belong to Fo(t), then 
(61) = Fea (t(ts)) for 


The assumptions (14,) for #=1,- -,n imply that 
P,*(t,) dt, = for k=0,: -,n—1, 


since (58), (61) and (12,) show that 


Assume first that (54) and (23,) and/or (24n) hold. It will be proved 
that (55) holds. Since {— o and t; > © are equivalent by (59), it is seen 
from (23,) and (54) that 


(62) lim F,,*(¢,) =0 for k—1,---,n. 


110% 
lence by the induction hypothesis 


(63, ) =0 for k —0,1,---.n—1 


iv An* belongs to (60) in the same way as (9n) does to (11). Consequently, 
(64) (ts) (1/462) Ls (ts) + 0(1) Lina 

But (59) and (60) show that this implies 

(65) + 0(1)Ln(t). 


On the other hand, (56) gives 


f-t/4 — A(t)/4 + O(1) /log* t}, 


where 


A(t) Lj(t) + 


Differentiation of the last asymptotic formula for f*/* shows that its second 


derivative is 


A/4 + (te + te” + 0(1)€ -+ 0(1) te’) L + O(1) /log? t}. 


rd 
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where and L since the derivative of an O(1) L-function is 


o(1/t). Also. (56) gives that 


— 49/4(9/2{1 — 34/4 + O(1) t}. 


Hence. (48) and (53) lead to 
F y(t) = A\— (te + te” + o(1)e + 0(1) te’) L + O(1) /log? 
A comparison of this relation with (65) shows that 


(€n ben + o(1 + 0(1) ten_1’) Dn-1 
or that 
+ Pei”) + 0(1)en-1 + 0(1) ten’ ~ 1/In?(t). 
If the new independent variable s =log?¢ is introduced, the last formula 


becomes 
dex. 1 ds? + 0(1)én-1 0(1)dsn-1/ds 1/ln_1?(8). 


Since €n-1 = €n-1(e*) and its derivatives tend monotonously to zero, it follows 
that, as s—> 
dle,_,/ds = 0(1/s) and d*en_,/ds* = 0(1/s). 


Hence. 


The equality (55) follows, therefore, from (56) and (9n). 


It remains to prove the converse, namely, that (55) and (23,) and/or 
(24,) imply (54). Since the reasoning of the preceding paragraph can be 
reversed, it is seen that (55) and (24,) imply the relation (65) or, by virtue 
of (59), the relation (64). But (64) means that (63,) holds, which implies 
(62,) by the induction hypothesis. Consequently, (54) follows from (61). 


8. Proof of Lemma 4. This lemma is a consequence of the proof of the 
last lemma. Thus, the assumption N(f) > 0 implies (47), i-e., (250); so 
that if NV = 1, it follows from (12.) that 


f P,(t)dt ~ $ log t, 


.e., that (26) holds. If N(f) >1, then (25,) follows from (65); while 


| 
el 
| 
| 
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(25n) can be proved for arbitrary x by induction. Finally, (26) is a conse. 
quence of (25,) for OSn<N. 


9. Proof of Lemma 5. The lemma will first be proved for the case when 
V=N(f) =0. Suppose first that Ao is finite but AsA—1. Then (9) | 
means 


f~ (1 + Ao) 
or 


| f | Ag |. 


Since this asymptotic relation can be differentiated (twice). 


d* | f | “V4/dl? ~ —1/(49/4t8/2 | 1+ A> 
so that | 


Since the + 1 in (48) is sgn f == sgn(1-+ Ao), it is seen that 
lim = (1 Ao)/| 1 +o | —1/]1+Ao | =Ao/ | 1+ Ao |. 


This completes the proof in the case Ao is finite but not — 1. 
If | Ao | = then (%) means 
4t? | 00 or | f |-/4 = 


The last asymptotic relation can be differentiated and so 


| f | f |4/dt? = 0(1). 


In view of (48), this establishes the case N=0O and | A, |= %, since 
+1—senf is +1 or —1 according as A, = © or 

Finally, if Ay» -=-—1, then (9)) means 
(67) 4t?f =0(1) or f 


But since (16) does not hold, it is seen from (12) and (11) that 


| = o( tH), (e > 0 arbitrary): 


Nse- 


ince 


LOGARITHMICO-EXPONENTIAL DIFFERENTIAL EQUATION. 


so that, for large /. the graph of 


if -~ 4 is concave downwards 


and 


d| f |*/4/dt = 0(1). 


The last asymptotic relation in (67) can, therefore, be differentiated twice 


and shows that 


This completes the verification of the case NV = 0 of Lemma 5. 

The proof can be completed by an induction on N. Assume the lemma 
is true for functions f(t) for which N(f) = JN, it will be shown that it holds 
tor functions /(¢) satisfying N(f) =N +1. Let V(f) =N +121. Intro- 
duce the notations of the proof of Lemma 3. Clearly, V(Fo*) = N(f) -——1 


= WN in virtue of the proof of Lemma 3 and the negation of (16); ef. the 
formulae following (61). Consequently, the induction hypothesis implies 


(68) lim Fy*(t,) = Ay*/| 1 + Ay* | 40. 


ty 00 


In view of (60), 


k 
F,(t) Lj. (t) = for k=1,---,N—1 
j=0 


and 
N 
(Fi(t) — LDia(t)) Av* 0. 
j=0 


Proceeding as in the proof of Lemma 3, one verifies that 
ex — 1 


In view of (56), where n—1—=N. it is seen from (9y.;) that Aya =Aw*. 
Hence, by (61) and (68), 


lim Ayes /| Anat |. 
t-—>00 


This completes the induction and the proof of Lemma 5. 


10. Remarks. The possible asymptotic formulae (4iii), (17), (18), 
(20) for the solutions of (1) furnish quite simply the answers to such questions 


7 


| 
phen | 
(9,) 
| 
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as the existence or non-existence of oscillatory solutions, of unbounded solu- 
tions, of 0(1)-solutions, of L?(0, )-solutions, ete. 

As an illustration, consider A. Kneser’s theorem [7], p. 415, stating that 
if g(t) is continuous, then 


(69) 


possesses an oscillatory solution y= y(t) if 


lim inf (4f°¢(t) —1) > 0, 


and does not possess an oscillatory solution if 


lim sup (4¢?¢(¢) —1) < 0. 
The case where 


lim int (4¢7g(t) —1) < 0 < lim sup (4#?q(¢) —1), 
tox t—00 


or 


is undecided. 


function 


PHILIP HARTMAN. 


y” + q(t)y =0 


lim (4¢?q(1) —1) =0 
The results obtained above show that in this latter case, the 


4t?q(t) —1— 1/log* t 


should be considered. If this function has a positive (negative) limit inferior 


(superior), then (69) does (not) possess an oscillatory solution. If the limit 


superior and inferior are both 0, the function 


4t?q(t) — 1— 1/log” t — 1/(log log t)* log’ ¢ 
should be considered ; etc. 


Furthermore, it is easy to see from (18) and the remark concerning (19) 
that if (1) is oscillatory, then either no solution c = x(t) £0 of (1) or every 
solution is of class L?(0, 0) according as 


is oo or finite; cf. [5], p. 306. 


It is also easy to see that if (1) is oscillatory and f(t) 0, then every | 
solution z= x(t) £0 of (1) is unbounded; cf. [6]. 
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AN APPLICATION OF SPECTRAL THEORY TO A SINGULAR 
CALCULUS OF VARIATIONS PROBLEM.* 


By C. R. Purnam. 


Introduction. 


The theory of boundary value problems has been applied by Lichtenstein 
to problems of the calculus of variations. The object of this paper will be 
to show that some of his results [7] on one-dimensional problems can be 
carried over to certain types of singular calculus of variations problems. The 
chief difficulty in extending Lichtenstein’s results to singular problems lies in 
the fact that the associated boundary value problem may be degenerate (that is, 
in the “ Grenzkreisfall ” in Weyl’s terminology [9], p. 238) and that the 
spectrum need not consist of a sequence of eigenvalues tending to infinity, 
but can contain continuous and cluster spectra. 

In the sequel, the following terminology will be used: A real-valued 
function y = y(x), where 02 < , will be said to belong to class Q, if 


(i) y(x) is continuous for OS 


(ii) the half-line 0S x < © can be divided into a sequence of intervals 
where a,— © as n— ©, in such a way that 
y(z) possesses a continuous derivative y’(xz) on each of these intervals; 


(ii1) y(2) satisfies the boundary condition 
(1) y(0) cosa + y’(0) sina = 0, (0OS2z<7); 


(iv) y(2z) is of class (7), that is, 


0 
In the differential equation, 


(3) + (A—q)y = 9, 


let g=q(z) be a real continuous function for 0S az < © and let A denote 
a real parameter. If (3) is in the “Grenzpunktfall,” that is, if for some A 


(hence, for all A), the differential equation possesses at least one solution [ 


* Received April 14, 1948. 
780 


| 


{ 


| 


| 


stein 
ll be 
n be 
The 
es iN 
at is, 
the 
nity, 


ilued 


if 


Tvals 


enote 
yme A 
ution 


A SINGULAR CALCULUS OF VARIATIONS PROBLEM. 781 


y=y(z) which fails to satisfy (2), then the set of A-values in the spectrum 
of the boundary value problem belonging to (3) and the boundary condition 
(1) will be denoted by Sa. As to the definition of “spectrum,” see [9], 
p. 251 or 1 below. 

The main tool in this paper will be a generalization (Lemma 2 below), 
of the Parseval identity which plays the principle role in Lichtenstein’s 
investigations, cf. [7], p. 166. 

This paper will consist of two parts. In Part II, the Lemma will be 
applied to problems of locating the spectra of certain boundary value problems. 
For example. it will be used to show that if 


(4) q(t) > ow, 


then A=c belongs to the spectrum Sg for every a That is, if condition (4) 
is fulfilled, then A—c is a cluster point of the spectrum Sq for every « 
(cf. [9], p. 251). 

Let Ao(-V) < denote the sequence of eigenvalues belonging 
to the Sturm-Liouville problem determined by the differential equation (3), 
the boundary condition (1) at x0 and the boundary condition 


y(X) =0 (0<X¥ < 


Let the function ¢ = g(x). where 0S. < be continuous and bounded 
from below. 
(6) > const. for OS 
Then, the differential equation (3) is in the Grenzpunktfall and the closed 
set Sg is bounded from below (Weyl [9]. p. 238). If Ao denotes the least 
point in the spectrum Sq. it will be shown that as This 
is the analogue of the theorem of Wintner [11], p. 231, that the end-points 
of the spectrum of a half-bounded matrix are the limits of the end-points 
of the spectra of the finite section matrices. If the least point Ao of the 
spectrum Sq is isolated. the next point of the spectrum can be located in a 
similar manner. In particular, an analogue of the theorem of Milne [8] 
which deals with the case that Sq consists of isolated eigenvalues will be 
deduced. These results touch upon the more difficult problem of deciding 
whether Sq is a “limit.” as Y— oo, in some sense. of the spectra belonging 
to Sturm-Liouville problems on OS a SY. 

If the function ¢ = q(x) satisfies the unilateral restriction (6), it will 
be shown (2) that the integral 


(7) J(y) = + qy?) dex 
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exists: (possibly as + co) as an improper Riemann integral for every function 
y(z) of class 
The principal type of problem considered in Part I is to determine 
necessary and sufficient conditions that a function y=y(x) furnish 4 
minimum to the integral (7) with respect to a certain class of functions, 
The results obtained for such a problem have applications in the considera- 
tion of the second variation for more general types of singular calculus of 
variations problems. It will be proved that the integral (7) satisfies 


(8) SJ(y) 20 


for all functions y = y(x) of class Q) if and only if the spectrum Sp contains 
no negative values of A. As an application of this result and its variants, 
there will be derived (5, 6 below) known inequalities, as for example, the 
standard inequality occurring in quantum mechanics, cf. Weyl [10], p. 272. 
It will also be shown that the result concerning (8) leads to necessary and 
sufficient conditions in the isoperimetric problem of minimizing (7%) with 
respect to the functions y(z) in Q) which are normalized by 


(9) 


Part I. 


1. Let $(z,A,«) denote the unique solution of the differential equation 
(3) determined by the initial condition 


$(0,A,%) = —sina@ and ¢’(0,A,«) = cos a, 


where the prime denotes partial differentiation with respect to x. If (3) is in 
the Grenzpunktfall, the number A is said to be an eigenvalue of the boundary 
value problem determined by (3) and (1) if ¢(2,A,«) is of class (L?); iv 
which case, any non-zero constant multiple of $(2,A,@) is called an eigen- 
function belonging to A. There exists at most a denumerable set of eigen- 
values ‘Ax, de," - + for any fixed « Weyl’s application [9], pp. 239-251, of 
the spectral resolution theory of Hellinger [6] implies that there exists a 
monotone non-decreasing function p= pa(A), where — 0 <A < which 
has the properties that: 


(i) pa(0) =0 
(ii) pa(A) is continuous from the left and its discontinuity points at 


the eigenvalues A = dj. 


| 
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(iii). Let pa*(A) denote the continuous component of pa(A) and let 


Pi (x, 0, %) = f, &)dpa* (pn), 


where the integral is a Riemann-Stieltjes integral. Let 


1/ Xj; a)da, 


so that aj'p(a,Aj,%), 7 =1,2,---, form an ortho-normal sequence, and 
let dpa(Aj) denote the jump pa(Aj +0) —pa(Aj) of pa(A) at A=A;. If A 
denotes a closed A-interval Ay SAS A¢z and if f(A) is an arbitrary function 
of A for which every point is of the first kind, then by Af will be meant 
f(Ae + 0) —f(A.—0), with the understanding that the interval A may ° 
reduce to a single point. Let the dpa(A;), 7 =1,2,- - -, be chosen so that 


(asdpa(As))* < 00. 


Let P2(z,A,%) denote the function of class (LZ?) such that P2(z, 0, a) =0 
for all x and 2 and such that AP;(z,A, a) is defined by the “ Fourier ” series 


AP;(2, A, a) (aj;dpa(A;) (a, a). 


In virtue of the properties of $(2,A, a), cf. [9], p. 222, it follows that AP,’ 
and AP.” may be obtained by term-by-term differentiations of this series. 
If P(z;A,a@) is defined by 


(10) P(x, A, %) = P,(x,A,%) +- P2(a, A, 


then, for any fixed «, /?(2,A,«) is an orthogonal differential system with basis 
pa(A), ef., e.g., Carleman [1], p. 17. Thus, 


A,PA.Pdz = 
0 


where the integral exists as a Lebesgue integral for all A-intervals A,, A, 
and where A; denotes the common part of A; and As. 


(iv) For every fixed a, the orthogonal differential system P(z, A, a) 
18 complete ; that is, if y= y(a) is of class (Z*) and if P(A, «) is defined by 


(11) Ar(A, @) = d, da 
0 


and T'(0,a) == 0, then the Parseval identity 
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holds. ‘The integral in (11) exists as a Lebesgue integral since y and AP 
are of class (L*) and the last integral in (12) exists as a Hellinger integral 
[5]. pp. 25-28. 


(v) Finally. the function of (10) satisfies the differentia] 


equation 

(13) L(P;) + = 0, 
that is. 


where L(y) is the differential operator 
(14). L(y) = y" — 


The continuous component pg*(A) of pa(A) is unique up to an additive 
constant. The spectrum S, of the boundary value problem belonging to (3) 
and (1) consists of the point-spectrum, A;. Az. and their cluster points 
(cluster spectrum) and the continuous spectrum: the latter being defined 
as the set of points A. in every neighborhood of which pa*(A) is not constant. 

For later reference, it may be pointed out that the function of z on the 
right of (13 bis) is of class (Z*), for every fixed ¢ and 4. 


2. If ¢=gq(2) satisfies (6), it has been previously -remarked that the 
set Sq is bounded from below. Hence, if y=y(zx) is of class (Z*) and if 
'(A.«) is defined by (11). then the Hellinger integral 


exists (with the understanding that + © is an admissible value). Similarly, 
if y(x) is of class Qg, then the integral (7) exists as an improper Riemann 
integral, again with the understanding that its value may be + o. This 1s 
clear from the fact that the integral of y’* is non-negative; the integral of 
yy? over the set of points 2 where g(x) <0 is finite in virtue of (2) and 
(6) ; finally, the integral of qy? over the set of points x where q(x) 20 3s 
non-negative. 

Suppose that the function y(z) is of class Qa and possesses a continuous 
second derivative such that L(y) is of class (Z?). If A(A, a) is the “ Fourier” 
transform of L(y), ai 
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then, by the Green identity, 


AA(A, %) = (AP) de + [y’AP — yAP’] 
0 


In the sequel. the notation 


0 


f(x) lim f(x) — f(0) 


will be used. whenever the limit involved exists. It follows from a remark 
of Wey] [9]. pp. 241-242, that the corresponding limit in the Green identity 
following (15) does exist and equals 0. The contribution of «0 to the 
(ireen identity is 0. since y and AP satisfy the same boundary condition (1). 
By (10) and (13). the relation 

(16) AA(A, + A*AT(A, = 0 

between Fo and A. the Fourier transforms of y and L(y), holds, where A* is 
some point of the A-interval A. In virtue of (11), (15) and (16), an 
application of the polarized form of the Parseval identity gives 


(17) = yL(y)de— (A). 
e 0 -X 


An integration by parts and (14) show that this last relation is equivalent to 


provided the integral on the left exists as an improper Riemann integral. 
The following generalization of the Parseval identity of Lichtenstein will 


he proved : 


LEMMA. If is continuous on 0Sa< and satisfies the 
condition (6), and y= y(ax) belongs to an arbitrary then 


(19) I(y) y(0)y'(0) +f 


Tlie last equality sign in (19) is surely valid in case y belongs to Qa, J(y) 
exists as a finite integral and y possesses a continuous second derivative such 
that L(y) is of class (L*). This is clear from relations (17) and (18) ; for 
these restrictions imply that both y and y’ are of class (Z*) and, consequently, 
that 


lim y(x)y' (2) 
LIX 


exists and is 0. Tf y merely belongs to Qg, it remains undecided whether 
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or not the last equality sign is always valid. This circumstance, however, 
is of no consequence in the application of (19) to be made below. 


8. Proof of the Lemma. It is clear from the discussion - at:-the 
beginning of 2 that 
fo le 
(20) f < and < 
0 


can be assumed. 
Since y=y(z) is of class (L*), there exists a sequence of z-values 


(21) | y(an)| (n— 0). 
Let >- be a sequence of positive numbers satisfying 
(22) 1 >e— 0, (n— 0). 


Let vn = n(x) be any function possessing a continuous first derivative on. 
the interval 0= 27, and satisfying the relations 


(23) Un(0) = y'(0), =0 
and 
(24) < €n/n?Mn, 
0 
where M, is defined by 
(25) Mn max ). 
Let yn = yn(x) be defined by 
(26) J + ¥(0), where 0S 2 <2. 
70 


It follows that y,(x) has a continuous second derivative; that 


(27) yn(0) = 
and that 
(28) Yn (An) — 0, (n 


The last relation is a consequence of the fact that 
(29) = f° (y(t) 
and, therefore, for 0 = 2S an, 


(30) (y(t) San — Un(t))*dt < entin/n*Mn, 
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| 
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by (24). The limit relation (28) now follows from (21), (25) and (22); 
in fact ; 


(31) | yn(an)| < | y(an)| + 1/n. 


Since (30) is valid for 0 = 2 = 2p, the definition (25) of Mn shows that 


(32) < €n 
and 
(33) 4 1a |(y—yn) < en. 


Hence, (22), (24), (26) and (33) imply 


(34) | fw" + dx — fw + qy*)dz 0, (n—> 0). 


The definition of the function yn(x) for 022, given in (26), 
will now be extended over the half-axis 0 = 2 < © in such a way that’ yn (2) 
possesses a continuous second derivative and satisfies 


(35) yn(x) =0 forza, +1Szr< 
and 
(36) f. (y — yn)*dz > 0, (n— 0); 
finally, 
(37) + ayn?) de + (n> 0). 


In virtue of (32) and (84), it is sufficient to construct yn(z) with the 
desired smoothness and with the properties that 


: 

0 and @ | (n—> 0), 

and 
> 0, (n— 0). 
If 6, is defined by 

(38) On = 2 max (| y(an)| ,1/n), 
then 
(39) 0< 0-0, (n— 0), 


by (21). Let s(x) denote the linear function defined on the interval 


+ 1, the graph of which is the line segment joining the points 


| 

| 
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with coordinates (tn.6,) and (a, +41,0). Define y* on 
by placing 


{ min (y(x),s(x)) if y(x) 20, 
(a) = 


10 
max (y(x),—s(z)) if S0. 


Since y(a) and s() are absolutely continuous, y* is also and, therefore, 


y*” exists almost everywhere. Moreover, 


antl 
(41) y**dz = J 
Tr Tn 
and 
antl 
finally. 
Pint 
= s?dax + 


Since the first integral on the right of the last inquality tends to 0 by (39) 
and the definition of s(v). and since the second tends to 0 by virtue of y’ 
heing of class (7). it follows that 


Intl 
(43) dx > 0. (n— 


Let n be fixed and let §8=68, >0 be a positive number to be fixed | 
later. Let <6 < & +1 be a subdivision of the interva! | 
ty Sax, +1. In view of the factor 2 in the definition. (38). of 4). 

= 


the number €, can be chosen so near x, that 


(44) < | s(x)| for 


Also, if €, is sufficiently near x,. then 


(45,) <8 
anc 


< 8, Onde < 8. | 


Let p= p(x) be the continuous function whose graph consists of the linear 
segments joining the points (2n,yn(@n)), (&,y*(&)), 
(&, y*(é-)). The inequality (31) and the relation (38) imply 


(46) | p(x)| < Oy for 


a’ In In | 

| 
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The definition of p(z) shows that 

(47) = (y*(é1) —- yn(@n) )?/ — an). 
From (44), y*(é:) = y(é:) ; consequently, (45,) and the Schwarz inequality 
imply that 


(y* y(an) — an) < 8. 


Since the definitions of y*(x) and of € do not depend on the number e, 
it is clear from this last inequality and (47) that if the number e, (which 
so far has been arbitrary) is sufficiently small, then 


(48) f pdx <3. 
Clearly, (46) and (452) imply 
& 
(49) f < and J | < 8. 
If the numbers and , are suitably chosen, 


| p(x) <8 for 


since y*(z) is continuous. Hence, 


* Intl 
(50) S2 + 28° 
& & 
and 
Zntl Intl 
(51) lq | S2 | q | + 28° max | 
& « & 1 
On each of the intervals é; = 2 = &;,,, where =1,- - -,4—1, 


= — Gn — 8) Cf Gn — 


hence, an application of Schwarz’s inequality on each of these intervals shows 
that 


@ntl 


(52) S y* dz. 
oF & & 
Let 8 = 8, be chosen so that 
max (n—> 2x). 


| 
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Then 
pdx 0, (n—>« ), 
zn 
in virtue of (52), (43) and (48). Similarly, 
Intl 
f p*dz —> 0 and f |q| > 0, (n—> 0), 
In In 


in virtue of (49). (50) and (51), in conjunction with (41) and (42). 


The value of p(a, +1) is y*(a, +1) =0, by the definition of p(z) 
and by (40). If the function yn(2) is defined to be p(x) on az S @ Say +1, 
then y,(z) is a continuous function for 0 =x < and satisfies the limit 
relations (36) and (37). Clearly, the corners of this function at «=é,, 
&.° * *;& can be smoothed out without violating (35), (36) and (87). 
In what follows y,(x) denotes this smoothed-out function. 

It follows from (35) that y,’(2) =0 for 7,+-1S24< o. Therefore, 


the boundary conditions imposed on yn(x) at x = 0 imply that 


(53) [yn AP’ — yr’ AP | 0, for all n and A, 
0 
and 
where 


(55) AT,(A, 2) = ff. yn (2) AP (a, d, @) de. 
From (37), (54) and the fact that yn(0)yn’(0) =y(0)y’(0), it follows that 


(562) f(y? + ——9(0)y(0) )*/dpa (2): 


If -AT(A, a) is defined by (15) it is seen from (36) and (55) that 


— a)2/dpa(A) 0, (n—> 0), 


and, therefore. 
5 

lim (dP n)2/dpa(A) = f 

7 
whenever - 0 <y <8< o. Since S, is bounded from below, an application 
of Fatou’s lemma to the second term on the right of the equality (56) yields 
the desired relation (19). 

_This completes the proof of the Lemma. 

For later use, a corollary will be deduced. 
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Gorottary. Jf = q(x) ts continuous on 0S 2x < and satisfies the 
condition (6). and y=y(x) belongs to an arbitrary Qg, then 


where AT(A, a) is defined by (15). 


Proof of Corollary. From the proof of the Lemma, it is clear that yn’ (0) 
may be chosen arbitrarily, and, in particular, it may be arranged that 
un’ (0) = — yn (0) cot since Consequently, relation (53) is satisfied 
and,'since yn(0) = y(0), the relation (57) follows from (54). 

Under the same conditions as specified in the Corollary, an tnteresting 
equality is furnished by (57) for «= 3, namely, 


(88) ZI(y) = 


“Remark. (et be an arbitrary continuous function on 0S 2 < 
not necessarily subject to the restriction (6), but such that 


lal yde < 


and such that the differential equation (3) is in the Grenzpunktfall. Since 
the assumption (6) was used in the proof of the Lemma only in passing from 
(56) to (19), it is clear that (56) remains valid; also an equality which bears 
the same relation to (57) as (56) does to (19) is valid. 


4. In this section, there will be proved 


THEOREM (1). If q=4q(zx) is continuous on 0S 2% < & and satisfies 
the condition (6), then the integral (%) satisfies (8) for all functions y = y(z) 
of class Qo if and only if the spectrum S, contains no negative values of X. 


Proof of Theorem (1). The “if” part of the theorem follows by 
applying the Lemma of 2. Since y(0)y’(0) =0 and the spectrum 8 is 
non-negative, relation (8) results immediately from (19). 


_ ‘The “only if” statement follows from an application of a theorem of 
Wintner [12]. Suppose that there exists a negative value of A in So. If 
there is such an eigenvalue, let y be the corresponding normalized eigen- 
function. Otherwise. let y = P,(2,\,0) be chosen in such a way that 


fee) 0 
(59) — <0. 
270 
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In either case, the function y is of class (L*) and satisfies a differential 
equation, the right member of which belongs to class (L°), cf. equations (3) 
and (13 bis) and the remark at the end of 1. In virtue of (6), the coefficient 
A—q of y in these two differential equations satisfies the inequality 


A—q< const. 
It follows from the proof of the theorem [12], p. 6 (ef. also [3]), that 
90 
Since L(y) is of class (L*) and y(0) is 0, it is clear (ef. (17) and (18)) 


that J(y) <0, and the proof of Theorem (I) is complete. 

A variation of the preceding theorem is contained in 

THEOREM (Ibis). Jf g = ts continuous on0 Sx < and saltshes 
the condition (6), then the integral (7) satisfies (8) for all functions y = y(z) 
of arbitrary Qg, if and only if the spectrum Sy contains no negative values 
of 2. 

The proof follows along the same lines as that of Theorem (1) in virtue 
of (58) and the fact that P = P(x,A, $2) satisfies 


oo 
PP’| =0 
0 
for all A. 
It is clear from the two theorems above that if S3r contains no negative 


values of A, then neither does So. 


5. The results of the two preceding sections will be illustrated by the 
treatment of two examples. For the first of these, let 
q(x) = (1+ a2*)/b; a< 0, 0 and ab= 1, 
so that 


(60) + (1+ ax?) y?/b) de, 


where y belongs to an arbitrary Q,. Since a/b > 0, the function q(xz) > * 
as —> 0 and the spectrum of pa(A) consists (Weyl [9], p. 252) of an 
infinite sequence of eigenvalues tending to + «©. The corresponding differ 
ential equation in the present case is 


(61) + (A— 1/b — ax?/b)y = 0. 


It will be shown that 


No = 1/b + (a/b)! 
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is a non-negative eigenvalue and the least point of Sjr, From ab=1 it 
follows that Ao = 0. If A = Ao, the differential equation (61) has the solution 
(62) y(x) = e*, where k = (a/4b)! > 0. 


This solution is of class (L*) and satisfies the boundary condition (1) for 
a= 4. Finally, since the solution (62) has no zeros, Ao is the least point 
of Sir (Weyl [9], p, 252). Theorem (Ibis) implies that the integral J(y) 
defined by (60) satisfies 

(63) = J(y) =0, 


for all functions y of arbitrary Qg. 


If —a=c and —b =—d, relations (60) and (63) yield 
0 0 0 


provided that the last two integrals are finite. If 


oo oo 
— 4cd f x*y?dx 
0 0 


is added to both sides of the inequality obtained by squaring (64), then 


(65) ( y’dx)? — 4ed f < ( J (ca®y? — dy’?) dx)?, 
0 0 0 0 


Finally, if ¢ and d are chosen so that cd = 1 and that the term on the right 
of the inequality (65) is zero, the inequality 


(66) (f “yae)? =4 f 
0 0 0 


follows. It is clear that under similar assumptions, a relation occurring in 
quantum mechanics and corresponding to (66), but where the half-axis 
0S2< @ is replaced by the whole axis — 0 <a< 0, is valid. 

In addition, it can be remarked that when cd (ab) =1, then Ay = 0. 
The second inequality of (63) and the inequality of (66) then become 
equalities if and only if y is a constant multiple of (62). 

Cf. the treatment given in Weyl [10], p. 272 and [2], pp. 165-169, 195. 


6. The second example to be considered is furnished by the integral 


(67) J(y) = — y?/4(a +a)*)dz, a>0, 
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where y is of class Q) In this case, g(x) =—1/4(a+ a)? 0 as 
By a theorem of Weyl [9], p. 252, there are no points of the spectrum §, 
in the domain A < 0 if a non-trivial solution of the differential equation 


(68) y’ + + a)? = 0, 
satisfying the boundary condition (1) for «0, does not vanish for 
ow. Since 

y(x) = (x + a) (log(2 + a) —log a) 
is a solution of (68) satisfying y(0) =0 and since y(az) has no zero on 
0<x< om, the spectrum of po(A) is non-negative (for all a>0). By 


Theorem (I), the integral (67) satisfies 


(69) =J(y) =0, 


for all y in Q. 


The restriction to consideration of functions belonging to class Qj in 
the inequality (69) is essential. For, if a1, the differential equation (68) 
has a solution 


(70) y(x) = (x + 1)#(— log(z +1) +1), 


satisfying the boundary condition (1) for «47. Since the function (70) 

has a zero on 0 << 4 < ©, there exists a negative eigenvalue in the spectrum 

of piz(A) and by Theorem (Ibis) the integral (67) is negative for some 

function y; namely, for an eigenfunction belonging to the negative eigenvalue, 
If a tends to 0, it is easily shown that (69) implies 


(71) — 42/42") dx = 0 
0 

for all y in Q, for which 


oO 
f y?/4a*dz 
0 


Compare the present treatment of (71) with that given in [2], pp. 1% | 
182. There, it is not assumed that y is of class (ZL?) as above, but this 
restriction is not essential in the above considerations. 


7. In this section, there will be considered the problem of minimizing 
the integral (7), where the function q satisfies (6) and y is of class 2 anf 
satisfies the isoperimetric condition (9). 


THEOREM (II). Let g=q(x), where be continuous ani 
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satisfy (6). There exists a function furnishing a minimum for the integral 
(7), with respect to the class of functions y belonging to Q and satisfying 
the isoperimetric condition (9), if and only if the least point Xr of the 
spectrum So is an eigenvalue; in which case the corresponding normalized 
eigenfunction furnishes the integral (7%) the minimum Xr. If Ao 1s not an 
eigenvalue, the value ro is not attained but is the greatest lower bound of the 
values of (7) for the class of functions specified. 


Proof of Theorem (II). Since Ao is the least point of So it follows 
from (19) that 


J(y) = f, (y + qy’)dz = 
0 


for all functions y satisfying (9) and the boundary condition (1) for «0. 
If Ao is an eigenvalue with the normalized eigenfunction y, it is seen that 


J(y) =% 
and that Ao is, therefore, the minimum of the integral (7). 


Conversely, if J(y) attains a minimum value p, then w= Apo and A» is an 
eigenvalue, For if »>£A> it is clear that » >A o and that A» is not an 
eigenvalue. Consequently, Ay is a cluster point of the spectrum So. By 
choosing 


2—=2(2,A) = (P(x, — P(x, do, 0))/(po(A) — po(Ao))4, Ao; 


it is seen that z satisfies (9) and J(z) >A as A> Ao. This contradicts the 
assumption that » is the minimum of (7). Hence, the minimum value of 
J(y) is Xo, the least point of the spectrum So. If the normalized function 
y of Q) furnishes the minimum of J(y), then 


oo 


Hence, it follows from (9) and (12) that 
AT(A, 0) = f y(x)AP(2, A, 0) dx = 0 
0 


for all \-intervals A not containing AA». This implies that A—Aj is an 
eigenvalue with the normalized eigenfunction y. 

The proof of the last statement of Theorem (II) is clear from the above 
discussion and the proof is complete. 
That the restriction (6) is essential for the validity of Theorem (II) 
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follows from an example of Hartman [4]. This example shows that if q does 
not satisfy (6), the equation (3) with A = 0 can possess a solution y of class 
Q which does not vanish for 0<a2< o. Consequently, the Theorem of 
[4] implies that (3) is in the Grenzpunktfall and that 40 is the least 
point of the spectrum S». However, even though A410 is an eigenvalue, 
it is easily verified that the integral J(y) does not exist as an improper 
integral, where y is the normalized eigenfunction. 
The last theorem of this section is 


THEOREM (III). Let q=q(r), where ©, be continuous and 
satisfy (6). Suppose that the least point X=Apo of the spectrum Sp is an 
eigenvalue and that y= yo denotes the corresponding eigenfunction. There 
exists a function furnishing a minimum for the integral (7), with respect to 
the class of functions y belonging to Q) and satisfying the conditions (9) and 


= 0, 


if and only if there exists an eigenvalue X=, > Ao such that no point d of 
So satisfies Ay <A <A; in which case, the normalized eigenfunction belonging 
to A; furnishes (7) the minimum dj. 


The proof of this theorem can be omitted, as it is analogous to that of 
the preceding theorem. 


Part II. 


Part II will be devoted to the derivation of information concerning the 
location of points of the spectral sets Sq. 


8. As a result of the Lemma of 2 and the Corollary of 3, there will 
first be proved 


THEOREM (1). If the spectrum Sq for a fixed a in the range 0 CaS} 
contains no negative values of r, then the spectrum Sg, for B=0 and 
4dr = B contains no negative values of X. 


Proof of Theorem (1). The cotz2=0 since 0<a<4n. In virtue of 
the hypothesis on Sq, it follows from (57) that the integral (7) satisfies | 
(8) for all functions y of an arbitrary @,. Suppose, if possible, that 4<? 
belongs to the spectrum Sg for some f satisfying B =0 or Jr SB <7. It is 
possible to exhibit a function y of class Qg (cf. the remark following the 
statement of the Lemma of 2) such that the last inequality in (19) becomes 
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an equality while the expression appearing on the right of the equality is 
negative. This function y thus violates (8) and Theorem (1) is proved. 


9. In this section, it will be shown, as mentioned in the introduction, | 
that certain points in the spectrum Sq can be regarded as the limit of eigen- 
values of suitable Sturm-Liouville problems. In this direction, there will 
be proved 

THEOREM (2). Let g=q(xr), where be continuous and 
satisfy (6). If A(X) denotes the least eigenvalue belonging to the Sturm- 
Liouville problem (on the finite interval OS 4X) determined by the 
differential equation (3) and the boundary conditions (1) and (5), and Ao 
denotes the least point of the spectrum Sq of the boundary value problem 
determined by (3) and (1), then 


(72) do (X) Ad, (X — 


Proof of Theorem (2). Let y be any function possessing a continuous 
second derivative on 0 = 2= 4X, satisfying the boundary conditions (1) and 
(5) and the relation 


x 
(73) f = 1. 
0 
Then, the completeness theorem for Sturm-Liouville problems implies that 


(74) f, yL(y)de = do(X), 


where L(y) is defined by (14); Aj; =Aj(X), 7 = 0,1, 2,- are the eigen- 
values, with the respective normalized eigenfunctions ¢; = ¢;(z, X), = 0,1, 
of the Sturm-Liouville problem on 0S determined by (3), 
(1) and (5); the c; are defined by 


x 
f y(x)$;(x, X) dz, 
0 


If y=¢(2,X) is the normalized eigenfunction belonging to A9(X), the 
inequality in becomes an equality. Let ¥, < and define 


(75) y(z) = { 0if 

Then, for the function y defined by (75) on the interval OS 2S QM,, it is 
seen that (73), for ¥ — X., holds and that 


| 
= 
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Xo Xi 
0 0 


It is clearly of no consequence that the continuous function y defined by (75) 
does not possess a derivative at r— AX. Since, by (74), 


Xo 
yL(y) dx = do(Xe), 
0 


it follows that Ao(X1) = Ao(X2), that is, is a monotone, non-increasing 
function of X on0<X¥< ow. Hence, 


lim Ap (X) = Ao ( 
X 


exists and is not less than A» by relations (17) and (12). It will be proved 
that =A», that is, that relation (72) holds. Otherwise, Ay < Ao (0) 
and there exists a function y (cf. proof of Theorem (I), 4) satisfying (20) 
and (9) such that 


fe 
(76) —f yL (y) dx = p, where » S Ao(o). 
0 


It follows from the proof in 3 of the Lemma that there exist functions 
Yn = Where n= 1,2,---, possessing continuous second derivatives, 
such that yn(0)yn’(0) =y(0)y(0), yn(v) =0 if t2=R, 
of 3) and (36) and (37) hold. Consequently, 


(77) ro(Rn) — f f yL(y)dz, (n> 0), 
0 0 


which, in virtue of the inequality A9(%) SAo(Rn) for all n, contradicts 
(76) if n is sufficiently large. 
This completes the proof of Theorem (2). 


THEOREM (3). Let q=q(x), where 0S < be continuous and 
satisfy (6). If the least point ro of the spectrum Sq is isolated, r, denotes 
the next larger point, and similarly 4,(X) is the second point of the spectrum 
of the Sturm-Liouville problem on 0S 2aZX determined by (3), (1) and 
(5), then 
(78) A(X) (X¥ > 0). 


Proof of Theorem (3). Let X, < X» and choose constants ao and 
so that the function y defined by 


dodo (2, + (2, X;) if 0 


| 

— 


or 


ng 


ns 


| 
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satisfies (73) for Y =X. and . 


(79) Ydo(x, X2)dx = 0. 
It follows that 
Xe x 
Ai(X2) S — f yL(y) da, 
0 0 


while the last integral equals 
(Ai) + (Xi) SA (42), 


since + = 1. Therefore, is a monotone, non-increasing function 
on 0< X < ow. It is clear that 


lim Ay (X) =A, (00) 


exists and is not less than A,. Suppose, if possible, A;<Ai(o). It is 
convenient to suppose that A; is an eigenvalue of S, with the normalized 
eigenfunction ¢,(x) (otherwise, ¢; will be replaced by 


(P(x, A, dx, — pa(Ar) )3, 


where AV <<A<Ai(o)). Let do(x) denote the normalized eigenfunction 
belonging to Ay. From the proof of the Lemma of 8, it follows that there 
exist two sequences and - and corresponding sequences 
of functions and +, possessing continuous second 
derivatives and satisfying, for = 0 and 1, 


(80) ¥i"(0) = 4; (0), (0) = n=1,2,-°-, 
and 

Wj" =0 if R;", mae 
and, as n—> 0, 


f — o;)*dxr > 0, 0, 


81 00 

~ — > 0, 
and 

(82) 


It is clear that the Ri", for 7=0 and 1, may be replaced by Rn 
== max (Ro",R,"). From (81), it is seen that 


70 0 


7 
| 
0) 

| 
es, 
| 
>), 
nd 
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im | 
nd | 
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Since 


f, yer) az = Yo" (0) (0) + (Yo + dx 


and 


"bol ($1) dx = + f. + 


it follows from (80), (81) and the Schwarz inequality that 


oo 
(84) f Yo" L (y.") dx > f dol. dz = 0, 0), 
0 0 
For each n, there exist two numbers do” and a,” such that 
co 
(85) 
0 
and 
(86) f yn(2)$0(2, Rn) dx = 0, 
0 


where yn is defined by 
Yn = + 
From (81), (83) and (85) it follows that 
(87) (a")? + (a.")? > 1, (n—> 0). 
From (82), (84) and (87) it is clear that 


(88) 


0 


But, in virtue of (86), 
Ai (Rn), 


| f (Yn) da 


and this last relation is in contradiction with (88) and the inequality 
A: <A1(), provided n is sufficiently large. Consequently, relation (78) 
holds. 

This completes the proof of Theorem (3). 

If Ay <A: <***< An are isolated and are the only points A of the | 
spectrum Sq satisfying Ay ASAn, a theorem analogous to the preceding | 
one holds for Ani, the next point of the spectrum greater than An. In cas? 
q(x) > ©, as x—> 0, the spectrum Sz consists of a sequence (Weyl [9]; 
p. 252) <A. <A. Where as and an analogue 
of the theorem of Milne that %(X)—Ax as Xo, for k—1,2,° °°; i8 


| 
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obtained. In case A» is a cluster point of Sq, it is clear from the proof of 
Theorem (3) that all tend to Ay as 


10. In this section there will be proved two theorems relating the 
spectrum Sq with the function g(z) appearing in the differential equation 
(3). First, there will be proved the 


THEOREM (4). Let gq=q(x), where OS be continuous and 
satisfy (6) and let A» denote the least point of the spectrum of the boundary 
value problem determined by the differential equation (3) and the boundary 
condition (1). If qi(@), G2(@),° ts @ sequence of continuous functions 
tending uniformly on the half-line 0S 2 < © to q(x), then the least point 
Ao" of the spectrum of the boundary value problem determined by the dtffer- 
ential equation 
(89) In(y) +A=0,  Lnly) = y’— 


and the boundary condition (1) satisfies 
(90) Ao" —> Ao, (n—> 00). 


Proof of Theorem (4). It will be clear from the proof that there is no 
loss of generality in assuming that Ao” and Ao are eigenvalues with respective 
normalized eigenfunctions $9” and ¢o of their corresponding boundary value 
problems. Suppose | qn | <n for 02 < o and consider the relation 


(91) — | = | (q— qn) | < en, 


and the corresponding relation where ¢o is replaced by ¢o”. If the integrals 
involving the operators Z and Ly are replaced by the corresponding “ spectral ” 
integrals taken over the A-axis, the above relations imply Ao" < Ao + en and 
Ao < Ao” + € respectively, that is, | A—Ao" | < en, and the proof is complete. 

It is clear from (91) that if the continuous functions qn satisfy (6) 
and if the assumption of uniform convergence of the theorem is replaced 
by the condition 


| 0, (n> 0), 
0 


for some p> 1, then (90) is still valid. For ¢o and qo", n=1,2,-°°-, 
tend to 0 as x tends to « (cf. 4) and since these functions are of class (L?) 
they are also of class (L?"), r>1. An application of the Hélder inequality 
to the second integral of (91) then yields the desired result. 

The last theorem of this paper is 


| 

| 

| 

| 
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THEOREM (5). Jf where 0S ©, is continuous and 
satisfies relation (4), then A=c belongs to the spectrum Sq for every a. 


Proof of Theorem (5). Since the spectrum S, is displaced by k if the 
function q is replaced by g-+k, where & is any real constant, it is clear 
that it can be supposed that c—0. If there exist an infinity of negative 
eigenvalues, they cluster at A=0 (Weyl [9], p. 252) and the theorem is 
proved. Suppose that there are only a finite number of negative eigenvalues 
and that AO is not a cluster point of S,. Let » >0 denote the least 
positive point of the spectrum and let $1, ¢2,° - -,¢@n denote the eigenfunctions 
belonging to the finite number of eigenvalues Aj < » of Sa. Let € be a positive 
number satisfying 


(92) 
and let X be chosen so large that 
(93) lq(z)|<eif 2X. 


Choose n+2 points and functions y;(z), 
1=1,2,---,n-+1, of class Q) such that 


yi(z) =0 if Xiu, Xi ow, 


oe) 
f ] 
0 


ie 
<e. 


0 


and 


It is clear that the n+ 1 functions thus defined constitute an orthonormal 
set and that consequently there exist constants *, Cn: for which the 
function 


satisfies the n +1 conditions 


0 


and 


ypidx = 0, 
J 0 
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and In virtue of (19), (57) and the preceding two relations, it follows that 
2 
(94) J, + gy?) da = p. 
the But 
lear n+1 


oO oO 
ti (y + gy’) dx = (yi? + qys*)da < 2, 
0 i=1 0 


ues by (93) and the properties of the functions y;(x). This last relation is in 
cast contradiction with (94), in virtue of (92). This completes the proof of 
‘ong Theorem (5). 

tive 
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TRANSFORMATIONS OF DOUBLE SEQUENCES.* 


By M. Mears. 


1, Introduction. Let |} dmx: || be a matrix of real or complex constants 
defining a transformation 


fe 
k,1l=0 


by means of which the double sequence {Ux:} is transformed into the double 


sequence {U’mn}. Let tpg = Upg — Up,q-1 — + With Ups, | 


kyl 
and U_,, defined as zero; then Ux: = S Upg. We define w’;; in a similar 
p,gq=0 


mn 
manner in terms of U’my so that U’mn = > w’¢;. 
4,j=0 


Let || || be a matrix defined by the equation Dink: = Gmnkt — | 
— Am-1,nkt + Gm-1,n-1,k1, With Qm,-1,x1, G-1,nk1 aNd defined as zero; then | 


mn 
Omnkt = > bijx1. This matrix defines a transformation 
i,j=0 


co 
mn = » x1, 
k, l=0 


by means of which the double sequence {Ux} is transformed into the double 


co 
series U'mn. 
m,n=0 


In two papers published in 1936, Hamilton ([2] and [3]) made use of 
the following definitions and abbreviations. The sequence {Uz1} is said to be 
existent, e, if Ux: exists, k,l =0,1,-- +; ultimately bounded, wb, if there 
exists a number Q, such that Ux: is bounded for all k,1 > Q,; bounded, }, 
if ub with Q,—0; convergent, c, if there exists a number U_ such that 


lim Ux: =U; bounded convergent, bc, if b and c; ultimately regularly 
k, 


convergent, urc, if c, and if there exist numbers Qo. Up and Ucer such that 
lim = Uxec for all > and lim Uy: =U co: for all 1 > regularly 


convergent, rc, if ure with Q, 0; bounded ultimately regularly convergett, 


burc, if b and urc; cn, if c and U =0; ben, if bc and U =0; uren, if wt 


* Received October 9, 1947. 
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and U =0; ren, if rc and U =0; buren, if burc and U =0; urern, if ure 
and if there exists a number such that = 0, k > Qs, = 0,1 > Qs; 
reurn, if rc and = 0, > Q3, Uwi = 0, 1 > Qs; burcrn, if bure and 
Ux = 0, > Qs and Uwi = 0,1 > Qs; row null, rern, if reurn and Q; = 0. 
References and a diagram showing the relations among the various types 
may be obtained from [3]. 
stants Included among the results obtained by Hamilton [3] are theorems 
stating the conditions which must be satisfied by the matrix || dmnxz || in order 
that a sequence, {Ux:}, which is any specific one of the last sixteen types 
listed here, have an existent transform, {U’mn}, which is also a specific one 
of these types; conditions sufficient for the same purpose; necessary and 


louble sufficient conditions for convergence preservation, with U’ —0 when U —0, 
Vis and necessary and sufficient conditions for regularity, that is, for convergence 
‘miler preservation with U’ = U. 
In the present paper we shall consider also the following types of 
sequences: absolutely convergent, a, if there exists a number U* such that 
ner kl | Pa uxt | = U*; absolutely convergent null, an, if a and cn; aurn, if a and 
then | urcrn; arn, if a and rern. It is obvious that a implies rc, an implies ren, 
and aurn implies rcurn. We shall denote lim U’mn, lim U’mn, and lim U’mn 
by U’, U’moo and U’xn, respectively, if these limits exist. 
| We shall obtain theorems corresponding to those obtained by Hamilton 
iti [3], and described above, when {U;.} is any specific one of the last four types, 
and {U’mn} any one of the last twenty types, listed above. - 
For the purpose of comparison, we shall present briefly, in Section 2, 
— similar theorems for simple sequences. The remainder of the paper is con- 
side cerned with double sequences; in Section 8 are listed the conditions to be 
aes used ; various implications of these conditions are given in Section 4, necessity 
sd. theorems in Section 5, sufficiency theorems in Section 6, and a few concluding 
shat | remarks in Section 7. 
alarly 
2. Simple sequences. Let || dni || be a matrix of real or complex con- 
that 
larly stants defining a transformation U’, = Let ux and 
k=0 
gent, wn = U'n — (with =U’, =0). Of the types considered for double 
f ure sequences in Section 1, only e, b, c, cn, a and an are applicable to simple 


Sequences; their definitions for simple sequences are obvious. 
We are concerned with theorems which involve transformations of 
Sequences {U;}, of type a or an, into existent sequences {U’n}, of type b, ¢, 


. 
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en, a or an. The theorems in which {U’n} is b or c have been proved by 
Hahn [1]; the theorem in which {U;,} and {U’n} are both a has been proved 
by the writer [4]. The additional conditions necessary and sufficient for the 
remaining theorems are easily obtained. 

We shall use the following conditions: 


(1) | San | Bi(n); p,n=0,1,---; 
k=0 
(2) > == An; n == 0, 
k=0 
(3) (1) and B,(n) < n=0,1,---; 
(4) lim = 3 
(5) (2) and lim A, =A; 
(7) (5) and A~0; 
(8) | >> (Ani: — An-1,x) | p= 0, 1,: 
n=0 k=0 


It is easily proved that (8) implies (3) and (4), and that (2) + (8) 
implies (5). 

In the list below, the abbreviation “2— y(a) ” is to be read “ in order 
that every sequence {U;} of type x have a transform {U’,} of type y, it is 
necessary and sufficient that || dnx || satisfy (@).” 


an —> e (1). 
ae (2). 
an — b (3). ({1], p. 26, Th. XIa) 


a—>b (2) and (3). — ([1], p. 24, Th. Xa) 
(3) and (4). ([1], p. 2%, Th. XIb) 
a—>c (3), (4), and (5). ([1], p. 25, Th. Xb) 
an—>cn (8) and (6). 


a—>cn (3), (6) and (7). 


— 


1 by 
oved 
the 
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an—> a (8). 

aa (2) and (8). ({4], p. 595) 
an—> an (6) and (8). 

a—>an (6), (7%) and (8). 


k-00 


=> %,(U;,— U) + AU. In order that lim U’, = AU, it is sufficient that 
k=0 


n—>0O 


If {U;} is a and {U’,} a or c, and if lim U,=JU, we have lim U’, 


a, = 0; therefore convergence is preserved, with preservation of the limit for 
null sequences, if, in the theorems stating the necessary and sufficient 
conditions for these transformations, condition (4) (which is included by 
implication in the case of a—> a) is replaced by (6). If, in addition, A —1, 
the transformation is regular. In both cases the conditions are necessary. 


3. Conditions on the matrix. We shall make use of the following 
twenty-six conditions. Twenty of them are identical (except for notation ) 
with the two-dimensional form of specific conditions used by Hamilton ([3], 
pp. 35-37). When this relationship exists, the statement of the condition is 
preceded by two designations; the first in the pair is the listing which will 
be used throughout this paper, the second that used by Hamilton. 


(9) | | < Bi(m, n) ; q,m, n= 0,1,° 
k, 1=0 
(10) > Amnkl = 5 k, m,n = 0, 
1=0 
fe 
Amnkl == l, m, 0, Ay 
k=-0 
fe 
(11) Amnkl = Ans; m,n = 0, A, 
k, 1=0 
(12) (9) and B,(m,n) < By; mn= M;; 
(13) (12) with M,—0; 
(14) (di) lim = k,l—=0,1,-°°; 
(15)(d.) (10) and lim @nngoc = k=0,1.°°°; 
lim @mnoct = Bool; 0, 1,- 


m,n->CO 
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t is 


808 

(16) (ds) 
(17) (di) 
(18) (dz) 
(19) (ds) 
(20) (e1) 


(22) (e2) 
(23) (es) 


(24) 


(25) (@*2) 


(26) (é2) 
(27) 


(28) (f:) 
(29) (£2) 


(21) (e*2) 


FLORENCE M. 


(11) and lim Amn, =A; 


m,n—>0o 
(14) with =0; 
(15) with = 0; 
(16) with A 
lim Amnkl — Amookl 5 
lim Amnkl = Aoonkl 5 


(10) and lim Amnkoo = Amookoo 5 
n->0O 


lim Smnko == Zoonko 5 


lim Amnool == Amoco CCl; 


lim Boon Col 


(21) with M,(k), M,(1) <M; 


(11) 


and lim Aum Amoco 


(20) with amocx: = 0; 


Aocnk! = 0; 


with Ama ko = 0; 


(21) 
= 0; 


col = 0; 


= 0; 
(25) with M,(k), < Me; 


(23) with Amc 
Acn = 0; 


(20) with M,=0; 


with M,;=0; 


MEARS, 


m = M.;k,l—0,1,-- 


n= M.;k,l—0,1,-- 


m = M3(k);k =0,1,- - 
n= 
m = M,(l) 


n= M,(l) 


m= M,; 


m= 


n= 


m = M,(k) 5k —0,1,-:--; 
n= 
m= 
n= 


m= M;; 


n=M;; 


| 
k, 0,1,° 
k,l=0,1,- °°; 
| 
= 
} 
| 
2?) | 
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(30)(f;) (23) with M,=0; 

(31) (£;) (28) with Amookt = = 0; 

(32) (f2) (29) == Goonk 00 = = = 03; 


(33) (fs) (30) with Amco = Aon =0; 


(34) | Dmnxt | B.; P; q = 0, * 


m,n=0 k,1l=0 


4. Implications of conditions. Throughout the remainder of the paper, 
proofs are given or indicated unless they seem obvious. The symbol — denotes 
implication. 

ptr,grs 
(35) (9) is equivalent to | | <B,(m, n), 
k=p, l=q 
7, 8,m,n=0,1,°-: 


Dd 
Proof. The existence of an upper bound for | Zann | implies the 


ptrsgqrs ptrsgts ptr.qts 


existence of an upper bound for D> Amnxi| since | | = | , Amnkt 
k=p, l=q k=p, l=q 
ptr.q-1 p-1.q+s p-1,q-1 
— > D> + 2, Amnkt |. The converse is obvious. 
k,1=0 k, 1=0 
(36) (10) + (11) > (9). 
Dd 
(37) (12) + (14) >| aw | =0,1,° 
k, 1=0 


Proof. For arbitrarily chosen p and q and for a given e > 0, 


| an | < Bits 


k. 1=0 


for m and n sufficiently large. 


(38) (12) + (15) >| | Bi; 
k=0 
q 
| aor | = 
1=0 


Proof. For arbitrarily chosen p and for a given « > 0, 


Dp p 
| < | | +e< Bite 


k=0 k=0 


| 
9 
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for m and n sufficiently large. 


(39) (12) + (20) > |S amecar | < Bi; 
k, 1=0 
p,q =0,1,° 
| > Aoonkl | 
k, 1=0 
(40) (12) + (22) > |S | S Bi; 
k=0 
M;; 
| > Boonkoo | B,; 
k=0 
q 
| A%moo ool | = B,; 
1=0 


1=0 
Hg. 
(41) (14) + (24) > (17).  ([3], p. 40, relation .73) 
ptr.qts 
(42) (34) is equivalent to S | S Onnar| < Bo; 


m,n=0 k=p,l=q | 


=0, 
Proof. See the proof of (35). 

(43) (13) + (28) — the inequalities in (39) with M,+ M.=—0. 

(44) (13) + (29) — the inequalities in (40) with 7,-+M; =0. 


(45) (34) > (13). 


Proof. For arbitrarily chosen m, and m, we have | > Amgnokt | 


| 3 | | Dinnkt | = > | Dmnkt | < by (34); 


k,1l=0 m,n=0 m,n=0 k,1=0 m,n=0 k, 1=0 


therefore (13) is satisfied. 


(46) (34) > (14). 


co 
Proof. Using (42), with r—s—0, we have > | Bmnpq| < Be, 24 


m,n=0 


| 
q 
| | = 8,; 
| 
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co 
therefore Omnpg converges. Since dmnxi == it follows 
m,n =0 4,j=0 
that lim dmnxi exists, k,l = 0,1,- - 


(47) (20). 


oo 
Proof. Using the proof of (46), we see that: Omnpq converges abso- 


m,n=0 msn 
lutely, = 0,1,- - - ; therefore for any arbitrarily chosen m, lim 
4,j=0 


exists. 
(48) (34) — (28). 

Proof. See proof of (46). 
(49) (10) + (34) — (15). 


Proof. Since (10) is satisfied, converges; m,n, k —0,1,--° ; 

1=0 
therefore for arbitrarily chosen mo, mo and ko, we can find go so that 


| | << Bz(mo + 1) (m+ for m=0,1,- and n=0,1, 
1 


=Qo+1 


Using this and (34) we have | Omnar |= > | 
0 1=0 


m,n=0 t= m,n=0 = 


~ oo 
+ | << Therefore | converges, k —0,1,-- 


l=Qo+1 m.n=0 1=0 
=> > bi Di jx, lim @mnxoo exists. 
l=0 i,j=0 4,j=0 1=0 m,n->0oO 


(50) (11) + (34) > (16). 


oo 
Proof. Since (11) is satisfied, converges, m,n=0,1,-°-. 
k, 1=0 


co fo 
By a proof similar to that of (49), we find that © | } OBmnnkr| converges, 
m.n=0 k,1=0 
and hence that lim A»» exists. 


(51) (10) + (34) > (29). 


Proof. . Using the proof of (49), with m, and ky chosen arbitrarily, we 


h co oO mM 
ave | > > Binnkyt | convergent. Since = = Dmnkot monk, Amo, 
n=0 1=0 m=0 1=0 m=0 


lim eXists, Mo, ko —0,1,°--. 


| 
= 
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(52) (11) + (34) > (30). 


Proof. For arbitrarily chosen mo, the convergence of | 
n=0 k,1=0 m=0 


follows from the proof of (50) ; therefore (30) is satisfied since Amn — Amn 
mM 
Bmnkt- 
k,1=0 m=0 


5. Necessity theorems. Let x and y represent any of the types defined 
in Section 1, and let (a) represent any condition listed in Section 3. We shall 
abbreviate “in order that every sequence {Ux:} of type x have a transform 
{U’mn} of type y, it is necessary that || dmnxi || satisfy (a) ” as follows: 
N-x—y is (a). 

Let 2, y, X and Y be types of sequences such that XY © a and Y Dy; 
it is obvious that if condition (a) is VN-x— Y it is also N-x—y, N-Xy 
and N-\—Y. Therefore from the necessity theorems given in this section 
we can obtain conditions which are necessary in order that a sequence of | 
any one of the types arn, aurn, an or a have a transform which is a specific | 
one of the types listed in Section 1. For example, if y= urcn, Y may be ¢, 
ub, c, cn, urc or urcn; therefore we find from Theorems 1, 4, 6, 9, 12 that | 
N-arn—uren are (9), (12), (14), (17), (20). Since (12) — (9) and since 
(17) — (14), we may write: N-arn—uren are (12), (17) and (20). As 
a second example, let Y =a and y=D; then x may be arn, aurn, an or 4, 
and Y may be e, ub or b. Therefore we find from Theorems 1, 2, 3, 4, 5 
that N-a—b are (9), (10), (11), (12), (13), and using (36) and the fact 
that (13) — (12) we may write N-a—b are (10), (11) and (138). 


THEOREM 1. N-arn-e ts (9). 


Proof. Let Ai(m,n)—= 3% dni By denial of (9), using (3%) 


k=pi, 
we see that there exist constants m, and no such that {| Ai(mo, mo) |} diverges 


It is obvious that either (a) pi +r; or gi + si (but not both), may be taken 
to be bounded or (b) neither may be so taken. If p; + 7; is bounded, we can 
choose pi—=po, Ti=To and gin >gitsi so that | Ai(mo,m)| >* 


i=0,1,-- - ; if the divergence requires that pi + © and si7% 
we can choose pis > and gis > gi +s: so that | Ai(mo, mo)| >* | 
i=0,1,---. Let = sgn Ai(mo, m), K= pitri, 


oo 
+, i=0,1,-- Uxr=0, otherwise. Then | 


k. 1=0 
and Upc = Ux: = 0,hk,1=0,1,- therefore {Ux:} is arn. Let 


| 

| 


nnkl | 


Mo, 
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p-1,q%-1 
k, 1=0 1=0 


If pp tri is bounded, 8; =| A2+*|>1, for p>po+tro, t=0,1,° °°; 
if and S:=—|A2*|>1, p=p, 
i=0,1,---. Therefore U’mn, does not exist. 


THEOREM 2. N-aurn—e is (10). 


oo 
Proof. By denial of (10) for some mo, mo and ko > Amgngt does not 
i=0 


converge. Let Ux: for and 1—0,1,--- 5; Ux: =0, otherwise. 
Then {Uzi} is aurn but U’mgn, does not exist. 


THEOREM 3. N-a->e is (11). 


oo 
Proof. By denial of (11) for some my and m) > a@mgnxi does not exist. 
k, 1=0 


Let =1,k, =0,1,- +--+. Then {Uxi} is a, but U’mn, does not exist. 
THEOREM 4. N-arn— ub is (12). 


Proof. Let A;(m,n) be defined as in Theorem 1. By denial of (12), 
there exists a sequence {| A; (mi, ni)|} which, with m; and ni, becomes infinite 
with i. 

(a) If {pi+ri}, {gi + si} may both be taken to be bounded, we can 
choose pi = po, TE = To, Qi = Si = and Uys = 1, k = po,: » Po + To, 
+, Uxi =0, otherwise. Then 


fim | | =lim | Ai(m, nm) | = oo. 
m,n->00 4-00 


(b) From the preceding paragraph it follows that there exist constants 
C(t), i=0,1,- such that | Ai(m,n)| < C(i), msn=0,1,- - since 
(9) is N-arn—e, we may assume (9) satisfied and we have | Ai(m,n)| 
< Bi(m,n),i=0,1,---. If {pi + ri} is bounded, but {qi + si} necessarily 
unbounded, we can choose Di = Poy TET. and Mo, NM, Jo and s so that 
| Ao(mo, M)| >1; we can choose gi > Gir + Sir, > Min, Ni > 
t=1,2,---, so that 


| mi) | > (min, mia) [i + 1+ > nj-1) J, 
=0 
with B,(m.4,n.,) defined as one. Let Uz—1, k Pot 


l= Goo" = [2*B, (mi, k= Po.’ Po + To, 
**,gi Ux1=0, otherwise. Then 


\ 
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| U’mn, | = | Ac(mi, ni) | [2*B, (mis, ni-1) — | Ao(ma, ni) | 


A;(m, ni) | [29B, mj-1) 


Aj(mi, mi) | [24B, 


co 
= 4 1 — By(m, m) 2 [24B, (mj-1, Nj-1) 
=it+l 
2,3,- °°, 
and since B,(mi, ni) S By (mj, nj), =i, we have 
. co 


(c) If necessarily both pj +7; and gi +si— © as i— 0, the proof 
is the same as that of (b), except that we choose pj > pi-1 + Ti-1. 


THEOREM 5. N-arn—>b is (13). 


Proof. By Theorem 4, since wb 0b, we may assume (12) satisfied; 
by denial of (13) there exists a sequence {| Ai(mo,m)|} which with n; 
becomes infinite with 7. In the proof of Theorem 4, let mi; = mo and replace 


mn—>o by o. 


THEOREM 6. N-arn—>c is (14). 


Proof. Assume that lim @mnxi, does not exist. The sequence Uz: =1, 


for k = ko, 1 = 1, = 0, otherwise, used by Hamilton ([3], p. 42, Theorem 
7) to prove that (14) is N-rern—c, is not only rern, but also arn. 


THEOREM 7. N-aurn-—>c ts (15). 


Proof. Assume that lim ¢@mni.co does not exist. The sequence Ux: =1, 


for k = ky, 1=0,1,- - -, Ux1 =0, otherwise, used by Hamilton ([3], p. 4%, 
Theorem 8) to prove that (15) is N-rcurn—c, is not only rcurn, but also 
aurn. 


THEOREM 8. N-a->c is (16). 


Proof. Assume that lim Amn does not exist. The sequence Ux =]; 


m,n->0O 


k,l1=0,1,---:, used by Hamilton ([3], p. 42, Theorem 9) to prove that | 


(16) is N-rc—>c, is not only re but also a. 


| 

| 

| 

| | 

| 

| 
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TurorEM 9. N-arn—>cn is (17). 


Proof. By Theorem 6, since c cn, we may assume (14) satisfied; 
assume di,1, 0. See the proof of Theorem 6 ([3], p. 42, Theorem 12). 


THEOREM 10. N-aurn—cn is (18). 


Proof. By Theorem 7, we may assume (15) satisfied; assume aco 0. 
See the proof of Theorem 7 ([3], p. 43, Theorem 13). 


THEOREM 11. N-a->cn is (19). 


Proof. By Theorem 8, we may assume (16) satisfied; assume A 0. 
See the proof of Theorem 8 ([3], p. 48, Theorem 14). 


THEOREM 12. N-arn—urc is (20). 


Proof. By Theorems 4 and 6, since ub  c © urc, we may assume (12) 
and (14) satisfied; by denial of (20) we may assume the existence of an 


increasing sequence {m;} and sequences {ki} and {1;} such that lim am,nx,1, 
does not exist, 0,1,---. 


(a) Assume kj = ko, let = 1 for k = 0, 
otherwise. 


(b) From the preceding paragraph it follows that there exist constants 
M,(k,1) such that lim dmng: exists, m > M2(k,1), k,l =0,1,---. We can 


choose 8, mo, No, ko and 1, satisfying 0 < (B, and m>M, 
No > M,, so that 


ose Amgnkolo > + n > No. 


We can choose, for i= 1, 2,- - 8:, mi, Ni, ki and lj, satisfying 0 < 8; S 8:1, 
m > Ni > My, ki 2 hia, (with at most one 
equality sign holding in the last two conditions for a given 7), so that 


(53) lim Amink; 1; == Am, ook;1; j= 0, 
(54) OSC > 8; (B, + 1), n> Ni. 


i-1 
Let Uzi == 1 for k = ko, l= 13 Unt, = 8; for i=1,2,- 


j=0 


otherwise, By (53), 


4-1 


lim Am nk 1, 
j=0 
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| 


exists. By (54), for n> Mi, 


OSC Am nk, Ok, 1, > 4-*(B, + 1) I13;; 
j=0 
by (12), for n > Ni, 


co co 
| Amink | < (B, 1) = | | 
1 


g=itl j=i+ 
< 4-1) 113s; 
=0 
therefore 


co 
OSC Am nx x,t, > 4-*(B, + 1) II 
j=i j=0 


It follows that U’m,oc does not exist. 


THEOREM 13. N-aurn—urc ts (21). | 


Proof. By denial of (21), we may assume the existence of an increasing | 


sequence {m;} such that lim @m,nx,c does not exist, i=0,1,---. See the 
n->00 


proof of Theorem 7. 
THEOREM 14. N-an— ure is (22). 


Proof. By Theorems 4 and 13, since ub © ure and an - aurn, we may 
assume (12) and (21) satisfied. By denial of (22), we can choose an 
increasing sequence {ki}, t=0,1,---, so that M3(ki) as 
We can choose 8, my and ky satisfying 0 < 8 S (Bi + 1)71, and my) >, 
so that 

OSC > Bi + 1), 


but, by (21), there exists a constant M;(ko) > mo such that 
Amock,co eXists, m = 


We can choose, for i~—1,2,:--,8, m; and ki, satisfying 0 < 8; S4i.: | 
mi > ki > kia, so that 


Amock,s0 exists, m = M;(ki); 


OSC @m,nk,co > +1). 


i-1 
Let for = 4* 8; for 1=1,2,°°°: 


Ux. = 0, otherwise. 


sing | 
the 


may 
an 


0, 
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co 
In order that the simple series, >) a,Uxz, converge whenever > | Ui, — Ux-s | 
k=0 k=0 


converges, the convergence of 2 a is necessary and sufficient. Therefore 


converges, as a consequence of (10). Let 
1=0 


co 
S(i,j) = > am nx,iUx,;1. Since we assume the existence of U’min, we have 
1=0 


4-1 ee) 
mn = S(1, 7) + S(4, 7). 
j=0 j=itl1 


By examining the three parts of this expansion, we conclude, as in the proof 
of Theorem 12, that {U’mn} is not ure. 


THEOREM 15. N-a— ure ts (23). 


Proof. By denial of (23) we may assume the existence of an increasing 


sequence {m;} such that lim Am,» does not exist. See proof of Theorem 8 


({3], p. 44, Theorem 20). 


THEOREM 16. N-arn—urcrn is (24). 


Proof. By Theorems 4 and 12, since ub ~ ure ~ urern, we may assume 
(12) and (20) satisfied. By denial of (24), we can find {k;}, {li} and an 
increasing sequence {mj}, t= 0,1,: -, so that am,ocx,1, 0. 


(a) Assume ky = ko, = 1p; let = 1 for k= hy, Uri = 0, 
otherwise. 


(b) From the preceding paragraph it follows that there exist constants 
M;(k, 1) such that lim =0, m > M;(k, 1), k,l = 0,1,---. We can choose 


8), Mo, ko, Ip satisfying 0 << 8 S (B, so that | | << 80(B: + 1), 
N=Not, t=0,1,---. We can choose for i—1,2,-- +, 83, mi, kj and 
satisfying 0 <8; mi > min, ki Shin, Sli. (with at most one 
equality sign holding in the last two conditions for a given i) so that 


lim Am = 9, j= 0, 4 -,1—1; 
| Gm | > 6:(B, +1), n = Nit, = 0, 1,° 


Define Ux: as in Theorem 12. The remainder of the proof is similar to that 
of Theorem 12. 


| 
| 
| 
). 
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THEOREM 17. N-aurn—urcrn ts (25). 


Proof. By Theorem 13 we may assume (21) satisfied. By denial of 
(25), there exists an increasing sequence {mj;} such that @m,ox20 0. See | 


Nn 


the proof of Theorem 7. 


THEOREM 18. N-an-—urcrn ts (26). 


Proof. See the proof of Theorem 14, assuming (25). This proof is 
analogous to that of Theorem 14 in the same way that the proof of Theorem 16 
is analogous to that of Theorem 12. 


THEOREM 19. N-a—urcrn ts (27). 


Proof. By Theorem 15, since urc ~ urcrn, we may assume (23) satisfied, 
By denial of (27), there exists an increasing sequence {m,} such that 
Am,co~ 0. See the proof of Theorem 8 ([3], p. 46, Theorem 27). 


THEOREM 20. N-arn— rc is (28). 
Proof. By denial of (28), mo, ko and Jo exist such that lim @inynx,1, does 


n-> 00 


not exist. See the proof of Theorem 6 ([3], p. 46, Theorem 31). 


THEOREM 21. N-aurn— rc is (29). 


oOo 
Proof. By denial of (29), mo and kp exist such that lim } aingnxo: does 


1=0 


not exist. See the proof of Theorem 7 ([3], p. 46, Theorem 32). 


THEOREM 22. N-a->rc is (30). 
Proof. By denial of (30), mo exists. such that lim > am ng: does not 


k,1=0 


exist. See the proof of Theorem 8 ([3], p. 46, Theorem 33). 


THEOREM 23. N-arn—rcrn is (31). 


Proof. By denial of (31), mo, ko and I, exist such that @mjcck tp A: 
See the proof of Theorem 6 ([3], p. 46, Theorem 36). 


THEOREM 24. N-aurn—>rcrn is (32). 


Proof. By denial of (32), mo and ky exist such that a%m,ccx,c 0. See 
the proof of Theorem 7 ([3], p. 46, Theorem 37). 


| 
: 
| 
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THEOREM 25. N-a-—>rern is (33). 


Proof. By denial of (33), mo exists such that Amo 0. See the proof 
of Theorem 8 ([3], p. 46, Theorem 38). 


THEOREM 26. N-arn—a is (34). 


Proof. By Theorem 5, since ba, we may assume (13) satisfied. 


co 

Let” = S(m,n,i). By denial of (34), either (a) | S(m,n, ¢)| 
k=pi, l=qi m,n=0 

diverges for pi, qi, Ti, Si = Po, Yor To, So, Tespectively, or (b) there exists a 


sequence { | S(m, n,7)|}, i= 0,1,- - -, which becomes infinite as ¢ becomes 
m,n=0 


infinite. 
(a) Let for k= po,---,potro and l= -,Go+ S03 


Ux: = 0, otherwise. Then > | | diverges. 
m,n=0 
(b) Choose i S(m,n,0)| > 1. It follows from the preceding 
M=Mo,N=No 


paragraph that there exist constants B.(71), such that 


fee) 


(55) | | B,(t), 


m,n=0 k=p,l=q 


as a consequence of (13), there exist constants, B,(7), such that 


MitVisNitwi p+r.gts 
(56) S | | << + vi +1) + wi +1)B, 
m,n=0 k=p, l=q 
< B,(t), p,q, 7, = 0, 1,- 
Therefore, for i= 1, 2,- - -, we may assume it possible to choose p; and rj 


to satisfy either pj = po, Ti = 1 OF Pi > Pir+ Ti+, and m; and 1; to satisfy 
either mj = mo, Vi = Vo Or mi > M-1 + Vi, and, necessarily gi, si, ni and 


w; to satisfy qi > gi. + si, and ni > + wi, so that 


| S(m, n,i)| > 2B,(i— 1) [1 + 2¢ + B,(0) 


=Misn=ni 
+ — 1)], 


0 
where 0. From this inequality and the definition of B, (1), it follows 


| 819 
| 
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that B,(i) > 2B,(i—1). Let Us =1, k=po,- ++, and 
gi + Si, 1=1,2,-- - Uxr = 0, otherwise. 

Using (55) and (56) we have, for i—1,2,---, 


MitViNitwe MitVisNitWi 
, 
| | = | S(m, n, t) p,q, | 
m=misn=ni 0 


MitVENitwi 


i-1 
= > [| S(m, n, t) | — 2 | S(m, 7) Toya, | 
j= 


M=MisN=Ni 


—> | S(m, n, 7) Up,q;| ] 


j=itl 
i-1 i-1 
> 1+ 2+ Ba(0) + 2% Bo(j)/Bi(j —1) — Ba(i)| | 
j=l j= 
— B, (1) 2 | | 
j=i+ 
i-1 
—1) — B2(j)/Bs(j — 1) 
j=1 j=1 
—B,(i) 
> 142 —B,(i) = 24. 
j=1 
6. Sufficiency theorems. We shall use S-x—y is (a) to indicate for 
sufficiency the statement corresponding to that given at the beginning of 
Section 5 for necessity. Let XY D x and Y  y; it is obvious that if condition | 
(a) is S-X¥ y, it is also Y and S:X—>Y. For example, 
conditions which are S-an—y are also S-aurn—y, although conditions | 
N-an—y may not be N-aurn—y. In each case in which the sufficient 


conditions for the transformation of sequences of types aurn and an into any 
given type are the same, the theorem for S -aurn is omitted. 


THEOREM 27. S-arn—e is (9). 


Proof. Assume (9) satisfied. We can choose e, =e[8B,(m, n)]7 and | 
P(m,n), Q(m, n) so that for p> P(m,n), gq > Q(m, n), we have 


(57) | Ung | <4; 
and 
ptr.qts 
(58) > | wes | + | wis | <a, r,s = 0,1,- 


i=p+1,j=0 i=0, j=qt1 


| 

| 
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As a consequence of (58), we have 


q ptr 
(59) | | <a; | tr | <a; 
1=Q(m,n)+1 k=0 k=P(m,n)+1 
and 
ptr p q+s 
(60) <a; >| te | <a. 
1=0 


We can choose P’(m,n) > P(m,n), Q’(m,n) > Q(m, n) so that 


Q(m.n) ptr 


| <a, p>P'(m,n), r=0,1,- 
(61) 1=0 A=0 
P(m.n) q+s 
, 
| < a1, g>Q'(m,n), =0,1,-°° 
k=0 1=0 
Let 
ptr.gts p-1.q-1 
k, k, 1=0 
ptr 
— [U pl p> 
1=0 
8, = [ 3 
l=q 
p+r,qts 
7, 
= > OnnxtU 
k=p, l=q 
ptr.qts ptr.gts p.qts p+r.qts 
>> Amnk j py Amnk1Uij- 
i=p+1,j=0 k=i, l=j i=0, j=q+1 l=j 
Then 
p+r.q-1 p-1.q+8 ptr.qts 
S AmnkiU x1 + > + AmnkiU 
k=p, 1=0 k=0,1=q k=p. l=q 
ptr.q-1 
— S; > 
K=p+1,1=0 i=p+1,j=0 
p-1.q+8 
+ 8, > AOmnk1 Ui j 
K=0,l=q+1 i=0,j=q+1 
ptr-qrs ptr.qts pl 
kK=p+1,l=q i=p+1,j=0 k=p, l=q+1 4=0,j=q+l 
Since 
ptr.q-1 kyl 
k=p+1,1=0 i=p+1,j=0 k=p+1.1l=q i=p+1,j=0 
ptr.gqrs 


= Amnk j 
k=p+1, 1=0 i=pt+1,j=0 
pt r.qts pt+r.qts 
— Amnk Ui js 
i=p+1,j=0 k=t,1=j 
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p-1,q+8 k,l ptr.qte pt 


k=0, l=q+1 i=0,j=q+1 k=p, l=q+1 i=0, j=q+1 
p-1,q+8 p-1.q+s p-qts ptr.qtrs 
= > >» Amnk1 U4 j > 
i=0,j=q+1 k=4,1l=j i=0, j=q+1 k=p, l=j 


p.q+s ptr.qts 
— Amnk1Uij, 
i=0,j=q+1 k=i,l=j 


we have S — Se S; S,. 


Using (9), (59), (60), and (61), we have for p > P’(m, n), g > Q(m, n), 
r,g¢=0,1,---, 


j=0 i=0 


= B,(m, n) | was | 


<= B,(m, n)[ | | + b> | +2 | | 
< 3(€/8). 


r,s =0,1,- 


Similarly we can show that | S. + S; | < 3e/8, p > P(m,n), q > Q’(m,n), | 
As a panne “i (9) and (57), for p> P(m,n), q > Q(m, n), | 


we have | 8;|=—| | | < Bi(m,n)-e=6/8. As a conse- 
k=p, l=q 
quence of (9) and (58), for p> P(m,n), g > Q(m,n), we have | 


r.q+s qt+s ptr.qts 


| | + | | | wi; | 


i=p+1,j=0 k=i,l=j i=0,j=qt1 k=i,l=j 
ptr p.q+8 
<Bi(m,n)[ |us|+ | 
i=pt1,j=0 i=0,j=qt1 
< Bi(m, n) =€/8. 
Therefore for p> P’(m,n), > Q’(m,n), r,s =0,1,° °°, 


| S| =|(S1 + 8s) + + 8s) —Ss+ | 
| Sil <e 


and U’mn exists, m,n = 0,1,- - 


| 
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THEOREM 28. S-an—>e are (9) and (10). 


Proof. Assume (9) and (10) satisfied. We can choose e, = e[8B,(m, n)]— 
and P(m,n), (m,n), so that for p > P(m, n), > Q(m, n), (57) and (58) 
are satisfied ; we can choose e, = e[8(Q + 1)U*]- and P’(m,n) > P(m,n), 
Q’(m,n) > Q(m, n) so that 


ptr 
(62) | < p>P'(m,n); r=0,1,:- *;t=0,1,-- 


qts 
(m,n); 


Assume S, S;, S2, S; and S, defined as in Theorem 27; let 


p+r.Q 


Q P 
> 


j=0 i-0 k=p, =f 


p+r 


l=0 k=p =0 


ptr.q-1 


U 5,041 Amnkl 5 


k=p, 1=Q+1 


p+r.g-t 


T; [Sus Amnxt |. 


J=Q+2 i=0 k=p, l=j 


n+r 


Then since 7, = (Up; — Up,;- 1) Omnkt = Gmnzi, and since 


j=0 k=p, l=j 1=0 k=p 
ptr.q-1 ptr-q-1 
T.+T; =U Amnkt + (Up; — Up,j- 1) Amnkl 
k=p, 1=Q+1 j=Q+2 K=p, l=j 
q-1 p+r 
> Uni Amnkl 
1=Q+1 k=p 


we have T, + 7,+-T,; —S,. U sing (62), we have | T, | < «/8, p > P’(m,n); 
using (57) and (9), we eee | T.| < «/8, p>P(m,n), a> Q(m, n) ; using 
(58) and (9), we have | 7; | < «/8, p> P(m,n), q>Q(m,n). Therefore 
| |= 4-7, | < p > P’(m,n), > Q(m,n). Similarly we 
can show that | S, | . 3/8, p > 4 n), g>Q’(m,n). It was proved in 
Theorem 27 that | Ss | << «/8, | p> >Q(m,n). 
Therefore for p > P’(m, n), g> Q’(m,n), r,s = 0,1, 


+] Si] <e 


| 
| 
| 
| 
mse- 
| 
| S| 
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k, l=0 


THEOREM 30. 


THEOREM 31. 
THEOREM 32. 
THEOREM 33. 
THEOREM 34. 
THEOREM 35. 
THEOREM 36. 


Proof. Let 


Amnkl ( — U) + 


k, 1=0 


S- 
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a—>e are (10) and (11). 


oO 
is an, > @mnxi(Ux1—U) converges. Using (11), we have 


=Amn,U. Therefore exists, since 


arn —> ub is (12). 


Dg 
| mn | = lim | =X | 


k,1=0 


p-g pd 
= lim | > Amnk | 
i.j=0k=i,1l=j 


< lim | Uij | = B,U*. 


i,j=0 


-an—>ub are (10) and (12). 
-a—ub are (10), (11) and (12). 
-arn—> b is (13). 

-an—>b are (10) and (18). 
-a—b are (10), (11), and (18). 


-arn—c are (12) and (14). 


p-1,q-1 


k, 1=0 
p—1,q-1 

k, 1=0 


fo 
T3;= > aU ui. 


k, 1=0 


> OmnaxtU == U' mn. 
k, l=0 


Proof. Using (35) and Theorem 28, we know that since {Ux:—- 0} 


fo. 
k, l=0 


Proof. Since (12) > (9), U’mn exists; we have, for msn = M,, 


Using the proof of Theorem 27, with (9) replaced by (12), we find constants 
ptr.qt+s 

and Q’ such that | >» — | < for > 
k,1=0 


| 
| 
| 

S 
| | 

S 


U} 
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r,s = 0, 1,° that is, | O’mn —T1 | < €/3, q>, 


co 
m,n= M,. As a consequence of (37), converges and we can choose 
k, 1=0 


P”, Q” satisfying p” > so that | T.—T; | < p > P”, 
q>Q”. We choose arbitrary integers P and Q satisfying P > P”, Q > Q"; 
we can choose M > M, so that for msn = M, k =0,1,---,P—1,1=0,1, 

| Amnkl — Akl | < 


It follows that for p= P, g=Q, mn=M, |T,—T.| Therefore 
for m,n > M, 


| mn — Ts | — | (U’mn — + (T, — T2) + (T,—Ts)| < €, 
and 


co 
U’ = > x1. 


k, 1=0 
THEOREM 37. S-an—c are (12), (14) and (15). 
Proof. The double sequence {Ux:— Uxoo—Uxi} is arn; since (12) 
and (14) are satisfied, 


lim Amnzt — — Ur) = (U1 — 


k, l=0 k, l=0 


The double sequence {U;cc} is an. Since (9) and (10) are satisfied, 


Koc exists, 0, and QinnktU Koc Amnkoo 3 there- 
k,1=0 k=0 
ioe 
fore noo = S It follows that we can find P’ so that 
k=0 k,1=0 


p-1 


k,1=0 


oo 
In order that the simple series aU, converge whenever > | Ui, — Ux- | con- 


k=0 k=0 
verges and lim U;—0, it is necessary and sufficient that there exist a 
p 
constant B, such that | Sa. | < B,, p=0,1,- - - ; therefore, as a consequence 


k=0 


of (38) we can find P” satisfying P” > P’, so that 


p-1 oo ” 
| aco — Dd | < ¢/3, 
k=0 


k=0 


10 


826 FLORENCE M. MEARS. | 


Since (15) is satisfied, for an arbitrary P satisfying P > P”, we can find | 
M so that, for p =P, 


p-1 p-1 
| — < €/3, mn= M. 
k=0 k=0 


Therefore for m,n = M, 


co 
| Amnxt U Koc > | < €. 
k, l=0 k=0 


It follows that 
(64) U’ = lim U icc Ut) + Uxoo U1] 


k,1=0 


fe foe) 
1=0 k=0 1=0 


THEOREM 38. S-a—>c are (12), (14), (15) and (16). 


Proof. Since the double sequences {U} and {Ux%:—U} are a and an 


co fo, 
respectively, @mnxiU and > @mnxi(Uxi — U) exist, m,n =0,1,- - Since 
k, 1=0 k,1=0 


(16) is satisfied, 
lim OmnxiU = UA; 


m,n—0o k,1=0 


since the conditions of Theorem 37 are satisfied, 


(65) U’ = lim > + (Ux1—U)] 


k, 1=0 


=UA+ + U — — Voor) aux (Vico —0) 


k, 1=0 
oo 

+ 
i=0 


THEOREM 39. S-arn— bce are (13) and (14). 


TrroreM 40. S-an— be are (13), (14) and (15). 
THEorEeM 41. S-a—>be are (13), (14), (15) and (16). 


THEOREM 42. S-arn—cn are (12) and (17). 


THrorEM 43. S-an—>cn are (12), (17) and (18). 


find 


nd an | 


Since 
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TurorEM 44. S-a—>cn are (12), (17), (18) and (19). 
THEOREM 45. S-arn— ben are (13) and (17). 

THEOREM 46. S-an—>ben are (13), (17) and (18). 
TurorEM 47. S-a—> ben are (13), (17), (18) and (19). 
THEOREM 48. S-arn—urc are (12), (14) and (20). 


Proof. Let T;, T, and T, be equal respectively to T,, T, and T, of 
Theorem 36, with ax: replaced by dmox:. Let m represent an arbitrary 
constant satisfying m= M,-+ M.. Using (20) and replacing (37) by (39), 
we prove (as in Theorem 36) the existence of constants P, Q and N such that 
the following relationships are satisfied: | U’mn —T, |< ¢/3 and | T; | 


p=P, q=—Q, n=N; exists and | T,—T;| < «/3, 


p=P,q=Q. Therefore 
(66) moo = m= M,+ M2. 


k, 1=0 


THEOREM 49. S-aurn—> ure are (12), (14), (15), (20) and (21). 


Proof. As a consequence of Theorem 48, for m= M,-+ Mz, 


(67) lim Amnki — Uxco — = Amoowt — Uxeo — Uo). 


n>00 k, 1=0 k,1=0 


We can find P’ as in Theorem 37, so that (63) is satisfied. Since {Ux} is 
aurn, we can find P” satisfying P” > P’ so that Uo =0, k > P”; therefore 
we have 


p-1 ee) 
| — Ameo co | < ¢/3, p>P”. 
k=0 k=0 


Since (21) is satisfied, for an arbitrary p satisfying p> P”, we can find 
M>M,+ so that 


p-1 p-1 
| 0x00 — Ameo x00 00 | < m= M. 
k=0 


Therefore for m => M 


ee) 
| AmnktU x00 > %moox00U | 
k, 1=0 k=0 


827 
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It follows that for m= M, 


(68) moo = lim >> Amnxil (Ux1 — Uxco — + + 


nx k,1=0 


k, 

1=0 


THEOREM 50. S:an—> ure are (12), (14), (15), (20) and (22). | 


Proof. The double sequence — —Uc1} is arn; therefore (67) 
is satisfied. The rest of the proof is the same as that of Theorem 37, with aa, 
(38), (15) and (64) replaced by ¢mocxoc, (40), (22) and (68) respectively. 


THEOREM 51. S-a-—>ure are (12), (14), (15), (16), (20), (22) 
and (23). 


Proof. Since (23) is satisfied, = AmnziU exists, m,n =0,1,- - -, and 


approaches UAmao as 0, m= . Since the conditions of 50 


co 
are satisfied, @mnxi(Ux1—U) exists, m,n —=0,1,- +, and approaches a 
k, 1=0 
limit as n> 0, m=M,+M.4+ M;. Therefore, for m= M,+ M.+4; 
+ 


(69) moo =U Amoo + Amockt (Ux: U — Uxco — 
k, 1=0 
+S roo —U) + @moocer(U — U). 
k=0 1=0 


THEOREM 52. S-arn—burc are (13), (14) and (20). 


THEOREM 53. S-aurn—> bure are (13), (14), (15), (20) and (21) 


TuroreM 54. S-an—>bure are (13), (14), (15), (20) and (22). 


TurorEM 55. S-a—>bure are (13), (14), (15), (16), (20), (2) 
and (23). 


TR 


THEOREM 56. ‘arn —> uren are (12), (17) and (20). 


THEOREM 57. S-aurn—urcn are (12), (17), (18), (20) and (21): 


THEOREM 58. S-an—>uren are (12), (17), (18), (20) and (22). 


| 

| 
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TurorEM 59. S-a—>uren are (12), (17), (18), (19), (20), (22) 
and (23). 


TuroreM 60. S-arn— buren are (13), (17) and (20). 


THEOREM 61. S-aurn— buren are (13), (17), (18), (20) and (21). 


TR 


| THEOREM 62. S-an— buren are (18), (17), (18), (20) and (22). 


THEOREM 63. S-a—>buren are (13), (17), (18), (19), (20), (22) 
and (23). 


THEorEM 64. S-arn—>urcrn are (12), (14) and (24). 


(67) 

1 ac, Proof. Since the conditions of Theorem 48 are satisfied, we have (66) ; 
‘ely, using (24), we have U’mo =0, m= M,+ M,+ M;. 

(22) THEOREM 65. S-aurn—urcrn are (12), (14), (15), (24) and (25). 


Proof. Since the conditions of Theorem 49 are satisfied, we have (68). 
, and Choose and J) so that =0, k > ko, and =0,1>15. We can 
choose M’, satisfying M’,> M.(k), k=0,1,---,k and M’,>M,(l), 


Then for m= M+ U’nco 0. 
hes a 

‘ THEOREM 66. S-an—>urern are (12), (14), (15), (24) and (26). 
+ 


Proof. The conditions of Theorem 50 are satisfied; choose m=M 


M,. 


THEOREM 67. S-a—>urcrn are (12), (14), (15), (16), (24), (26) 
and (27). 


Proof. Since the conditions of Theorem 51 are satisfied, we have (69) ; 


choose m = >> Mj. 


i=1 
THEOREM 68. S-arn—>burern are (18), (14) and (24). 
THEOREM 69. S-aurn—burcrn are (13), (14), (15), (24) and (25). 
THEOREM 70. S-an—>burern are (18), (14), (15), (24) and (26). 


THEOREM 71. S-a—>burcrn are (18), (14), (15), (16), (24), (26) 
and (27). 


THEOREM 72. S-arn—>rc are (13), (14) and (28). 


| 
| 
| 
| 

| 

(22) 
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Proof. Use the proof of Theorem 48 with M, = M.=—0. 


THEOREM 73. 


S-an—>rc are (13), (14), (15), (28) and (29). 


Proof. Use the proof of Theorem 50, with M, = M; = 0. 


THEOREM 74. S-a-—>rec are (13), (14), (15), (16), (28), (29) and 
(30). 


Proof. Use the proof of Theorem 51, with M; = 0, 1—1, 2, 3, 4. 


THEOREM 
THEOREM 


THEOREM 


(30). 


and 


and 


THEOREM 


THEOREM 
(29). 


THEOREM 
(29). 


THEOREM 81. 


75. 


76. 


80. 


S-arn—rcn are (13), (17) and (28). | 
ren are (13), (17), (18), (28) and (29). 


S-a—rcn are (13), (17), (18), (19), (28), (29) and 


S-arn—>rcurn are (13), (14), (24) and (28). 


S-aurn—rcurn are (13), (14), (15), (24), (25), (28) 
S-an—rcurn are (13), (14), (15), (24), (26), (28) 


S:a—rcurn are (13), (14), (15),.(16), (24), (26), 


(27), (28), (29) and (30). 


and 


THEOREM 82. 


S-arn—rcrn are (13), (14) and (81). 


Proof. Use the proof of Theorem 72, with amoox: = 0. 


THEOREM 83. 


S-an—rcrn are (18), (14), (15), (31) and (382). 


Proof. Use the proof of Theorem 73, with = = &moo = 0. 


TurorEeM 84. S-a—>rcrn are (13), (14), (15), (16), (31), (32) 


(33). 


Proof. Use the proof of Theorem 74 with Anaxi = &moozoo = mo ol 


Amoo = 0. 


THEOREM 85. 


co 
Proof. Since (34) (9), Wmn—= > exists; it follows that 
k,1=0 


S-arn—a is (34). 


= 
79. 
= 
| 


and 


and 


that 
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for arbitrarily chosen m > and mo, and for a given e, we can find ko and lo, 


dependent upon mo, No and e, so that 


| > x1 | < e(Mo + + 


m = 0, 1,: n=0,1,-- 
Therefore 
Mos 
m,n=0 m,n=0 k,l=0 
Since 
Ko. 1 0 Kos Ko. lo 
| Ux1 | = DmnkiUpg | 
m,n=0 k,1=0 m,n=0 p,g=0 k=p, l=q 


p.q=0 m,n=0 k=p, l=q 


we have, as a consequence of (34), 


Mos 


| U'mn | < Be = | Upq | +e 


m,n=0 
€. 
Therefore 
m,n=0 
or 
oo 
| | = 
m,n=0 


No- 


The proof of each of the following two theorems is the same, except 
for the proof of the existence of the transform, as that of Theorem 85. 


THEOREM 86. S-an—>a are (10) and (34). 

THEOREM 87. S-a—>a are (10), (11), and (34). 
THEOREM 88. S-arn—>an are (1%) and (34). 
THEOREM 89. S-an—an are (17), (18) and (384). 
THEOREM 90. S-a— an are (17), (18), (19) and (34). 


THEOREM 91. S-arn—>aurn are (24) and (34). 


THEOREM 92. S-aurn—>aurn are (10), (24), (25) and (34). 


THEOREM 93. S-an—aurn are (10), (24), (26) and (34). 


| 
| 
= | 
| 
| 
(28) 
(28) 
26), | 
= 0), 
32) 
| | 
0 00} 
= 
| 
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THEOREM 94. S-a—>aurn are (10), (11), (24), (26), (27) and (34), 
THEOREM 95. S-arn—arn are (31) and (34). 


THEOREM 96. ‘an—arn are (10), (31), (82) and (34). 


S 
THEOREM 97. S-a—>arn are (10), (11), (381), (82), (83) and (34). 


7. Conclusion. The conditions which have been proved sufficient in 
Section 6 are also necessary. This can be proved by the use of the theorems 
of Section 5. | 

If the conditions of Theorems 38, 41, 51, 55, 74 or 87 are satisfied, 
a—c, be, urc, burc, rc or a, respectively; in each case U’ is found in (65), 
In order that U’ = UA, it is sufficient that ax: = &00 = Gor = 0; therefor 
U’ = UA, and hence U’ 0 when U = 0, if in each of these theorems we 
replace conditions (14) and (15) (which are included by implication in the 
case of Theorem 87) by (17) and (18). If, in addition, A —1, we have 
U’ =U. In both cases the conditions are not only sufficient, but necessary 
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ON THE LOCATION OF SPECTRA OF DIFFERENTIAL 
EQUATIONS.* 


By Sytvan WALLACH. 


1. Let f(t) be a real-valued continuous function on the half-line 
0<t < o, and let A be a real parameter. The function f(¢) and the differ- 
ential equation 


(1) + (A+ 


are said to be of Type I if not every solution of (1) is of class Z?(0, 0) for 
some A, (hence for every A, cf. [8], p. 238). Otherwise f(t) and (1) are 
said to be of Type II. (The two types correspond to the Grenzpunktfall and 
Grenzkreisfall of Weyl [8].) If f(t) is of Type I, then it is known that (1) 
and the boundary conditions 


(2) x(0) sing + 2’(0) cosa—0, 


(3) 


define a self-adjoint boundary value problem and determine a spectrum Sq 
in accordance with the theory of Hilbert’s space. 

If f(t) is of Type I, let P, denote the point spectrum, Cy the cies 
spectrum and PD, the cluster spectrum of (1), (2) and (3), so that 
Sa=Pa+Ca+ Da. Then d is in S, if and only if the differential equation 


a” + 


and boundary conditions (2) and (3) fail to have a solution for some con- 
tinuous function g(t) of class L?(0, 0); whereas A is in P, if and only if 
(1), (2) and (3) have a solution a(t) #0; finally Dg consists of the cluster 
points of Pz. It is further known that C,-+ Da, the derived set of Sq, is 
independent of «; cf. [8], p. 251. This invariant A-set will be called the 
essential spectrum and can be denoted 8’. 


2. We shall prove: 
(I) If 


(4) < @, 


* Received April 22, 1948. 
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then 
(i) (1) ts of Type I, . 


(11) no positive A ts in Pa, 

(iii) every non-negative d is in Ca, 

(iv) no negative A ts in Ca, 

(v) Da consists at most of A\=0, 

(vi) Pa ts a bounded set (for fixed a). 
(II) If 
(5) lim sup | f(t)| < 

then the assertions (i), (iv) and (vi) of (1) are true. Further, if b denotes 
the limit superior in (5), then 

(ii*) no A> ts in Pa, 

(iii*) every bd? ts in Cg. 
The following theorem is stated for the sake of completeness. 


(III) If etther 


(a) at < 
or 
(b) af(t)| < with 


then (i) to (vi) of (1) hold. 


Case (a) of (III) (with the additional assumption f(t) =o0(1), as 
t—» ©) goes back to Weyl [8] (see also Titchmarsh [4]). The method of 
treatment depends on the determination of the spectral resolution ; however, 
both cases in (IIT) are easily proved by virtue of known asymptotic formulas 
and oscillation theorems, without the explicit determination of spectral 
resolutions. 


3. The assumptions of the theorems imply that f(¢) is small in some 
sense as t—> 0. In (I) and in case (a) of (III) smallness is imposed by an 
integrability condition, so that f(t) need not be bounded, whereas in the 
remaining theorems f(t)=o(1) as Although the condition 


| 
| 


| 
| 

| 


otes 
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f(t) =0(1) alone is sufficient that (i) and (iv) hold, it remains undecided 
whether the same is true of (iii). 


4, Nevertheless, it can be shown that the theorems are the best possible 
in so far as assertions (ii) and (ii*) are concerned. In what follows let 


e>0. 
(I*) Assertion (ii) of (I) ts not true if (4) 1s relaxed to 


(6) f 


(II*) Assertion (ii*) of (II) ts not true if the lower bound b* for Xr 
is replaced by b? —«. Moreover 6? cannot be replaced by an absolute constant. 


(III*) Neither 


(a*) f(t)| dt << 
nor 
(b*) f’(t)| **dt < 0, with =0 


is sufficient that (ii) hold. 


5. Before proceeding with the proof of (1), some facts implied by a 
weaker assumption than (4), namely, 


* 00 
(2) J 
will be stated as a lemma: 


(IV) If f(t) is of class L2(0, 0), then (1) is of Type I. Moreover, 
if (1) has a solution x(t) 40 of class L?(0, 0)for AA, then a’(t) and 
are of class L?(0, 0); x(t) and x’(t) are o(1) as ©; and, tf 
0, 

t 
(8) lim | 2(s)ds 


exists; (i.e., a(t) is improperly integrable.) 


Since (7) and the assertions of (IV) are invariant under the substitution 
t= || #t, which replaces \ in (1) by sgn, it is sufficient to consider only 
the three cases A—0, A= +1. Suppose then, that for A=A,—1, 
is a solution of (1) which is of class L?(0, 0). In view of (7), f(t)x(t) 
is of class L(0, 00), so that a(t) is a solution of the integral equation 


{ 
| 
of 
ver, 
las | 
tral | 
yme | 
an | 
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jon 
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t 
(9) z(t) = f f(s)x(s) coss ds} sin 
0 


+ J sin s ds} cos 


for a suitable choice of the constants c,, c.. Thus 


(10) z(t) =c;sint+ c,cost-+o0(1) as 
where 


Cy = C, + cos s ds. 


In order that z be of class L7(0, it is necessary that c. cs = 0 in (10). 
Hence (9) can be written in the form 


(11) a(t) = sin (t—s)ds. 


Moreover, since 


formal differentiation of (11) is justified, so that 


(12) a’(t) = cos (t —s)ds. 


Formulae (11) and (12) show that x and 2’ are 0(1) ast—> oo. The bounded- 
ness of x, along with (1) and (7), then implies that 2” is of class L7(0, ©). 
Hence 2’ is also of class L*(0, 0). 

For the case A= 1 of (1), let y(t) be any solution of class L°(0, 0). | 
Then the Wronskian, ry’—y’x, is 0(1) as t->» 0. Consequently 2 and y 
are linearly dependent, and this implies that the differential equation (1) 1s 
of Type I. The remaining assertion of (IV), for the case Ay = 1, follows by 
a quadrature of (1): 


(ta) + a(s)ds+ “f(s)2(s)ds 


Since fx is of class L(0, 0), and 2’ o0(1), the preceding formula line 
implies the existence of the limit (8). 

The truth of (IV) for the case 4» —1 can be readily inferred from 
known asymptotic formulae [2]. For in this case the differential equation 
(1) has a solution x(t) of class L°(0, 0) which satisfies 


a(t) ~ x’(t)/x(t) ~—1, as 


| 
| 
| 


om 
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Consider finally the case Aj —=0. Then (1) reads 


(13) + 


Integration of (13) shows that the limit of 2’(¢) exists as > 0, and since 
z is of class L?(0, 0), this limit must be 0. Therefore x(t) is 0(1) ast «, 
which means that «” and, in turn, 2’ is of class L?(0, 0). This completes 
the proof of (IV). 


6. The first assertion of (I) was proved in the lemma (IV). In order 
to prove (ii) and (iii) in (I), it can be assumed that A 1. Accordingly, 
if (1) has a solution a(t) #0 of class L°(0, 0), then x(t) satisfies (11). 
Hence (4) (which implies (7)), and (11) give 


t “t 


Moreover, the solution x(¢) is assumed to be not identically zero, so that the 
positive function 


r=f(t) = 


is strictly decreasing. After introduction of r into (14) as a new dependent 
variable we obtain 


0s—rsr f (s)as, 
t 
that is, 
(15) 0 = (log r)’ = — “72(s) ds. 
t 


Upon integration of (15) there results 


(16) log (r(t)/r(0)) =— f au 


Since r(t) =o0(1) as (16) implies 


t 
lim f sf?(s)ds = 0, 


too 0 
but this contradicts (4). Hence (ii) follows. 


The truth of (iii) can now be concluded from an oscillation theorem 
of Hartman and Wintner which states that every A is in Sq for some 2, cf. [3]. 
Since no positive A is in Pg for any a, it follows that every positive A is in 
Cz for some a. On the other hand, every A in C, for some 2, is in the essential 
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spectrum 8’. Since §’ is the derived set of Sa, every positive A is in Cy for 
every a The fact that C, is a closed set completes the proof of (iii). 


7. The assertion (iv) will be proved for (1), (II) and (III) together, 


It is known that any one of the conditions 
f(t) =0(1) as t> 
f(t) is of class L?(0, 0), p21 


is sufficient in order that (1) be of Type I and that all solutions of (1) be 
non-oscillatory (that is, have only a finite number of zeros) when A < 0) (see 
[1] and the references cited there.) It was also proved in [1] that if the 
solutions of (1) are non-oscillatory for AX =A o, then no A < Ap is in the con- 
tinuous spectrum and only a finite number of characteristic numbers are less 
than Ay. This proves (iv), and in view of (ii) or (1i*), (v) and (vi) when- 
ever the latter are asserted. 


8. The assumption (5) of (II) implies 
(17) f(t) =0(1) as too. 


It is known that if f(t) satisfies (17) and if A > 0, then any solution z(t) 
of (1) has, on some half-line tp < ¢t < o, the following properties (see for 
example [7]). There exists a sequence fy) <u; < U2< - such that the 
distance Un,1— Uy tends, as n—> o, to a finite positive limit (= 7/A), and 
z(t) is positive and concave, or negative and convex (from below) according 
as ¢ is on the open intervals (1, U2), (ts, Us), (Us,Us),* * OF (Ua, Us); 
(Us, Us), (Us, Ur),° the points t= U2, Us,- being both the zeros 
and the points of inflection of x(t). Furthermore z(t) is nowhere constant, 
and so there exists on each of the intervals (Un, Uni) &@ unique point, say 
t = vp, at which the derivative of z(t) vanishes. The absolute value of the 
slope z’(t) has on the interval (vp, Vn.) a unique maximum, say bn,, and 


(18) Dass == (Unsr)- 


Thus the local maxima of the absolute values of 2’(¢) occur just at the zeros 
of z(t). Moreover, let cn denote the (absolute) area of the n-th half-wave 
of z(t). Then it is known [7] that 


(19) Cnsi/Cn > 1, 


(20) Dns1/bn 1, 


— 
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and 
(21) Cn/On —> 2/d. 


In order to prove the above facts Wintner made use of the inequality 


where h = + Az’), and a (> and > «are arbitrary; [7], page 391. 
It will be shown that c,° diverges by virtue of the assumptions of (II), 
and this in turn will imply that z(t) is not of class L?(0, 0). In (22) put 
@=Un, Then since 2’(tn) =bn, = 0, 
Un 
Let A > 07, and choose « > 0 so small that 
0<r4(b + €) + 
Since — Un = 7A 4-+ 0(1), there exists on the one hand a positive 
integer N such that 
Unsi — Un < + € forn > N, 
and, on the other hand (by telescoping the reverse inequality), 
Un = €) for n> N. 
Choose NV so large that also 


t|f(t)| <<b+e for n> N. 
Then 


S + €) (6 + €) S1/n 
by virtue of the preceding inequalities. Combining (23) and (24) we obtain 


(25) log (b7n41/bn?) = —1/n for n> N, 


and (25) is sufficient that 3b,? diverge. Hence, according to (21), %c,? also 
diverges, By Schwarz’s inequality, 


“ tn 


(f (t) dt)? S (tan — “22 
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The boundedness of — and the divergence of now imply 


@. 

This proves (ii*) of (II). Then (iii*) follows from (ii*) as did (iii) from 
(ii) in (1). Since (i), (iv), and (v) of (II) were proved in 7, the proof 
of (II) is complete. 

9. It is clear from the proofs of (1) and (II) that only assertion (ii) 
of (III) requires proof. If (a) holds and if A > 0, then any solution 2(t) 
of (1) satisfies the well-known asymptotic relation 

x(t) =acos + bsin t+ 0(1) ast>o 

Hence x(t) cannot be of class L?(0, 0). 

Much less than an asymptotic formula is needed for case (b) of (III). 


Let A> 0 and let w,, +, Un,* be the successive zeros of any solution 
x(t) of (1). Then if f(¢) satisfies (b) there exists a constant c > 0 such that 


+ 0(1) as N—> 


cf. [6], pp. 258-260. Thus again x(t) cannot be of class £7(0, 0). 


10. All the assertions of 4 can be proved by applying a method of con- 
struction due to Wintner [6]. Let » and vy > 0 be constants. Then 


t 
(26) x(t) (uf cos? vs ds) cos vt, t > 0, 
is a solution of . 
(27 + (v?+ f(t))x=0, 
in which 
(28) f(t) = 2pvt- sin 2vt + cos? vt (1 — p cos? vt). 


It is evident that the potential f(t) defined in (28) does not satisfy (a) o 
(b), but does satisfy (a*) and (b*). Moreover, the boundedness of tf (t) 
implies that (6) also holds. Further 


(29) lim sup ¢ | f(¢)| =2 |p| v. 


t . 
Since f s cos? vs ds ~ 4 log t, the solution a(t) of (27) can, according 10 
(26), be written 


x(t) == tH/2+0(1) eog 
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If p< —1, then a(t) is of class L*(0, 0). The truth of (I*), (11*) and 
(111*) is now easily inferred. 
If we put vO in (26), (27) and (28), we obtain the differential 
equation 
2” + —0 


with the solution x«(¢) 74. This shows that the lower bound b? for A can 
be in the point spectrum. It follows also that the limitation A, +40 in the 
last assertion of (IV) cannot be removed. 
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THE SPECTRA OF PERIODIC POTENTIALS.* 


By Sytvan WALLACH. 


1. Let f(¢) be a real-valued continuous function with the period 1, and 
let X be a real parameter. Boundary value problems associated with the 
differential equation 


(1) x” + (A+ f(t))e=0 


have been extensively discussed in the mathematical and physical literature 
(see for example [31], [4]). The nature of the spectra for certain of these 
boundary value problems will be examined below. 

It is well known that the characteristic equation of (1) has the form 


(2) — 2A(A)p +1=0, 


where A(A) depends only on A. If complex values of the parameter A are 
admitted in (1), then A(A) is an entire function which is real when A is real. 

Let p(A) be one of the roots of (2), so that the other root is 1/p(A). Then 
there exist two real sequences Ai, i = 0, 1, 2,- - and Aj*, 7 = 1, 2,° -, such 
that (1) has a periodic solution ¢;(¢) with period 1 when A = Aj, and a half- 
periodic solution ¢;*(¢) with period 2 when A= Aj*. On the interval 
<1, ¢i(t) hasi ori+ 1 zeros and ¢;*(t) has j —1 or j zeros according 
as 7 and j are even or odd. Furthermore, 


(3) <A SA, SA, 


The corresponding values of p are p(Ai) = 1, p(Aj*) = —1, and the A-values 
occurring in (3) are the only ones for which p(A) = +1. 

If p(A) ~ + 1, that is, if AA Ai, A ~A;*, then (1) possesses two linearly 
independent, complex-valued solutions of the forms 


(41) @1(t) = p'6,(t), (42)- 2(t) = 
in which 6; and 2 have period 1, so that 
(51) (¢ + 1) (t), (52) 1) = 


It is further known that if A is in one of the open intervals (— %,o); 
(Azis1, Avive) OF (Azj-1*, Azj*), then p(A) is real, so that the solutions (4) ate 
unbounded on —- © <¢< 0, Such A-values and the corresponding intervals 
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are said to be of unstable type. On the other hand, if A is in one of the open 
intervals (Asi, Azier*) OF (Azi+2*, Aziz), then p(A) is not real, in which case 
the solutions (4) are bounded—in fact, uniformly almost-periodic. Accord- 
ingly, these A-values and intervals are said to be of stable type. For the facts 


stated above see, for example, [4], p. 15. 


9. Let n be a positive integer. The differential equation (1), the 


boundary condition 


(6) z(0) =2(n) =0, 
and the normalization 
n 
(7) f z?(t)dt =1 
0 


determine a point spectrum = 1+ = 0,1,2,- and a sequence of 
characteristic functions yi". The following facts concerning 8" will be proved. 


(I) The spectrum S" = {A;"} of the boundary value problem determined 
by (1), (6) and (7) has the following properties: 


(i) If p(A) ts a complex 2n-th root of unity, then d is in 8". 
(ii) p(Amn-1") is real for m=1,2,°°-. 
(iii) Amn-1" — for r= as 2, 


(iv) p(Ai") is a complex 2n-th root of unity for iAmn—1, m=—1, 
2,°°*. Consequently, there is just one characteristic number, Amn-1", in the 
closure of each interval of unstable type and there are n—1 successive charac- 
teristic numbers, Xi", i= mn,: - +,mn+n—2, in each open interval of 
stable type. Moreover, the characteristic functions Wmn-1" =wWm-1 have the 
form (4:) or (4,). All the other characteristic functions have a period, 2n. 


Theorem (I) generalizes and completes a result of Wirtinger [7], who 
proved, for the case in which f(t) is an even function, that d is in S* only if 
p(A) is a 2n-th root of unity. Although Wirtinger does not explicitly assert 
the partial converse—that d is in S" if p(A) is a complex 2n-th root of unity— 
its truth is evident from the arguments used. Wirtinger’s proof is repeated, 
with somewhat more detail. by Hilb [2]. 


A corollary of (I) is: 


(II) A continuous determination of the argument of p(A) is a strictly 
monotone function of AX when p(A) is not real. 
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Instead of (6) and (7), consider the boundary conditions 


(8) 2(0) =0, 
(9) =i. 


These boundary conditions, together with (1), define a boundary value problem 
and determine a spectrum in the sense of Hilbert’s space. We shall prove: 


(III) The continuous spectrum S- of the boundary value problem (1), 
(8) and (9) consists of the closure of the set of » values of stable type; the 
point spectrum is contained in the set {Am-1*}; and the cluster spectrum con- 
sists at most of the point ¥= 0. The characteristic functions are contained | 
in the set {Wm-17}. 


The first assertion of (III) was proved by Wintner; cf. below. 


(IV) Jf f(t) is an even function, then the point spectrum of the boundary 
value problem (1), (8), (9) ts empty. 


The statement (IV) is particularly interesting in view of an oscillation 
theorem of Hartman and Wintner [1] which states that every A not in the 
continuous spectrum or the cluster spectrum is in the point spectrum for some 
homogeneous boundary condition, 7(0) sine + 2’(0) cosa—0. Thus, as 4 
varies, the point spectrum sweeps over the intervals of unstable type. Never- 
theless, (IV) states that the point spectrum is empty when « = 7/2. 


3. It is not known in what sense, if any, the continuous spectrum S; | 
of the boundary value problem determined by (1), (8) and (9) can be defined 
to be the limit, as T — ©, of the spectra S? of Sturm-Liouville boundary value | 
problems associated with (1) on the bounded interval OS¢t=T. That some | 
caution is required in formulating a definition, according to which Sc is the 
limit of S? as T’—> ©, can be seen from the following simple considerations 
Let the boundary condition (6) be replaced by 


(6 bis) =2(T) =0, T> 90, 


and let S? = {di7} be the corresponding point spectrum. It is then clear, 
from the continuous dependence of the points of the spectrum on T, that every 
A > Ao is the limit of some sequence di,7* in which % and T;, tend to 0 with k. 
Moreover, if 7 is restricted tu integral values, Sc is not the set of points, A, 
for which there exist sequences Aj,” >A as N—> o, Since Amy) is in 8” for 
every m, but Am. is not, in general, in S*. Nevertheless, the following state 


ment can be proved. 
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(V) For the boundary value problem (1), (8) and (9), S"—>Se as 
n—> 0, in the following sense: If is in Sc, then for every « > 0 and for 
every positive integer k, there exists an integer N(k,€) such that the e-neigh- 
borhood of A contains more than k points of Sy, whenever n > N(k,€); on 
the other hand, if X is not in Sc, there exists an e > 0 such that the e-neighbor- 
hood of A never contains more than one point of Sn, n=1,2,° °°. 


According to (III), the continuous spectrum S¢ consists of a sequence of 
closed intervals, viz. the closures of the intervals of stable type. The content 
of (V) can be expressed by saying that, as n— 00, the points of S" become 
dense in the intervals of stable type, whereas the unstable intervals remain free 
of the point spectra except for isolated A-values. 


4, Theorems (III), (IV), and (V) complement certain results of Hilb 
[2] who obtained the analogue of the Fourier integral theorem for that case 
of (1) in which f(¢) is eveu. Hilb’s method consists essentially of two steps— 
first representing the Green’s function for the boundary condition (6) in terms 
of the characteristic functions and then passing to the limit asn—- oo. He 
proves that the Green’s functions tend to a bounded kernel which is expressed 
as an integral whose domain is the “ continuous spectrum.” The “ continuous 
spectrum ” was taken to be the sequence of intervals in which the points of the 
S" become dense. ‘That Hilb actually obtained the continuous spectrum in the 
sense of Hilbert’s space is shown by (III) and (V). 


5. Proof of (I). Let p(A) A+1. Then the general solution z(t) of 
(1) is a linear combination, 


(10) v(t) =az,(t) + bz2(t), 


of the linearly independent solutions (4). In view of (5), the solution (10) 
satisfies (6) and (7) if and only if the system of homogeneous equations 


r(0) =az,(0) + b2.(0) =0 
x(n) = ap"2,(0) + bp = 0 


possesses a non-trivial solution (a,b), that is, if and only if the determinant, 


(11) 


(12) A = 2, (0)x2(0)(p™— p"), 


of (11) vanishes. According to (12), A= 0 whenever p(A) is a 2n-th root of 
unity. This proves (i). 

Suppose, on the other hand, that A =A,” is a characteristic number with 
p(X) not a 2n-th root of unity. Then it is evident from (12) that A= 0 only 
if or 22(0) vanishes, say 2,(0) —0. From the form (4,) of (t) 
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it is clear that the zeros of z,(¢) are periodic, with period 1. Hence x(n) =0, 
It follows that the characteristic function yi" is some constant multiple 
(perhaps complex) of 2,(4). Separation of z,(¢) into real and imaginary 
parts shows that this is possible only if p is real. | 
Moreover, vanishes at =0,1,2,---, so that Wi" m=1, 
2,:- +. In other words, every characteristic number A for which p(A) ~+1 
is real is a characteristic number for every n. That this is true also for 
p(A) = +1 can be seen as follows. Let 80 or 1 according as p is + 1 or —1, 
Then, when p= +1, there exist linearly independent solutions e‘ty,(t), 
and e™t(y,(t) + ctyi(t)), in which x, and x2 have period 1, and ¢ isa | 
constant. If | 
Wir (t) = eft + B(x2 + } 


is a characteristic function, vanishing at t= it is easily seen that 
b =0. Hence wi” vanishes at ¢=0,1,2,°-°. 
So far we have proved that: 


(*) When p(A) is not real, A is a characteristic number tf and only if 
p{A)** =1; when p(A) is real, A is a characteristic number for every n or 
for no n. 


6. It will now be proved that there is just one characteristic number in 
the closure of each interval of unstable type, (— ,Ao) excluded. According 
to (*), this assertion is independent of »; hence it may be assumed that 
n==1. But then there are no characteristic numbers for which p(A) 3s 
complex, and the assertion follows from the remark preceding (3) by virtue 
of Sturm’s comparison theorem. 

Consider now the sequence of characteristic numbers 


and the corresponding sequence of characteristic functions 


Since Ym-1* has periodic zeros, vanishes at ¢—0,1,2,- - and has m zeros 
on [0,1], Ym-12 has mn +1 zeros on [0,n]. Consequently, 


(13) = Amn-1" Ym-1> = Wmn-1"5 n=1,2,°°', 


and the characteristic numbers in (13) are all the characteristic numbers for _ 
which p(A) is real. This proves (ii) and (iii). 
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For fixed n, the characteristic numbers occurring in (13) are 
An-1"5 Azn-1"5 Asn-1"5 


Hence there are just »—141 characteristic numbers in each open interval of 
stable type. This proves (iv) and completes the proof of (I). 


%. Proof of (II). It is known, cf. e.g. Strutt, loc. cit., that p(A) is 
positive in the intervals Azi+1,Azi+2 and negative in the intervals 
According to (2), the continuous function p(A) cannot change sign without 
crossing one-half of the complex unit circle. Thus, as » traverses an interval 
of stable type, p(A) is a complex 2n-th root of unity at least n—1 times. 
The truth of (II) can now be inferred from the facts that there are exactly 
n—1 characteristic numbers in an open interval of stable type, the 2n-th 
roots of unity are dense in the unit circle, and p(A) is an analytic function. 


8. Proofs of (III) and (IV). The differential equation (1) has a 
solution z(t) 0 of class L?(0, 0) if and only if A is of unstable type. Let 
a(t) 40 be of class L°(0, 0). Then if (8) is also satisfied, 1(¢) —0 for 
t=0,1,2,---, and so x(t) also satisfies (6) and, except for a constant 
factor, (7). Therefore, X—Am-:? for some m. This proves all of (III) 
except the assertion concerning the continuous spectrum. This assertion, how- 
ever, is a particular case of a theorem of Wintner on the location of continuous 
spectra, [5] p. 23, see also [6]. 

In order to prove (JV), one need only observe that according to Wirtinger, 
lec. cit., f(t) = f(-—t) implies that p(A)*" = 1 for every characteristic number 
A of the boundary value problem (1), (6). But then every characteristic 
function is either uniformly almost periodic or of the form x2(t) -+- ctyi(t). 
Hence no solution can be of class L7(0, 0). 


9. Proof of (V). The proof of (V) is implicit in the arguments used 
above. If A is in S., then every neighborhood of A contains infinitely many A 
values for which p(A) is a complex 2n-th root of unity. On the other hand, 
in the interior of each interval of unstable type there is at most one A value, 
namely Am, which can be in S*. 
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THE LEAST CLUSTER POINT OF THE SPECTRUM OF BOUNDARY 
VALUE PROBLEMS.* 


By Puitie HarrmMan and Catvin R. Putnam. 


1. In the differential equation 


(1) (A—q)y = 0, 


let g=q(«) be a real, continuous function on 0 = a2< o and let A denote 
a real parameter. Only real-valued solutions of (1) will be considered. 
For a fixed , the differential equation (1) is said to be oscillatory or non- 
oscillatory according as every non-trivial solution y= y(z) has or does not 
have an infinity of zeros on OS < 

If, for some A (and hence for all A), (1) possesses a solution y= y(z) 
for which 


(2) 00 


is satisfied, the differential equation (1) is in the Grenzpunktfall according 
to Weyl’s terminology; [7], p. 238. In this case, (1) and a homogeneous 
boundary condition 


(3) ay(0) + By’(0) =0, 


determine an eigenvalue problem. The set S’ of cluster points A of the spec- 
trum of the boundary value problem (1), (3) is independent of the choice of 
the boundary condition (3) and is determined by (1) alone; [7], p. 251. The 
object of this paper is to characterize the least point (possibly + ©) of the 
closed set S’. 

For example, it is known that if g = (2) satisfies the condition 
(4) p=liminf g(r) >— ow, 

©) 

then the differential equation (1) is in the Grenzpunktfall; [7], p. 238: 
furthermore, if (1) is oscillatory for A =, then A = p is the least point of 9’; 
[7], p. 252. 

Also, it has recently been shown [6], § 10 that if 
(5) w=lim q(z) 
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exists, then A =p is the least point of 8’ (whether or not (1) is oscillatory 
when Ap). The proof of this assertion depends on an adaptation of the 
variational methods associated with non-singular Sturm-Liouville boundary 
value problems. This method will be combined with recent results [4] on 
differential equations (1) which are non-oscillatory for some A to prove 


(*) Let where0OSx< be continuous. Define as follows: 
(i) if (1) is non-oscillatory for all , let p= ©; 


(ii) if (1) is non-oscillatory for some but not all A, let » be the unique 
number with the property that (1) is oscillatory when A > p and non-oscillatory 
whenrA <p; 


(ili) tf (1) is oscillatory for all let ©. 


In the cases (i)-(ii), the differential equation (1) ts in the Grenzpunktfall 
and » is the least point of S’; in the case (iii), » is the least point of S’ when- 
ever (1) ts in the Grenzpunktfall. 


The cases (i) and (iii) of (*) are known; cf. [4], Corollary, § 6, and 
[11], pp. 313-314, respectively. That (1) is in the Grenzpunktfall in the 
case (ii) is also known; [4], Theorem, § 1. 

If (1) is replaced by 
(1 bis) (py’)’ + (A—q)y = 0, 
in (*), where p=—p(z) >0 and qg=q(«) are continuous and such that 
(1 bis) is in the Grenzpunktfall, then the proof of (*) will show that the 
corresponding number yw is the least cluster point of the spectrum of the 
boundary value problem determined by (1 bis) and (3). (It can be mentioned 
that if (1 bis) is non-oscillatory for some A, then the condition 


00 


is sufficient for (1 bis) to be in the Grenzpunktfall; [4], end of § 2.) 
Clearly, the theorem (*) contains the assertions made above concerniu¢ 
(4) and (5). Also, (*) and Sturm’s comparison theorem imply 


Corottary 1. If g=q(x), where0 < ts a continuous, bounded 
function, then (1) is in the Grenzpunktfall and the least point pw of S’ satisfies 


lim inf q(z) Sp»Slimsup q(z).. 


Another consequence of (*) and Sturm’s comparison theorem is 
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Corotuary 2. Let qi(x) and qz2(x) be two continuous functions on the 
half-line OS 2% < such that 


(6) Qi(@) — G2(x) 20 as 
Then either both of the differential equations 
(%) + = 0, (k= 1,2), 


are or neither of them is in the Grenzpunktfall; in the first case, the spectra 
of the boundary value problems determined by (3) and (‘%x), for k =1 or 2, 
have the same least cluster point (possibly + ©). 


The first assertion of this corollary, that concerning the Grenzpunktfall, 
is known and holds even if (6) is replaced by 


| — qo(x)| < const. (0<2< 0); 
cf. [1], p. 513 or [9], p. 266. 


It remains undecided whether or not the “same least cluster point” in 
the last part of Corollary 2 can be replaced by the “ same set of cluster points.” 
Finally, it will be shown that (*) implies 


3. If the continuous function = q(x), where ow, 
satisfies 


(8) —p|"dx< for some r2=1 
0 


and some number p, then (1) is in the Grenzpunktfall and p is the least 
pot of S’. 


The case p = 1 of Corollary 3 follows from a general oscillation theorem 
[5] and known asymptotic formulae for the solutions of (1). (The required 
asymptotic formulae can be obtained from [2] by a suitable change of variables: 
cf. also [8] and [10].) This particular case of Corollary 3 can also be obtained 
from [7], p. 258, if it is noted that the assumption (5) is actually not needed 
in the proof of the theorem [7], p. 258. 


2. Proof of (*). Since the cases (i) and (iii) of (*) are known, the 
case (11) will first be proved. In this case, it only remains to show that 
is the least point of 9’. 

The theorem [4], § 1, implies that if (1) is oscillatory when A =p, then 
A= py is the least point of S’.. On the other hand, if (1) is non-oscillatory 
When A=, then the spectrum of the boundary value problem determined by 
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| 
(1) and (3) contains at most a finite number, say NV, of points which do not | 
exceed p. Let 

denote these points. 

Suppose, if possible, that » is not a cluster point of the spectrum. Then 
there exists a number « > 0 such that the A-interval p< AS p+ 2e does not 
contain a point of the spectrum. 


Let $n = n(x), where n —1,2,--+,N, denote the normalized eigen- 
functions belonging to Ai, A2,* *,Aw respectively; so that y= is the 
solution of (1), with A= An, satisfying (3) and 

(9) f y*(v) dz = 1. 
0 


Let ¢ = $(2) denote an arbitrary non-trivial solution of (1), whereA=p+e. | 
Jn view of the definition of » the function ¢(x) possesses a sequence of zeros 
continuous function ® = @(z) for 0=2< @ by the formulae 

@(z) —c;¢(z) for < and j=—1,---,N+1; 


10 
(7) =0 for OS < and Sr< o. 


The set of orthogonality relations 
(11) f =0 for n=1,---,N 
0 


is either vacuous or is a set of N linear homogeneous equations for the V+1 | 


constants ¢:,° * *,Cys. It can therefore be assumed that these constants have 


been chosen so as to satisfy (11), and the normalization 


(12) f dz = 1. 
0 
The definition (10) shows that 


N+1 
j=1 
An integration by parts gives | 
xj vj 


@j-1 


| 
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for $(aj) =$(2i1) =0. Since is a solution of (1) with A=p+<«, 
the last integral equals 
(u +e) 
Hence, 


N+1 co 
f (&”? + dr = (u + e) = f 


@j-1 
so that, by (12), 


Let p(A), where — » <A< ©, be a monotone function which. de- 
termines the spectral resolution for the boundary value problem (1) and (3) ; 
so that the spectrum consists of those points A, in every neighborhood of which 
p(A) is not constant. Cf. Weyl [7], p. 239; in contrast to the notation of 
Weyl, it is assumed here that the monotone function has appropriate discon- 
tinuities at the eigenvalues so that the standard relations involving “ Fourier 
transforms” can be expressed in terms of a Hellinger integral only, instead 
of a series and a Hellinger integral; see, e. g., [6], § 1-§ 2. 

Let (A), — © <A < ©, be the “ Fourier transform ” of ®(x), so that 


* oe) 
-00 0 


as above, the notation differs from that of Weyl [7], p. 251, in that the con- 
tributions of the eigenfunctions as well as the eigendifferentials are contained 
inT(A). Then it follows from the Lemma in § 2, [6], and the Corollary and 
Remark in § 3, [6], that 


4. gb?) de = acary*/ap. 


Since the only contribution of the half-line — 0 <ASp-+ 2c to the spec- 
trum is the set of eigenvalues and since satisfies the ortho- 
gonality relations (11), it follows that df'(A) =0 for A < w+ 2e and so 


= 20) Jar) 


The last four formula lines lead to the contradiction p + «2 p+ 2. There- 
fore the assumption that A= is not a cluster point of the spectrum is un- 
tenable. This completes the proof of the case (ii) of (*). 
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A proof similar to that above can also be used for the case (iii). Let 
(1) be im the Grenzpunktfall and oscillatory for every A. Suppose, if possible, 
that A = — o is not the least cluster point of the spectrum of the boundary | 
value problem determined by (1) and (3). Then there exists a pair of | 
numbers p* and « > 0 such that the half-line — © < AS p* + 2e contains 
no point of the spectrum. Since (1) is oscillatory for A = p* + «, the proof 
can be completed as above (for the situation when N 0). This completes 
the proof of the case (iii) and of (*). 


3. Proof of Corollary 3. In order to prove this corollary, it is sufficient 
to show that if g(x) and p satisfy (8), then the case (ii) of (*) applies. It 
is known ([3], §18) that (8) implies that (1) is non-oscillatory when A <p, | 
It only remains, therefore, to verify the fact that (1) is oscillatory when A > ». 

Suppose the contrary, so that there exists a A > mw corresponding to which 
every solution y = y(x) of (1) possesses at most a finite number of zeros. Let | 
X be chosen so large that y(x) 40 for every r= X. If (1) is divided by 
y = y(x), where x = X, and the identity 


y’/u = (y'/y)’ + (y’/y)? 


is applied, it is seen that 
(y'/y)’ + (¥‘/y)? + + = 0. 


A quadrature of this relation leads to 


y’/y = const. — J 
x 


In view of (8) and the Holder inequality 


it follows from A—p > 0 and r= 1 that 


In particular, y and y’ are of opposite sign for large x, so that y tends monoto- | 
nously to a finite limit. Consequently, y’ is improperly integrable and there 
fore absolutely improperly integrable (since it cannot change sign for large 
x-values ) 

Thus, if y= y(z) is an arbitrary solution of (1), the function y=y(2) | 
is bounded and its derivative y’/(x) is absolutely integrable. This, however, 
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contradicts the fact that the Wronskian of two linearly independent solutions 
of (1) is a non-vanishing constant and establishes Corollary 3. 

This proof shows that Corollary 3 remains true when (8) is replaced by 
the Tauberian condition 
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TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS.* ! 


By STEFAN BERGMAN. 


1. Introduction. The successful development of the mathematical 
theory of two-dimensional steady flows of an ideal incompressible fluid is 
largely due to the fact that the complex potentials of such flows are analytic 
functions of a complex variable. Function-theoretical methods may therefore 
be used in order to obtain and to investigate flow patterns possessing at given 
points the assigned singular character and satisfying given boundary 
conditions.” 

In investigating the flow of an incompressible fluid by theoretical methods, 
two alternative treatments have been used. The behavior of the solutions has 
been studied either in the so-called physical, i. e., the plane in which the motion 
actually occurs, or in the hodograph plane, i.e., the plane whose cartesian 
coordinates are the velocity components. In the incompressible case, both the 
potential and the streamfunction are harmonic functions, irrespective of 
whether the motion is considered in the physical—or the hodograph plane. 

In the compressible case, both the potential and the streamfunction 
considered in the physical plane satisfy complicated non-linear equations. By 
considering the motion in the hodograph plane, and making a few appropriate 
transformations, it is possible to linearize these equations. (See [11] and 2 
of the present paper.*) 

The treatment of the problem in the physical plane has, of course, the 
fundamental advantage of making the boundary conditions enter in an obvious 
way. The gain in simplicity due to the linearization is, however, so consider- 
able as to make the hodograph method vastly superior for various purposes. 

In the present paper the theory of compressible fluid flow is developed 


* Received August 2, 1947. 

1 Research paper done under Navy Contract NOrd 8555-Task F, at Harvard Uni 
versity. The ideas expressed in this paper represent the personal views of the author, 
and are not necessarily those of the Bureau of Ordnance. 

* Poles, logarithmic singularities, etc., of the complex potential represent doublets, 
sinks, sources, vortices, etc., of the flow. 

’The numbers in brackets refer to the bibliography at the end of the pape 
Acquaintance with the contents of these publications is not assumed in the preset! 
paper. 
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by studying the linearized equation and applying to it the operator method 
developed in [1-10]. Generalizing the procedure: “taking the real part,” 
this method leads to the determination of certain linear operators which trans- 
form functions of one variable into stream (or potential) functions of com- 
pressible fluid flows preserving many fundamental properties of functions to 
which the operator is applied. In the present paper, two operators of this 
kind are considered: the so-called integral operator of the first kind (8) and 
that of the second kind (4-6). For some fluid dynamical applications, and 
in particular for the study of the behavior of the flow near the sonic line, 
the second operator seems to be more appropriate. In this case, however, the 
relations between the properties of functions to which the operator is applied 
and those of generated functions is more hidden. This is why it is useful at 
first to investigate the special case which is obtained by assuming a simplified 
equation of state. This simplifying assumption results in the equation for 
the stream function taking the form 


(1.1) — CH(0°y/00) + =0, C>0 


where H is a function of the Mach number, M, which is negative for M <1 
and positive for MZ >1. (See (2.1) and (2.3)). 

In an important investigation, Tricomi [16] studied the boundary value 
problem of equation (1.1) and showed that if we consider a finite domain D, 
bounded in the supersonic region by two characteristics, say BA and CA, 
and by a curve BmC in the subsonic region, and if the boundary values are 
prescribed in BmC and on one of the characteristics, say BA, then the boundary 
value problem has a unique solution. Frankl [18] considered questions allied 
with Tricomi’s investigations in the case of the exact compressibility equation. 

The questions arising in our approach are, however, of a somewhat 
different nature than those considered by the above-mentioned authors. 

In the first place, we seek to find conditions for a function, say f, of one 
variable in order that the generated function P(f) will be defined in a pre- 
scribed domain B, which in general lies partially in the subsonic and partially 
in the supersonic region. 

Secondly, and this is the most essential difference, we are considering 
solutions of the compressibility equation which possess singularities (e. g., 
branchpoints) in the hodograph plane. In the applications of the theory, 
the consideration of this type of solution cannot be dispensed with, since, 
notwithstanding the singularities in the hodograph plane, the behavior of the 
solutions in the physical plane can be perfectly regular. Furthermore, certain 
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singularities in the physical plane haye a hydrodynamical meaning and must 
be considered in investigating flow patterns. | 

The methods employed in the case of equation (1.1) are to some extent 
capable of generalization to the case in which the coefficient (— CH) js 
replaced by an arbitrary function /(H). (See 5). This includes, in particular, 
the exact, i.e., non-simplified compressibility equation. 

In 38, we introduce the so-called integral operator of the first kind, P,. 
This operator yields a streamfunction of a subsonic, compressible fluid flow 
in terms of an arbitrary function of one complex variable. The representation 
holds for* E[M <1,— 0 <60< o]. Here W is the Mach number and § 
the angle which the velocity vector forms with the positive x-axis. 


An analogous representation for the streamfunctions of supersonic flows | 
in terms of two differentiable functions of one real variable holds for | 


E[M>1,— 0 <6< ]. Using the integral operator of the second kind, 
we obtain (4, 5) four analogous representations in terms of arbitrary functions 
of one variable. These four representations are valid in four adjacent domains 
of the MV, 6-plane, namely 


D, =E[M <1,6>33|A(M)|] + ELM >1,6> A(M)], 
D; =E(M <1,|6| 


D; = E[M < 1,0 < —33|A(M)|] + E[M > 1,6 <—3A(M)], 
D,= E[M > 1,—3A(M) A(M)], 


respectively. Here 6= + 32A(M) and 6=(—1+2)A(M) are certain 


curves which pass through the point 1 = 1, 60 and which lie in the sub- | 


sonic and supersonic region respectively (see fig. 1). 

In the simplified case these four representations can be combined into 
one, yielding a representation which holds in the whole M, 6-plane. This 
result is based on certain theorems of the Fuchs theory of ordinary differential 
equations with singular coefficients. The question of combining the analogues 
of the above four solutions in the exact case, and generally, the study of the 
solutions leads to the investigation of partial differential equations with 
singular coefficients, which, when solutions are continued to complex values 
of the arguments, can be attacked by methods representing a generalization 


‘ The functions Y = P,(f) may be multi-valued functions which may possess singu- 
larities. The statement that P,(f) is defined in E[M < 1] means that the projections 
of the domain in which P,(f) is defined on the schlicht M, @-plane, lies in E[M <1). 

E[ 1] denotes the set of points whose coordinates satisfy conditions indicated in 
the brackets. 
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of the Fuchs theory for ordinary differential equations. These questions, and 
in particular the problem of combining the four above representations into 
one, will be treated in a subsequent paper. 

In 6, we determine the “ associate” function for P2(f) in terms of the 
values of the stream function y = Im[P.(f) ], and its derivative with respect 
to M on the line M = 1 (sonic line). 

The author would like to take this opportunity to thank Bernard Epstein 
and A. Zeichner for helpful advice and aid in connection with the present 


Dye 
M 
® 
\ 


Fig. 1. 


paper. He would also like to thank Z. Nehari and M. Schiffer for a number 
of helpful suggestions. 


2. Equation for the streamfunction of a compressible fluid flow. 
Exact and simplified equations.. Assuming that the thermodynamical equa- 
tion of state of the fluid has the form p= op*, where o and k are constants, 
and p and p the density and pressure respectively, and introducing as new 
variables 

(2.1) H= f § 

1 7 
and 6, where q is the speed and 6 the angle which the velocity vector makes 
with some fixed direction (say the positive x-axis,), we obtain the following 
linear equation for the streamfunction: 
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(2.2) S(y) =1(H) + =0, = (1— 
where 


(2.3) M 


is the Mach number. The denominator in (2.3), being the local velocity of 
sound, M will be smaller or larger than 1 according as the flow is subsonic 
or supersonic respectively. The differential equation (2.2) will therefore 
be of ellipitic or hyperbolic type, corresponding to the subsonic or supersonic 
character of the flow. | 

A formal computation * shows that the Taylor development of /(H) in | 
the neighborhood of H = 0 is 


(2.4) = [2/(k—1)]@”/@[ (— 2H) 
— + 5)/(2k + 2)) + 1)/2) (— 2H)? 


4 Et (43/6) + + (31/2)k + 31/6 
+ 1)* 


In considering a flow (or a portion of a flow) which is purely subsonic, 
it has some advantages to replace H by the variable A defined by 


(2.5) | Bar. 


A can be expressed in a closed form as a function of M; a formal compt- | 
tation yields | 


1—(1—M*)§ | 


h—=[(k—1)/(k | 
Now 
— = — (H) 
(2.7) doo = t+ = dal — dilly =I + 
so that (2.2) becomes 


(2. 8a) + + —0, | 


5A detailed account of formal derivations of some expressions used in the present 
paper can be found in the Appendix to Technical Report 10, of the series “ Operator 
methods in the theory of compressible fluids,’ Harvard University, 1948. 
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or, in complex notation, 
8b) + 4N (yz +z) =0, 
where 
M* 
(2.9) N= =— [(4 + 1)/8] Z=A+ 10,5 0. 
0 


nic See [6, (46) ]. It should be noted that the interval — «0 <A < 0 corresponds 

to the interval — <H <0. 

nic In the supersonic case (i.e., for M > 1) the right-hand side of (2.6) 
becomes purely imaginary. If we introduce the new variable A defined by 


in 
(2. 10) 
| it is easily confirmed that 
(2. 11) A = h~ arctan [h(M? — 1)4] — arctan [ (M? —1)4]. 
+f In this case, (2. 8a) will take the form 
k+1 M* 
(2. 12) WAA Veo +- AN Wa 0, N, 8 (M?— 1)3/2 
Remark. Equations (2.8) and (2.12) can be simplified. If y is 
replaced by 
(2. 13) y* = a/R 
" | where (0R/0Z) = N, then y* satisfies the equations 
| where 
(k +1)M* 
2. 1 = e 
| For subsequent use, we write down the expansions of NV and F in the 
neighborhood of A = 0 
(2.16) N= (1/12a) [1—4(k +1)4[(2+ 22%)k 4+ 5-2—2] X 
[2-2/632/8 + 1)-5/6(— + 
(2.1%) F = (5/144)(—A)-? + + Ap + 
sent +--+ 
tor | 


In the vicinity of H=0, i.e., the sonic line, ](H) may be replaced by 
the first term in its expansion (2.4). Using this value of 1(H) in (2.2), 
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we obtain the so-called “simplified” compressibility equation (1.1). In 
considering transonic flows, the solutions of the simplified equation will 
therefore give a fair approximation—in a certain neighborhood of the sonic 
line—of the exact streamfunction. 

The expression for NV, 7’, and H will, in this case, reduce to | 


(2. 18) N = =— (1/6) (1/(—2a)), 
F = Ft = (5/36) (1/(—2a)?), 
H Hy (8°°/2) (2/(k—1)) 
respectively. 
REMARK. We are using the same variable A in both the exact and the 
simplified case, as this facilitates the comparison of the respective flow patterns, 


3. Application of integral operators to the compressibility equation. 
Integral operator of the first kind. The use of integral operators in the 
theory of the compressibility equation is based on the following theorem: 


THEOREM 3.1. Let E(Z,Z,t) be a function of two real and one com- | 
plea variables, X, 0, t, which is defined for t along a curve connecting t =—1 | 
and t =1, and for (A,0) eG. G denotes here a sufficiently small neighborhood | 
of the origin. 


Let E satisfy the following conditions: 


1. E possesses continuous partial derivatives with respect to all three 
of tts arguments, up to the second order. 
2. The expression 
(3.1) [(1— #*) Z, t)/Zt]0/07 


is continuous for Z=0, and approaches zero, uniformly with respect to | 
(A, 0)e Gas t>—1 


3. E satisfies the partial differential equation 


(3. 2) = (1— #) (Ez + — (1/t) + 2tZL(£) =0 
where 
(3. 3) L(£) = 224+ £7) = (1/4) Ey + (1/4) Erg + NE). 


If f(£/2) is an analytic function of £ defined in a simply-connected domain P, | 
which includes the origin, then the expression u(Z, Z), given by 
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(3. 4a) u(Z,Z) = P(f), 
FA 9° 
(3. 4b) P(/) =| E(Z, Z, t)f(34(1— #) )dt/(1— 
-1 


is defined in a simply-connected domain which lies in G () P, and satisfies 
the equation L(w) = 0. 


The proof of this theorem is given in [1, §1 and 6, pp. 34-39]. The 
function f will be called the associate of P(f) with regard to the operator P. 


Since (3.2) has an infinity of solutions, there exist infinitely many 
integral operators; a closer investigation of their properties will show which 
type of operator is best suited for the purpose on hand. The following 
property of the integral operator plays an important role in some of the 
applications. 

As is well-known, a harmonic function G,(X’,0) = G(Z’, Z’) may be 
written in the form 


G(Z’, Z’) = (1/21) [9(Z’) — 9 (@)]. 
Here 


If now the harmonic function G(X’, 6’) is continued to the complex values 
of the arguments )’ and @’, i. e., if we assume that Z’ and Z’ are not necessarily 
conjugate to each other, and if, in particular, we consider @ and g in the 
so-called characteristic planes Z’ = 0 or Z’ = 0, then we see that the analytic 
function of a complex variable and the continuation of the real harmonic 
function differ only by constants;7 indeed, 


G(Z’, 0) = (1/2t)[9(Z") —g9(0)]. 


An integral operator generates complex solutions of L, and we may demand 
that these complex solutions possess an analogous property. We shall show 
that there exists an integral operator p (which is connected by relations 
(3.11), (3.12) with P) such that the complex solution of (3.3) 

*In the discussions, it will be useful to consider a shift of origin to the point Ay, % 
(point of reference of the operator). 

In this section Z’ and Z’ will be treated as independent variables. 

"Analytic functions of a complex variable represent a very special subclass of 
complex harmonic functions (i. e., the totality of functions G + 1H, where G@ and H are 


two arbitrary real harmonic functions). Operator (3.4a), (3.4b) generates also a 
subclass of complex solutions of the equation L. 
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u(Z’,Z’) = p[g(Z’)] 
and the real solution 
¥(Z’, Z’) =Im[u(Z’, Z’) ] 


are connected by the following relations 
(3.5) y(Z’,0) (1/2i) [u(Z’, 0) —R(Z’,0) const.],  u(Z’,0) = 


where R(Z’, Z’) is a given function defined in (3.7). This operator P will 
be called “integral operator of the first kind” and will be denoted by P,. 

Defining the generating function £,(Z’,Z’,t) of the operator of the 
first kind by the requirement that 


(3. 6a) E,(Z’,0,t) =1 

and 

(3. 6b) E,(0, t) =exp [— 
J0 


we shall show that these relations imply the property (3.5). 
Writing the generating function of the first kind Z, in the form 


(3.7) 
R(Z’, 2’) =exp [— 
0 
and assuming that #*, has the development 


(3. 8) E*,=14 7’), 


n=1 


it is found that (3.7) satisfies the relation (3.6b). Substituting this into 
equation (3.2) we find that the P‘ satisfy the following recurrence relations: 


(3.9) Pz 4+ 2F=—0,° (2n+1)P7™ 4 + 2F P™ —0, 


Finally, (3. 6a) is satisfied by imposing upon the P™) the initial conditions 


(3. 10) P™ (Z’,0) =0, n = 1,2,3,:°° 


By the above requirement, the P‘) and hence the generating functions fi: 
(of the first kind) are uniquely determined. Applying the considerations 
of [1, pp. 1173-76] it can be shown thai the series (3.8) converges absolutely 
and uniformly in a sufficiently small neighborhood of the origin Z’ =), 
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7’ =0. The existence of an integral operator of the first kind thus is 
assured. Assuming that the associate function f is regular in a sufficiently 
large domain, we prove that by applying to it the integral operator of the 
first kind, we obtain a solution u(Z,Z) (see (3.4a), (3.4b)) of (2. 8b) 
defined in a sufficiently small neighborhood of the origin. We shall show in 
the following that if f is regular for M <1, this solution can be continued 
throughout the whole subsonic region. 


Remark. Integral operators of the first kind can also be written in a 
somewhat different form which is useful for various purposes. Namely (as 
can be shown by a straightforward computation, see [4, pp. 618-619]) 
we have ® 


(3.11) P(f)=p(g) 


= R(2’,2’)[9(Z’) +32" Z’) g"1(Z’) ] 


Zn-1 
0 0 


_4)n-1 
- JS, @ 


where 


(3.11), (3.7) and (3.10) imply (3.5). 


We proceed now to the proof that every real solution of equation (2. 8b) 
can be represented in a sufficiently small neighborhood of the origin Z’ = 9, 
Z’ = 0 as the imaginary part of the right-hand side of (3.11) with suitably 
chosen associate function f (or g). 

Let y(Z’, 2’) (Z being conjugate to. Z’) be a real solution of equation 
(2.8b) which is regular in a sufficiently small neighborhood of the origin. 
Since this equation is of elliptic type and its coefficient N is an analytic 


function of two variables, y(Z’, Z’) can be written in the form of a power 
series 


m=0 n=0 


which converges in a sufficiently small neighborhood of the origin. 


*f and g are associates of the same solution of (2. 8b), the first with respect to the 


operator P, the second with respect to p. In order to avoid any confusion we shall 
speak about “ p-associate ” and “ P-associate.” 
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In the plane Z’ = 0, we have: 


(3. 13) y(Z’, 0) = DinoZ’™ = G,(Z’) 
m=0 


and in the plane Z’ = 0, 


(3. 14) 10,2") Dond™— 

G, and Gs are two analytic functions of one complex variable Z’ and 7, 
respectively, which are regular in a sufficiently small neighborhood of the 
origin. (We note that G,(0) —G.(0) and G.(Z’) =G,(Z’) since for 7’ 
conjugate to Z’, y is real.) On the other hand, by classical results (the initial | 
value problem in the theory of partial differential equations), it is known 
that if functions G,(Z’), G2(Z’), G.(0) = G2(0), are given, there exists one | 
and only one solution y(Z’,Z’) of equation (2.8b) such that (3.13) and 
(3.14) hold. The integral operator (3.4) enables us to write down the 
solution. Indeed, let us determine two functions say g,(Z’) and g2(7’), | 
g2(Z’) = 9,(Z’), such that | 


(3. 15) g:(Z’) + 92(0) R00, Z) = G,(Z’) 


and therefore: 
92(Z’) + 9:(0)R(0, = G2(Z’). 
Now 


(3.16) | 


| 


will represent a solution of (2. 8b) which satisfies the conditions (3.13) and 
(3.14); our assertion that every (real) solution can be represented as the | 
imaginary part of (3.13) is therefore proved. 

As already mentioned, (3.18) is a priori only defined in a sufficiently 
small neighborhood of the origin. We shall prove, however, that provided | 
is regular for A’ < Ao, the solution y(Z’, Z’) obtained in this way can be | 
continued into the whole region E[Re(Z’ + Z’) < 2d, | Z’| < 0, |Z’ | < oo]. | 

As shown in [6, pp. 56 ff.; 8, p. 48 ff.], the quantity F = F(4(Z’ +7)) 


| 
| 


TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 867 


introduced in (2.15) is a function of two complex variables Z’, Z’ which is 
defined in the above region. Therefore the expression ® 


(3.17) — f 
0 0 
f f PLA f F9,dZ.dZ,|dZ,dZ, ] 
0 0 0 0 
R(Z, Z’) [92(Z ) f f 
0 0 


J J [F f f +--+] 
0 


satisfies the differential equation (2.8b) and the initial conditions (3.13), 
(3.14). It is evident that the series (3.17) converges in any simply- 
connected domain which includes the origin Z’=0, Z’=0 and which is 
common to the regularity domains of F, 9:, go. Since by the above require- 
ments a solution of (2. 8b) is uniquely determined, the expressions (3. 16) 
and (3.17) must coincide, so that they are two different representations of 
the same function. 


We proceed now to the discussion of the relations between the domains 
of regularity, a and k, of the p,-associate function g and the generated 
solution p:(g) in the real plane, i.e., for Z’ conjugate to Z’. 


THEOREM 3.2. Let B be a bounded region of the (real) 2’, &-plane, 
situated in E[V’ < do]. If g is regular in B, then p,(g) ts also regular in B; 
conversely, the regularity of p,(g) in B implies that g is regular there. 


Proof. In order to prove our statement we investigate the relations 
which exist between the regularity domain of a solution y(Z’, Z’) of (2. 8b) 
in the real )’, 6’-plane (i.e., for Z’ conjugate to Z’) and in the space of two 
complex variables, A, 6 (i.e., when Z’ and Z’ are two independent complex 
variables). Let B be a domain in the A, 6-plane. We denote as the hull? 


* The integral operator of the first kind may be regarded as a generalization of the 
Riemann formula in the theory of linear hyperbolic equations Uyy + a(X, Y)uy 
+ b(X,Y)u,+c(X,¥Y) =0 to the elliptic case, where the real variables X,Y are 
replaced by two independent complex variables, Z’ and Z’ respectively. If we consider 
the solution in the real plane, i.e., for 7’, Z’ conjugate, we thus obtain solutions of 
elliptic equations. See [5, pp. 317-318]. 

*°The superscript indicates the dimension of the manifold under consideration. 
In the case where the manifolds are one- or two-dimensional and are situated in the 
(real) A, #-plane, these superscripts are omitted. 
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H*(B) of B the intersection B,* {) B.* of two cylinders of (four-dimensional) 
space, B,* = E[Z’ B, arbitrary], B.t = E[Z’ ‘arbitrary, Z’ B]. 

It is well-known that a solution y*(Z’, Z’) of the first equation of (2. 14) 
can be represented in the domain B of the real A, 6-plane in the form 


where b denotes the boundary of B, n; the interior normal to b, ds¢ the line 
element of 6. Here ¢* is a fundamental solution of (2.14), and we have 


(3.19) = 4 (2, 2’; £2) [lg(Z’ —£) + + 262) 


where 12 


(3.20) x(Z’, 2’; %) 


V Ag = 
f FdZ,dZ, 


(3.21) 0(Z’,2;£,2) 


= 
J, FU, J, 
G — (1/ (4 (dx/02") — (1/(2’ — 


Since F is defined for all values: Re((Z’ + Z’)/2) <r, |Z| << 0, < %, 
it follows from (3.17) that if g, is regular in B, B= E[A’ < Ao], then pi(9) 
is regular in H*(B), and therefore also in the domain B, which is the inter- 
section of H*(B) with the real A, 6-plane. This is the first assertion of 
Theorem 3. 2. 

From (3.18), (3.19), (3.20), (3.21) it follows that every solution 
which is regular in the domain B of the real A, 6-plane can be extended to 
the complex values in H*(B). Since B represents the intersection of H*(B) 
with the plane Z’—0 as well as with 770, ¥(Z’,0) and y(0,Z’) are 
regular in B. Since R(Z’, Z’) is regular in E[Re((Z’ + Z’)/2) < do, | Z’|<%, | 

Z| < 0], it follows from (3.17) that G,(Z’), (as well as G.(Z’) =G,(2Z) 
see (3.15)) is regular in B. See [1, $1 and 2, §2].. This completes the | 


proof of Theorem 3. 2. 


11 We note that x(Z’, Z’; 0,0) = p:(1). 
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As has been shown in [5, pp. 318-319], the function generated by integral 
operators P(f) defined in (3.11), will have branchpoints of finite order,’ 
at the same points as the function 


As a consequence, the following holds. 


THEOREM 3.3. Suppose that the function 


(3. 23) 9(Z) = P.(f) 


is defined and regular in a region R situated on a Riemann surface, which 
possesses in its interior a finite number of branchpoints, each of finite order. 
Let further the projection of R on the schlicht d, 6-plane lie in E[— 0 <2 
< 


Then the function 


(3.24) = f 22,2, 


(see (3.2), (3.7), (3.8), (3.9), (3.10)), is a solution of (2. 8b) defined 
in R, possessing branchpoints at the same points and of the same orders as 9. 

y=Im [P,(f)] satisfies equation (2.8a) and can be interpreted as a 
streamfunction (in the A, 6-plane) of a (possible) flow pattern of a com- 
pressible fluid. 

Making an obvious modification, we can in a similar way extend the 
definition of the operator P, so that it can be applied to functions of one 
variable A + @ and A —6@ respectively, thus generating solutions of equation 
(2.12). The expression 


(3. 25) (f(A +8)) + Pi(fo(A—8)) 


where f, and f. are two linearly independent functions, will represent a 
(possible)* streamfunction of a supersonic flow pattern. 


4. The integral operator of the second kind in the case of the sim- 
plified compressibility equation. The integral operator of the first kind, 
convenient though it is for many purposes, has the disadvantage that it does 


*? At poles and logarithmic singularities, operators P(f) do not, in general, preserve 
certain properties of P,(f) which are essential in aerodynamical applications; in these 
cases, we have to use other means (see [8, 9]), in order to produce the necessary 
singularities of y. 
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not represent solutions of the compressibility equation in the neighborhood 
of the sonic line. Furthermore, it has the disadvantage from the practical 
point of view that the P‘(Z’,Z’) are functions of two variables which 
makes tabulation of the values of P‘”) very time-consuming. 

These two disadvantages can be removed by the use of another operator— 
to be termed “ operator of the second kind ”—for which the P“™ are functions 
of one variable only and which yields a representation of the streamfunction | 
in the neighborhood of the sonic line. This operator has a number of other | 
distinctive features which will best be elucidated by the detailed discussion | 
of the so-called “simplified” compressibility equation, i.e., where NV = N+ : 
= (12A)-! in equation (2. 8a) or alternatively, where F = F} = 5/144)? in 
equation (2.14). 

According to Theorem 3.1, any function F of the form 


(4.1) E = 

where £* is a solution of the equation 

(4.2) = — (1/t) + 27 + =0, 
and H is defined by 

(4. 3) H (2A) = exp [— f 


= So(— 2A) 


2x 
N(r) dr | 
oO 


with 
p((— 2a) = 1 + 8,(— 2a)?/ + So(— 2a) 4/8 -, 
So == 2(2k+1)/ (8k-6) 3-1/6 4. 1) (2-k) /(6k+6) 


(4. 4) S; = (1/10) (38/4) + 1)-/3 (2k + 5), 

S2—=— (1/1400) (3/4)*/*(k + 1)*/9(64k2 + 70k + 75), 
may be used as a generating function of our operator. In the case of 
the simplified equation, we have = 1/(12A), p((—2A)?*) =1, Hf(2d) | 
= F+ = 5/14422. | 


We now introduce a new variable | 
(4. 5) u=#2Z/(Z+2), 


and we shall show that in the simplified case there exist solutions of (42) | 
which are functions of wu alone. 
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Lemma 4. 1. 


(4.6) E*+(A,6,¢) = AiF (1/6, 5/6, 1/2, — + 16) /— 2a) 

+ B,(— + 19) /— 2d) (2/3, 4/3, 8/2, — + 18)/— 2a) 
(where F(a, 8, y, X) denotes the hypergeometric function and A, and B, 
are arbitrary constants) is the most general solution of (4.2) which is a 


function of wu alone. Let us note that there exist other solutions of (4. 2) 
which are functions of one variable, see (4. 20).) 


Proof. We shall show that (4.2) can be reduced to an ordinary 
differential equation whose solution is (4.6). A formal computation yields 
du/dt = 2u/t, du/dZ = (Pu—u?*)/?Z, =— u?/t°Z, 

= — [uk * + E* ful 
E*t23 = — (ut? — u?) E* Fun + — 2u) Ful, 
Ft = (5/36) 
Substituting the above expressions into (4.2) we obtain 
G,(E*+) = — 2wt?Z[u(1 —u) tun + (4 — 2u)E* — (5/36) = 0. 
The equation 
(4. 7) u(1—u)E*tun + (4 —2u)E*ty — (5/36) E*+ =0 


is a hypergeometric equation whose general solution can be represented in 
the form 


(4.8) E*} = A,F(1/6, 5/6, 1/2, vu) + (2/3, 4/3, 3/2,u) |u| <1 


(4. 8’) = A,u-/*F (1/6, 2/3, 1/3, 1/u) 
+ Bu /*F (5/6, 4/3, 5/3, 1/u), jul >. 


Replacing u by the right-hand side of (4.5), we arrive at (4.6). 


Thus, combining (4.1) and (4.6), we obtain for the generating function 
in the simplified case 18 


** We note that in many instances we may omit the second term on the right-hand 
side of (4.9) since 


1 
tF (2/3; 4/3, 3/2, —t?( + /— 2X) f (44 (1 )dt/(1—t#)& = 0 
t=-1 

if f is regular at Z = 0. 
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(4.9) ET(A, 6, t) = AiSo(— 2A)-/°F (1/6, 5/6, 1/2, — + 18) /— 2n) 
BySo(— 2a)-*/*[— + 16) (2/8, 4/3, 3/2, — + /— 2a), 

| —#(a + i8)/—2a| <1 
(4.9) AaSo[(— #2) (A + 10) (1/6, 2/3, 1/3, — 2/— + 
+ BoSo(— (— (A + 16) (5/6, 4/3, 5/3, —2a/— + i6)), 

| — 2A/— t2(A + 16) | <1. 
In Theorem 3.1 we proved the existence of a generating function by 
means of which we can obtain solutions of the compressibility equation in a 
sufficiently small neighborhood of the origin. We shall now show that in 
the case of the simplified equation and the operator of the second type this 
result in the small can be replaced by a result in the large. This result 
enables us, from the behavior of the associate f, to make conclusions con- 
cerning the behavior of the generated solution of the compressibility equation 


in its entire domain of definition. An exact formulation of this statement, 
at first for the subsonic region, is given in the following theorem: 


THEOREM 4.1. Suppose that the function 


(4. 10) g(Z)— 


is regular in a region B (situated on a Riemann surface) which possesses tn 
its interior a finite number of branchpoints,* each of finite order. Let 


t 


further the projection of B on the schlicht d, 6-plane lie in E[— ~ <A< 0]. | 


The function 
(4.11) 


(where C is a suitably chosen curve in the complex t-plane connecting the 
points and t—1) is a solution of (2.8) with N= N}=1/1%,; 


this solution is defined in B and possesses branchpoints at the same points 


and of the same order as (4.10). w~—Im[Pt2(f)] can be interpreted as 4 
streamfunction (in the A, 6-plane) of a (possible) flow pattern of a com- 
pressible fluid (for the simplified compressibility equation). 


14 We assume here that the only singularities of g in B are branchpoints. In 
applying the integral operator method in the case where g has poles or logarithmic 
singularities, certain modifications, indicated in [9, p. 469, footnote 14], are needed. 


| 
| 
| 
— | | 


hmic 


TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 873 


Proof. In order to prove our statement, we have to show that by (4. 6) 
and (4.10) and slight modifications of these formulas, H}2(A, 6,¢) is defined 
for all values A << 0, — © <6@< o and for values ¢ belonging to a suitable 
simple, sufficiently smooth curve in the complex ¢-plane which connects 

=—l1andt=1. Obviously, this curve has to avoid the points t —0, 
{= + (2A/(A-+ 76) )? as these would give rise to singularities of the hyper- 
geometric function. On the other hand, any such curve will be suitable for 
our purposes. However, with a view to the subsequent generalization of our 
procedure to the “exact” case, we shall use two special paths of integration, 
(', and C,, the former apart from its terminals ¢ = + 1, inside E[| ¢| < 1], 
and the.latter outside E[|¢| <1]. C, will be used for values A, 6 satisfying 
|(A+ 16)/2A| <1 and C, for the case |(A + 16)/2A | > 1. 

It should be noted that the two terminals of the integration path, viz., 

will never be singularities of since, for 
(A+ 16)/2A 1 for real A and 

The expressions thus obtained will not necessarily be analytical con- 


tinuations of each other (qua functions of A, 6). Since, however, the hyper- 
geometric equation has only two linearly independent solutions, the constants, 
A,, B, and A., B, can always be so adjusted as to make these two solutions 
analytical continuations of each other. : 


Remark. It would, of course, also be possible to characterize the path 
of integration in a manner which is topologically invariant with regard to 
the way the singular points of Z}2(A, 0,1) are by-passed; using this definition 
we would, for any value (A,6), obtain one and the same function y(A, 6). 
However, although this procedure has some theoretical advantages, its actual 
carrying out may give rise to certain difficulties; in practical applications 
it is much easier to assure analytical continuation by the determination of 
the constants A., B. if A,, B, are given, or vice versa. 

The integral representation (4.11) can be immediately generalized to 
the supersonic case where it will produce, in an analogous manner, solutions 
of (2.12) with VN, — NF, (see (2.18)). Indeed, replacing \ by the variable 
»=A-+ and considering the solution y(,6) of (2. 8a) in the plane 
A=0, it is seen that ¥(iA,@) satisfies equation (2.12) with N=1/12A. 
Repeating the procedure which led to the generating function (4.9) in the 
subsonic case, we now obtain the generating function 


(4.12) = F (1/6, 5/6, 1/2, #2(A + 8) /2A) 
+ + 6)3t/(2A)2/%) F( 2/3, 4/3, 3/2, t2(A + 6)/2A), 


| + 0)/2A| <1. 
13 
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If F(,, 8:,y:,X) denotes only the hypergeometric series and not the hyper. 
geometric function, (4.12) has to be replaced, for | ¢?(A + 6)/2A | >1, by 


(4.13) + 6))*/*) F(1/6, 2/3, 1/3, 24/42(A 
+ + 8) F(5/6, 4/3, 5/3, 24/t(A + 8)), 


where the constants a2, 0, are easily expressible in terms of -a,, Dy. 


If 6A and ¢?=1, there arise certain difficulties, since the hyper. 
geometric functions in (4.12) will then become singular. By the trans- 
formation formulas of the hypergeometric function, (4.12) may be written 
in the neighborhood of ((A + 6)/2A)¢? = 1, in the form: 


(4.14) Et = (1/6, 5/6, 3/2, 1— #2(A + 6) /2A) 
bs So(2A/(2A — #2(A + 6) ) )3F (1/3, — 1/3, 1/2, 1 — #2(A 4+ 8) /2A). 


In order to avoid the complications which arise from the fact that the second | 
term of (4.14) has a singularity for A = 6, t?— 1, we shall therefore take 
bs; =0. The function Z} will accordingly be of the form 


(4.15) = (a,So/(2A)*/*) F(1/6, 5/6, 3/2, 1— #2(A + 8) /2A). 


We note further that all these considerations can be repeated with A 
replaced by — A. Our operator will therefore yield two independent types 
of solutions, depending on whether the argument of the associate function 
is taken as A+ 6 or A—6. ‘ 

The exact conditions under which our operator can generate solutions | 
of the compressibility equation in the supersonic case are given in the 
following theorem: 


THEOREM 4.2. Suppose fs(£), s=1,2, are real functions of the real 
variable £ and everywhere differentiable with the possible exception of =; 
suppose further that in a fixed neighborhood of £ =0, fs can be approximated | 


to any prescribed degree of accuracy by the expressions of the form 


N 
An CX, K,=1. Then 


(4. 16) 0) = + Rte (fe); 
t=-1 


represents a solution of the compressibility equation, which is defined for any 
A > 0 and can be interpreted as a streamfunction of a (possible) supersomé 
flow pattern. 
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Proof. By (4.12) we have 
(4.17) = 
5/6, 1/2, ((A + 0)/2A)f((A 0) (1—#)/2) (1—#) 
+ 
4/3, 3/2, 6)/2A)f((A + 6) (1/2) (1— 


In view of A > 0, the only values of (A, 6) for which this expression may not be 
differentiable are those for which A + 6=0 or for which wu = #?(A + 6)/2A 
coincides with either of the values 0,1, 0 for —1<t< 1. The caseu=— o 
is ruled out because of A > 0; the case u—1, although corresponding to a 
singularity of the hypergeometric equation, does not give rise to a singularity 
of R, by virtue of our particular choice (4.15) of EH}. The case u—0 need 
only to be considered for A-+ 60, as tO obviously does not cause any 
difficulties. 


Under our assumptions, it is sufficient to consider the special case 
(4. 18) = (L) = 25, 
in which (4.17) reduces to 
(4.19) Rtoa(fie) = 


fra, 5/6, 1/2, t2(A + 6)/2A) (A+ 6)*(1— #2) 


+ €,(2A)-7/3 4/3, 3/2, t2(A 6) /2A) (A + 6) =e 


For A+ 6-0, this expression is obviously continuous. The same is also 
true of the derivative OR}.,,/8H}. Indeed, @Rt2,,/0H+ (see (2.18)) behaves 
in the neighborhood of A + 60 like (A + 6)"; in view of x =1, it there- 
fore remains continuous there. This completes the proof of Theorem 4. 1. 

Before we proceed to investigate the behavior of our solutions on the 
sonic line, we note that (4.6) is not the way solution which depends only 
on one variable. If we write 


(4. 20) (A—Aq + 18) /2A 


and try to solve (4.2) by a function of one variable », a formal computation 
shows that H*} as a function of » must satisfy the hypergeometric equation 
(4.7) with w replaced by p. 
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Accordingly, the generating function (4.6) for the operator of the second 
kind may be replaced by 


(4.21) Et(a, 6,t) = A,(— (1/6, 5/6, 1/2, t2(A—Ao + /2a). 


Besides its greater generality, the generating function (4. 21 with \, 40 
has a number of additional features, which make it superior to (4.6) in 
many cases. In (4.6) the point A=0, 60 is a singularity since, by 
approaching this point in a suitable manner, the argument of the hyper. 
geometric function can be given an arbitrary value. In (4.21) such a 
singularity does not exist, since A and A—A,)-+ 76 cannot vanish simul- 
taneously if A» ~ 0. 


Another singularity, which can be removed by using (4.21) with A) <0 | 


instead of (4.6), occurs in the supersonic case. For ¢?=1 and A=#, 


the second term of the right-hand side of (4.14) becomes singular. In order | 
to allow for this case, we had to assume that 6; = 0, thus somewhat restricting | 


the generality of the solutions we could obtain. Setting A =A, it is seen 
that in the supersonic case the argument of the hypergeometric function in 
(4.21) becomes 

(4. 22) (A + 8) /2A. 


For ¢ = + 1, we have » ~ 1 for real values of A, 6; the singularity in question 
is therefore removed and the constant b; in (4.14) .may now take any 
arbitrary value. Moreover, (4.22) shows that for A+ asa 
consequence, the line A+ 60 loses its singular character and the dis 
cussion of the equivalent of (4.17) is considerably simplified. 
Thus, by the use of integral operators of the second kind with the 
generating functions (4.9) and (4.12) as well as (4.21) we obtain solutions 


w =Im[p.(g)] which are defined in the subsonic and supersonic regiols | 
respectively. If g is defined in a (not necessarily schlicht) domain G, in the | 


subsonic region and has, as its only singularities in G,, branchpoints of finite 
order (but not poles or logarithmic singularities), then the generated function 
is again defined in G,. (In particular, it has branchpoints at the same points 
and of the same order as g). 

If g is a twice differentiable function of one real variable in a schlicht 


— 


- domain G, in the supersonic region, the generated function will be a solution | 


of (2.18). 
Thus by this procedure, we can generate solutions of (2.2) which ar 


defined in adjacent domains, one in the subsonic, the other in the supersont | 
region. Our object is to show that these solutions can be continued actos 


the sonic line. 


| 
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This fact is immediately seen if we introduce a new variable,’® 


s=(—A)*? for A<0, 


The variable s—s(M/}) considered as a function of Mach number M7, 
possesses the property that s(1) =0, and that 


(4. 24) ds(M+)/dM} = — 2°/7(3k + + O(1 — MF?) 
is non-vanishing and bounded in a sufficiently small neighborhood of M+ =1. 


If Ao 0, and if g is regular for (—@ 6, s=A—A=0) then 
the generated function is an analytic function of 6 and s (and therefore of 6 
and M+) for (—@ —s SsSs), sufficiently small. 
If A) = 0, we have to assume that lim Z-°/°f(Z) exists (or alternately 
0 


that lim Z'/°g’(Z) exists) in order to assume that the generated function 
Z 


=0 
y(6,s) is regular also at the point 6=0, s=0. 


5. Integral operator of the second kind in the case of the ‘‘ exact ”’ 
compressibility equation. As we mentioned before, any solution E* of the 
equation 
(5. 1) E* 7, — — (1/t) + + 2ZtFE* = 0, 


multiplied by exp [— f Ndr], (see (4.3)), is a generating function of 


an integral operator P(f) (see (3.4b) which produces solutions of equation 


co 
(2.8b). The series 1+ (t?Z)"Q(™ (2d), where the are solutions 


n=1 


of the system: 


(5.2) (2m + 1)Q\™ + + 4FQ™ =0, QY =—4 f 


(see (87) of [6]), is a solution of (5.1). The above series converges for 
|Z|<2I|a | and reduces to the first summand of (4.6) for F = FH. 

It is therefore desirable to obtain solutions of (5.1) which are defined 
in |Z|>2|A|. In this section we shall determine two power series 
£* (x = 1,2), both converging in | Z| > 2] |, such that in the simplified 
case, 4 reduces to (4. 9’). 


** We note that in the simplified case we have 
8 = — 2. 3-2/3(2/(k —1) ) (2-*) /(3k-3) Hf. 
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THEOREM 5.1. Let 


(5. 3) (me) Cy (mr) (— A) (2/3) t= 1,2 


v=0 
be a set of functions which are connected by the relations 
(5. 4a) 4 4 0 
(5. 4b) 2(n + $x) + 4Fq (n+1,K) 0, 


1,2,- °°, «=1,2, 


Then each of the functions 


(5. 5) — / (— #2Z) (2/8) 


n=0 
is a solution of (5.1). Each of the series converges in E[2|A|<|Z|]. 


Proof. Substituting the series (5.5) into (5.1) and equating the | 
coefficients of Z)-(6n+1)/6, — —1,0,1,- -, to 0, we obtain the | 


following set of equations: 
(5.6) giz") + —0, (m+ 4 — 0, 


which, if we assume that the g‘"*) are functions of A alone, result in the 
equations (5. 4a) and (5. 4b). 
According to (2.17), F can be written in the form’ 


(5.7) = s*8(s), 


where S(s) = % + %8 + a8? +--+, = 5/144, a, —0,- - -, see (2.17), 
considered as a function of s, is regular in a circle of radius s say, with 
center at the origin. 

Introducing the variable s, we obtain 

— (ds/d(—A)) /ds) = — /ds) 

= — /ds) 

rn (4/9) [— 572g, (nti) + ], 
Hence, the system (5. 4a), (5.4b) assumes the form 
(5. 9a) — + 9S(s) —=0 


(5.9) —3(n- + — 4. 98 (s)g 
n =(), 1, 2, 3,° 
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Lemma 5.1. There exists a system of solutions q'"*), n =0,1,2,° 
of (5.9a), (5.9b) of the form 
co 
v=0 


where each 7'«‘")(s) is a power series which converges in the circle | s | < So. 


Proof. We shall first prove the above lemma for gq) and then for 
arbitrary n by induction on n, i.e., we shall show that if the lemma holds for 
gq"), then it must hold for g**). Let us first consider the homogeneous 
equation 


(5. 11) — + 9S(s)w = 0, 

The indicial equation (see [15], p. 225) is 

(5.12) p(p—1) —}p +.5/16 or —5/4, po —1/4. 
By substituting w = s‘/*y, we obtain the equation 

(5. 13) y’ + —5/144]y = 0. 


Since s°[.S(s) — 5/144] is a regular function of s for | s| < 0, (see 5.7)) 
we may choose the two particular solutions of (5.13) as 


Cy (%) + + C7, 58 + 
Yo = g (%2) 52 4. (02) 58 4 - 
which yield 
+ (91) 59/4 + C7, (%1) 5138/4 + = (s) 
q(%?) 35/4 + (0,2) 99/4 + + + 95/47 (2) (s). 


In the case of the simplified equation we have [see (4. 9’), (4.1), (4.3)] 
gt Ct, (0-2) CH (02) 25/6, 
In order to obtain analogous series for the “exact” case we choose 


Let us now instead of (5.9a) consider the solution of the non-homo- 
geneous equation (5. 9b) and let us assume that for n> 0, we have already 
proved that has the form (5.10) and 7") (s) converges for | s | < 5». 

In order to prove that there exists a solution of the equation (5. 9b) 
of the form g(3/2) (n+h+(2/8) «) (s), we proceed as follows: 
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(s) w(s)u(s), 


where w(s) =s**/*W*)(s) is a solution (see above) of the homogencous 
equation (5.11). Then wu will satisfy the equation 


(5. 16) WUss + W/28) Us = 3(n + Fx) 


The particular solution of this equation is easily verified to be 


(5.17) u=3(n+ 4x) ds 
Expanding we obtain 
(0) 
= [(6n —3 + 4x) (38n + 2«)/(38n + 3) (38n + 4« — 3) (0) 40 


the series for T,‘"*) (s) converging for | s | < 8. 


This completes the proof of Lemma 5.1. In order to prove Theorem 5.1, | 
it remains to be shown that it is legitimate to interchange the order of 
summation in the double series 


(5. 20) (— ) ~(n-b+ (2/8) 4) Cy (m8) (— 2/8) (47) 
n=0 v=0 


for 2|A|<|Z|. For this purpose, we shall prove '° 


Lemma 5. 2. 
(5. 21) | Cy | = 


for n+ 34= po, where C,'"*t) are the coefficients of the series (5.2). 
Here, and M are sufficiently large constants, and s; = s)(1 +)”. 


Proof. We shall give a proof by induction. Consider at first the Co”, 
n—=0,1,2,---. If we substitute the power series (5.3) into (5. 4b), it 
becomes evident that the (,‘"") depend only upon a, and are independent 
of the remaining coefficients an, n > 0, of the series expansion of S(3), 
(see (5.7)). On the other hand, if we substitute % = 5/144, a, =0 for 
n > 0, we obtain the simplified case considered in (4. 9’), where we hada | 
representation for E+ as a power series in (2A/-—t?Z). Using the fact that 


16 We shall consider here only the case when k= 1. Exactly the same proof holds 
for x = 2. 
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E*} = = So" 2A) (see (4. 1) ff.) we obtain two power series 
for E*+; the first of which corresponds to the case x = 1 and the second to 
the case x = 2. Thus, setting A, —1 in (4.9’), we have 


(5.22) = °F (1/6, 2/3, 1/3, — 24/—#°Z) 
= (—2/— #2)" 
4(4+1)--- (44 n)-n! ( 
whence 


1,2,3,° °°, 


— BZ) 1/8 


from which the inequality (5.21) for »—0 follows. 


Remark. Since in this case y-=y—0, the number s, in (5.21) where 
v is replaced by ») may be given any positive value. For n =— 1, and an arbi- 


trary the inequality (5. 21) follows from the fact that Cy gatt/s 
is a solution of (5.9a) and the fact that S(s) = > Gps! is regular in the 


circles of the radius sy (see also (5. 13)) ; 
(5. 24) | | S 
holds, if T is a sufficiently large constant. 


We now proceed to the proof (by induction) of (5.21) for n>—1 
and ~»>0. Let us assume that this inequality holds for some n+ 1, and 
#Sv—1 as well as for NS nand»Sv+1. We shall prove that (5. 21) 
then holds for VN =n+ 1, p=». 

If we substitute the series (5.3) (with x1) into (5. 4b), we obtain 
the relation 


—2(n+ Sv) Cy) + (nt (n+ 44+ Cyr 


(5. 25) 
u=0 


Hence, 
(5.26) Cy 4 (4ao/(n + (n+ 4+ | 


= 2/3n)/ (1+ 7/6n + (2/3) (v/n) ) 
+ + + (n+ 3). 


| 

i 

= 
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If n+ 4v > po, then 


(5. 27) | [1 4a/po?] 
or 


S 2""M/sosx’[1 + 62/po], 


| | 244M (1 + €) 


This completes the proof of Lemma 5. 2. | 
In order to show that it is legitimate to interchange the order of summa- 
tion in (5. 20), we shall show that for 


| —2dA/—#Z | S1—«, where « > 0, | 


the series converges absolutely and uniformly. Indeed, by Lemma 5.2 we 
obtain 


(5. 28) | (2/8) -n + (2/8)7 | 
n=0 y=0 


= M 2"(— + (2/8) / 5,9 | | (1/6) +n | 


n=0 v=0 
= M | — 2a/— #°Z | /°[1 — | — 2a/— #2 [1 — | 
which for |—2d/—#Z| <<1—« 0<e <1, becomes 


smaller than M(1— e)/*/e?, which shows that the series converges absolutely 
and uniformly. 

In order to obtain a continuation of a given streamfunction to the 
supersonic region, i.e., for imaginary values of X, it is convenient to replace 
d by the variable s = (— d)*/* used before in a different context (see (4. 23)). 
Then the generating function in the subsonic case may be written as 


(5.29) EB (a,6, t) H(2a) B*“ (a, 6, t) 


— Cy 3 (8/2) ngrgy / (— (2/8), 


n=0 v=0 
| s | 2} 8] |Z], «—1,2, 
(see (4.3) and (5.5)) where now 
(5. 29a) Z — 89/2 + 
By replacing A by iA, we see that (—A)?/* is changed to — A*/*. Thus 
we obtain as the generating function in the supersonic case 
(5. 30) E“) (A, 6, €) 
Ww 
= SS (— 8) (8/2) / (— (2/8)8 
n=0 v=0 
|s| 


| 
| 
where 


mma- 


Thus 
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(5. 30a) Z s)3/2 + 46, 


Let us now restrict ourselves to a neighborhood of the point A = 0, 6 = 
(6 0) lying entirely in the domain D = |e] 


For (s, 6) E[s? + (8 — < 67/25], we have 
(5.31a) ZY = — (s*/? — 1(8— ) /180]7 
== Amn (8 — ™s(3/2)" for M < i, 


(5.81b) ZY = + ((—s)*? + (8— 60) )/0]% 
= — 00) for M>1 


mn 


because then both | (s*/?— i(@— 6) | and |((—s)*/? + 4) | 
are less than 


(| + | @— 4 |)/| | 
< + | |)/| < (2-34? + 1)/5 <1. 


Here @mn and Bm» are suitably chosen constants. Thus both the subsonic 
generating function and the associate function; and therefore P[f(—s*/” 
+16) ], may be expanded in integral powers of (6 6)) and Similarly, 
in the supersonic case, P[f(i(—s)*/? + 16) ] may be expanded in integral 
powers of (9 —6,) and (—s)/*._ Both functions are determined and equal 
to each other for s = 0. 

We shall show that if f is regular in D, the coefficients of s?/*, v odd, 
vanish, and therefore P[f(—s*/?-+ 7@)] is an analytic function of s and 
(6 —6,) at (0,4). 


THEOREM 5.2. Jf f is regular in the domain D=E[|s|< %, 
|s| | 6| then the solution P[f(— s*/? + 16) ] is a regular function 
of sand (@—6,) in D. 


Proof. We have shown that P(f) may be expresed as a power series 
in s¥/? of the form 


(5. 32) P(f) => hn(0— 8"/2. 
n=0 
Using the variable s, and noting the fact that N = (1/12)s"*/2(1 + > OnyiS"*?) 
=0 
(see (2.16)) equation (2. 8a) becomes " 
(2. 8 ) + 2Ws = 0. 
n=0 
By substituting (5.32) in (2. 8’) we obtain the recursion formulae: 


(5. 38a) h, os hs = 0 
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(5.33b) Ines 


(n-1)/2 
=— [1/(m + 4) (m+ 2) + 2 = ((8/2) + J) 
j= 
for n odd, 
(5.33c) hnss 
n/2 
[1/(n 4) (n +- 2)] [9h”’n-2 + 2 2 (1 + J) 
j= 
for n even. 
Since hn, where n is odd, depends only on the previous hm for odd m, 


we see from (5. 33a) that hn = 0 for all odd n. | 
Thus (5.32) becomes | 


(5. 32’) P[f(—s° + i0)] = 00) 


Since s is unchanged by the result of putting iA for A, we obtain 
oO 
(5. 34) P[f(i(— 8) + 16) ] = fn(O — 60) 8". 
n=0 


The expressions P[f(— s*/*-+ 70) ] and P[f(i(— s)*/ + 76) |, qua functions 
of s and (@— 6), are analytic continuations of each other across the sonic line, 

Thus, assuming that the associate function is regular in a sufficiently 
large domain, and applying the integral operator of the second kind, we 
obtain solutions of a compressibility equation defined in four adjacent domains, 


D, =E[M <1,6> 3”? |A(M)|] + E[M > 1,6 > A(I)], 
D,=E[M <1,|6| 


D, = E[M < 1,6 < —3?|a(M)|] + E[M > 1,6 <—3a(M)], 
D,=E[M >1,—3A(M) <6< A(M)]. 


(See fig. 1, p. 859.) The solutions defined in D, and D, were derived in the 
present paper, while those defined in D, and D, were derived in [6, § 11]. 

In the simplified case, using the theory of hypergeometric equations, it 
was possible to combine these representations into one, which yields solutions 
of (2. 2) defined in the whole M/-6-plane. In the exact compressibility equation 
the problem remains of combining these four representations into one. This 
problem can be attacked by using the integral operator of the first kind i 
addition to that of the second kind, and, in analogy to the simplified case, | 
developing a theory of differential equations with singular coefficients, which 
would furnish us with information corresponding to that used in the simplified 
case. As will be shown elsewhere, the methods of the Fuchs theory for ordinary 
differential equations can be generalized to the case of partial differential | 
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equations of type (2.14) with F, being an analytic function of two complex 
variables and possessing certain singularities. In particular, if the singularity 
surfaces are linear, the following results which will be proved in a subsequent 
paper, will be valid: 

THEOREM 5.3. Let the coefficient F of w in equation 
(5.35) (0°y/0Z,°) + + Fy =0, 
have the form 


(5.36) > 0, 
m=0 n=0 
W=Z, + Z=2Z,—i1Z, 


where the coefficients Am,» satisfy the inequalities 


(5.37) 


Am-1,n-1 | A/pi""p2", A= P1 0, p2 > 0, 
being suitably chosen constants. 
If r £0 is a complex constant which satisfies the inequalities 


(5.38a) r&— (m/2)[1 © (1 + 
0 Sarg (1+ A.,./mn)! < 7/2, 


(5. 38b) r= A_,-:/4n, 
(5. 38¢) 
for m=0,1,---; n=0,1,-- (m,n) (0,0), then the expression 
az 


will represent a solution of (5.35). Here Boo is an arbitrary complex 
constant, and the By» have to be determined from the equations 
(5.40) 4[mn + rn — (A_4,-1m/4r) ] Bn 
m-1 n n-1 
v=0 


(5.38) converges in 


E[| W 


< pi/AB, | Z| < p2,/AB] where B= max [1, | Boo| , M/4], 


and 


M = max {(mn m-+n)/| mn + rn |}, 
n=0,1,2,:--, (mn) € (0,0). 
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THroREM 5.4. Let the coefficient F of y in (5.35) have the form 


(5. 41) = + Z,7°A_1(Z2) + An(Ze)Z1" 
n=0 
where 
(5. 42) (1— n’) /4,, n=0,1,2,:-- 


and the An(Z2) are analytic functions of Z, which are dominated by 
A/(R—Z,)"*, (i.e. for which An(Z2) << A/(R —Z2)""* n=—1,0,1, 


2.° ++ holds) A and R being suitably chosen positive constants. Then the 
expression 
CO 
(5. 43) > Ba(Z2)Z1", == 1, 2, 
n=0 


represents a solution of (5.35) which is defined in 


(5.44) Z,|< (R—|2.|)/(1+e), 
| Z2| <1— + | 


where 
(5. 45) e = max [|(1— (—1)*(1 — 44-20)? + A)/(1— 44-20)? |, 


| A/(1 (—1)9(1 — 44-2)4) ] 
re =4-+ OS arg 2/2, =1,2. 
Here B,(Z.) is an arbitrary function for which 
(5. 46) By (Zz) << B(A— RZ.) °, B>0, 
and B,(Z.) are to be determined by the relations 


(5.47) [1+ (Z2) = — Aa (Ze) Bo(Z2) 
n[n + (— 1)*(1— 44-20)? ]Bn (Zz) 


— — [Bn2(Z2) + 3 


We should like to add here a remark regarding the general question of 
analytic continuation of a solution ¥(Z,Z) of a linear partial differential 
equation. If y is given in two different domains, say B, and B, by different 
representations, say, in B, by the integral operator of the first kind in the 
form 


(5. 48) ¥ = plg(Z)] + p[h(Z)] 
[see (3.11) ] and in B, by another operator | 


| 
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[see (3. 4a)] (not necessarily of the first kind), and the origin lies in 
B, (1) Bz, then the problem of the analytic continuation of y. into the domain 


B, is equivalent to the determination of g and h from a given f= > anZ". 
n=0 


Setting Z = 0, and Z = 0, respectively, in the relation 


(5.50) plo + f BZ, 


we obtain the identities 


(5.51) 32" — 4(Z) + R(0,Z)h(0), 


tio B(0, Z)g(0) + h(Z) 
n=0 


where 


1 
(5. 52) f (1 — 
t=-1 


1 
— f E,,) (t) (1 — #?) 
t 


=-1 
E(Z,0,t) EB, (t)Z", B(0, 2, t) = S (t) 2". 
n=0 n=0 
[See 5, page 310.] It is thus seen that the analytic continuation of y. into 
B, and all the problems arising from it, such as the determination of the 
singularities, etc., are reduced to similar problems in the theory of functions 
of one complex variable which are given by their power series expansions. 


6. The determination of the associate function in terms of the given 
streamfunction. We now turn to the problem of determining the associate 
function f in terms of the given streamfunction. In the case of the integral 
operator of the first kind, the formulas (3.7), (3.10), (3.15), (3.16) yield 
the associate g,(Z). Therefore, if the continuation of the streamfunction 
(which a priori is given in the real plane) to complex values of the argu- 
ments is known, then these formulas immediately yield the associate. In the 
case of general integral operators (in particular, of that of the second kind), 
if the streamfunction is given in the form of a power series, then it may be 
shown (see [5], p- 310) that the associate can be expressed in the form of a 
power series. On the other hand, the streamfunction y is, in many instances, 
given in some different form, say the values of y and’ 0y¥/@M are given on a 
line M—=const. If these quantities are analytic functions of 6, then from 
these data it will be possible to determine the coefficients of the series 
development from which we may then determine the associate functions in 
the way indicated above. However, this procedure gives only the function 
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element of f(Z), so that the function is in general determined only in q 
sufficiently small neighborhood of the interval of MJ = const. along which the 
values y = yi(6) and 0)/0M = y.(@) are given. We shall show in the present 
section that, in the case of certain generating functions of the second kind, 
a formula expressing f in terms of the values y= x,(6) and dv/dM = xo(6) 
on the sonic line, JJ =1, can be derived. According to the consideration 
of 5 an integral operator .of the second kind can be written in the form™ 


= (2i)7 Bf](1 — t?)-tdt 


where 


(6. 2) E=A,E® + ]?7A,E®), Ax complex const. 


Here E), « 1,2, are the generating functions introduced in (5.5) and 
(4.1); C2 is a simple curve in the complex f-plane which connects t =—1 


with ¢ = 1 and, except for the endpoints, lies outside E[| ¢| <1]. Moreover, | 


C; has to be chosen in such a manner that [4$Z(1— ?#*) ] lies in the regularity 
domain of f for the values of Z under consideration. 
We assume the associate function to be of the form 


(6. 3) f(f) = cv complex const. 
v=0 

which is suggested by previous considerations. Under the assumption that 

the (complex) constants A;, A, satisfy the inequality 

(6. 4) Im[A.A,] ~0, 


the desired inverse formula for f in terms of x:(@) and y2(@) is given in 


TueorEM 6.1. Let ¥(d,6) be a (real) solution of the compressi- 
bility equation (2.8a) which is defined in a domain, say B, situated tn 
[33 <|6|,rA<0] and such that its boundary includes an interval 
[6.60 6,] of the transonic line X=0 not containing the origin. Let 


(6. 5a) lim (A, 0) =x: (0) = Sa, ay‘*) real const. 
\->0- p-0 


\->0- v=0 


(see (2.6)) then the P, associate f of the integral operator (6.1) with 
generating function (6.2) and A,, Az satisfying (6.4) is given by 


17Tn the remainder of this section we shall omit the subscript “2” in B,, and 
shall write simply Z. 


| 
| 
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where 

(6. 7) o = — 2f(1 — 

the constants dv, v= 0,1, 2, are 

(6.8) do dy = —(2°/9/3) 41, de = — 
the Sy are defined in (4.4). 


Remark 6.1. Developing the right-hand side of (2.6) into an infinite 
series and inverting it, we obtain the following series for (0A/0M) 


(6.9) = h?)*/8] (—a)¥8 
x [1 + — h?)-*/8( (3/10) + — (4/5) h*) (—A)?4 +: -] 


Therefore it is legitimate to consider = (— A)*/3(dp/0A), instead of 
(dy/0M). 


Proof. A formal computation yields (see (5.3), (5.5), (5.14), (6.8)) 
(6. 10) lim E(Z, Z, t) = — 


\->0- 


and 
(6. 11) = (—A)”8E(Z, Z, t) = + — 7/3] 


We now iesins the limit values as A> 0- for the right-hand side of (6. 1) 
and the derivative of this expression multiplied by (—A)”%. Since by 


assumption these limit yalues are equal to expressions S a6" and 
respectively, we obtain (by equating the coefficients 
of tn @”) the following system of equations 

(6. 12a) av) == Im[ (— cy], 


(6.12b) Im[ (— 27) -@#/9 + doy ev], v=1,2,° °° 
where 


(6. 13a) Lom — #2) 
Cy 


= + 1oe-(4/3) ( (4/8) rt __ 
== (e 1) T(v 1) 0, 


(6.13b) (1 — 42) 
Ce 


(v + 4/3) 
T(v+1) 
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We note that the last term on the right hand side of (6.13b) is obtaing 
as follows: 


(5/2) f (1— £2) ( {-2/8) 
t=-1 
—— (3/2)[(t?(1 — ¢?)"*1/3] —3(y+ 1/3) — 
t=-1 Co 


The first term in the last expréssion vanishes and in the second term, as in 
I,™, we replace the integration curve C. by the segments (—1,0-) and 
(0*,1) and a half-circle around the origin. 


Remark. Since the curve C. need only satisfy the inequality 
|¢| > | 2A/(A+ 76)| 4 (see 4.11), it is valid to replace it by a curve con- 
sisting of the segments (—-1,0-) and (0*,1) and a half-circle around the 
origin provided the radius of the latter is greater than | 2A/(A + #6) | 3 which 
approaches zero as A—>0. The right hand sides of (6.13a) and (6. 13b) | 
are obtained by making the substitution ¢? 7+ and considering the integrals 
in the three-sheeted z-plane. In the following, we choose the sheet for 
which n = 1. 


We introduce the integrals 


(6. 14a) Tom — 


= de- (2/8) ( (2/3) 1) 


+ 2/3) 

(6. 14b) J = 
1 


and note that 
(6. 15) = 2) — 33/22-17, 


The determinant of the system (6.12) does not vanish for any rv since 
it equals 
(6. 16) —(i/2)Im [ddI @7@] 


which would vanish only if Im[d.d.]=0. Since, by (6.8), Im[dvt 
= (2/3)So? Im[A2A,], the determinant does not vanish, because of condition | 
(6.4). | 
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Solving (6. 2), we obtain 


(— 24) 
oy Im[A24y] 


from which (6.6) follows. 


10. 


11, 


12, 


13, 


14, 


15. 
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ASYMPTOTIC RELATIONS FOR THE EIGENFUNCTIONS OF 
CERTAIN BOUNDARY PROBLEMS OF POLAR TYPE.* 


By AKE PLEIJEL. 


Introduction. Let V be a’ bounded connected and open domain in the 
Euclidean (2;,%2,23)-space and let § be its boundary. We consider the 
equation 
(1) Au — p(&1, + V2, in V 


with one of the boundary conditions 


(2) u=0o0n 

or 

(3) du/dn =0 on S. 
In (1) 


A= /dx,2 + 0°/dx2? + 


is the Laplace operator, p(2,, V2, 73) and q(21, %2,%3) are given real functions 
and A is a parameter. In (3), du/dn is the derivative of w in the direction 
of the normal of S. The boundary conditions (2) and (3) shall be taken 
in R. Courant’s generalized sense and when (3) is concerned we assume 
V +S to be of the type considered by this author in his investigations on 
eigenvalue-problems of the kind (1), (3); see [3].1. In the main part of 
this paper we assume that the function p has a positive lower bound in J. 
In 12 we indicate how our results can be shown to subsist even under the 
more general condition that p is non-negative. Although less restrictive 
regularity conditions would suffice for our discussion we assume the functions 
p and q to be bounded and continuous with their first-order derivatives. 

As is well known the eigenvalues of each of our problems (values of \ 
for which the problem admits of a solution +40) are all real and have no 
finite limit-points. If g is non-negative (and +0) there are an infinity of 
positive but no negative eigenvalues. The problems are said to be of polar 
type if the function q changes its sign in V. In this case there are al | 
infinity of positive eigenvalues and an infinity of negative ones. ‘We denote 
these eigenvalues by An, -—2,—1,0,1,2,---, and the corte 


* Received March 25, 1948. 
1 Number in brackets refer to the bibliography at the end of the paper. 
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sponding eigenfunctions by ¢n(#1:, 22,23). The sequence of eigenvalues is 


supposed to be orderd so that 4 SX if i<k, <0 if i<0 and 
if i= 0. The eigenfunctions shall be orthonormalized so as to fulfill the 
conditions 
P)dj(P) _ ifi—k 
n the where P= (2, %,2;) and dV =dz,dx.dxr;. We introduce the functions 
the 
q(P) if q(P) > 0 
0 if g(P) S=0 
and 
_ § —a(P) if g(P) <0 
0 if g(P)=0. 
If VN(0<A,<T) and N(—T <<’, <0) are the numbers of eigenvalues 
_ in the assigned intervals the asymptotic relations ? 
(4) N(O<AL.<T) = cf q.3/?(P) dV /6n?|T?/? + 0(T?/?) 
Vv 
and 
‘tions 
tn 8) <n <0) = + 0( 
| 
‘aken 
_— are known to hold true for each of the considered problems when T tends to 


1S On + (see [5]). 


. of Following a method due to T. Carleman ([1], [2]) we deduce the 
nV. asymptotic relations for the eigenfunctions 
r the 
tive (6) = gn? (P) = [9,4 (P) /6x?] + 
O<An<T 
trons 
(7) (P) = + 0(T*) 
of \ 


e 0 valid when g(P) 40. Let us remark that after a multiplication by q(P) 


ty of a formal but evidently non-legitimate integration of (6) and (7) gives the 

polar asymptotic formulas for the eigenvalues. 

e an | Let P and Q be points in V and let z be a complex number. We denote 

note | by G(P, Q;z) the Green’s function which for P= Q is singular as 1/4arpe 

orre- and which as a function of one of its argument points satisfies the equation 
Au—pu-+ zqu—=0 in V and the boundary condition (2) or (3) on 8. 


*f(T) =0(g(7T)) when 7>+ © means that lim f(7)/g(T) =0. 
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G(P,Q;2) exists if z is not equal to an eigenvalue. We put G(P,Q;0) 
= G(P,Q). If q has a positive lower bound in V we have 


oO 
(8) G(P,Q;z) —G(P,Q) =z $n(P)dn(Q)/An (An — 2) 
where An, n=0,1,2,-- +, are the positive eigenvalues of the considered | 


problem. (If p=0 and if the boundary condition (3) is considered, the 
value z = 0 is an eigenvalue; in this case, (8) should be replaced by a similar 
development of G(P,Q;z) —G@(P,Q:2) where 2 is no eigenvalue). If 
for z real and equal to —r the asymptotic behaviour of 


(9) lim [G(P,Q;z) —G(P,Q)] 
Q=P 


is deduced for r tending to + o one obtains from (8) an asymptotic formula 
for the sum 


n=0 


By the use of a Tauberian theorem (see 9) it is then possible to prove the 
relation 


= T°” + 0(T*) 
An<T 


valid when the function q has a positive lower bound in V. 


In attempting to apply this method in the case when q changes its sign 
in V we cannot let z tend to infinity through real values but have to consider 
the expression (9) for large complex values of z. Actually we Shall study 
(9) when z tends to infinity through imaginary values. We do this by 
considering certain variational problems of saddle-point type. By the help 
of an asymptotic formula for (9) obtained in this way we verify that the 
development 

+00 
(10) [@(P,Q32) —G@(P,Q)]— — 2) 
is valid when ¢g(P) +0. Hence the asymptotic behaviour of the series i 
(10) is known when z tends to infinity through imaginary values and wher, 
at the point P, q(P) ~0. By a suitable use of the Tauberian theorem tht | 
relations (6) and (7) follow. | 


1. The Green’s function. For a fixed but arbitrary position of the 
point P in V we choose the singular part T'(P,Q;z) of the Green’s functidl | 


G(P,Q3z) =T(P, Q3z) —y(P, Q;2) 
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so as to fulfill the following conditions. The difference 
u(Q) =T(P,Q;2) —1/4arpe 


shall be continuous having continuous derivatives of the first and second order 
with respect to Q; the integral 


f (grad? u + pu?)dV 
v 


shall be finite. We consider a sphere V’ = (rpg < R) with center in P which 
together with its boundary S’ = (rpa= R) shall be contained in V. Outside 
of V’ the function T(P,Q;z) shall vanish identically. The explicit con- 
struction of T(P,Q;z) will be performed in 6. 

As T(P,Q;z) and its derivatives vanish when @Q approaches S, the 
regular parts y(P,Q;z) of the Green’s functions fulfill the conditions 


(A— pt 032) = (A—p + in V 
and 
y(P,Q;2) =0 when Q lies in S 
or 
dy(P,Q3;2)/dn =0 when @Q lies in 8. 


2. Introduction of certain integral forms. Under suitable regularity 
conditions on uw and v which do not necessarly involve continuity at S’ we 
obtain from 


D(u,v) = a (grad wu grad v + puv — zquv)dV 
by partial integration the expression 
D* (u,v) = — u(Av — pv + zqv)dV 
u(dv/dn) dS +- J +f u(dv/dn) d8. 


Here §’; and 8’, both coincide with S’.. But S’; is considered as the boundary 
of V’, its normal is directed outwards from V’ and the values of the functions 
in the integral over S’; are obtained by approaching S’ from the interior of V’. 
In the same way S’, is considered as one part of the boundary S + 8’ of 
V—V’; the normals of S§ and S’, are directed outwards from V — V’ and 
in the integrals over § and 9’, the values of the integrands are obtained by 
approaching § and S’ from the interior of V— V’. 
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The relation 
D*(T(P, Q32),u(Q)) — D¥(u(Q), Q32)) =u(P) 


is easily seen to be valid if w is. sufficiently regular and in particular for 
u(Q) =y(P,Q;z). With these values of u(Q) the identity 


D*(u, u) — 2D*(u,T) + D*(T,T) — D*(T—u, 
= D*(T, u) — D*(u,T) 
gives 
D*(y, 7) —2D*(y,T) + D* (0, T) — —y, —y) 
=y(P, P32). 
Here D*(y, y) equals D(y, y) and vanishes. Thus for the 
regular parts of our Green’s functions we obtain the formula 


(11) E(y;T) + D*(0,T) =y(P, P32) 
where H(u;T) = D(u,u) —2D*(u,T). 


By splitting real and imaginary parts we write z= 2 + iy, u=u, + tu, 
G=G, + + | + tye and 


D(u, v) = Dy (Uy, U2 V1, V2) + 5; V1, V2), 
D* (u,v) = D*,(U1,U23 V1, V2) + tD*2( us, Us; V1, V2), 


E(u;T) = E,(u, Ti, + 2(th, Ue; T.). 
The relation (11) is equivalent to the two formulas 
(13) E2(y, y23T1,T2) + T2311, T2) = ye(P, P32). 


With z¢(Q) =h:i(Q) + th2(Q) we have 


EF, (1, U23T1,T2) = J, {grad? u, + pu,? — grad? — pu,” 


(14) — hy (u,? — Ug?) + | 
+ 2u,(AT, — pl, + — 
— 2ue(AT, — + + heT,)} dV. 


3. Variational problems. We denote by D’ the class of functions # 
which have the following properties. They are continuous and admit piece 
wise-continuous first-order derivatives in V —S’. The integral 


for 


r the 
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(u, u) (grad? u + pu?)dV 


exists. In the case of the problem (1), (2) the functions of D’ vanish on 
§ in Courant’s generalized sense. 

We denote by (’) the sub-class of D’ containing functions which are 
continuous and have piecewise-continuous first-order derivatives in V. 

Putting c= 0 (which gives h,(@) ==0) we consider the following type 
of variational problems connected with the form £,(w, w2;T,,T2). 

(A) With fixed values of the function uz and varying u, we search for 
M(u.) = min. F(t, T2). 


(B) Varying uz we search for M = max. M (uz). 


We distinguish five problems I, II, III, IV, V of this kind by the conditions 
on u, and ws: 


I II III IV IV 
u, =O0inV u, u, € (D’) u, & D’ 
Us D’ Us Uz € (D’) Uz (D’) U.=OinV 


We call the values M(uz) obtained in these problems M/(u.), (ue), 
MP (us). By {M7 (uz)}, {M4 (u2)} we denote the sets 
of values M?(u2), (us),- The least upper bounds in these 
sets are M!, - MY. 

Evidently M!(u2) = M"(us) for the conditions on uw, are stronger in 
problem I than in problem II. ‘t follows that M’2M". In problem III 
the class of admissible functions wu. is part of the corresponding class in 
problem II which shows that {M"(u.)}D {M"(u.)}. This gives 
M!>M", Continuing in this way we obtain 

MI = MV > MV 
of which however we use only 


(15) M => 
Note. It follows from | q(P)| < [max. | q|/min. p]p(P) that 


| S const. (uy, (ue, 
(16) if u; (AT, — pl, | S const. u1)4, 


| U2(AT. — pl. + h.T,)dV | S const. (te, we)?. 
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By the help of these inequalities it is easily seen that M(u.) in the problem 
(A), (B) is >— For an arbitrary but fixed u*,, M(u.) S EF, (u*,, 
T,,T:). From (16) follows that max £,(u*,,u2;T:,T2) has a finite upper 
bound when this maximum is calculated with u*, fixed. Thus max (up) 
obtained in the problem (A), (B) is finite. 

4. The values of MI and MV. In problem I the class wu, consists only | 
of the function u,=0. Hence reduces to 


(17) £,(0, 
—_— f [grad? + pus” + 2ue(AT, — + ] dV 


and in order to solve our problem I we have to search for the maximum of 


this expression when wu, e¢ D’, which leads to the equations 


Au, — pus = AT, — pl. +h, in V’ \ 
(18) = 0 on 8’, 
and 

Aus — pus = 0 in V—V’, 
(19) =0 on 8’, 


Us = 0 on or du./dn = 0 on V8. J 


The last set of equations (19) give uw.—0 in V—V’. And if G*(Q,0) 
is the Green’s function which belongs to the equation-Aw— pu=0 in J’ 
and to the boundary condition du./dn 0 on S’ the solution of the first 
set (18) is 


(20) tt2(Q) = — G*(Q, IL) (AT. — pl. + py dV 


With this function u.(Q) (u(Q) =0 in V — V’)we have 
M! #,(0, T2). 


On account of (18) we obtain by partial integration 


(21) f Us(AT, — + dV. 
For MY we find similarly 

(22) MY = u, (AT, — pl; —h.T.)dV 
where 


hoT.) PT 


dV 


im of 


Q, Il) 
in J’ 


first 
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5. The value of MIII, A simple way to handle problem III is to 
consider the corresponding problem in (©) X (®) where (D) is the Hilbert 
space obtained by completing (D’) with respect to the metric 


= J, (grad? u + pu?)dV. 


Taking into account the inequalities (16) we see that the expression 
(according to our choice x = 0 we have h, =0) 


EB, 2) = J [grad? uw, + pu,? — grad? pus” 
+ + 2u, (AT, — pl, — h2P2)— (AT, — pl, + hoV,) |dV 
defines a non-homogeneous quadratic form in (©) & (D) which can be written 


(24) Ey (us, U2; T2) 
(11, Ur) (Ue, Uz) + 2(Hu, Us) 2 (th, fi) — 2 (Us, fe) 


where H is a linear, self-adjoint and bounded operator in (®) and where 
f, and f, are elements in () uniquely determined by the functions 
(AT, — pl, —h.T.) and (AT,— The problem (A); (B) for 
the form (24) has a unique solution in (2) X (D) which at the same time 
is the unique solution of the problem to find a wu, X uw. in (D) X (D) for 
which the variation of (24) vanishes. This problem, however, is solved by 
U2 = ye Where y; + is the regular part of the Green’s function 
G(P,Q;ty). y: and can evidently be considered as elements of (9D). 
Hence, 
== y23T1, T2) 

or according to (12) 


MU! — y,(P, iy) — D*,(T,, T2311, 
From this formula and from the inequalities (15) it follows that 


(26) M' 4+ 02) = y.(P, P;ty) = MY + 


6. Estimation of y,(P,P;iy). We choose 


(2%) P(P,Q;z) = exp {— (p(P) —29q(P))*rpo} 
where 


( 1 when r< 3R, 
1— X(r)/X(R) when 4R Cr=R, 
0 when R<r, 


| 
1) Us 
pper 
(ue) 
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and 
X(r) = (t —4R)2(t — R) dt. 
Evidently 


(28) |nr(r)|S1, | dyr(r)/dr | S const. 
| d*nr(r)/dr? | const. R-*. 


The radius R of the sphere around P, V’ = (rpg < FR), shall be so small 
that the sphere together with its boundary lies entirely in V. The square 
root in (27) shall have a positive real part. We put z= wy. 


Provided q(P) #0 at the fixed point P* 
(29) Y(P,Q;ty) = O(rpe™ exp(—cy*rpe)) when ©, rpg Sk, 


where ¢ is a positive constant (independent of Q and y). When r<}R 
the function yer is constant —1 and 


(Ae — p(Q) + )T(P, ty) 


= (p(P) —p(Q) ) — 9(Q))F. 
Hence, 
(30) (Ag — p(Q) + tyg(Q) )T = O(y exp(— ) 


which by the help of the inequalities (28) is easily seen to hold true through- 
out the interval OS r= R. 


On account of (29) and (30) we find that 


(31) D*(r,r) =O(y dr) O(1). 
The Green’s function G*(Q, 1) fulfills the relation 
G*(Q, 11) = O(req"), Q and II in V’. 
On account of this and the evident relation 
y exp (— cyir) = | 


| 


where d is an arbitrarily small positive quantity we find for the function (20) | 


* As usual f =O(g) means that f/g is bounded when the variables range in pre 
scribed ways or in indicated domains. 


| 


to 


ugh- 


(20) | 


n pre 


BOUNDARY PROBLEMS OF POLAR .TYPE. 901 


On extending the integral over the whole (2, 22, Z3)-space it follows that 


(32) U2(Q) = 
Introducing (30) and (32) in (21) we obtain the relation 


R 

(33) Mi=O(y* § O(y?). 
0 

In the same way 

(34) MY = 


and from (31), (33), (34) and the inequalities (26) it follows that 
(35) yi(P, Pty) =0(1). 


7. On the estimation of y.(P,P;iy). Writing u=iw’, T=#I” we 
have 


E(u,T) =i F(w,T) 
which gives (u’ = wu’; + iu’,, IY =I"; + 
(ty, U2; T1,T2) = 11, 


The expression with + ty’s = 7+y can be estimated in 
the same way as F,(y:, y2;T1,T%2). By considerations analogous to those of 
3-6 we obtain for y tending to + 0 


(36) y2(P, P; ty) = 0O(1). 
8. The resulting asymptotic formula. It follows from (35), (36) that 
the main part (for y tending to + o) of 
lim (G(P, Q; iy) — G(P, Q)) 
Q=P 
is the contribution from the singular parts of the Green’s functions. 
According to our choice (27) of these singular parts 
lim (I(P, Q; iy) Q30)) —— (—iyg(P) + O(1) 
where the square-root shall have a positive real part for y >0. On account 
of (35), (36) this gives the asymptotic formula (for y—> + ©) 
(37) = (G(P, Q; ty) — G(P,Q)) 
[(—1 isign q(P)) {4 | 
Which is valid when g(P) 0. 


+ O(1) 


small 
are- 
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9. Development of (9) into a series. From the identity 
G(P, (P,Q) =2 G(P, 2)q(M) Q)aVy 


(where z is supposed not to be an eigenvalue) we obtain 


(38) lim (@(P,Q52) —G(P,Q)) 
= 
The function of I, (@(P,1;z)—G(P,IL)) belongs to the space (9’) 


defined in 3. Thus (see [6]) the last integral in (38) can be developed 
into a convergent series 


22S on?(P) /An?(An — 2) Sig An. 


n=-00 


With z= iy we get the formula 
lim (G(P, iy) —G(P,Q)) = iy q(m)G2(P, 
Q=P 
+00 
>= gn? (P)/An? (An — ty) sign An 
n=-00 
According to (37) this gives (when q(P) #0) 
n=-0O 


= [(sign g(P) + 1) | + O(y"). 


By considering the imaginary part of this formula we obtain after division 


(39) f G2(P, + iy — iy) sign dy 


by ty 
+00 
(40) An | (An? + 9°) = [{ | + O(y”). 
n=-00 
In order to change (39) into a simpler formula we use the following 
Tauberian theorem (see [1], [2]). 
Let (vn), n=0,1,2,-- +, be a sequence of positive numbers tending 


to -+ o and let B, be positive numbers such that the series > Bn/pn converges. 
n=0 


Then if for r tending to + the asymptotic formula 

(41) > (un +17) = Hr? + 
n=0 


(H and b real, 0 <b <1) 
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holds true, the theorem asserts that 
(42) [H sin (xb) /x(1— b) + 
lin 


for u tending to infinity. 


Putting An? = pn and y? =r in (40) we get a formula of the type (41) 
and the Tauberian theorem gives 


An | = [{| + 0(T#) 


< 


when 7 tends to + o. It follows that the series 


oO 


(43) (P)/| dn | 


n=- 


+00 
is convergent for every positive e. Thus > ¢n?(P)/An? converges and (39) 


can be written in the form 


q (IL) G*(P, — gn*(P)/An? sign An | 


n=-0O 


=[(sign +4 + 


From the convergence of (43) it is easily seen that the last sum of the left- 
hand side of (44) tends to zero when y tends to + o. It follows that the 
expression in brackets on the left of (44) is zero and (44) reduces to 


+00 
(45) n?(P)/| An | (An — ty) 
N=-0O 
= [(sign q(P) + 4) {3 | + O(y*). 
10. Consequences of the Tauberian theorem. From the Tauberian 


theorem of the preceding paragraph we deduce results to be used in connec- 
tion with the formula (45). 


Let (An), n—=- - -—2,—1,0,1,2,- - -, be a sequence of real numbers 
such that when i<k, <O when i<0, ALO when i=O, 
lim A» =— co and lim An = -+ ©. Let A, be positive numbers such that 
n=+00 


+00 
x A,/| An| converges. We assume the relation 
N=-00 
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(46) An/(An—iy) (Hi + iH) + 0(y*), 
(a real, O<a<1)° 


to be valid when y tends to + «. By splitting real and imaginary parts 
we obtain from (46) when y tends to + oo 


| | 
(47) (he? +9") = Hay? + 0(y*), | 
(48) + 92) = 0(y*). 


We put A,” =p», and y? =r and get from (48) a formula of the type (41). 
By the help of the Tauberian theorem we deduce corresponding to (42) a 


formula describing the asymptotic behaviour of the sum )® A, for T 
[Nn] < 7 


tending to +- «. By the Abel theorem which is the converse of the Tauberian 
theorem (41), (42) we find an asymptotic formula for the function 


+00 
> | AnAn |/(An? + y?) valid when y tends to + o. By adding this formula 
n=-00 


to (47) we get an asymptotic formula for S dnAn/ (An? + y?). Putting 
n=0 


An? = pn, y? =r in this formula and applying once more the Tauberian 
theorem we obtain a formula from which the asymptotic behaviour of 


SS AnAn can be derived. The result is that 
O<Mn<T 


(49) = sin(47a) + H, — a) ]T?* + 0(T?*) 


0<An< 


when 7’ tends to + oo. In a similar way we find 


(50) [(— Ha + —a) 
+ 0(T?*) 
for T tending to + oo. 


Note. We remark that the same result (49), (50) is true even if the 
hypothesis A, > 0 is replaced by AnAn >0. To prove this one has only to 
interchange the réles of (47) and (48) in the indicated deduction of (49), 
(50). 


11. Deduction of (6) and (7). With 


An=¢n°(P)/|An|, = {4 | 9(P)|}4/4 sign q(P), 
H, = {3 | q(P)|}#/47, 


q 
iad 


parts 


(41). 
42) a 
for T 


erian 
ction 


rmula 


itting 


erian 
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the formula (45) takes the form (46). Corresponding to (49) we find the 
relation (6) 
on?(P) = [q4(P) + 0(T??). 


O<An<T 


Similarly, the relation (7) is obtained from the formula (50) 


xX (P) = + 0(T*”). 


-T<\n<0 


12. On the case when p=0O. We indicate briefly how our results 
can be deduced in the case when the hypothesis min. p(2%, 22,23) >0 is 
replaced by p(21, 22,73) = 0. We may as well develop the method when p 
vanishes identically in V. 

We consider first the equation (1) with min. p > 0, but instead of the 
Green’s function G(P,Q;iy) we consider G(P,Q;7-+ iy) with x40. In 
order to estimate y(P,P;x2-+ iy) when g(P) >0, we choose z negative. 
In the same way as before we get 


(51) M = y,(P, + iy) — 2 MY 
but where now 
1), 
M! = — min. [grad? + pus” — hyu2? 
+ 2u.(AT., — pls + + dV, 
MY = min. J. [grad? wu, + pu? —hyu;? 
+ 2u,(AT, — pl, + dV. 


In (51) we let p tend to zero, thus obtaining a similar inequality but with 
v1, T, and related to the equation Au + zgu=0 instead of (1). The 
obtained values of WM! and MV are finite because of the fact that — h, is 
non-negative and not identically equal to zero in V’. With p= 0 we deduce 
estimates for M’, MY and D*(T,T) from which follows 


yi(P,P;2+ iy) =O(1) when y tends to + o. 


In a similar wav 


15 


the 
y to 
49), 
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y2(P, P;x+ iy) =O(1) when y tends to + 


is deduced. The case when g(P) is negative in the considered point P jg 
treated similarly but with x positive. 


This proves (6) and (7). 


13. Asymptotic formulas for the eigenfunctions in sub-domains where 
q(P) =0. We once more consider our problems under the condition that 
min. p >0. Let P be a point in a neighborhood of which q(Q) = 0 and choose 
R so small that g(Q) =0 in the sphere V’ = (rpg <0). Because of this 
choice T(P,Q;iy) is independent of y. The development of 5-7 remains 
valid (and is simplified) and we obtain 


lim [G(P, Q; iy) — G(P, Q)] =O(1) for y tending to + o. | 
Q=P 


By considerations analogous to those of 9-11 it follows that when T tends 
to + © 
gn? (P) = 0(T**), 


<0 | 
where ¢ is an arbitrarily small positive quantity. | 
Without the assumption min.p>0 we cannot expect such simple 


asymptotic rules to be valid in sub-domains where q vanishes identically. 
Thus for the properly normalized eigenfunctions ¢,(x) of the one-dimensional 


problem 
d?u/dz*? + rAq(x)u=0 in 
du/dx =0 for = — and for 
where 
1in 
one finds 


1/r when 


T=00 0<Mn<T 
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ERRATA. 


C. 'T. Rajagopal, “ On Riesz summability and summability by Dirichlet’s 
series: addendum and corrigendum,” this JouRNAL, vol. LXIX, pp. 851-852: 


In condition (i*) of Corollary 3, p. 851, line 17, ‘t+ 7” is to be 
corrected to ‘¢->+ 0.’ 


C. T. Rajagopal, “ Some limit theorems,” this JouRNAL, vol. LXX, pp. 
157-166: 


Page 157, 1. 4, to be read as (§ 3) instead of (8). 


Page 158, 1. 9, to be read as > instead of >. 


N+1 n+1 


Page 158, 1. 9, to be read as = instead of Dn ; 
My M 


Page 158, 1. 18, to be read as +--+ -] instead of >], 
N n 


Page 159, 1. 4, to be read as lim instead of lim. 


Page 159, 1. 4, to be read as A instead of A. 


Page 160, 1. 20, to be read (5-7) instead of (> i): 


1 1 ] 
Page 160, 1. 22, to be read (5. 4) instead of (7 a): 
Page 162, 1. 21, to be read as lim instead of lim. 


Page 165, 1. 27, to be read as Senay instead of > endn. 
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